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Effective approximation and Diophantine applications
by

GABRIEL A. DiLL (Basel)

1. Introduction. Let # be an irrational algebraic number of degree d.
Then it is well-known that there is an effectively computable constant C
such that

P 1
0—=|>—
’ ’ ~C¢t
for all integers p and ¢ > 1. We say that 6 is of effective strict type at most d.

For d > 3 we can do much better, and Thue proved in his seminal
paper [I3] that any x > d/2 + 1 can be taken as the exponent of ¢ in the
denominator instead of d to yield a bound of the form
62> L

q| — Cg"

This was improved to any

d
K> min +e
e—l,..‘,d—l{ e+1 }

by Siegel in his dissertation [I2] (in particular, x = 2v/d can be taken),
then to k = v/2d by Dyson [§], and finally to any & > 2 by Roth [IT],
which is almost best possible. Unfortunately, in all these improvements the
constant C' is not effectively computable.

The first effective improvement of the exponent to k=d — €, e=¢(6) >0,
was found by Fel’dman and was based on Baker’s method of linear forms
in logarithms; see [9], and [7, Corollary 1], for a later improvement. For
special 0, it is well-known that one can obtain better effective results, usually
with the help of hypergeometric functions.
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Using the Thue-Siegel method, Bombieri considered the equation

(1.1) t?—at™ 4 1=0

and proved that its unique real root 6 > 1 satisfies
P 1

(1.2) 0~ 5 = C(0)¢39-2574

for all integers p and ¢ > 1 under the condition that a > ag(d) and g > ¢o(6)
for effectively computable C(6), ao(d) and go(0) (cf. [2, p. 294, Example 3)).
The purpose of the present paper is threefold:
First, we calculate explicit values of C'(f) and ay in results like with
particular attention to the parameter a, getting rid of gg in the process. For
example, if d > 23 and |a| > 2119¢ we get exponent 22.99 and

C(6) = C(d,a) = 254" |q|2%

for the unique real root § = ¢ of (1.1) with [ —a|] < 1, as we will see in
Corollary[4.3] By the way, this £ indeed has degree exactly d—see Lemmal[d.]
for this and more.

Second, we apply our approximation results to Diophantine equations.
That corresponding to (1.1f) is

(1.3) ¢ —arly 4yl =m

with m € Z. But results like as they stand do not imply anything for
the (integral) solutions of (L.3), due to the other roots of (L.1)). It turns
out that with minor conditions one can render these non-real and therefore
harmless, thus leading to bounds provided that |a| is large enough.

But even this proviso can be eliminated with linear forms in logarithms,
and an immediate consequence of Theorem [5.2]is that any solution of

x4 — amdily + yd =m

in integers x and y, with d > 23, d odd, and a < —4, satisfies
max{|z], |y} < ¢(d)]a| D |m|*?)

for some explicit functions ¢, A and p of d.

Here, the polynomial dependence on |m| is a familiar feature; however the
exponent usually depends on the coefficients of the left-hand side of .
Our exponent depends only on d. The polynomial dependence on |a|, which
comes directly from our approximation results, is much less common in the
literature.

Since x = a, y = m = 1 is a solution, we see that max{|z|, |y|} grows
polynomially in |a|. Similarly, taking ¢ = m, y = 0 we see that it grows
polynomially in |m/|. In this sense, our result is best possible even though
the exponents \(d) and u(d) probably are not.
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It is also in line with a folklore belief that all integer solutions of
(1.4) F(z,y) =m

can be bounded polynomially in terms of |m| and the absolute values of the
coefficients of F', where F' is an irreducible binary form of degree d > 3 with
integer coefficients.

Thirdly, we combine our results with gap arguments to find upper bounds
for the number of solutions. It turns out that our approximation results are
usually strong enough to yield bounds which are independent of a. This
feature occurs already in the well-known result of Bombieri and Schmidt
that has at most 430d solutions in the case m = 1 if d is large enough
(see [6 pp. 69 f.]).

However, our bounds are in some cases even independent of d; for ex-
ample, we will show in Section [f] that the number of integral solutions of

(@ —ay)(@® +y*) V2 —yl =z 4y

is at most 11, independently of both d and a, if d > 25 is odd and (unfor-
tunately) |a| > 21644 Thig particular equation is of no special significance,
but has been chosen as an example to illustrate the method.

The independence of d also occurs in work of Mueller and Schmidt on
F(z,y) = f(x,y) provided that the number of non-zero coefficients of F'
and the degree of f are bounded independently of d (see [10, pp. 332 f.]).
However, our F'(z,y) has the maximum number d+1 of non-zero coefficients.

Our proofs of use the Thue—Siegel method like those of Bombieri
in [2] and [3], except that we replace his use of the Dyson lemma with a
much simpler zero estimate. This idea as well as the basis of Section [3| and
the inspiration for this whole article is owed to an unpublished work by
Masser—an outline appeared in [4, Appendix, pp. 59-61]. On the whole,
we refrain from using some of the more intricate ideas and estimates in
Bombieri’s work; in return we are able to easily calculate explicit values for
all occurring constants.

2. Preliminaries. If 7 is any real number, we denote by [7] the largest
integer which is smaller than or equal to 7. For a polynomial P in two
variables z and y and an integer [ > 0, we write

10'P

We refer to [0, Section 1.5] for the definition of the absolute multiplicative
height H(a) of a € PN(K), where K is a number field, as well as the
definition of the absolute multiplicative height or simply the height H(a) of
a € K. We will also need the height of a linear form.
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DEFINITION 2.1. The projective absolute height H(L) of a linear form
L(x1,...,zNn) =121 + - + ayzy
with coefficients in K is defined by
H(L)y=H(aj:- - :an).
One finds that

(2.1) H<§> = max{|p|, [q|}

for coprime integers p and ¢ # 0. We further recall that for algebraic «
and 8 we have

(2.2) H(a+p) <2H(a)H(B)

and

(2.3) la = H(a)™  (a £0).
Using these properties, one easily proves

(2.4) m 6| = [0 — 0] > L(2H(0)*) ",

if # is non-real and 6 is the complex conjugate of 6, since [Q(6,0) : Q] < d?.
This bound will be used in Section [f] to deal with the non-real zeroes of F.

LEMMA 2.1. Let K be an algebraic number field of degree d and let
M, N be positive integers with N > dM. Set p = dM/(N —dM). Let
Li(z1,...,2N),..., Ly (x1,...,xN) be linear forms with coefficients in K
and projective absolute heights at most H > 1. Then there exist rational
integers x1,...,TN, not all zero, of absolute values at most (\/NH)“, such
that

Li(z1,...,zy) == Ly(z1,...,zn) = 0.
Proof. See [5l, p. 79, Theorem 2.9.19], where we take Q, K, d for K, F,r

in the reference, and A; in the reference given by the coefficients of L;
(t=1,...,M). Note that

Har(A) <VNH(L)<VNH (i=1,...,M).

We deduce that at least one non-zero vector z = (x1,...,2N) € 7N exists
with Ll(xl,...,xN) = . = LM(xl,...,xN) =0 and H(g) S (\/N,H)“,
where H(z) is defined by considering z as an element of PVN~1(Q). After
dividing out any common factors, we can assume without loss of generality
that ged(xy,...,2x) = 1. Since this implies that

H(z) = max{|z1|,...,|zn|},

the lemma follows. m
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DEFINITION 2.2. Let P(z1,...,2n) = Y/, ;) a1y -+ zi be a po-
lynomial in C[z1,...,x,]. The size |P| and the length L(P) of P are defined
by

|P| = max|ar|,  L(P) XI:MI!

LEMMA 2.2. Suppose that Pi(x) and Pa(x) are polynomials in Clz] of
degrees n1 and ng respectively. Then

|P1| | P2| < 27| PLPy,
where n = n1 + na.

Proof. See [0, p. 27, Lemma 1.6.11] with m = 2, fi = P1, fo = P, and
d=n.n

DEFINITION 2.3. Let P,...,P, be polynomials in C[z|. The Wron-
skian W of Py, ..., P, is defined by

Py (x) .. Py(x)
P V@) . P ()

We will need the following well-known lemma about Wronskians.

LEMMA 2.3. Let Pi,..., P, be linearly independent polynomials in Clz]
and W their Wronskian. Then W £ 0.

LEMMA 2.4. Let N >1,0<n <N andl > 0 be integers. Then

(=275

We use the convention that (7) =0forl>n.

Proof of Lemma . Ifn =0, then 7 < 2\/7 \/7\/» and the

conclusion follows. If n = 2m > 0 is even, then (” (QWT) and one checks
that
om\2 14 1 15 1 2
(m)<m> 27H2< +4r(r—1)> 27H2< +4r(r—1)> s
so that (27;") < %\2/% < %% and the conclusion follows. And if
n =2m + 1 is odd, then
n) o (2m+1\ _1(2m+2 22m+2 2 22mHl
)= \m+1) 2\m+1 ,/ T2m+ 1

and the conclusion follows here too. =
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3. Main Theorem

MAIN THEOREM. Suppose that 0 is real algebraic of degree d > 3 and
height H > 1. Fix an integer e with

1<e<d
and € with
O<e<.
Set J s
0= +67 a=—, ﬂ:d5+a7 ’7:1_6>0
e+1 €
Suppose the integers py and gy > 1 satisfy
po|
A=cHo—=  >1, where c¢=q)(2H)".
40

Then the effective strict type of 0 is at most

log c
=ell :
K e( +log/l)

More precisely,

oL > 1
q| — Cg~
for all integers p and q > 1, where
d(e—k)
C=cee|lg— 20 and ¢=2"212(c 4 1)m B/,
do

For the proof, three lemmata are needed. We remark that |6 —pg/qo| can
be bounded from below in terms of only H and ¢y, and hence C essentially
depends only on d, H and gg as well as the choice of the parameters e and e.
The dependence on the unknown ¢g, which might be arbitrarily large, if it
exists at all, is the reason for the general ineffectivity of the Thue—Siegel
method.

In fact, Siegel’s theorem directly follows from the Main Theorem: If
there were infinitely many approximations r/s with |0 — r/s| < s~ for
some A > e + e% and 1 <e < d—1, we could obtain an asymptotic strict

type of
e 1+L
—5+9\)’

which tends to e+ ﬁ <e+ e% for s — oo and € — 0, a contradiction.

LEMMA 3.1. For each natural number k there exists a polynomial P # 0
in Zlz,y] of degree at most 0k in x and at most e iny such that

P(6,0)=0 (0<1<k)
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and |P| < ¢1(2H)™* with

c1 =225 (e + 1) 3 H/°.
Furthermore, the polynomial P is not divisible by any non-constant polyno-
mial in Cly].

Apart from the non-divisibility clause, which will be crucial to reach
effectivity, this is exactly the construction from Siegel’s proof.

Proof of Lemma 3.1. Write D = [6k] > 1 and set

We have to solve

D e .
By 0=R00 =3 Y w()e 0si<n

i=0 j=0

for the rational integers p;;. These are M = k homogeneous linear equations
with coefficients in the field K = Q(#) of degree d over Q. The number of
unknowns is

N=(D+1)(e+1)>dk(e+1)=dk+ ek > dM.

Therefore, we may apply Lemma 2.1 with
dk ik«

Dil)(etl) —dk ek &

and get rational integers p;;, not all zero, satisfying (3.1]), of absolute values
at most

(3.2) (VD +1)(e+1)H)™",
where H > 1 is an upper bound for the projective absolute height of the

linear forms in (3.1)).
Let H; be the projective absolute height of the [th linear form (0 < [ < k).

By Definition [2.1] we have
Qz—l—‘r] > ,
(),

H = (max
=11 (s
where the product runs over all embeddings ¢ of K into C and all maximal
ideals B of the ring of integers of K, and the valuations associated to these
are normalized so that they satisfy the product formula and |o|, = |o(«)]
for all embeddings ¢ and for all @ € K. We set

Ay = max(1,6],).

P
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If v is an infinite valuation, we can use Lemma [2.4] to get

ngH*]

If v is a finite valuation, then

97,7[4’_]

Since there are d infinite valuations, we obtain

Hld < D—d/29Dd (H )\U>D+€ _ D_d/22Dd(Hd)D+e
v

i\ s 2P
< (G )AH < Z_2\Dre (0<i< D, 0<j<e).
(s T wsisossso

<NTH <N < ADTe (0<i<D,0<j<e).

v

by multiplying up all these estimates. Thus H; < %H Dte and we can take

2P by
H=—=<H"°
VD

in (3.2). This yields the estimate

D+1)(e+1 o/0
|P| = max ‘pij| < < (HD(G—'_)QDHDJre) )
1/"]

Using D +1 < 2D, we deduce that
|P| < (v/2(e + 1) 2P HPFe)/0 = ¢y (2H)*P/d
with
¢y = 2%5 (e + 1)2s H*/® = 27¢¢,.
Since D < ¢k, this implies that
(3.3) |P| < co(2H)F.

We now have a non-zero polynomial P which satisfies the linear equa-
tions, but the non-divisibility clause is not necessarily fulfilled. To remedy
this, we write

D
P(z,y) =Y Qi(y)a'
i=0

with Qo, ..., Q@p in Z[y] not all zero. Let @) be the greatest common divisor
of Qo,...,Qp in Q[y]. We may take @ in Z[y| and primitive. Set
QZ:QQ" (0<i< D).

By the Gauss lemma, the Q; are in Z[y] and they are coprime in Q[y] and
by extension in C[y]. We can estimate their sizes with the use of Lemma
Since the @); have degrees at most e, we get

Qil <1QillQ <2°Qil  (0<i< D),
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using the fact that @) is a non-zero polynomial with integer coefficients and
therefore its size is at least 1. Now it follows from (3.3|) that

10| < 2°co(2H)*F = ¢ (2H)** (0 < i< D).
We set

b Plw) g
P(a,y) = 20) ;Qz(y) :

This polynomial is non-zero, has rational integer coefficients and degree at
most 0k in z and at most e in y. By the above, it satisfies

|P| < ex(2H)**

and has no non-constant factor in C[y], because such a factor would have to
divide all the @; (0 < i < D). Furthermore, we have

Q(O)P(0,0) =P(0,0) =0 (0<1<k).

Since @ is a non-zero polynomial in Z[y| of degree at most e < d and @ is of
degree d, we must have Q(#) # 0. It follows that

so P satisfies all conditions of the lemma. m

LEMMA 3.2. Let P be as in Lemma[3.1]. Suppose k > e and let & and n
be arbitrary complex numbers with & not a conjugate of 0. Then there exists
an integer | with

0<i<ek+ed and P/(&n)#0.

In Siegel’s proof, n here was required to have large height, growing ex-
ponentially in k, which hampered effectivity. The non-divisibility clause in
Lemma [3.T] allows 7 to be chosen arbitrarily.

Proof of Lemmal[3.3 We write

e

(3.4) P(z,y) = Aj(z)y.

§=0
Since the A; are not all zero, their rank f + 1 over Q satisfies 0 < f < 'e.
After renumbering, we can assume that Ag,..., Ay form a basis for the
vector space that Ay, ..., A, generate over Q. Thus Ay,..., Ay are in Z[x]
and have degree at most D = [dk|. By writing Ay, ..., A. as rational linear
combinations of Ay,..., A¢ and substituting into (3.4), we see that
(3.5) P(x,y) = Ao(x)Bo(y) + - + As(x) By (y)

for polynomials By, ..., By in Q[y] of degree at most e. These polynomials
are coprime, because any non-constant common factor in C[y] would have
to divide P. Thus, they have no common zero. Let W be the Wronskian
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of Ag,...,Ay. Since Ay,..., Ay are linearly independent over Q (and hence
over C), we have W # 0 by Lemma
On the other hand, we claim that W (x) has a zero of high order at

x =0. As By, ..., By have no common zero, we can assume without loss of
generality that By(0) # 0. By definition,
Ao(z)Bo(y)  Aulz) ... Af(x)
Boly) W () = Aé(ﬂf)'Bo(y) A?(JU) . A'f.(w) |
AP @Bow) A @) .. AP (@)
which yields
P(z,y) Ai(z) ... Af(x)
(3.6) Bo(y)W(z) = P(x,y)  Aj(z) ... A’f(x)
FPy(z,y) AV @) ... AP ()

by elementary column operations. Since P(z,6) has a zero of order at least
k at z = 6, the polynomial Pj(z,0) has a zero of order at least k—1 at x = 6
(0 <1< k). Note that f < e < k. Since By(0) # 0, we see by setting y = 6
in that W (x) has a zero of order at least k — f at x = 6. This is the
above claim.

If F is the minimal polynomial of § in Q[z], it follows that
(3.7) W (z) = (F(x))" ' R(x)

with R in Q[z], because W is in Q[z].
Next we estimate the degree of R. We see from the definition that the
degree of W is at most

D+(D=1)+-+(D—=f)=(F+1)D=3f(f+1),
which in turn is at most
(e+1)D— f<(e+1)0k— f=dk+ek— f.
Since the degree of F' is d, it follows from that the degree of R is at
most

(3.8) dk+ek—f—dk—f)<ek+ed—f.
We now assume that the lemma is false, i.e.

(3.9) P&,m) =0

for all integers [ with

(3.10) 0<I<L=c¢k+ed.
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We will show that this forces W' = 0 and hence a contradiction. Using (3.5)),
we deduce from (3.9)) that

AD(©)Bo(n) + -+ + AV(©)By(n) = 0

for all [ satisfying (3.10]). Because the B; have no common zero, the B;(n)
are not all zero (0 < i < f). It follows that

AP e o Al
(3.11) : .. =0
AP L. Al

for all integers I = l, ..., satisfying (3.10).
Next let t be an integer with 0 <t < L — f. For non-negative integers
to,...,tp with tg +--- +1y =1 set

ixgto)()x) f(ng())()x) . /(1“0)()95)

ATy APy AT (g

Wity (2) = | - L
AV @) Al D@y Al

Now the integers [; = t; +1i (0 < i < f) satisfy
0<lLi=t;+i<t+f<L (0<i<f),
and hence we conclude from that
Wig,..1,(€) = 0.

By applying the generalized product rule to every summand in the de-
terminant W (x) and regrouping the summands afterwards, we see that

to,‘..,thO
tot+-+tr=t

and therefore

wE) =0 (0<t<L-f).
Thus W (z) has a zero of order at least [L — f] + 1 at = = £. Since & is not
a conjugate of 6, we have F'(¢) # 0. Thus, by (3.7), R(x) also has a zero of

order at least [L — f]+ 1 at z = £. But by (3.8) and (3.10]) the degree of R
is at most L — f. It follows that R = 0 and therefore W = 0, which is the

desired contradiction. =
LEMMA 3.3. Suppose po, qo, p and q are integers with gg > 1, ¢ > 1 and
g0
q0

<1, '0—p’<1.
q
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Then for any k > ed/~, we have

0 "q ¢ < 03(2H)ﬁk<‘9 -5

with ¢3 = 2(e + 1)H¢; = 2¢T 257 (e + 1) 25 TLHB/9,

Proof. Since v = 1 — e < 1, we have k > ed/vy > e, and therefore we
can apply Lemma with & = po/qo and n = p/q. Note that £ is not a
conjugate of 8, because 6 is of degree d > 3 over Q. We get an integer [ with

(3.10)) such that
A=P (1’“7 p) #0.
q 9

Since
D e A
Pz,y) = py <l> z' !
i=0 j=0

is a polynomial with integer coefficients of degree at most D < ¢k in z and
at most e in y, it follows that

(3.12) A > gy g

On the other hand, the mean value theorem implies that

P
o3BG
Q% q 0 Iy \qo q
for some 6 between 6 and p/q. As |0 — p/q| < 1, it follows that |6’ — 6] < 1.
Next we set f(z) = Pj(z,0). Now (3.10]) says
(3.14) I<(1—9)k+ed=Fk—(vk—ed).

Since k > ed/7, we have | < k and so f(x) has a zero of order at least k —{
at z = 0. It follows from Taylor’s theorem with remainder that

for some 6" between 6 and pg/qo. As before, this implies that [§” — 0| < 1.
Since f(x) = B(z,0), it follows that

Po 1 akp 1" Po ke
p(Po)=— 1 T (g
’<qo’ ) k=0t o O\ g ’

Po k Po hel
q0 l q0

and hence
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Combining this with (3.13]), we deduce that

k o hoap, <po ><p )
3.15 A\ = P.(6".6 (—9) + (=0 )=-0).
(3.15) <l) K67 ) o dy \ qo q

Now
D

Py(z,y) =) i Pij <;) 'Ry,

i=0 j=0

and therefore, using Lemma [2.4] we find that

2D 2P X
3.16 P < ——=|P| < —=c1(2H)*".
(3.16) P < 1P < s
Similarly,
D e .
R VN il -1
(%(x,y)—ZZpij(l)ﬂ ¥y
=0 57=0
and therefore
0P, 2D 2D
3.17 < e—|P| < e——cy(2H)*.
0 5| < copin < eTpaem

Furthermore, we know that |§| < H¢. Therefore, |6/|, |#”| and |po/qo| are
all bounded from above by H? +1 < 2H?. It follows that

|PL(67,0)] < (D + 1)(e + 1)| P (2HY)P (HY)°.
Together with and (D + 1)/\/5 < 2v/D this implies that
|Pe(0”,0)] < VD22P2(e + 1)c; (2H)F HPIHed,
Since D < 6k and B = dd + «, we get
|P,(0",0)| < V6k22F2(e + 1)cy HE4 2% HPF.
Similarly, it follows from that

on (m 9/>
9y \qo’
Since 2¢e < 22¢ < 227”‘ < 2%"“ < Qk/\/E and (’;) < 2k/\/E by Lemma
we conclude from (3.15) that
+ ‘9 -2 D
q

< Vok2%F2¢e2(e 4 1)cy HO20F HPF

k1
IA| < V6 25Dk (¢ 4 1)y Fedook Frik (‘6 _bo
4o

We have
\/52(25+1)k S 235]{: S 2d§k’

since & > 1 and therefore v < 20-1 < 206-1k  Algo by (3.14) we have
k — 1>~k — ed, and now the lemma follows on recalling (3.12)). =
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Proof of the Main Theorem. By assumption, there are integers py and
qo > 1 such that
-

6—@ > 1.

q0
Let p and ¢ > 1 be any integers. Since 8 > 0, v > 0 and § > 0, it follows

from (3.18]) that [# — po/qo| < 1. This and (3.18]) together with e < x imply
that C' > 1, so we can restrict ourselves to pairs (p,q) with |§# —p/q| < 1.

Therefore we can apply Lemma [3.3] to obtain
.
q

for any k > ed/~. Using (3.18]), we can write this as

(3.18) A= (2H) Pq;?

vk—ed
g Mo

> Cglqo_qu_e(2H)_’Bk o "

—ed
(3.19) '0 - p‘ > X! (2 — oA Feggelo — 20 )
q do
with
(3.20) X = 2e3¢0F¢°(2H)*F = acFqe.
Since A > 1, we can now fix k as the least integer k > ed/~y with
D —ed D —ed
(3.21) AF > 2c50010 — 22| =Ggtlo — 0
qo0
and then (3.19) implies that
D 1
3.22 0—=| > —.
(3.22) q’ X
Suppose first that £ — 1 < ed/~. Then we deduce from (3.21)) that
d d
q < E—l/eAk/e 0 — Po < 5—1/6/1(1/7-1-1/@ 0 — Po :
N Q| qo
which together with ¢ > 1 and (3.18]) implies that
d —v/e
Po -B - Po
q< Nd/v+1/elg — % _ ((QH) qu 5)d/’y+1/e 0 — %

If |0 — po/qo| > 1, then clearly ¢ < 1, a contradiction. Thus, we can assume
that |6 — po/qo| < 1 and hence |po| < (0] + 1)qo.

Using the properties (2.1)—(2.3]) of the height, we find that
)

—d
= H<9 N po> > (2H max{|po|, q0}) .
qo o

From the above, we deduce that

g o

0 > (2H(|0] + 1)go) ™ > (4H 1 g) 74,
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as |0] < HY. Tt follows that
q< ((2H)7Bq0—6)d/'y+1/e(4Hd+lqo)d'y/e < ((ZH)fﬁqO—é)d(ZlHdJrlqo)d,
since v < 1 and e > 1. But this implies that
q < (227ﬁHd+1*ﬁqé—5)d < (22*5H2d*/5qé—5)d < 17
because § > 1 and 8 > 2dd > 2d > 2, and we get a contradiction.
We conclude that &k — 1 > ed/7, and now it follows from the minimality

of k in (3.21) that

—ed
AR < Eg0|0 — Po
q0
We get
D —ed
(k—1)logA < elogqg+logey with ¢4 =¢l0 — 7
q0
It follows that | |
elogg logey
k :
log A * log A +
Thus by ([3.20) we have
1 1
log X < logc+ elogq+ €084 + 08¢ +1 | loge.
logA  logA
Rearranging terms leads to
1
log X < logc+loge+ glog@ + kloggq,
log A
and after exponentiating we get the conclusion from (3.22)), since
loge &
=——1.nu
logA e

4. Examples. We now study the family of polynomials
A(t) = (t —a)Q(t) + P(t),
parametrized by a € C for fixed P and @, where @ is monic. We will see
that under certain conditions one zero of A is exceptionally well approxi-
mated by a so that we can apply our Main Theorem—for this application
we will later assume that a is an integer and that P and () are coprime

and have integer coefficients. The following lemma supplies all the technical
information we need about this family.

LEMMA 4.1. Let P and Q be polynomials in C[t], where P is of degree
do and Q is monic of degree d — 1 > dy, and let a be any complex number.
Set

R = max |6
Q(0)=0
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and A(t) = (t — a)Q(t) + P(t). Suppose that

la| > max{1, L(P)} max{Qid*dgfl (R + 1)d0} Y 2R+ 2.
Then:
(a) Counting multiplicities, the polynomial A has exactly d — 1 zeroes &;
with & < R+1 (i =1,...,d—1) and one zero £ with | —a| < 1,
different from the &;.

(b) If P and Q are coprime, have integer coefficients and a is an integer,
then A is irreducible over Q.

Proof. (a) Set f(z) = A(z) — P(2) = (2 —a)Q(z) and g(z) = P(z), both
entire functions. Let Ky be the open disk of radius R + 1 around 0, and K;
the open disk of radius 1 around a. We want to apply Rouché’s theorem
and deduce that f and f + g = A have the same number of zeroes (with
multiplicities) in these disks. For this we need to show that |f(z)| > |g(2)]
for every z on the contour of one of them.

For z € 0K we have |Q(z)| > 1, as @ is monic and

|2 =0] = [z| = 0] = |z - R =1
for every zero 6 of (). We deduce that
1f(2)| =z —al 2 |a] = R—1.
As |a] — R —1 > max{1, L(P)}(R+ 1)%, it follows that
|f(2)] > max{1, L(P)H(R + 1) > L(P)(R + 1) > [g(2)|

as required.
For z € 0K; we have

1f(2)] = 1Q(2)| = (la| = R—1)*,
since
|z =0]=|z[ —[0] = (Ja| 1) - R
for every zero 6 of (Q and @) is monic. Hence we get
[f(2)] = (Ja] = R = 1)*.

Using |a| > 2R + 3, which implies that |a| — R—1 > (|a| + 1)/2, we find
that
[f(2)] =27 (la] = R — 1) (Ja] + 1)®.

d,
Since |a| — R — 1 > max{1, L(P)}2 i1 and d — dp —1 > 1, it follows that
|f(2)| > max{1, L(P)}* " (|a| + 1) > L(P)(Ja| + 1) > [g(2)]

as required.
We can therefore apply Rouché’s theorem and deduce that f and f+ g
= A have the same number of zeroes (with multiplicities) in Ky and Kj.
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The disk Ky is disjoint from the disk K, since |a| —1 > R + 1. Out of the
zeroes of f, Ky therefore contains exactly the d — 1 zeroes of @ (counted
with multiplicities), and K7 contains exactly the zero a. Hence (a) follows.
(b) Assume that A is reducible over Q, so A = Aj;Ay with A;, Ay in
Q[t] \ Q. Since & is a simple zero of A, it follows that there is B € {4, A}
with B(£) # 0. Let w be a zero of B and hence a zero of A, not equal to &.
It follows that |w| < R+ 1, so in particular w # a. The polynomial A is
monic, since () is monic and d > dy, and hence w is an algebraic integer. It
follows that
_ P(w)
w—a
is an algebraic integer as well.
Let 0 : Q(w) — C be an embedding. Then o(w) is a zero of B, so
|o(w)| < R+ 1 and therefore
_ LP)R 1

o) | PO  LPARLY

ow)—al|~
Since this holds for every embedding o of Q(w) and o € Q(w) is an algebraic
integer, it follows that = 0 and hence P(w) = Q(w) = 0, which contradicts
the fact that P and @ are coprime. Thus, A is irreducible. =

We now take a € Z and P, ) coprime in Z[t] with @ of degree d—1 > dj.
If |a| is large enough, we can apply both parts of the lemma to A; it follows
that & is real (otherwise the complex conjugate § # ¢ would also be a zero
of A with [£ — a] < 1), algebraic of degree d, and that
(4.1) €1V < H(E) < (R+ 1),

since [¢] > |a] —1 > 1.

= —Qw) € Qw)

<1

THEOREM 4.2. Let P and Q) be coprime polynomials with integer coeffi-
cients, where P is of degree dy and Q) is monic of degree d —1 > 0, and let
a be any integer. Set

R = max |0
Q(0)=0

and A(t) = (t — a)Q(t) + P(t). Suppose further that
d>d=213dy+23, l|a| > L(P)max{2,(R+1)%} +2R +2,

and n > 0. Then there is a unique real zero & of A with |§ —a| < 1, and it
is of effective strict type at most Kk = k +n for

lal = ao = ao(d,n, B, P) = (22/(R + 1)'L(P)?) 070D 41,

where

@:10(1+1> <10<1+1><d
11f(d) -1/~ 11f(d) — 1
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and

More precisely,

for all integers p and q > 1, where
C = C(d,do, 1, R,a) = 22Dt DE (R 4 1)3dotnt g 1ot 1)

Since P and @ are coprime, we have P # 0 and hence L(P) > 1. Since
further do/(d — dy — 1) < 1for d > d and d—1 > d—1 > dy, our polynomial
A satisfies all conditions in Lemma [4.1] We see that f(u) is increasing for
u > do + 2. As furthermore

lim f(u) =3 —2v2,

U—00
the upper bound for the effective strict type of £ tends to
95
14
as d — oo and 1 — 0 (which means that |a| — o0).

(4 +V2) = 21.2701247 .

Our choice of d guarantees that the Main Theorem can be applied, if |a|
is large enough, and that & < d < d so that Theorem 4.2 is an improvement
over Liouville’s for 1 small enough. We have not chosen the smallest possible
such cz, so there might be better choices for any given dy. Certainly, the
factor 2.13, although reasonably good, is not best possible for dy — oco.

Proof of Theorem 4.2. We want to use the Main Theorem with py = a
and gp = 1. We will choose the parameters e and € later in a nearly optimal
way. It follows from (4.1]) that

(4.2) 21¢1P/ < e < 2P(R+1)7 1P/,

We know that Q(£) # 0, as otherwise Q(§) = P(£§) = 0 and £ would be a
common zero of P and Q. Since [£| > |a| —1 > 1 and [{] > |a|] — 1 > 2R, it
follows that

L(p )|§|d° d—1)¢|—(d—do—1)

o= || < R < e |
Furthermore, if b is the (non-zero) leading coefficient of P # 0, then
it is well-known that every zero 6 of P, which is therefore also a zero of
the monic polynomial ¢ P, satisfies |0 < L($P) = L(P)/[b]. If we set R’ =
max p(g)—o |0 for do > 0, and R’ = 0 for dy = 0, it follows that R’ < L(P)/|b|.
Since P has integer coefficients, we see that |b] > 1, and therefore R’ < L(P).

(4.3)
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As |€] > |a| — 1 > 2L(P) and |£| > R, it follows that

< [bl(€] — R)% (drdo—1) ¢ |—(d—do—1)
4.4 > 2 0 04,
(44 ’Q = el + RyrT d
We can now use and . to deduce that
(45)  A=cle—al > 2P DR 4 1) L) g3 = 4,
where
dld —dy—1
(4.6) A= ”ﬂ“) — (d—do — 1)(e + 1)ga(e)
with
€l —e¢
ga(€) = (1—¢)

(d+e)(1+¢€)
If Ap > 1 and hence A > 1, it follows from the Main Theorem that £ is
of effective strict type at most

log ¢ log c
1 <ell .
6( +logll) _e( +10g/10>
By (4.2)) and (4.5)), this is at most equal to
d 1
P )
—dcy — = = Tlog2 — o — d 7 log L(P) 4+ (A — 1) log [¢]

with ¢; = log2+log(R+1). We see that k, tends to koo = e(1+1/(A — 1))
as || — oo (or equivalently |a| — 00).

For given e we want to choose € such that ko is minimized, which by
(4.6) means that gg(e) is maximized. This function has a maximum in [0, 1]
at

2d(d+1)—d
cold) = d+2
To simplify the computations, we choose
(4.7) e= lim e(d) =vV2 -1
d—o0
and get
(4.8) A= (e+1)f(d).

We need A > 1 in order to be able to make sure that Ay > 1, so we have
to choose

1

We want to minimize

“°°:€<”<e+1>;<d>—1>'
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We choose e = 10, which minimizes the expression

1
ell+
< (e+n6—2¢m—1>
for e € N and therefore may be expected to give the asymptotically best .
We get koo = K.
Since f(u) is increasing for u > dy + 2, we see that

NI B _dot V2T
@ 1§f@) L_@+2¢®<1 J+V6—1> 1.

Asd++v2-1> 2.13(dy + V/2), it follows that

(3+2¢m<1—Am””ﬁ2>_1—1§(3+2¢m(1—1>_1—1<1Q

d++v2—-1 2.13
and hence
(4.9) 1 1< 1 1 <10
) — 1< — = =e.
f(d) f(d)

We deduce that A = 11f(d) > 1 as required.
Using (4.5)) and (4.6)), we now see that Ay > 1 is equivalent to

A(d—1) N
(4.10) ’é‘)‘*l > 2d+d—d0—1 (R+ 1)dL(P)d—d0—l'

As £ should be of effective strict type at most kK = & + 1, we furthermore
need to make sure that

Ko < Koo+ =R+1n=k.
This is equivalent to

dey + log|¢] 1 n

1) Sy o110
—dey — 25— 102—dd -log L(P) + (A — 1) log [¢| - 0

If £ satisfies , then the denominator of the left-hand side is positive,
SO we can multiply by it without changing the direction of the inequality.
This in turn is equivalent to

A—1
id01 + <K — 1)02 < ulog €]

10 10 10
with
Ad — 1) A\
= ———log2+ ——log L(P
A R T R A
since Kk = kK + 17 =10(14+1/(X — 1)) +n. This inequality follows from
A—1
(4.11) 5 ey 4 e2) < TAZY 1og ey,

10 10
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We see that

dq A
P S\ NS e S S
o= Alog et T o8 A Tt T T

since d —dp—1>1and dy/(d — dp — 1) < 1. Now, since f is increasing and
limy o0 f(u) = 3 — 2¢/2, it follows from (4.8) that

(4.12) A<33-22vV2< 2.

Hence

log L(P) < A(2log2 +log L(P)),

ca < (33 — 22v/2)(2log 2 + log L(P)) < 2log L(P) + 4log 2.
Since n(A —1)/10 > 0, we deduce that (4.11)) follows in turn from

K
—(d 2log L(P) 4+ 4log2) <1
77()\—1)(01+ og L(P) + 4log2) < log ¢],
which is equivalent to

2n(x

Kk(d+4) ~d 2Kk
(R + 1) L(P) T < gl
Asd>23,]¢| > |a| — 1 and A — 1 > 11f(d) — 1, this follows from |a| > ay.
Using k/n =14 &/n > 1, we likewise deduce from |a| > ag that
€M1 > 224(R 4+ 1)4L(P)%
But since —dd_ol—l <2,d—dyp—12>1,d>23and A < 2 by (4.12)), this
implies (4.10) and hence Ay > 1.

It now follows from the Main Theorem that & is of effective strict type

at most
logc logc
10( 1 <10(1 < <
< +10g/1> - ( +10g/10> = Fa = 5

and it remains to estimate & and show that C' can be bounded by an ex-
pression of the required form.

We estimate & first. Since f is increasing, we have

k< 10(1 + 7{ >
11f(d) —1
as required in the theorem. It remains to show that
5 1
(4.13) d—10<1—|—A> >0
11f(d) —1

If we multiply the left-hand side first by its denominator 11 f (d) — 1, which
is positive because of , and then by the denominator d++vV2—1of
f (cZ), which is obviously positive as well, we get a polynomial in d and dp.
After the substitution d = 2.13dg + 23, this ends up as Kd% + Ldy + M with
positive K, L, M. This verifies , and so retroactively & < d.
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We proceed to bound C. It follows from (4.7) that

a d_1+vV2 el 1y

Using this together with (4.1)), we estimate ¢ as
i< 21+2\/§d+1211 1+2\/§d+1(R + 1)10(2+\/§)d|§|10(2+\/§)‘

Together with d > 23, this implies that

(4.14) < 90.27d? (R+ 1)1.49d2’§‘0.07d2'
Since A > 1 and v < 1, we can estimate
d(d—dg—1
52W<d(d—do—1),

using (4.6)). Hence, it follows from (4.2]) that
(4.15) ¢ < 2d(d7d071)(R + 1)d(d7d071)‘§|d7d071 < 2d2(R + 1)d2’£‘d_

Since ¢ > 1, e(1+ llgggfl) <k and | —a| <1, we have

(4.16) C < cdele — a|iler),

where k is defined as in this theorem and not as in the Main Theorem.
Using (4.9) and n > 0, we see that

1 10
—10=10{14——— —10=— 0.
" ( +11f(d)—1>+n nf@-1""

Together with (4.4) and (4.16]) this implies that

C < Cé«m/lO|€ _ a‘d(l()—n) < Cén/IO2d(d+do—1)(H—10)|é—|d(d—d0—1)(n—10)‘

Inserting k =k +1n < d+ n = 2.13dy + 23 + 7 into this inequality and using
d—dp—1<dandd+dy—1<2das well as ¢ > 1, we get
C < 05(2.13d0+23+77)/1022d2(2.13d0+13+77)’f‘d2(2.13d0+13+n)

and hence
C < 652.3(d0+n+1)226(d0+77+1)d2’§‘13(do+n+1)d2.

Inserting (4.14]) and (4.15)) into this inequality and using d > 23 yields
C < 228(d0+77+1)d2(R + 1)5(do+n+1)d2‘§|14(do+n+1)d2.
Using [¢| < |a] + 1 < 2|a|, we deduce the theorem (with a new C). »
We present two immediate corollaries, obtained by specializing P and Q).

COROLLARY 4.3. Suppose that d > 23, 0<n <1 and
Aty =t —att £1



Effective approximation and Diophantine applications 191

for an integer a with |a| > 4. Then there is a unique real zero & of A which
satisfies |€ — a| < 1, and it is of effective strict type at most k = k +n for

lal > ag(d,n) = 227 41,

where
u—1
k=10(1 22.94 d =3B3-2v2)—.
8 <+11f(d)—1>< and  f(u) = ( \f)u—}—ﬂ—l
More precisely,
P 1
R
‘ q| — Cq¢"

for all integers p and q > 1 with
C = C(d, a) = 284" | |28

The result quoted in Section [ now directly follows from this corollary
by choosing n = 0.05 and noting that

(4.17) ao(d, 0.05) < 22605 4 1 < 211964,

The bound for the effective strict type asymptotically tends to the same limit
as in Theorem Compare Bombieri’s results for A(t) = t¢ — at?~1 + 1,
namely [2, Section V, Example 3], where he showed that the effective strict
type of any ¢ which generates Q(&) over Q is at most 39.2574 if d > 40 and
a > ap(d), as well as one of the applications in [3], where he showed that
the effective strict type of any irrational ¢ in Q(§) is at most 13.209446 if d
is large enough and a > ap(d). However, explicit values for both C' and ag
are only given for d = 200 in [2 Example 2] with x = 50.

Proof of Corollary 4.3. We apply Theorem with Q(t) = t¢~! and
P(t) = £1, so R = dg = 0 (thus our f coincides with the previous f) and
L(P) = 1. The corollary follows, since n < 1, 11f(d) — 1 = 11f(23) —1 >
1/1.3 and

k< 10(1 + ) <2294 u

1
11(23) —1
COROLLARY 4.4. Suppose that d > 23, d is odd, 0 <n <1 and
Alt) = (t —a)(t? +1)D/2 11
for an integer a with |a| > 6. Then there is a unique real zero & of A which
satisfies |€ —a| < 1, and it is of effective strict type at most k = & +n for
jal > ag(d, ) = 2>/ 41,
where

1
%:10<1+

11f(d) — 1

u—1

> <2294 and f(u)=(3— 2\/§)m.
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More precisely,

P 1
N
"S q‘_Cq“

for all integers p and q > 1 with
C = C(d,a) = 291 |a5F,
Proof. We apply Theoremwith Q(t) = (t24+1)@=1/2 and P(t) = +1,
so R =1, dy =0 (thus our f coincides with the previous f) and L(P) = 1.
The corollary follows, since n <1, 11f(d) —1=11f(23) —1>1/1.3 and

1
R<10( 14+ ———— ] <22.94.
e ( +11f<23>—1> "
Analogous results with the same upper bound for the effective strict type
hold for polynomials of the type

m n

Ay =(t—a) JJt—a) [T (® +bjt +¢j) £1,
i=1 j=1
where m +2n > 22, aq, ..., a,, are distinct integers and (b1, c1), ..., (b, cp)

are distinct pairs of integers with b? —4c;<0(j=1,...,n).

Such polynomials define the so-called ABC fields, which are named after
Ankeny, Brauer and Chowla, who used them to construct number fields with
large class numbers compared to their discriminant [I]. Our irreducibility
proof in Lemma [4.1]is inspired by a similar argument in that article.

5. Applications. We will now apply Corollary to derive explicit
bounds for the solutions of the corresponding Diophantine equation

d _ gpd—1

T y+yd:m.

We will deduce that its solutions grow at most polynomially in |al.

Of course, we need |a| > ag in order to apply Corollary For |a| < ag
we use the following theorem, which was proven in a more refined form
by Bugeaud and Gyo6ry with Baker’s method of linear forms in logarithms
and is far more general than our theorem will be, but whose upper bound
depends exponentially rather than polynomially on the height of the form.

THEOREM b.1. Suppose that F(x,y) is an irreducible binary form of
degree d > 3 and with integer coefficients having absolute values at most H.
Let m denote any integer. Then all solutions of

F(z,y)=m
i integers x and y satisfy

max{|y:|, ‘y|} < eXp(d40d’H4d)|m’d40d’H4d'
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Proof. If m = 0, the theorem is obvious. If m # 0, we apply [7, Theo-
rem 3, pp. 275 f.] withn =d, H =3H (> 3,as H > 1), b =m and B = e|m)|
(> e = exp(1)). It follows that any solution of F(x,y) = m in integers x
and y satisfies

max{|z|,|y|} < exp(C4H2d_2(log H)*1log B)

with ¢g = c4(d) = 334T27d184+18 Gince d > 3, we have ¢y < d?14+45 < @364
as well as
22 (log H)21 < [id — gldgyid < gldgytd,

and the theorem follows. =

We are almost ready to state our theorem, but there is one other obstacle:
As the corollary gives a lower bound for the approximability of only one
special zero £ of A(t) by rationals, we need an additional assumption to
make sure that all the other zeroes are non-real, so that we can use (2.4)) to
deduce a lower bound for their approximability by rationals. In this case,
the assumption is that d is odd and a < 0.

THEOREM 5.2. Let d, a and m be integers with d > 23, d odd and
a < —4. Let x and y be any integers satisfying

z? — aa:d_ly + yd =m.

Then

2
|a| 72299 || 72299 if |a| > 211964

<
max{|z|, |y|} < exp(24824d2)‘m’24824d2 if |a| < 91196d

Proof. Assume first that y = 0. It follows that 2% = m, and hence z
and y satisfy the bound. Therefore we can assume that y # 0. Since |a| > 3,
we can apply Lemma with Q(t) = t4~! (so R = 0) and P(t) = 1 to
A(t) =t? — at?! + 1. Hence A(t) is irreducible over Q and we can write

d
_ T T
m = a? — az? 1y+yd=ydA<y> =y']1 (y_ﬁz),
=1

where |§;| < R+ 1 for i < d as in Lemma [{.1]and &; = £ with | —a| < 1.
It follows that

d
z Im|

5.1 - —&| =
(51) g y [yl
and hence

T ‘m’l/d
5.2 — il S
(5:2) y ¢ Y|

for some 1.
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We first treat the case i < d. It follows that |;| < 1. Now we have
Aty =(t—a)tt+1>1

for all ¢t € [~1,1], since t —a > —a —1 > 3 and d — 1 is even, so t?~1 is
non-negative. Therefore, £ must be non-real.

It then follows from (2.4) with 6 = & and from (5.2) that
T m 1/d
- =& |
y [yl
Using H(§) = H(&;), since £ = &, and &; are conjugates, together with the
bound (4.1) for H(§) (where R = 0) and [£| < |a| + 1, we deduce that
1/d

SRH(E?) ™ < gl < |* -6 <

1 ) ]m|
f2a+12/d dg
50l + ) <

)

and hence ,
[yl < 27 (Ja] + 1)*m V4.
We use (5.2)) again to get
o] < Jml Y + J&iy| < (27 (lal + 1)* + Dlm]V,
and therefore .
max{|z[, [y} < 27 *(Ja| + 1)*|m["/".

This bound is majorized by the bound in the theorem.

We now treat the case i = d, so that & = £. We have either |y| < 2|m|'/4,
and then (5.2)) implies as above that = and y satisfy the bound, since |&;| =
€] < |a| + 1; or |y| > 2|m|"%, and then (5.2) implies that

T 1
- —£ < =.
y ¢ 2

Since ) .
'i—&' Zﬁ—éi’—‘z—i >\§’—|§i’—5>|@’—§

fori=1,...,d—1, and |a| > 4 implies |a| — 5/2 > 1, we can use (5.1 to

qu [m| - [m| Im]
v AT oy — &)~ (lal = 5/2)yld ~ [y|d
We now apply Corollary [£.3] with n = 0.05 to get

T 1

y‘420@@MH

for |a| > ap(d,n), where
K= f+n<22.94+n=22.99
and ag(d,n) < 2194 by [Z17).
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If |a] > 219 > q4(d,n), we can combine the above upper and lower
bounds to conclude that

y|47229 < |y < C(d, a)|ml.
Using (5.2)) and |{] < |a] + 1 < 2|al, we get
max{|z], |y|} < [m["/? + 2|a|(C(d, a)|m|) 7299
and therefore
1 1
max{|zl, |y|} < 4la|C(d, a) =229 |m|d-229.
As #‘é% > 1, it follows that

84d2+2d 8d%+d 1
max{|z|, |y|} < 2d-2299 |q|d-22.99 || 72299,
Using 2% < |a|'/119 as well as d > 23, we get the desired upper bound.

If |a| < 211999 we can use Theoremwith H = 211964 6 get the desired
bound, using d < 2¢. This completes the proof. m

6. Applications II

THEOREM 6.1. Let d and a be integers with d>25, d odd and |a|>264.
Then the equation

(¢ — ay)(@® + ") D2 —yl =z 1y
has at most 11 solutions in integers x and y.

The equation has at least three solutions, (0,0) and (%1, 0), for any such
dand a. If a = —b%1 —1 for b € N, there are at least two further solutions,
+(ab, b). It appears likely that these are all the solutions there are, at least
for |a| large enough, but this seems to be out of reach with our method.

Proof of Theorem 6.1. We write
Alz,y) = (z — ay)(@® +y?) D2 =yt
We assume that z and y are integers satisfying A(x,y) = x +y. We see that
—x and —y satisfy this equation as well, since both its sides are homogeneous
of odd degree. Therefore the solutions come in pairs +(z,y) (except for
(0,0)), and we can assume that y > 0. We will be mainly concerned with
bounding the number of possibilities for y, and show in the end how the

theorem follows from this. In the following we assume that y > 0.
Since |a| > 5, we can apply Lemma to

At) = (t —a)(t? +1)"D/2 1

and write
d

x
(6.1) sty =Ay) =A%) = [T~ &),
k=1
where [€| < 2 for k < d and {; = € with [€ —a] < 1.
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We choose j such that
6.2 — &yl = mi — .
(6.2) |z =&yl = min |z — &yl

=1,...,

Since |z + y| < 2max{|z|,y}, it follows from (6.1) and the definition of j
that

(6.3) |z — &y| < 2Y 9 max{|z|, y} /<.

From now on we assume that y > 3. We have either |z| < y or |z| > y.
In the latter case, |z| > 3 > 2(4+1D/(d=1) and therefore 2%/%|z |/ < |z|/2. As
|z| > y, together with (6.3) this implies that

2] < &yl + o — Gyl < &yl + 242 < gyl + |=]/2.
We deduce that
(6.4) |z| < 2max{1, [§;]}y,

which also holds if |z| < y.
If j <dand Im¢&; > 0, we see that

\/7 1 2/(d-1) 1 1
o= (grrmmeg =) S o <

and hence
Y
(6.5) v =&yl 2 yImg; > 5.

If Im¢; < 0, the same inequality follows by complex conjugation.
On the other hand, it follows from |{;| < 2, (6.3]) and (6.4) that

|z — &5y| < 2%/dy1/4,

Combining this with (6.5), we conclude that y(@—1/d < 2(d+3)/d and there-
fore
y < 20@+3)/(@-1) < 928/24 < 3

Thus we have proven that y < 3, if y > 3, and hence y < 3 unconditionally
in the case j < d.
If j = d and again y > 3, it follows from and [£| < |a| 4+ 1 that
2| < 2(|a] + 1)y. Together with (6.1), this implies that
d

(6.6) 1%

k=1 Y

z| +y
—fk‘ < 7

2]a| +3
g1

IN

We see that

X
‘—fk
Yy

z\f—m—‘“z—s’z\f—fkr—‘f;—sk
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for k < d because of , and therefore

— & ‘ §k\ \a!2 3.
Thus we deduce from (6.6) that
(6.7) T 5’ < 2d_1(2|a| +3) < 92472 . 9. 4d-2 |
Y (Ja = 8)#Ty=T = (Ja] = 3)72y7—T = Ja[d-2yd~1
since Tﬂ+3 91 ——and|a‘3 >|a

|a\ 4
Now suppose that we have two such solutions (z,y) and (2/,y'). If /y =
x' [y, it follows that (z,y") = A(z,y) for some rational A # 0, and hence

M@ +y) = MA(z,y) = A, y) =2’ +¢ = ANz +y),
where A(z',y") = y¢A(2'/y'). If © +y = 0, it follows that A(z,y) = 0 and
therefore also A(z/y) = 0. But this contradicts the irreducibility of A(t)
over QQ provided by Lemmab), so we deduce that x4y # 0. It follows that
A4=1 = 1, which has exactly two real solutions A\ = %1, so (2, y') = £(z,y).

Since y > 0 and y’ > 0, this is only possible if (z,y) = (2/,y’). Consequently,
x/y £y if (x,y) # (2/,y). If further y < 3/, it follows from (6.7]) that

1|z <’x_§ | ‘ 9472
w ~ly vy ~ lalTry Y
and hence
/ 1 ‘a| -2 d—2
Yy = 9< 1 >
If there are n different such solutions (zk,yx) (k= 1,...,n) with

4<y1 < <yn,
and n > 3, it follows that

> 1 M - d—=2 14‘1—2 M - > 4d—4 M -
=g\1) N =9 1 = i)
d—2 (d—1)(d—2) (d—2)?

4
and then by induction

v

wot ((Jal\ @72
(68) = ao (1
On the other hand, Corollary [£.4] with n = 0.56 implies that

Tn ol L
Yn ~ C(d, a)yp>
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since k = £+n < 22.94+4n = 23.5 and ag(d, 0.56) <
Together with (| -, this implies that

yy® < yih- 5C(d, a)‘a,d < 5C(d,q)
Using d > 25, we deduce that
9 2 1sed?| . (56d2
(6.9) < (Go0a) < e

If n > 5, it follows from that
wt (a2 ja|\ (2" 4 4
Yy > 4d=4) (4) > 4ld-! ( : ) > 92(d=)"|g|(d-2)"/2
because |a| > 16 and hence |a|/4 > |a|'/?. Furthermore, it follows from
d > 25 that

92(d— 4)4 \a| (d—2)*/2 > 2882(d— 4)2

59 14112 ;2 4232 2
(@-2% 5 ol52d? 1532

la] =

asd—2>d—4> %d. We deduce that

yn > 2 l4112d2 |a|
But this contradicts , so we conclude that n < 4.

Summarizing, we have y < 3 for all but n < 4 solutions (z,y). Since the
solutions (apart from (0,0)) come in pairs +(z, y), it follows that |y| < 3 for
all but 2n < 8 solutions (x,y). If y = 0, we see that there are exactly three
solutions = = 0, £1.

If0 < |y| < 3, we define Q(t) = (£>+y?)(@~1/2 and P(t) = —~t—y%—y, and
set @ = ay. We see that P and @) are coprime and ) is monic. Furthermore,
P has degree dg = 1, L(P) < 3%+! and

)
R= max |6 =|y] <3

4232 2 2564d2 lal 169d2

It follows that
d,

3] > |a] > 2164 > 4. 34+ 1 8 > [(P) maX{Qd*”ﬁ* J(R+ 1)d0} 2R 42,

so the polynomial A(t) = (t — a@)Q(t) + P(t) is irreducible over Q by
Lemma(note that L(P) > 1). As A(z) = A(z,y) — = — y, this im-
plies in particular that there is no integer x with A(z,y) = = + y, and now
the theorem follows. m
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