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Abstract. Multifractal analysis explores patterns to discover within them characteristic sets of
multiple fractal dimensions. Using computer software, patterns are resolved over decreasing scales
and examined under various distorting lenses to make multifractal spectra that can sometimes
tell much about the state of a system, including physiological systems. Here we review some
key tenets of the multifractal formalism using box-counting as the basis for software-based
multifractal analysis, and discuss some applications to cell morphology, retinal pathology, cancer,
and heart rate variability.

1. Introduction. Where are fractals found? In this age of booming digital infor-
mation and convenient computer capacity, fractal analysis is burgeoning across many
disciplines. Indeed, one is hard-pressed to find an area in which investigators have not at
least started to view phenomena through the modern lenses of fractal analysis. Fractal
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analysts have found meaning in and in many cases practical uses for the fractal features
lurking in an incredible variety of physical as well as social phenomena including

Galactic star distributions [65] and Saturn’s rings [53]

River flows [I7] and soil structure [72]

Population distributions and urban expansion [6, [10]

Road and building materials [87]

Dendritic branching patterns, vascular networks, lung bronchioli [33] [74]
Brain structure and function [I8], 21, [24]

Pathology such as cancer [43] and diabetic retinopathy [30} BT, 32], 48| 61}, 63]
Health care, clinical practice, and pharmacy [30} 69} [73], [79]

TIon channel opening and closing times [§]

Time series analysis (e.g., gait, EMG, ECG, EEG) [19] [T 78]

Codes (e.g., DNA) [62]

Classification of images [38].

1.1. Multifractal analysis of 1D and 2D images in biology and medicine. This
chapter distills from the variety of types and topics in fractal analysis a limited look
at a set of methods called multifractal analysis. We review essential mathematical tech-
niques and discuss the multifractal formalism with respect to applications in biology and
medicine. The particular topics we look at in biology and medicine are microglial cell
analysis, diabetic retinopathy, cancer, and heart rate variability.

In essence, all fractal analyses examine the scaling inherent in a pattern or dataset
and assign to that scaling a “rule” or number known as a fractal dimension (Dg), which
is a statistical index of complexity having no units [27, [56]. As is typical in biology, the
morphologies and physiological events we examine here are generally cascading, recur-
sive, thresholded phenomena having patterns characterized by not one but multiple such
scaling rules, i.e., they can be shown to be multifractal [56], [74].

1.2. Estimating the Dg. As grounding for understanding multi-fractal analysis, one
should first be familiar with mono-fractal analysis and the way the so-called monofractal
dimension is estimated. This is important not only for understanding the multifractal
formalism, but also because mono- and multi-fractal analysis methods complement each
other in certain ways, as will be discussed later here. The basic method depends on the
essential concept in fractal theory of patterns that repeat themselves regardless of the
scale at which they are observed, i.e., self-similarity [33,58]. Such scaling can be measured
by observing a phenomenon at a starting resolution of nominally 1 (i.e., it is viewed as
one whole part, Ng = 1), then repeatedly scaling the observation by some factor, e,
some number of times, k, and counting each resulting number of parts (Ny). To measure
scaling in a simple line-drawing, this would generate a series using as an example, € = %,
consisting of Ng =1, Ny =1x (3)"' =3, N, =3x (3)7' =9, N3 =9 x (3)7! =27,
and so on. That is, it is described by the general sequence

N = Np_qe L. (1)
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Using Ny = 1 gives the base scaling rule for a simple line-drawing:
N1 = 671. (2)

The negative of the exponent, the 1, on € in Equation , quantifies the familiar,
easily perceived unity between the number of new parts observed and the reduction
factor used for measuring the scaling in a simple line. Despite the obviousness of this
particular case, the process outlined above is not trivial—the value of the exponent is not
always apparent, such as for a pattern that scales into N = 4 new parts when € = % (see
Figure [1} which shows a fractal von Koch Curve scaling in this manner). For that case,
the sequence is Ny =1 x (3)7P7 =4, Ny =4 x (§)7P7 =16, N3 = 16 x (5)" " =64,
and so on. By substituting in the known values for any k and k — 1, the Dp for the
von Koch Curve can be found, as is shown in the example below using k = 2:

v (3)

Ind
16 =4 x 3PF — 4=30r — DF:%

=~ 1.2619.
3

Fig. 1. Iterating the pattern of a classic fractal von
Koch Curve. The figure shows how the curve can be
constructed graphically. The basic procedure is to di-
vide a line into 4 new parts each % the size of the orig-
inal, then repeatedly divide each new part in the same
way as illustrated in the figure. Thus, the drawings,
in sequence, would theoretically have N = 1,4, 16, 64,
256, and 1024 parts respectively.
/ . Note that the figure illustrates limited self-simi-
larity. By closely inspecting or zooming in, especially
on the bottom 2 iterations, one can see that the rep-
resented pattern repeats itself at each scaling but at
the same time each level stops as straight segments of
finite length. In contrast, the actual scaling in a real
fractal von Koch Curve, or any strictly self-similar
fractal pattern, repeats infinitely such that regardless
of the scale at which it is inspected, the same pat-
tern is found at a closer level of inspection, the pat-
tern never resolving into linear segments with finite
lengths.

Generated using the freeware Fractal Generator plugin for Im-
ageJ http://imagej.nih.gov/ij/plugins/fractal-generator.html
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This example highlights the general equation relating N and e (Equation (3))) which
is solved for the Dp in Equation :

Ny = ¢ hPF (3)

In general, for k > 0, the D can be calculated according to Equation (4)), or, for the
case that the base scaling is known, Equation :

lnNk lnNk
_ AL 4
In€* Ine * @)

In N InN
= 1- (5)

Dp =

Dr == Ine  Ine
1.3. Box-counting. In the more practical world of biological research, the number of
new parts a pattern scales into is usually not readily observable. Fortunately, there are
many ways to extract from a pattern information required to use the general relationship
in Equation . The method we discuss here, one often used for finding Dgs for bio-
logical phenomena, is an elegant fractal analysis technique known as boz-counting, which
generates a type of Dp called the box-counting dimension (Dp). We discuss the method
from the basis of binary images, meaning digital images showing patterns extracted from
original images and converted into a form where there are only two choices for a pixel’s
state: background or non-background [38] K0, 57].

As its name suggests, this method finds scaling relationships in patterns by inspecting
them using a box shape. The method is usually applied using dedicated fractal analysis
software, which can generally be obtained as freeware for biologists (e.g., the download-
able FracLac for ImageJ [45, [67] or the online FracTop [I3], both created and maintained
by our lab).

To summarize, the general approach is to make a starting observation of a pattern
by surrounding it with a box (i.e., No = 1), then to continue making observations using
smaller and smaller boxes scaled by € at each iteration, k. The number of boxes that

contain non-background pixels is considered as a proxy for Ny. The basic procedure is
illustrated in Figure

In practice, this method of making up the sequence Ny does not always yield a strictly
consistent relationship between IV and e. The methods of fractal analysis introduce their
own practical methodological issues. In addition to the grid position issue noted in Fig-
ure [2] there are various other issues that are beyond the scope of this discussion but
are generally corrected for in dedicated box-counting software (e.g., adjustments have to
be made to the maximum and minimum box sizes to yield valid results) (see [46]). One
issue that should be discussed is how this works when the scaling factor is not usually
known ahead of time, but a suitable starting factor has to be assumed in order to scale
the boxes. The answer lies in the relationship between N and € in many phenomena and
in methods of determining Dgs being statistical. Thus, the Dp is often estimated from
the limit:

Dp =

] (©)

1m [ .
e—kollne*
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Fig. 2. Box-counting. The figure illustrates the basic
algorithm used for automated computer-based box-
counting using decreasing box sizes. The columns are
for the same image, a von Koch Flake based on the von
Koch Curve of Figure [Il Each column shows Ng, the
number of boxes that contained any foreground pixels
at each box size, Bx. The same 4 box sizes, successively
scaled by € = %, were used for both columns.
Differences between the k = 2 counts and between
the & = 3 counts reflect differences in where the boxes
were placed. This illustrates the general point that if a
pattern covers a rectangular rather than square area,
there is no clearly optimal orientation at which to
lay the first square box. Thus, box orientation affects
Ny and the number of pixels per box at any €. One
way to address this limitation of box-counting is to
use software that provides the mean or the minimum
cover Dp over several orientations (e.g., FracLac for
ImageJ [45] [67]).
Grid drawings generated using FracLac for ImageJ [45] and
von Koch Flakes generated using the Fractal Generator plugin

for ImageJ from
http://imagej.nih.gov/ij/plugins/fractal-generator.html

1.3.1. Regression lines and scaling series. In box-counting, the limit is formally calcu-
lated as the slope of the log vs. log linear regression line for the data series. This makes
it possible to use, instead of a known e, virtually any series of decreasing box size (B),
and to process the resulting data to find the most appropriate scaling. As a result, in
box-counting implemented to do this, k for a series becomes merely an index in the list
of By, rather than an actual indicator of the number of times scaled. Software designed for
biologists, such as FracLac for ImageJ [46] generally includes mechanisms for controlling
the scaling or actual values used to define each series of B and ensuring the resulting
data are properly filtered to arrive at a consistent and meaningful scaling value. The Dpg,
accordingly, is generally calculated as the slope of the log vs. log regression line based on
the series By, rather than €, as in Equation 138, [45], 56, [75]

Dp = — lim lnN’“]. (7)

Bk—)O[h'l B

2. Multi- vs. mono-fractal analysis. As was mentioned earlier here, multifractal
analysis explores patterns to discover not just one global D describing a beautiful scaling
relationship that preserves detail at all levels of resolution, but multiple such scaling rules.
It looks at patterns by resolving them into smaller and smaller units, and exploring how
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they behave when distorted by further applying various lenses (see Figure . We used
two such lenses, the generalized dimension and the f(,) spectrum.

e g

Whereas the data for multifractal analysis can be gathered in the same way as was de-
scribed in the previous section for standard boz-counting, the type of information gathered

Fig. 3. Conceptualizing multifractal analysis.
Multifractal analysis looks at how the mass of
a pattern behaves when resolved into a series
of successively scaled pieces and distorted.
The picture illustrates a typical multifractal
pattern known as a Henon Map, with a region
amplified and distorted in two ways to con-
ceptually represent localized distortions
created by applying arbitrary exponents to
the mass distribution during multifractal
analysis.

Image author A. Karperien; WikimediaCommons.
Henon Map generated using Fractal Growth Mod-
els plugin at http://imagej.nih.gov/ij/plugins/fgm/
index.html for ImagelJ.

is different. Instead of using Ny, i.e., the number of boxes for By that had non-background
pixels in them, the method uses the number of pixels or mass (m) per individual box ()
at a particular size, Bg. Accordingly, this mass-related approach has for each By a distri-
bution of m; ry that has a total number of members = Ny.

Similar to the general relationship between N and e in Equation , for typical
monofractals the probability (P j)) of a mass of pixels appearing in the i-th box varies
as box size or scale to a constant exponent, which can be calculated similarly to the Dp,
as the mass dimension (Djy):

Pip ~B "M - —Dy = (8)
Multifractals, however, are not homogeneous. F; i) changes according to an exponent,
a;, that varies over the fractal, as in the following equation [17}, [22] 40]:

X ln P(i k)
P,y ~B, % —ay o ——
(4,k) Bk ST In By

(9)

The exponent «; is said to be the “singularity strength” or scaling in the i-th region. There
is a set of boxes, IN,,, that will have singularity strengths around this «; and its fractal

dimension is the function f(,,). In other words, N,, scales as Bi(“i). Thus, multifractals
are considered heterogeneous, and typically analyzed in terms of sets of dimensions that

are used to generate spectra describing the scaling [12] [64].

2.1. The generalized dimension. One set of dimensions used extensively in multi-
fractal analysis is the set of generalized dimensions or Dg, where @) is an arbitrary set
of exponents used to distort and examine the mass distribution. For digital images, Dqg
describes how the distribution of pixels behaves when an image is resolved into a series
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of k scalings and the distribution is distorted and re-examined to emphasize differences
over the pattern.

Contribution of Each Mass to Sum of PQ
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Fig. 4. Relationships amongst P, Q and Iy). The graphs are based on a hypothetical probability
distribution, where the total number of boxes containing any mass at some box size was four.
The four boxes had respective masses (Equation ) of 2, 3, 4, and 5, so that the total mass
(Equation ) was their sum, 14. The probabilities (Equation ) thus were, for mass = 2,
P =2/14 = 0.14, for mass = 3, P = 3/14 = 0.21, for mass = 4, P = 4/14 = 0.29, and for
mass = 5, P = 5/14 = 0.36, totaling 1.00. The vertical axes on the graphs represent the value
of Equation , the sum of the four probabilities each raised to @, over an arbitrary range of
Q@s. The top left shows the sum as the total of all four probabilities over the range of @s, and
the top right and bottom figures compare the contributions of each probability to that sum. The
bottom figure expands the top right around @ = 0, showing that when @ is negative, the sum is
amplified more by areas with smaller probabilities (e.g., see the contribution of the mass = 2 for
Q@ < 0 on both figures), but this reverses at 0, so that when @ is positive, the sum is amplified
more by the denser probabilities.

In our box-counting software, we implement it as follows. First, the mass distribution,
the set of m;yy for a k, is gathered using box-counting (Equations and ) It
contains information about how the pixel mass is distributed at each level of resolution
or box size, By, but we are interested in the variation in this mass distribution at a finer
level. Thus, we start looking at measures based on the )-th moments of its probability
distribution, P (Equation ) Specifically, P is exaggerated by raising each P; 1) to
each exponent @ in an arbitrary set of @s. Typically, the set of @ includes positive and



30 A. L. KARPERIEN, H. F. JELINEK AND H. AHAMMER

negative exponents bracketed around 0, so the distribution is twisted up and down as we
examine it. Next, the pattern, thus distorted at each box, %, is condensed into a single
value based on the Q-th power moment sum, Iy for that Q) and By, (see Equation )
As illustrated in Figure 4} because each term of the sum is a probability (i.e., between
0 and 1), negative @s amplify the sum, positive shrink it, and @ = 1 gives the original
measure. Smaller probabilities increase the sum more drastically for negative @Js, whereas
positive Qs reduce the sum [22] 49].

M3 k) Mass of pixels at this box, ¢, and size, By, (10)
Ny
My, = Z M3, k) Total mass of pixels at this &k (11)
i=1
(4, k) - ) .
Py = N Probability at the i-th box for this k. (12)
k
Ny,
Z P(?k) if @ # 0 and @ # 1, the summed probabilities at this &,
i=1
each first distorted by @,
Ir@) = (13)
1 if @ =1, the sum of all undistorted probabilities is 1,
Ni if @ = 0, the sum of all probabilities each raised to the

exponent 0 is equal to the box count at this k.

The process is done for each @ and By, to generate a series of ;). Then, in the usual
manner of finding a D discussed earlier, how this series of distorted mass information
scaled with By, is distilled into a D¢ for each @ (Equation (14)). The resulting set of Dgs
is plotted against @ to generate a multifractal graph showing if the distortions made
much of a difference to the original distribution. The set of Dg vs. @ is generated using
the conditions outlined in Equations and . The numerator (see Equation )
in the top condition in Equation is calculated as the negative slope of the log-log
regression line, as is done in regular box-counting. For the exception where @ = 1,
Dg—, is found from the negative slope of the regression line for the so-called information
function (Equation ) This is necessary to avoid 0 values for both the numerator and
denominator (see [12] [64]) [12], 22], 58, 64} 68].

. In I},
- Blklglo[ lnks(g) }
=) if Q # 1 (see Equation (13))
Dg = (14)
In Sk . .
_ Bklglo [ln BJJ if @ =1 (see Equation (I5))
Ny
Sk = Z P gy In P 1y the entropy or information function. (15)
i=1

2.2. f(a) vs. a multifractal singularity spectrum. Along with the Dg, we use
another multifractal analysis spectrum, the f(,) vs. @ curve. The method for finding it,
relatively uncomplicated and readily implementable in box-counting [50], is based on
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the methods of Chhabra and Jensen [12] [64]. Equations to explain how it is
implemented in our box-counting software [46]. In essence, similar to the Dy calculations,
the method examines the distorted i-th probability, but it compares it to the sum of the
distorted probability distribution. This normalized measure of the distorted distribution
(Equation (L6])) is used to calculate mass components (Equations and (18)) for the
« dimensions for each value of By and @ (i.e., for computing the average singularity
strength, a;, with respect to p; k(q)). For @ > 0, ;) amplifies the more singular
parts of the probability distribution. (See Figure [f])

Relative Contribution of Each Mass to o

u InP,

2 1 Qo 1 2

-»-Mass=2; P=0.14 ——Mass=3; P=0.21 —+-Mass=4; P=0.29 Mass=5; P=0.36 —=-Sum

Fig. 5. How Q affects a;. The vertical axes represent the mass components used for calculating a;
from Equation for the hypothetical probability distribution for masses of 2, 3, 4, and 5 shown
in the legend (explained in Figure@). The left and top figures show how @ affects Equation
and the bottom figure how it affects Equation . All three show that higher values of @
amplify the sum more for more dense probabilities. For Q = 1, Equation = the original
probability. Compare to Figure [

Those values in turn are used to find slopes against By, for the a dimensions at each @
(Equations and ) The multifractal spectra are then obtained by examining how
f(a) is related to a for each @ by plotting f(,) vs. a (Equation horizontally and
vertically).

N P (?,k) normalized measure of the probability (16)
Hik(Q) = Ik distribution (see Equations & (12))
Ny,
Q) = Z [Mz‘,k(Q) In P(i,k)] mass component of a dimension at B (17)
=1
N
f(ak(Q)) = Z [Mz‘,k(Q) In Ni,k(Q)] mass component of f(,) dimension at By (18)

=1
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«

agQ) = — Blk.lglo hrlkifk) «a dimension; as slope of regression line (19)
I

floy) = — lim Hon@) f(a) dimension; as slope of regression line. (20)

Br—0 InBg

This method also leads to an alternative method for calculating Dg and another
useful measure, 7. It can be seen from Equations @D and that Iyq) varies as By to
some exponent, 7g, so that

ln[k(Q)
In By, '

Ing) = B .7 = logy, Tnq) = (21)

Thus, 7¢ is equivalent to the numerator in Equation so D¢g can be alternatively
calculated from Equations and (12, 17, [40, [64):

TQ
Do = 22
Q=51 (22)
7Q = Q@) — [(a)) see Equations (19)) and (20). (23)

2.3. Interpreting multifractal spectra. Multifractal spectra convey easily observ-
able information. Patterns that scale uniformly distort the probability distribution little,
whereas those that scale non-uniformly yield distinct mathematical views for both the
Dgq vs. Q and f(,) vs. a multifractal spectra.

2.3.1. Dg vs. @ spectra. Figure |§| shows Dq vs. @ plots obtained by box-counting for
three figures illustrating non-fractal, monofractal, and multifractal scaling. As the figure
illustrates, the generalized dimension

curve is usually either essentially un-

changing or decreasing around @ = 0, Generalized Dimension

with dimensional ordering such that Multifractal Spectra

Dg—o > Dg=1 > Dg—2. In practice, the 25 @

Dg vs. @ curve is typically fairly flat for N\\‘ 22 ¢ Monofractal von Koch Curve
non-fractals, less for monofractals (i.e., Do . " o Non-Fractal Line Drawing
theoretically, Dg—o = Do—1 = Dg—p ifa ™. ;

pattern is homogeneous and self-similar). = -

For multifractals, it typically decreases 07

with @, sigmoidally around @ = 0. Also e 10 s Qo s " s

of note, Dg— is the capacity dimension
(see Equation ) equivalent to the Dp,

Fig. 6. Typical multi-, mono-, and non-fractal
Dg=1 is the information dimension (see & P f

) Dq vs. Q curves obtained by box-counting. Theo-
Equation ) where DQ = f(a) = @, retical Dr: Henon Map = 1.27; von Koch Curve
and Dg—y is the correlation dimension # 1.26; Rectangle = 1.00.

[68, 85].

One way to quantify variation in the D¢ plot is using the coefficient of variation (CV),
calculated as standard deviation j yalyes for the regression line. The CV for the Dg plot
is generally greatest for multifractals, although the value is affected by methodological
matters including image size [49].
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2.3.2. f(a) vs. a spectra. As illustrated in Figure |Z|7 f(a) vs. a curves typically rise to a
maximum approximating the Dp and then fall, where in general greater variability in a
pattern gives a broader spectrum. Non- and mono-fractals typically converge (especially
for @ > 0, i.e., the left side), but multifractals rise and fall more broadly. The relative
sharpness or aperture (Figure and spread between maximum and minimum « ) quan-
titate the degree of multifractality and distinguish multifractals from other patterns. The
aperture is defined by the slope and length of the line segments from a(_1) to a g to o)
[64], [22, 49].

Apertures for f(a) vs o Multifractal Spectra
fla vs o Multifractal Spectra 15

15 e Mo of ctal von Koch ( e °
n*-+.g Non-Fractal Line Drawing 1
floy 1 K \ .

5 ' - Multifractal Henon Map
L T =-Monofractal von Koch Curve

-»-Non-fractal Line

o 08 13 18 23 28
o

Fig. 7. Typical multi-, mono-, and non-fractal Fig. 8. Apertures. The aperture is the line from
f(a) curves obtained by boz-counting. See Figure «(_1) to ooy to a(1y. The extremely short aper-
[6] for Dps. ture for the line drawing appears as a point.

2.3.3. Practical limitations. There are caveats to interpreting these curves. They can be
profoundly affected by methodological issues such as image size and data processing, for
instance. In addition, there is a deviation from the prototypical patterns and controversy
about the threshold between fractal and multifractal. In this regard, some software (e.g.,
FracLac [46]), includes mechanisms for objectively quantifying features of the curves and
determining the optimum from several samplings including rotations of the same image,
and for filtering the data (e.g., smoothing or finding the minimum cover).

Furthermore, when applying multifractal spectral analysis, one must be aware that
what we have described here is a post hoc analytical technique rather than a complete de-
scription of multifractal theory, which is a topic surrounded by much controversy [I8} [33].
More detailed discussion of these considerations is beyond the scope of this paper, but
overall, one must realize that an ostensibly multifractal result does not guarantee that
a multifractal phenomenon governs the original from which the pattern was extracted
for analysis. Nor does it tell what elements of a phenomenon are or are not multifractal.
Rather, multifractal analysis gives a measure that can be very powerful when tested rigor-
ously, including calibration with control images, and interpreted cautiously [23][33][34] [38].

3. Applying multifractal spectral analysis

3.1. Microglia. We have used multifractal analysis extensively in neuroscience research,
a field where fractal analysis is developing rapidly [I8]. Some of our recent work focuses on
microglia. In brief, microglia are neuroimmune cells residing in the brain and spinal cord
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in many species, including humans, playing key roles in not just pathology but also normal
physiology and development [71], [82]. Their form reflects their function and therefore the
general status of the brain and nervous system (see Figure [9). Our lab and others have
used mono-fractal methods to objectively quantitate and classify microglial morphology
and correlate decreasing Dps with increasing pathology, and have found that multifractal
analysis complements these methods in a few key applications [5] 26], [35] 50, [76].

~ INTERMEDIATE
)

(BUSHY/HYPERTROPHIED)

Fig. 9. Complexity of Microglial Morphology. Microglia cycle through a continuum of typical
morphologies [50]. Ramified facilitate normal activity, staying alert for trauma, pathology, stress
[26], etc. Intermediate are responding to events or returning to ramified. Activated aggressively
mediate tissue breakdown and repair, act as macrophages, etc. The Dy is highest for ramified
and lowest for activated [7I]. Cells between ramified and intermediate are most amenable to
multifractal analysis [38], [49] [47].

3.1.1. Multifractal analysis for discerning transitional states. Our lab has shown pre-
viously that the Dp distinguishes even very subtle differences that are not detectable
visually, and can be used to objectively classify microglia, in particular by separating
resting cells in pathological environments from resting cells in non-pathological environ-
ments [35, 50, 47)]. As suggested in Figure @ the general trend in microglia research
indicates very strongly that individual microglial cells from overall healthier biological
environments have higher fractal dimensions [26], [38) [76]. This is in keeping with the gen-
eral notion that as physiologic systems fail they lose complexity, their information content
degrades, and they become less and less able to adapt to a dynamic environment, respond
in novel ways, or cope with emergencies [I8, 55]. When we have looked at microglia under
the lenses of multifractal analysis we have found that, overall, in various studies, about
10% of microglia show variation in the CV enough to be considered to show multifractal
scaling, these being primarily ramified cells. We have also found a tendency for multi-
fractal scaling to be found more in aging. A noteworthy strength of multifractal analysis
is its ability to detect cells presumably in transition between ramified and intermediate
stages. Moreover, amongst cells that show multifractal scaling, a “pseudomultifractal”
pattern has been observed, whereby Dg vs. ) slopes are flatter than usually seen, and
J(a) spectra more peaked and converging compared to benchmark multifractal spectra,
but not clearly converging as with typical mono- and non-fractals [38 [47].

3.1.2. In silico modeling and multifractal analysis. We have found similar results in-
vestigating multifractal scaling in microglia using in silico modeling. One of our most
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interesting findings sheds some light on the ability of multifractal analysis to identify
transitional cells. Basically, these computer-based morphological simulation studies have
shown that microglia modeled from a single set of branching parameters were less likely to
scale as multifractals than were models made using multiple different sets, simulating dis-
parate cell parts and activity similar to the activity, motion, and dynamic morphological
changes seen in real microglia [36], 38|, [49].

3.1.3. Future applications of multifractal analysis to microglia. A challenge that remains
for the future is to pursue the potential for multifractal analysis to identify cells in tran-
sitional stages and to act as a supplement to the Dp for discovering subtle differences
relevant to fields such as aging and chronic disease. Future work could also explore mul-
tifractal scaling over large tissue samples in addition to images of individual cells in
order to understand broader dynamics. Another question to pursue is what the meaning
and implications are of increasing multifractality in transitional stages. This could have
very important implications for how we treat and diagnose disease of the central nervous
system.

On another note, the studies reviewed here capture only specific points in time and
space. Fractal analysis of microglia has chiefly so far used binary images of individual cells
to capture scaling in the branching and edge features of whole cells, but microglia are very
dynamic—they unfurl and wave their processes about in healthy tissue [59] [70, 1], for
instance, and as cells change from resting, their fine processes retract, tendrils swell, and
stouter ones extend in the course of a response to noxious stimuli [26]. Furthermore, these
cells move and the space they occupy itself is dynamic [70}[82]. As such, another challenge
for the future is to explore fractal and multifractal scaling over time in individual cells
and over areas and volumes in vivo and in vitro. With the advent of new technologies
allowing for real-time observation of live events at the cellular level, at least in laboratory
animals, these challenges seem within reach [59).

3.2. Cervical intraepithelial neoplasia. Another area in which we have applied the
techniques described here is cancer research. We have recently published work on cer-
vical intraepithelial neoplasia (CIN), a significant health care burden around the globe
[4T, [42]. Early diagnosis is critical because cervical cancer is largely curable if caught
before it degrades to invasive stages, yet grading depends on the expertise of individual
pathologists since most methods in use are semi-quantitative and not objective. One of
the current goals in this field is to develop new and practical approaches for objectively
grading CIN and normal tissue [7].

A substantial body of evidence indicates that monofractal and multifractal methods
are promising for classifying tumours using digital images [2], 3, [4] 29] [43] [84]. We have
worked with digital images of biological tissue stained with a commonly used dye, haema-
toxylin and eosin (HE), obtained with a microscope and camera system. These are typical
images that pathologists would use for grading CIN. We have found that Dg vs. ¢ multi-
fractal spectra from box-counting can be used to differentiate between normal epithelium
and low grade as well as high grade neoplasia for cervical cancer [21].

As a measure of complexity, multifractal analysis is especially pertinent in cancer
research because of not just changes in complexity of individual cells associated with
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disease, but also broader differences in complexity over the tissue, as might be seen in
a whole biological image (See Figure . Such complexity is presumably attributable to
multiple processes acting on tissue over time and at different scales, both microscopic
and macroscopic. Tissue that is organized into interacting parts where each has its own
function would be expected to scale as a multifractal, whereas tissue that has lost this
separation of function and begun to become a more homogeneous but dysfunctional mass
would be more likely to scale as a monofractal. That is, finding the Dg of individual cells
as we discussed for microglia is not the same as taking the multifractal spectra of the
entire area those cells are in, but both kinds of analysis can inform us (See Figure [11])

\”‘

.

Fig. 10. Grayscale images of HE stained tissue. Left: Control tissue. Right: CIN3 tissue.
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Fig. 11. Examples of multifractal spectra for Grayscale CIN images. Multifractal spectra for the
example images shown in Figure [I0}

3.2.1. Gray-scale analysis. Although the box-counting methodology we described here
applied to binary images, in which a pixel is either background or non-background,
grayscale images can also be assessed, such as when the “background” the cells of in-
terest are embedded in is actually part of the signal to investigate. For multifractal
analysis on gray-scale images using the basic box-counting technique, the key difference
from binary images is that the information gathered at each i-th box of size By depends
on the intensity, h, of the signal in the box. It is assumed that h o height, so h is used
to infer a volume of significance as opposed to a mass or count. One way to describe the
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volume is to let h be the difference between the maximum and minimum intensities of all
pixels in a box, and multiply that height by the measure of the base sampling unit (i.e., a
box for a cube or an oval for a cylinder) [46]. Figure [11| presents multifractal spectra for
the unsegmented grayscale images from Figure illustrating a loss in multifractality
comparing normal to pathological (CIN3).

We anticipate using fractal and multifractal analysis to further develop our prelimi-
nary system for automated diagnosis of CIN. The ultimate goal is an easy, inexpensive,
objective, and reliable method sensitive enough for automated image diagnosis from read-
ily obtainable images such as those a pathologist currently views, incorporating individual
cell features as well as more general tissue features. Another goal is for this software to
yield a specific prognosis, such as by using fractal dimensions to predict if CIN 1 lesions
are more likely to degrade to CIN 2 or to become normal again, and to further character-
ize changes within low grade neoplasia and specifically CIN 3 identified by multifractal

spectra [21].

4. Other multifractal implementations. There are many techniques in addition to
box-counting that use the multifractal formalism. Here we briefly introduce two examples,
the correlation dimension and time series analysis, as applied to two clinically timely areas
of research in biology and medicine.

4.1. Retinal pathology. Retinopathy is a progressive menace afflicting a high propor-
tion of diabetics and often eventually leading to blindness [20] 25]. As with CIN, early
diagnosis and intervention are critical to managing this enormous global health burden.
One component of early diagnosis is automated classification of digital images into reti-
nas with or without PR; this needs to be very accurate to support screening programs
currently carried out by ophthalmologists. Developing objective, reliable, and practical
methods of automating screening, especially for remote settings where specialists are not
generally present but retinopathy is, continues to be a major goal in diabetes research

[30; 139, 32, [63].

Nonproliferative vs
Proliferative Retinopathy

Nonproliferative Proliferative

Fig. 12. Two stages of diabetic retinopathy.
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4.1.1. Classification. Diabetic retinopathy can be considered in terms of two stages,
nonproliferative (NPR) or proliferative (PR). These categories may be further graded
by severity and the features of lesions present within each [20, 25]. Basically, in PR,
new blood vessels emerge near the optic disk and spread toward the macula or emerge
from peripheral vessels. These new vessels are abundant, but dysfunctional. Rather than
resupplying a starving retina, they compound problems largely because they are both
fragile and often misplaced [83] [88, [89]. Figure [L2|illustrates two retinal images depicting
some typical differences between NPR and PR.

4.1.2. Correlation dimension. Much research has demonstrated that PR is amenable
to study by the many methods of fractal analysis [11] 16}, 31, 39 B2] (48, (1] 52} 4]
61, 80]. Here we briefly discuss a special case of the multifractal formalism involving
the correlation dimension, otherwise known as Dg—s (see Section , and apply it
to automated classification of PR. According to multifractal theory, Dg—o measures the
dimension of the space occupied by a set of random points, in terms of the probability of
finding two points closer than a certain distance. For a digital image, it can be found using
the method described earlier here based on the Q-th order moment of a distribution to find
the probability P; jy of finding a point in the i-th box (see Section . The probability
of finding two points at i corresponds to @ = 2, i.e., P(Qi,k)- Equation tells us that
the correlation dimension, Dg—2, can be calculated:

. In T,
—limy, o [5552] In Iy 2)
Do=2 = -1 - B;HO[ In B, ] (24)
Ny,
Loy =Y Pl (25)
i1

Equation can be thought of as essentially the probability of having a pair of
points less than By apart, although strictly speaking, that would only hold for circles
because, for instance, two points at opposite corners of a square will be farther apart
than the size of the side of the box. An often used mathematical description, based on
the correlation sum or correlation integral (Cg,), is outlined below, showing how the
correlation dimension can be calculated from the Cfj, using the distances between each
pair of points in a set of N points [9] 22] [64].

M number of points 4 in the set
M?* — M . R
n=—g number of pairs of points ¢,j > ¢ in the set (26)
A= |Xl — Xj} distance between points ¢ and j (27)
Bk scaling distance at this iteration, k
M
Wg, = Z H; number of pairs where A; ; < Bi (28)

i=1,5>i
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Hij=06(Br —Aij)

1 if Ai,j < Bk
= function counts pairs within scaling distance (29)
0 otherwise
. W, . o -
Cy, = lim probability of pairs within scaling distance (30)
M—oo 1)
Cr, o ABL 9= (31)
In Cy
Dgos = lim [250]. 32
Q=2 B,—0L In By, ( )

The correlation dimension has been an important part of our work developing auto-
mated diagnosis systems for PR. We have applied it to develop a system for automatic
segmentation of digital images of the retina, then to further classify the images as PR or
not. On its own, the correlation dimension had some predictive ability, but when it was
used in a set of six best features (area, perimeter, entropy, curvature, median correlation
dimension, and global correlation dimension), the results were very promising. In partic-
ular, the set had an AUC of 0.90 (0.73-0.97). (AUC stands for “area under the curve”
and is a way of measuring the likelihood of a test giving “true positive” as opposed to
“false positive” results. 0.90 means, basically, a 90% chance of a true positive) [31].

5. Multifractal time series analysis

5.1. Heart rate variability. Whereas this discussion has focused on digital image anal-
ysis, the fundamental concepts of multifractal analysis also apply to time series analysis,
such as heart rate variability (HRV) analysis [14, 44]. Cardiac cycles are not constant;
they show clear multifractal scaling. In the healthiest hearts, they vary on extremely short
and long time scales involving cascading and coupled feedback loops, where the loss of
variability, a degradation of multifractality to monofractality in particular, is predictive
of pathology (e.g., congestive heart failure, fetal acidosis) and generally understood to be
a loss of the ability to respond to changes in the environment [T}, 28]. Here we discuss some
applications of multifractal analysis to cardiac autonomic neuropathy (CAN), which, in
brief, means nerve damage leading to abnormal control of heart rate that often leads
to arrhythmia and heart attack. The disease is a severe global health burden, affecting
diabetics in particular [30] 44} [60]. Detection of CAN relies on invasive and time- and
labour-consuming methods, such that many people at risk are not routinely screened. As
with CIN and PR, early detection of CAN is key to disease management, so automatic
detection from a simple measure such as HRV is a major research goal.

Usually, HRV is measured from electrocardiograph (ECG) signal. Work is also being
done on more portable technology such as pulse waves acquired from a small, easily worn
light source and photo detector [66], but currently ECG is standardly used for gauging
HRYV. Certain peaks in the ECG signal, the tall R peaks, are well suited to automated
computer detection, so the distance between peaks, called the RR interval, generally form
the basis of the time series usually studied in HRV analysis [15].
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There are many systems for measuring HRV using the RR interval, including many
different ways of doing multifractal analysis on HRV RR data (see [86] for a review).
Here we provide a simple overview to highlight a few key principles of one general type of
multifractal HRV analysis. As was the case with the other types of multifractal analysis
discussed here, in HRV analysis, there is always the question of how to extract a pattern
from the original signal. Typically, this involves some amount of filtering to remove noise
and ectopic beats, for instance, to generate a pre-processed signal. To apply a multifractal
analysis, the usually pre-processed signal has to be read as a probability distribution
that catches the presumed multifractal features. One multifractal measure that has been
applied is Multi-lag Tone-Entropy, which has been shown to identify increased risk of
cardiac mortality in people with diabetes [44]. In the Tone-Entropy (TE) method, the
signal is converted to tone and entropy components based on a measure of interbeat
characteristics called the percentile index (PI). For an RR interval, PI scales the change
between beats against the first beat in the interval, modeling the system as interactive
increases and decreases in heart rate. In Multi-lag TE, the lag L can vary, as in Equation
(33) [37, 4]

R — Riyp,

R;

Tone is then calculated as the average of the PI series, so that it represents a net balance

PI = (100). (33)

between increases and decreases for a particular lag:

pORR N

T =
one N _1

N — 1 denotes that the last PI cannot be determined. (34)
Then, a probability distribution (see [44] for details), P, for Tone is determined and
used to calculate entropy using some form of the basic Entropy function we saw in

Equation :

N
I=> [Pilog(P, (35)
i=1

A similar measure, Multi Scale Renyi Entropy, has been demonstrated in research to be
able to distinguish CAN from controls even in the early stages of the disease [14]. In this
method, basically, the Renyi entropy is calculated from the probability of sequences of
RR values occurring in HRV data. This probability is estimated by its similarity with all
other sequences of the same length, and entropy is calculated for a range of exponents, «:

ZNk Pa

I, =
l1—«

(36)

These examples of how multifractal analysis can be applied to HRV are important,
because they offer clear hope that simple and relatively non-invasive tests for early CAN
will soon be available, along with all the benefits that implies for improving the quality
of life of people living with this disease [T}, [14].
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6. Conclusion. Many physiologic systems are inherently multifractal, self-seeding, cas-

cading, interacting with themselves and the environment in multifarious ways but when

degraded to pathological states are less complex, structurally and functionally, including
being less adaptable to the constantly changing environment, being unable to behave in

novel ways, becoming dangerously predictable. In many cases, it is known that early inter-

vention is critical to avoiding permanent damage, a crisis, or death. Multifractal analysis

sits at the cusp of a wave of technological change preparing to identify and address many
of these vexing problems in biology and medicine.
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