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Iterates of systems of operators in spaces of
w-ultradifferentiable functions

CuiarA Bortr (Ferrara), RACHID CHAILI (Oran) and
TAYEB MAHROUZ (Tiaret)

Abstract. Given two systems P = (P;(D))}, and Q = (Q;(D))}., of linear partial
differential operators with constant coefficients, we consider the spaces £ and €Y of
weighted-ultradifferentiable functions with respect to the iterates of the systems P and Q
respectively. We find necessary and sufficient conditions, on the systems and on the weights
w(t) and o(t), for the inclusion 5 C £Y. As a consequence we obtain a generalization of
the classical Theorem of the Iterates.

1. Introduction. The problem of iterates was first introduced by Ko-
matsu [KI] in the 60’s, when he characterized analytic functions u on an
open subset 2 C R™ in terms of the behaviour of successive iterates P7(D)u
for an elliptic linear partial differential operator P(D) with constant coeffi-
cients. He proved that if P(D) is an elliptic operator of order m, then a C*°
function u is real analytic in 2 if and only if for every compact K CC (2
there is a constant C' > 0 such that

(L) PID)uleg < CIGY™, Wi € No = NU{0},
where || - | ,2(x) is the L? norm on K. This is known as the Theorem of the
Iterates.

Moreover, the condition that P(D) is elliptic is sufficient and also nec-
essary (cf. [M], [LW]) for the above mentioned result, so that, given a linear
partial differential operator P(D) of order m with constant coefficients, the
ellipticity growth condition

(1.2) €™ < CAL+[PE)P), VEeR™,
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for a constant C > 0, is equivalent to the equality
A(92) = A”(92),

where A(f2) is the space of real analytic functions on 2 and A" (£2) is the
space of real analytic functions on {2 with respect to the iterates of P, i.e.
the space of C*° functions u on {2 satisfying .

This problem was generalized by Newberger and Zielezny |[NZ] to the
class of Gevrey functions proving, more generally, that, for a pair of hy-
poelliptic linear partial differential operators P(D) and Q(D) with constant
coeflicients, of order m and r respectively, the condition that

(1.3) QP <C+IPEP)", VEeR,
for some h > 0, is equivalent to an inclusion of the form

g{tl/é}(g) C g{t'r/(smh }(Q)

if s is large enough, where £F I /S}(Q) is the space of Gevrey functions of

order s with respect to the iterates of P = P(D), as defined in for the
Gevrey weight w(t) = t'/.

This result was generalized to the class of w-ultradifferentiable func-
tions in the sense of [BMT] by [JH|, and was considered in the case of
systems of operators in the Gevrey setting by [BC1]. Here we improve both
papers [JH| and [BCI], considering the case of systems in the spaces of
w-ultradifferentiable functions.

In Sectionwe define the spaces of w-ultradifferentiable functions £ (£2)
with respect to the iterates of the system P = (P;(D))¥_;, both in the
Beurling and in the Roumieu setting.

In Sections (3| and 4] we prove that, given two systems P = (Pj(D))é\/: 1

j=b

and Q = (Q;(D))M ;=1 of order m and r respectively, the condition

M h
>l |<c(1+Z|P ), veeRrr,

j=1
is necessary and sufficient for an 1nclu510n of the form
eb0) ce2(0),

under assumptions weaker than hypoellipticity (condition (s¢) for the suffi-
ciency in Theorem [3.8/and condition (¢’) for the necessity in Theorem [4.4),
where o’ (t) = W/ (t"/("M) with «'(t) = w(t'/*) and s large enough, both in
the Beurling and in the Roumieu setting, for a non-quasianalytic weight w.

In particular, if P = (P](D))N , is an elliptic system, we obtain the
Theorem of the Iterates (see Corollary -, ie.

ED(2) = £4(9).
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Moreover, we prove that the ellipticity of the system P is also necessary (see
Corollary .

In Example we give an application of the above results.

Let us finally recall that the Theorem of the Iterates has also been gen-
eralized to the case of variable coefficients, for a single elliptic operator
P(x, D). It has been proved in the class of real analytic functions by Kotake
and Narasimhan [KN]; in the case of Denjoy—Carleman classes of Roumieu
type by Lions and Magenes [LM| and of Beurling type with some loss of
regularity with respect to the coefficients by Oldrich [O]; and in the classes
of w-ultradifferentiable functions of Roumieu type, or of Beurling type but
with some loss of regularity with respect to the coefficients, by Boiti and
Jornet [BJ3].

For a microlocal version of the Theorem of the Iterates see, for instance,
[BCM], [BJJ], [BJ1], [BJ2]. For anisotropic Gevrey classes we refer to [Z],
[BC2].

2. Spaces of w-ultradifferentiable functions with respect to the
iterates of a system of operators. Let us first recall, from [BMT], the
notion of weight functions and of spaces of w-ultradifferentiable functions of
Beurling and Roumieu type:

DEFINITION 2.1. A non-quasianalytic weight function is a continuous
increasing function w : [0,00) — [0, 00) with the following properties:

() there exists L > 0 such that w(2t) < L(w(t) + 1) for all ¢ > 0;

(8) {77 (w(t)/t?) dt < oo

(7) logt— o(w(t)) as t — oo;

(8) puw(t) == w(e!) is convex.

For z € C" we write w(z) for w(|2|), where |z] = 377, |2;|. We write ¢ for
Y When it is clear from the context.

REMARK 2.2. Condition (/) is the condition of non-quasianalyticity and
it will ensure the existence of non-trivial w-ultradifferentiable functions with
compact support.

In the Beurling setting, condition (y) may be weakened (cf. [BG], [Bj])
to the following:

() there are a € R and b > 0 such that
w(t) >a+blog(l1+t) forallt>0.
The Young conjugate ¢* of ¢ is defined by
©*(s) :=sup{st —(t)}, s>0.
t>0

Assuming, without any loss of generality, that w vanishes on [0, 1], we find
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that ¢* has only non-negative values, it is convex and increasing, ©*(0) = 0,
©*(s)/s is increasing and (¢*)* = ¢ (cf. [BMT]).

An easy computation shows that, for every a > 0,
(2.1) ot) =w(t") = ¢y(s) =¢,(s/a).

For a compact set K C R" which coincides with the closure of its interior,
and A > 0 we consider the seminorm

pr(u) = sup sup |D‘”u(m)|e—)‘%@*(|al/k);
aeNy zeK

then
(2.2) Eo (K) :={ue C®(K) :pgr(u) < oo}

is a Banach space endowed with the norm pg .
Let us now recall from [BMT] the definition of the space of w-ultradiffe-
rentiable functions of Beurling type in an open set {2 C R™:

Ew)(82) = proj proj&u(K).
Kcc A0

This is a Fréchet space.

The space of w-ultradifferentiable functions of Roumieu type is defined
by

g{w}(“o) = E_OJ 13; gw,l/m(K)
Kccf2meN

Let us now consider a system P = (P]-(D))j-\’:1 of linear partial differential

operators with constant coefficients. For 8 € Név we define the iterates of
the system P as

PP = P"(D) o P{*(D) o0 PR (D),
where Pf’(D) is the f;th iterate of the operator P;(D), i.e.
PY(D) = P;(D) o0 Py(D),
Bj

and P°(D)u = u.

We shall say that the system P = (Pj(D))é-V:1 has order m if each opera-
tor Pj(D) has order m. In that case, for a compact K C R™ which coincides
with the closure of its interior and A > 0 we consider the seminorm

Pﬁ,,\(u) ‘= Ssup HPﬁUHB(K)@*’\w(Wm/A)
BENY
and define

(2.3) ELNI) == {u € C®(K) : p.x(u) < oo}
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For an open set 2 C R" we define the space of w-ultradifferentiable
functions of Beurling type with respect to the iterates of the system P =
(Py(D))Y., by

P . . oP
(2.4) €(w)(_(2) = proj proj Eo(K).
Kccn X>0
Analogously, we define the space of w-ultradifferentiable functions of
Roumieu type with respect to the iterates of the system P by

P L P P
(2.5) E£4(2) = proj ind &l (K).
Kcc/eN

NOTATION. In the following we shall write £’ (£2) if the statement holds
both in the Beurling case E(IZ))(Q) and in the Roumieu case E{IZ)}(Q).

REMARK 2.3. When the system is given by a single operator P = P(D),
the above defined spaces £ (£2) coincide with the corresponding ones defined
in [BJJ] (see [JH] for the original, slightly different, definition).

Analogously to [BCI], we give the following:

DEFINITION 2.4. We say that the system P = (P]'(D))é-\[:1 satisfies con-
dition (%) if, for every A > 0 and for every compact subset K of {2 which
coincides with the closure of its interior, the space €8\ (K) defined in (2.3)

is a Banach space endowed with the norm pﬁ A\

REMARK 2.5. Condition (%) was introduced in [BCI] in the Gevrey
setting, in order to improve the results of [NZ] on the theorem of iterates,
by weakening the assumption of hypoellipticity on the operators (see also
Remark below). We shall use it in the proof of the necessity part, i.e. of
Theorem [4.41

ExampPLE 2.6. If P = (P;(D))}_; = (Dj)j_;, for D; = —idx;, and K
is a connected compact set which coincides with the closure of its interior,
then by Sobolev’s lemma (cf. [K1, Lemma 2]) the space 55 L (K) defined in
coincides with the space &, \(K) defined in (2.2), which is a Banach
space. Therefore P satisfies condition (%).

More generally, we can take P;(D) = > _, ¢y Dy for a constant in-
vertible matrix (cpj)1<n,j<n and infer that P = (P;(D))7_; satisfies condi-
tion (%).

EXAMPLE 2.7. If Pj(D) = Dy for all 1 < j < N, then the space &7, (K)

is not a Banach space, so that the system P = (Pj(D))é-V: ; does not satisfy
condition (%).

For further comments about condition (%) and its relation to hypoellip-
ticity, we consider a compact exhaustion {Ky}en of £2, i.e. a sequence of
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compact subsets of {2 with K, C K ¢+1 and |J, K¢ = £2. We can write

(2:6) €y (12) = proj proj &, (Kr) = proj £ (Ko).
teN meN LeN

REMARK 2.8. If condition (%) is satisfied, then E(IZ)(Q), endowed with
the metrizable local convex topology defined by the fundamental system of
seminorms {p%,g}geN, is a Fréchet space. On the other hand, condition (%)
does not guarantee that & ﬁj }(Q) is complete.

However, if P = (P; (D))é\fz1 is a system of hypoelliptic operators, then
it can be proved, as in [JH, Thm. 3.3], that both 5({:)(9) and 850}(9) are
complete.

In the case of a single operator P = P(D) it was proved in [JHL Prop.
3.1] that also the converse is valid: if £5(£2) is complete, then P(D) must
be hypoelliptic. This is not true in the case of systems. Take, for instance,
P = (Dj)j_, for Dj = —i0,;. Then EP(2) = £,(02) is complete by [BMT),
Prop. 4.9], but the operators P;(D) = D; are not hypoelliptic.

REMARK 2.9. It is possible to construct a finer locally convex topol-
ogy that makes £'(£2) always complete, without any assumption on the
operators.

In the Beurling case we take a compact exhaustion {Ky}sen of £2, set

pe() = sup sup [Du(z)],
|a|§£ zeKy

and then consider the seminorm
P P
7 (u) = maX{PKl,e(u)ape(U)}-
We see that 5(1; )(Q), endowed with the locally convex topology defined
by the fundamental system of seminorms {TEP teen, is a Fréchet space. The
proof is standard.

In the Roumieu case we consider, for £ € N and K CC {2, the funda-
mental system of seminorms {77, }men defined by

(2.7) 8 gan) i= max{pfo(w), sup sup [Du(a)|}.

|a|<m zeK
This makes 55 1 /g(K ) a Fréchet space. Considering then on Sfi }(Q) the
topology induced by ({2.5)), we can prove, as in [JH|, Prop. 3.5], that 55}(0)
is complete.

We now want to look for sufficient and necessary conditions in order
to obtain the Theorem of the Iterates for systems P = (P](D))é\;1 of lin-
ear partial differential operators with constant coefficients in the classes of
w-ultradifferentiable functions.
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3. A sufficient condition. Analogously to [BCI], we give the following:

DEFINITION 3.1. Let P = (P; (D))é\fz1 be a system of linear partial dif-
ferential operators with constant coefficients of order m. We say that P
satisfies condition () if there exist C' > 0 and v > m such that

(3.1) Zij“ \<C<1+Z|P )1_|a'/7, Va € NI, € € R™,
7j=1

where P} '(€) = 02 Py(9).

REMARK 3.2. If the system P = (R(D))?L1 satisfies condition (.7#) for
some y > m, there exists a smallest vp > m such that P satisfies (3.1)) for
v = vp; moreover vp € Q. Indeed, the inequality (3.1)) implies that there

exists C’ > 0 such that

N
1-1/v

(32)  lgrad R <C'(1+ 3 1R©) T, Vi=1,..N.

j=1
Applying then the Tarski-Seidenberg theorem to the semialgebraic function

Mi(A)= sup [grad F(§)],
Sl 1P ©)1=A

we can argue as in [HI, Thm. 3.1] to prove that for every i € {1,..., N}
there exists a smallest v; such that

N 1o/
33 K@ <o+ 1B©I) T vVaeN; geRrn

j=1
Then vp := max{7yi,...,yn} is the smallest v satisfying (3.1]) and moreover
vp € Q and vp > m.

In what follows, for a system P satisfying condition (), we shall always
refer to yp as defined in Remark

REMARK 3.3. If P = P(D) is a hypoelliptic operator, then condition
(A7) is satisfied because of [H1, Thm. 3.1]. However, in general condition
() is weaker than hypoellipticity. Take for instance in R? the operator
P(D) = P(Dy,Dy) = D3. Tt is trivially not hypoelliptic, but it satisfies
condition () for v = 2.

More generally, if P = (Pj(D));V:1 is a system of hypoelliptic operators,
then P satisfies condition (7). If the system P is elliptic, i.e.

N
(3.4) g <c(1+ X 1B©1), veeRrr
j=1

then condition (.7) is satisfied for yp =m
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In order to compare, for two given systems P = (Pj(D))évzl and @ =

(Q;(D ))] 1, the corresponding spaces £L'(£2) and &9(9), we introduce the
following:

DEFINITION 3.4. Let P = (PJ(D))?]:1 and Q = (Qj(D))inl be systems
of linear partial differential operators with constant coefficients. If there exist
C, h > 0 such that

(3.5) Z\Q] ]<C(1+Z\P )h, Ve € R”,

we say that @ is h-weaker than P, and we write Q) < P.

REMARK 3.5. If P = P(D) and Q = Q(D) are single operators and
P(D) is hypoelliptic, then by [HI, Thm. 3.2] there is a smallest h such that
Q is h-weaker than P, and moreover h € Q.

More generally, if @ = (Q;(D )) 7, s h—weaker than P = (P](D))év 1)
then there exists a smallest h > 0 such that ( is satisfied and moreover
h € Q. Indeed, we can argue as in [HI, Thm 3 2] and Remark [3.2] taking

the semialgebraic functions

M;(A) = sup  |Qi(§)]-
i1 [P @)=
DEFINITION 3.6. If P = (PJ'(D));V:1 and Q = (Q;(D ))J | are systems

with P <, @ and @) <, P, we say that P and @ are h-equally strong, and
we write P ~p ().

REMARK 3.7. Arguing as in [Hl pg 210], we can easily prove that if
P = (PJ(D))?]:1 and Q = (Q;(D )) 1, are two systems of order m and r
respectively, satisfying condition (ff ) and l-equally strong, then m = r

and yp = 7g.

We are now ready to prove the following result:

THEOREM 3.8. Let P = (P](D))é\[:1 and Q = (QJ(D))j]\i1 be systems of
linear partial differential operators with constant coefficients, of order m and
r respectively. Assume that P and Q satisfy condition (7€) of Deﬁm’tz’on
and that Q is h-weaker than P. Let {2 be an open subset of R™. Let w be
a non-quasianalytic weight function and set W'(t) = w(t'/*) for s > vp/m.
Then
(36) Elon) (12) C £ (12),
(87) Ely(12) C £¢1(12),

for a’(t) = w/(tr/(mh)) — w(tr/(smh)).
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Proof. Beurling case. Let u € 5(1;,)(9). For every compact K C {2 there
exist an open set F relatively compact in {2 and § > 0 such that

K C F(M+1)5 cFcio,
where
Fy,:={x € F :d(z,0F) > o}.

Note that F, is always well defined, since F' is bounded in R™.
Moreover, for every ¢ € N there exists C; > 0 such that

(3.8) Z HPﬁUHB(F) < quqwz/(ﬁm/q) = C, et?btms/a)  yp e N,
|Bl=¢

by the definition of 55),)(9) and by (2.1)).

By assumption Q < P and, by Remark there exists u, v € N such
that h = p/v.

Arguing as in [BCT, Thm. 2.4], we fix a € N}/, choose k;, 4; € Ng such
that aj = kjv+/{;, withl; <v—1,for1 < j < M,andset k = ij\il k;. From
[BCI] formula (2.12)] there exist Cy, Cy > 0 such that for every u € C*°(F),

Mo ar , . k41
(39) HQQU||L2(F(M+1)6) = C{W |:Z ( 1 >Mlc§+l Z ( |B| )

i=0 |BI<k-+i

(k + z) (k+i—[B))vpu
9

1Pl iar
If vp < sm, then from (3.8)) we obtain, for all ¢ < k,

(3.10) kk=Ovpu Z ||Pﬁ“u||L2(F) < qu(k—é)sm#eq%(mﬁusm)
|81=¢

5t omul
¢ o (k—€)smu ,qpk (mlus/q)
S Cq 1 —|— m (k - E) (& w
< qusmw[(k _ g)smu](k*f)smuewz(mfusm)'
Since w(t) is a non-quasianalytic weight function, condition (/3) implies

w(t) = o(t), and hence for every ¢’ € N there exists Cyy > 0 such that from
[AJO, Rem. 2.4],

(3.11) ylogy <y+ q'goi,(j,) +Cy, Yy>O0.
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Applying the above inequality to (3.10) we find that

(3.12)  KEOer N PPy o ey
1Bl=¢
< qusmui e(k=0smp ¢ o (k=Omus/q") Cyr papl,(mlps/q)
By condition («) of Definition there exists L > 0 such that
wlet) < L(1+w(t)), Vt>0.

Then from [BJ3, Prop. 21(e) and Rem. 22] we find that for every p, A > 0
there exist \', D, x > 0 such that

(3.13) PN < Dpv/\ek’wi(j//\’)j Vj € No,

with X' = A\/LI°8r+1 and D, \ = exp{A[log p + 1]}, where [2] is the integer
part of x.

Applying (3.13]) in (3.12]) we find that for every A\ > 0 there exists C\ > 0
such that

(3.14) E(E=Ovpp Z HP’BMUHB(F) < C}\ew;(mms/A)e)\%((k,g)mus/,\).
|81=¢

From condition («) of Definition by [BMT) Lemma 1.2] we see that
there exists L' > 0 such that

wu+v) < L'(wu) +wk)+1), Vu,v>0,
and hence for all j,k € Ny and A > 0,

(3.15) P UINFATR/A) — gup I3 AR(9) L gyp Ft e ()

s>0 >0
= sup ejlogu+k10gvf)\(w(u)+w(v))
u,v>1
Gk —2w(utv) A A JHk — D w(utv)
< sup wo'e T’ et <e sup (u+v) e
u,v>1 u,v>1
- A A *(Jtk
< 6)\ sup e(]—&-kz)a—?gow(a) _ eAeL/LPw(A/L/).
>0

Applying this to (3.14)) we find that for every ¢ € N there exists Cj > 0 such
that for all £ < k,

(3.16) k(k=Ovpp Z HP’B”UHB(F) < qud%(kumS/d).
|8l=¢
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Substituting in (3.9) we obtain, for some constant A > 0,
(3.17) 1Q%ull L2(Fyp115) < AFC @l (ktM)pums/q)

< ARCyedelGhums /D) §eL (2Mums/d)

G, . (kpms
< C(/jAumske%SDw( g/g )

< Qe #ulkums/T)

by the convexity of ¢* and by (3.13)), for ¢ = §/(2LllesA+1]),
Since k < |a|/v by construction, from (3.17) we thus conclude that for
every q € N there exists D, > 0 such that

HQQUHL%K) < ”QQUHLQ(F(MH)(S)
< D,etesllelums/(va) = p eov(0r/a) - o e NM

by (2.1), since o’ (t) = w (/™). This proves that u € 58, (02).

)

Roumieu case. It is similar to the Beurling case: in we take
(1/q)¢?, (¢mq) instead of gy’ ,(¢m/q) and a fixed constant C' instead of Cy,
and similarly later on for ¢/,q”,....

The proof is complete. m

COROLLARY 3.9. Let P = (PJ(D))?]:1 and @ = (Qj(D))jj‘il be systems
of order m satisfying condition () and 1-equally strong. Let {2 be an open
subset of R™. Let w be a non-quasianalytic weight function and set w'(t) =
w(t'/5) for s > yp/m = yg/m. Then

ECAN() =E2,(02) and E[,,(2) = EZ,(2).

From Remark [3.3] we obtain the Theorem of the Iterates as a corollary
of Theorem 3.8

COROLLARY 3.10. Let P = (P; (D))é\;1 be an elliptic system of order m.
Let 2 be an open subset of R™ and w a non-quasianalytic weight function.
Then

(3.18) Ey(2) = Ewy(2) and €[ 1(R2) = Ery ().
Proof. Beurling case. Let us first prove the inclusion
(3.19) Eloy(2) C ) (92).

To this end we consider the system @ = (D;)7_, for D; = —id,;. The
operators (D) = D; are not hypoelliptic, but the system @ satisfies condi-
tion (). The system P satisfies (3.4]) and hence condition () for vp = m,

by Remark
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Since (3.4) implies that @ is 1/m-weaker than P, from Theorem (3.8
with s = 1 = yp/m and hence W'(t) = w(t), we find that

(3.20) ELy () C 58)((2) = &) (92),

for o(t) = w(tl/(m'i)) = w(t), and hence (3.19)) is proved.
Conversely, since every P;(§) is a polynomial of degree m, we clearly see
that P is m-weaker than ) and, from Theorem 3.8
Ew) () =2, () C €L\ ()

_m_

for o(t) = w(ttm) = w(t), so that also the opposite inclusion
Ewy(2) C ()
is valid, and hence the equality (3.18) is proved in the Beurling case.

Roumieu case. The proof is the same as in the Beurling case, using ((3.7)
instead of (3.6). m

EXAMPLE 3.11. Let us consider in R? the system P = (Pj(D))?:1 de-

fined by

Pi(Dy,Dy) = D? ~ Py(Dy,D,) = D3.
These operators are not hypoelliptic but the system P satisfies conditon
() for yp = 2.

Let us next consider Q = Q(D) = A = —D? — D3. This is an elliptic
operator of order 2, and hence satisfies condition () for 79 = 2 (see
Remark .

Moreover, P and @ are l-equally strong and yp/m = 1. We can then
apply Corollaries and with w'(t) = w(t) and deduce that, for any
open subset §2 of R? and for every non-quasianalytic weight function w,

EC)(Q) = £2(2) = £)(2).

This means that the elements u € £,({2) can be equivalently determined by
estimating their derivatives D%u(z) = D' D5*u(z), or the iterates of Q(D),
i.e. APu(z), or the iterates of the system P = (Pj(D))jzzl, ie. Plu(z) =
DI DI?u(z) for o,y € N2, 8 € No.

The same holds also in the Roumieu case.

4. A necessary condition. In order to obtain a necessary condition
for the inclusions (3.6|) or (3.7)), we first need to introduce the following:

DEFINITION 4.1. We say that a non-quasianalytic weight function w
satisfies the growth condition B-M-M if there exists a constant H > 1 such
that

(4.1) 2w(t) < w(Ht) + H, Vt>0.



Iterates of systems of operators 107

REMARK 4.2. Condition B-M-M was introduced in [BMM] in order to
characterize those weight functions w for which &,)(§2) (or £, (§2)) can
also be considered as a Denjoy—Carleman class g,y (£2) (or Eqay,)(£2), re-
spectively) as defined in [K2], for some sequence {M,,

Gevrey weights satisfy condition B-M-M.

Let us now prove that the condition @ <, P of Theorem is also
necessary for the inclusions and (| .
To this end we first recall from [JH, Lemma 4.7], the following:

LEMMA 4.3. For all h, A >0 andt > 1,
(i) sup #/ exp{—Ap*(hj/A)} < exp{Aw(t'/")},

J€No

() sup ¥ exp{=\g" (hi/N)} > exp{w(t/).
J€Ng

We can then prove:

THEOREM 4.4. Let {2 be an open subset of R™ and w a non-quasianalytic
weight function satisfying condition B-M-M. Let P = (P; (D));VZ1 be a sys-
tem of linear partial differential operators of order m with constant coeffi-
cients satisfying condition (¢) of Definition and let QQ = (QJ(D))J]\il
be a generic system of linear partial differential operators of order r with
constant coefficients. If there exists h > 0 such that either

(4.2) ELy () CEL (),
(4.3) Ey(2) C 5{0}(9)

for o(t) = w(t™/M), then Q is h-weaker than P.

Proof. Roumieu case. We follow the ideas of Juan-Huguet [JH], replac-
ing the assumption, in [JH, Thm. 4.5], that the single operator P(D) is
hypoelliptic, with the weaker assumption that the system P satisfies condi-
tion (%), in the spirit of [BCI].

Let us now assume that is satisfied and fix a compact set Ky C {2
which coincides with the closure of its interior.

We have the following inclusions:

£ () S ELD) € €5,(2)
= &Oj in_c>150’1/f(K) Clndg 1/4( 0)-
KCcCf2teN ZGN
By assumption the system P satisfies condition (%), and hence, by Re-

mark E(IZJ)(Q) is a Fréchet space and MKN Egl/Z(Ko) is an (LF)-space.
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We can therefore apply the Closed Graph Theorem and Grothendieck’s Fac-
torization Theorem (see [MV] Thms. 24.31 and 24.33]) to conclude that there
exists £y € N such that

gy C £2 "1 /2, (K0)

with continuous inclusion. Then there exist a constant C' > 0, a compact

K cc 2 and X\ > 0 such that, for all f € 5{2)(9),

(4.4) sup [|Q%(D ) Fllz2(rere 7525 (1Blrto)
BENM )
aENg

For £ € R", we denote fe¢(x) := ¢“@€) and remark that fe € 5(1;)((2),
because for every compact K CC {2 and A > 0,
1P (D) fellLz(xy = 1P (€) fell L2 i) < m(EK)|[PH(E)]
<O+ J¢gmlely < Csek’wz(\alm/k’)
for some C¢ > 0 and X > 0, by (3.13). Since f¢ € E(ZZJ)(Q), we can apply
(4.4) to fe, obtaining

(45)  sup [QU()e W) < ¢ sup [Po(g)]eellelmY
QGNS/[ aeNé\’

for some C’ > 0. Therefore

M ) Bl
(4.6) sup <Z ?\j(f)’) ei%@g(m\réo)
=1

BeENY N\

1 L8ty
< sup ( Z B|B’B|Q1( NP | Qar(6)PM e 7o IBlre ))

BENY g 4. Byy= 18]

< sup ’QB(€)|e*%%(W|Mo) < o4 sup ’Pa(€)|e—/\<pj,(\oc|m/)\)

BeNY aeNYY
aGNN

From Lemma |4_._3| it follows that if
M
Qj

(4.7) > Vi

J=1

(§‘>1 and Z\P o >1,

then
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) e((5[%6]) "))

Jj=1

} N 1/m
gCexp{)\w<<Z|Pj(§)|> )}
j=1
for some C > 0.

From property () of the weight function o(t) we see that (4.8)) implies
that if (4.7) holds, then for some A > 0,

exp{xg«;zw; ‘?\;@DW)} < éexp{m((i mo)")}

Since o (t) = w(t"/(™")) by assumption, we thus obtain

<(§ D”(mh))gA(1+w((jierj<s>|)”m))
< “(A'(]é ) ")

for some A’ > 0 if holds, because condition B-M-M implies that for
every k € N there exists a constant Hy > 1 such that 2¥71w(t) < w(Ht)
for all ¢t > 1.

Since w(t) is increasing, implies that there exists a constant B > 1
such that if holds, then

N
(4.10) Z\QJ ©1<B(1+YIP©))"
j=1

However, (4.10]) is trivial if (4.7]) does not hold, because of (4.5]), so that
(4.10) is satisfied for all £ € R™ and Q is h-weaker than P.

Beurling case. The proof is similar, but easier, as in the Roumieu case,
since S(IZ )((2) and £9, (£2) are metrizable, and hence the inclusion (@.2) im-

(o)
plies (4.4). =
REMARK 4.5. By Remark instead of condition (%) we can consider,
in Theorem the weaker assumption that 5(1; )(Q) is a Fréchet space and

i)

then take on 51 /Z(KO) the fundamental system of seminorms {Tg()’&m}meN
defined by (2.7)), to make @KNQ?UZ(KO) an (LF)-space.
As a consequence of Theorem [£.4) we have the converse of Corollary [3.10
COROLLARY 4.6. Let {2 be an open subset of R™. Let w be a non-quasi-

analytic weight function satisfying condition B-M-M, and let P=(P; (D))é\fz1



110 C. Boiti et al.

be a system of order m satisfying condition (€¢). If either

(4.11) Eloy(2) € Ey(12),

then the system P is elliptic.
Proof. Beurling case. Let us consider the system @ = (D;)7_;. Then

5(3 )(£2) = E)(2) and [@11) implies [{.2) with o(t) = w(t) = w(tr/(mh))
forr=1and h=1/m.
By Theorem we find that @ is 1/m-weaker than P, i.e.

n N /m
Slgl<o(t+imE) ", veer
Jj=1 j=1

This proves that the system P is elliptic, and hence the corollary is proved.

Roumieu case. The proof is similar to that in the Beurling case, using
(4.12) and (4.3]) instead of (4.11) and (4.2)). =
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