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Abstract. We demonstrate some applications of arithmetic structures in Bethe Ansatz — the
famous substitution which yields an exact solution of a quantum N -body problem for the linear
magnetic ring of N spins 1/2 within the XXX model. We point out the purely arithmetic form
of the eigenproblem of the associated Heisenberg Hamiltonian in the initial (calculational) basis
of all magnetic configurations, together with the resulting solution, expressed in terms of a finite
extension of the prime field of rationals. The Galois group of this extension acquires the natural
physical interpretation in terms of admissible permutations of rigged string configurations. The
cyclotomic number field proves to be an important subfield of this extension, responsible for the
translational symmetry of the magnetic ring, reflected in quasimomenta of a finite Brilloin zone.
We also point out the role of the cyclotomic fields in determination of all mutually unbiased
bases for a Hilbert space with the dimension N being a power of a prime.

1. Introduction. Motivated by the title of the Conference, I am going to point out in
this article a partial answer to the question, how arithmetic enters mathematical physics.
Clearly, the question encompasses a huge area, and I would like to constrain on quantum
mechanics of finite systems [6], [21], [23], [24]. A quantum system is determined by its
Hilbert space H, whose elements |ψ〉 ∈ H yield pure states, and Hermitian operators
ρ ∈ EndH with the trace 1 constitute the set of all quantum states of the system. In
particular, operators of the form ρ = |ψ〉 〈ψ|, |ψ〉 ∈ H, 〈ψ|ψ〉 = 1, represent pure states.
A quantum system is called finite when dimH = N is an integer, and thus a Troian horse
for arithmetic in quantum mechanics.

A pivotal example of a quantum finite system is the magnetic ring, consisting of N
nodes, each with spin 1/2, with the isotropic exchange interaction between nearest neigh-
bours in the ring, known also as the XXX solvable model [2]. It provides unique quantum
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counterpart of the N -body problem which claims to have an exact solution, both for an
arbitrary finite N and for the thermodynamic limit N →∞, has been given by Bethe [3]
in 1931, and is commonly known as Bethe Ansatz. Mathematically, the problem consists
in determination of all eigenvalues and eigenvectors of the Heisenberg Hamiltonian for
the magnetic ring. Here, we expose the role of finite extensions of the prime field Q of
rationals, and the physical meaning of the associated Galois symmetries of number field
extensions arising in the process of diagonalization, and appropriate comparisons with
Bethe Ansatz [1], [16], [17], [18]. In particular, cyclotomic fields Q(ω), ω = exp (2πi/N),
are associated with the translational symmetry of the magnetic ring. For N > 5, exact
diagonalization of the Heisenberg Hamiltonian requires further extensions of the cyclo-
tomic field Q(ω), resulting in the so called Heisenberg number field — the minimal field
of characteristic zero which is sufficient to express all related eigenvalues and eigenvec-
tors. Still, this field is insufficient to present these solutions in the form of the so called
rigged string configurations, provided by Bethe Ansatz. The last requirement is realized
by a further extension, referred to as the Bethe field. Associated Galois groups of field
extensions provide a considerable unification of rigged string configurations since they
allow to generate a variety of such eigenstates from a single one by simple arithmetic
substitutions of appropriate radicals imposed by the corresponding Galois symmetries.

In this way, Galois automorphisms of finite extensions of number fields of characteristic
zero acquire a physical meaning within the midst of integrable systems.

Another example is the qunit, the model finite quantum system, represented by the
Hilbert space h = CN , well known in quantum information processing [6], [19]. In a
particular case of N = 2, it is the qubit, or “quantum bit”, the elementary memory unit
of a hypothetical quantum computer.

An important problem in quantum information processing, usually referred to as
the state tomography, consist in reproducing an arbitrary quantum state ρ ∈ Endh of
the qunit h along a definite protocol of measurement. It requires an infinite series of
measurements in the so called mutually unbiased bases [6], [20], [25], [26], [27], that is,
physical devices for measurements with respect to such reference frames in the qunit h
which guarantee maximal mutual independence of outcomes. For example, the case of a
qubit (N = 2) requires N + 1 = 3 mutually unbiased polarizers, which can be associated
with the three mutually perpendicular axes x, y, z for the spin 1/2. We explain this notion
in detail in Section 3, mentioning here only the fact that description of such quantum
measurements involves number fields of finite characteristic.

2. Bethe Ansatz and number fields of characteristic zero

2.1. The eigenproblem of the Heisenberg Hamiltonian. Let h = C2 be a qubit,
and H = h⊗N — the space of all quantum states for the system of N qubits arranged
into a ring, and referred to as the magnetic ring. The tetraiad (σx, σy, σz, I2), with σα,
α ∈ {x, y, z}, being the standard Pauli matrices,

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(1)

and I2 — the unit 2× 2 matrix, is a basis in Endh.
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Then
s = 1

2(σx, σy, σz) (2)

is the vector operator for the spin 1/2, and
sαj = I2 ⊗ I2 ⊗ . . .⊗ σα ⊗ . . .⊗ I2, α ∈ {x, y, z}, j ∈ Ñ , (3)

is the α-th component of the spin 1/2, localized at the node j ∈ Ñ , where
Ñ = {j = 1, 2, . . . , N} (4)

is the set of nodes of the magnetic ring. Within this notation, the Heisenberg Hamiltonian
for the magnetic ring reads

Ĥ = J
∑
j∈Ñ

(
sj · ŝ(j+1) modN −

1
4 I
⊗N
2

)
(5)

with
ŝ1 · ŝ2 = ŝx1 ⊗ ŝx2 + ŝy1 ⊗ ŝ

y
2 + ŝz1 ⊗ ŝz2, (6)

and J being the coupling parameter. We put in the following J = 1. It is a Hermitian
operator in the Hilbert space H, and we write its eigenproblem as

Ĥ |ψ〉 = E |ψ〉 . (7)
Each eigenvalue E ∈ spec Ĥ is an admissible energy of the magnetic ring, and all linearly
independent eigenstates |ψ〉 ∈ H form an orthogonal basis in H.

The key observation from the arithmetic point of view is that the eigenproblem (7),
formulated in the initial basis of magnetic configurations of the space H, involves only
integers. We specify this observation in some more detail.

Let f : Ñ → 2̃ ≡ {+,−} be a magnetic configuration, which can be also written
as f = (f1, . . . , fN ) such that f(j) is the spin projection (+1/2 or − 1/2) at the node
j ∈ Ñ . Let f0 ≡ (+, . . . ,+) be the magnetic configuration with all spins +1/2, referred
to as the ferromagnetic saturation, or the vacuum configuration, and let

|j〉 = |j1, j2, . . . , jr〉 , 1 ≤ j1 < j2 < . . . < jr ≤ N (8)
be a quantum pure state of the magnetic ring, corresponding to r reversed spins, local-
ized at the nodes j1, . . . , jr, and ordered according to the Yang–Baxter inequality in (8).
Clearly, the set

Q(r) =
{

j : 1 ≤ j1 < j2 < . . . < jr ≤ N
}
, |Q(r)| =

(
N

r

)
, (9)

is a subset of the set 2̃Ñ consisting of all magnetic configurations with r reversed spins,
and

2̃Ñ =
N⋃
r=0

Q(r) (10)

defines a decomposition of H into direct sum

H =
N⊕
r=0
Hr (11)

of mutually orthogonal subspaces
Hr = `cCQ

(r), (12)
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where `cC denotes the linear closure (of the set Q(r)) over C. Each space Hr “below
equator”, that is for 0 ≤ r ≤ N/2, will be referred to as the space of all quantum states
of the system

r̃ = {α = 1, 2, . . . , r} (13)

of r Bethe pseudoparticles, represented by reversed spins, which move on the magnetic
ring Ñ . Within such a definition, Eq. (12) is readily recognized as the Schrödinger picture
of quantization, and thus the set Q(r) acquires the meaning of the classical configuration
space for the system r̃ of Bethe pseudoparticles on the ring Ñ .

It is easy to show that each space Hr is invariant under the action of the Heisenberg
Hamiltonian Ĥ, namely

Ĥ |j〉 =
∑

j′∈Q(r)
j

(
|j′〉 − |j〉

)
(14)

where Q(r)
j ⊂ Q(r) is the set of all nearest neighbours of j in Q(r). More specifically, for

each j′ ∈ Q(r)
j there exists such α0 ∈ r̃ that

j′α =
{
jα for α 6= α0,

(jα0±1) modN for α = α0.
(15)

Geometrically, the classical configuration space Q(r) for the system of r Bethe pseu-
doparticles can be seen as a hypercubic lattice, generically in r dimensions, with some
F -dimensional boundaries, 1 ≤ F ≤ r − 1, resulting from the “hard core” condition: two
Bethe pseudoparticles cannot occupy the same node [12], [13], [14], [15]. Globally, Q(r)

has a homotopy implied by the periodicity of the magnetic ring Ñ [10].

15 25 35 45
14 24 34
13 23

j2 ↑ 12
−→
j1

5 15 25
4 45 14
3 34 35
2 23 24

j ↑ 1 12 13
−→
t 1 2

a) b)
Fig. 1. The classical configuration space Q(2) for two Bethe pseudoparticles (r = 2)

in a pentagonal magnetic ring (N = 5).
a) The Yang–Baxter map, (j1, j2), 1 ≤ j1 < j2 ≤ 5.

b) The map of C5-orbits, (t, j), t = 1, 2, j ∈ 5̃. The orbit t = 2 constitutes
the generic case r = 2, and t = 1 is the boundary (F = 1).

The Yang–Baxter structure of the classical configuration space Q(2) for two Bethe
pseudoparticles is illustrated in Figs. 1 and 2 for a simple, but representative case
N = 5. The map in Fig. 1a forms an isosceles right-angled triangle whose hypotenuse
(12, 23, 34, 45), taken together with apex (15), form the C5-orbit of the nearest neigh-
bours, whereas the rest is another C5-orbit (13, 24, 35, 14, 25) of the next nearest neigh-
bours (cf. Fig. 1b). Fig. 2 demonstrates that the local dimension (the half of the number
of nearest neighbours) in the first and second C5-orbit is one and two, respectively. It
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means that the orbit of nearest neighbours forms the one-dimensional boundary (F = 1)
of Q(2) whereas the second is its interior, with the generic dimension r = 2. A proper
gluing of the vertical and horizontal edge of the Yang–Baxter map of Fig. 1a along the
pattern of Fig. 2b yields the global structure of Q(2) as a locally square lattice on a Möbius
strip, with the orbit of nearest neighbours as its boundary. Somehow more involved, but
essentially similar considerations apply for higher N and r.

25

14 24 34

23

13

25 35 45

34

35

24 34 44

33
a) b) c)

Fig. 2. Examples of neighbourhood Q(2) of a magnetic configuration for N = 5, r = 2.
a) j = (24) is placed inside the Yang–Baxter map of Fig. 1a,

and thus the set Q(2)
24 of nearest neighbours of (24) just surrounds it,

b) j = (35) is placed at the horizontal edge of the Yang–Baxter map, and thus
three neighbours (25, 34, 45) are nearby in the map Fig. 1a, whereas the fourth, j′ = (13),

connected with (35) by a dotted line, is apparently remote in this map. This fact points out
that the horizontal edge of the map in Fig. 1a, j = (j5), j = 1, 2, 3, 4, is just an edge of the

map, and not that of Q(2). The same remark applies to the vertical edge, j = (1j), j = 2, 3, 4, 5.
c) j = (34) is placed on the diagonal edge, j = (j(j + 1) mod 5), and thus has only

two neighbours, j′ = (24) or (35). The remaining edges, (33) and (44), do not belong to Q(2)

on the basis of “hard core” condition for Bethe pseudoparticles.

Eq. (14) determines the form of the secular matrix of the Heisenberg Hamiltonian Ĥ
for each space Hr, in the basis given by the corresponding classical configuration space
Q(r), ordered along the map of CN -orbits. For example, the case N = 5 yields

Ĥ =

j′1
j′2

1 2 3 4 1 1 2 3 1 2
j1j2 2 3 4 5 5 3 4 5 4 5
12 −2 1 1
23 −2 1 1
34 −2 1 1
34 −2 1 1
15 −2 1 1
13 1 1 −4 1 1
24 1 1 −4 1 1
35 1 1 1 −4 1
14 1 1 1 1 −4
25 1 1 1 1 −4

(16)
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for r = 2 and
j′

j 1 2 3 4 5
1 −2 1 1
2 1 −2 1
3 1 −2 1
4 1 −2 1
5 1 1 −2

(17)

for r = 1, with zeros omitted. Clearly, such matrices precisely reflect the Yang–Baxter
and CN -orbit structures of the corresponding classical configuration spaces. The most
essential point which we wish to stress now is the fact that all entries of these secular
matrices are integers. Thus, the roots E of the characteristic polynomial

wĤ(x) = det
(
Ĥ − xIHr

)
≡

∏
E∈specH

(x− E)m(E), (18)

where IHr is the identity in Hr, and m(E) — the multiplicity of the root E ∈ specH
(in Hr), define a finite extension Q(spec Ĥ) of the prime field Q of rationals within the
quantum space Hr.

The extension Q(spec Ĥ) is usually referred to as the real Heisenberg field [17], since
it suffices to express all eigenvalues of Ĥ (for given N , r). One also considers a larger
extension, Q({ψ}), by all corresponding eigenfunctions |ψ〉 (more exactly, all expansion
coefficients in the basis of magnetic configurations), referred to as the complex Heisenberg
field [17].

The eigenproblems (16) and (17) for the pentagon (N = 5) yield [16]

spec Ĥ =
{

0, (−5−
√

5)/2,−5 +
√

5)/2,−4−
√

5,−4 +
√

5 for Eq. (16),
0, (−5−

√
5)/2,−5 +

√
5)/2, for Eq. (17),

(19)

and thus the real Heisenberg field is

Hreal = Q(
√

5), (20)

whereas the complex case gives

Hcomplex = Q(e2πi/5), (21)

that is, the cyclotomic field for N = 5. Clearly, the corresponding extensions for larger
values of N are more elaborate, with orders dependent on the number of CN -orbits in
the classical configuration space Q(r) of interest.

2.2. Translational symmetry, Brillouin zone, and cyclotomic fields. Magnetic
ring Ñ exhibits the translational symmetry, given by the cyclic group CN . Clearly, the
space H1 of all states with a single Bethe pseudoparticle is invariant under CN . One
defines the Weyl–Schwinger shift operator [8], [21] Û ∈ EndH1 by putting

Û |j〉 = |(j + 1) modN〉 , (22)
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which realizes the elementary translation on the ring Ñ . The characteristic polynomial
of the shift operator Ũ in the space H1,

wÛ (x) = xN − 1 =
∏
k∈B

(x− ωk), ω = e2πi/N , (23)

defines, by means of its roots ωk, the Brillouin zone of the ring Ñ , as

B =
{
k = 0,±1,±2, . . . ,

{
±(N/2− 1), N/2 for N even
±(N − 1)/2 for N odd

}
. (24)

In this way, the Brillouin zone consists of all admissible (quantized) quasimomenta k

on Ñ , and can also be seen as the Pontryagin dual of the cyclic group CN , generated by
the Weyl–Schwinger shift operator Û .

The spectrum of the Weyl–Schwinger operator

spec Û = {ωk : k ∈ B} ∼= B, (25)

consisting of all integer powers of the N -th primitive root ω of unity, yields construction
of the Fourier operator F̂ ∈ EndH1 in terms of matrix elements of the basis of positions
in H1, denoted here by

∣∣Ñj〉 ≡ |j〉, as〈
Ñj1 | F̂ | Ñj2

〉
= 1√

N
ω−j1j2 , j1, j2 ∈ Ñ . (26)

The Fourier operator F̂ defines another basis in the space H1, denoted by |B, k〉, k ∈ B,
and referred to as the basis of quasimomentum, by the formula

F̂
∣∣Ñj〉 = |B, β(j)〉 , j ∈ Ñ , (27)

where β : Ñ → B is a bijection between the set Ñ of positions and B of quasimomenta,
given by

β(j) = jmodB, j ∈ Ñ , (28)

that is,

β(j) =
{
j for 1 ≤ j ≤ N/2,
−(N − j) otherwise.

(29)

One thus has
|B, k〉 = 1√

N

∑
j∈Ñ

ω−kj
∣∣Ñ , j〉 , k ∈ B, (30)

with the inverse transformation∣∣Ñ , j〉 = 1√
N

∑
k∈B

ωkj |B, k〉 , j ∈ Ñ . (31)

In quantum informatics, the space H1 is a realization of a qunit (dimH1 = N), and these
two bases, that

∣∣Ñ , j〉 of positions and |B, k〉 of quasimomenta, have the property∣∣〈Ñ , j |B, k〉∣∣2 = 1
N
, j ∈ Ñ , k ∈ B. (32)

It means that for any state
∣∣Ñ , j〉 (or |B, k〉) with given position j ∈ Ñ (quasimomentum

k ∈ B), probability of any quasimomentum k ∈ B (position j ∈ Ñ) is equally distributed.
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For this reason, these two bases are referred to as mutually unbiased [2], [20], [25], [26],
[27]. We have thus demonstrated that each qunit disposes at least two mutually unbiased
bases. In the next section we return to this subject in a more detail.

Clearly, both the Weyl–Schwinger shift operator Û and the corresponding Fourier
operator F̂ can be defined in each space Hr. We omit here a detail discussion associated
with divisors of N and corresponding rarefied CN -orbits, but only state that the formula

F̂ |rtj〉 = |rtk〉 , k = β(j), (33)

where |rtj〉 is a magnetic configuration in Hr related to CN -orbit t, defines the basis of
wavelets [12] in Hr. We point out two facts, related to the basis of wavelets. Firstly, the
original eigenproblem of the Heisenberg Hamiltonian Ĥ decomposes in this basis into
diagonal subeigenproblems, along with

Hr =
⊕
k∈B

Hrk. (34)

Secondly, each subeigenproblem, reduced to the subspace Hrk with a definite quasimo-
mentum k ∈ B, is no longer expressible in terms of integers, and the necessary number
field is extended to Q(ω), that is, to the cyclotomic field, just due to the Fourier transform.

2.3. Rigged string configurations and the Bethe number field. We proceed to
formulate explicitly the celebrated Bethe Ansatz form of an eigenstate of the Heisenberg
Hamiltonian Ĥ in the space Hr. It is given, along with the Schrödinger quantization pic-
ture, as a complex-valued function ψ : Q(r) → C on the classical configuration space Q(r)

of the system of r Bethe pseudoparticles on the magnetic ring Ñ . This function reads

ψ(j1, . . . , jr) =
∑
π∈Σr

Aπ exp
(
i(p1jπ(1) + . . .+ prjπ(r))

)
, (35)

where

π =
(

1 . . . r

π(1) . . . π(r)

)
(36)

is a permutation on the set r̃ of Bethe pseudoparticles, referred to as a scattering chan-
nel, Σr is the symmetric group on r̃, pα ∈ C, α ∈ r̃, are parameters referred to as
pseudomomenta,

Aπ = A exp
(
i

2
∑
α<β

π(α)>π(β)

φπ(α),π(β)

)
(37)

is the scattering amplitude for the channel π, the summation in Eq. (37) is over all
descents in the permutation π ∈ Σr, and φαβ is the phase of solitonic scattering of
pseudoparticle α on β, determined by the so called reflection condition

2 ctg φ2 = ctg pα2 − ctg pβ2 , α ∈ r̃, β ∈ r̃, α 6= β. (38)

Each term in the right hand side of Eq. (35) corresponds to composition of a free motion
of r Bethe pseudoparticles, such that the pseudoparticle α ∈ r̃ has pseudomomentum
pπ−1(α), and the whole BA solution is a superposition of all possible scattering channels
π ∈ Σr.
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This is the form of BA eigenstates in our notation. Each BA solution is thus deter-
mined by the set of r pseudomomenta pα, α ∈ r̃, together with the set of

(
N
2
)
phases φαβ ,

1 ≤ α < β ≤ r (observe that φαβ = −φβα), that is r(r + 1)/2 parameters which should
obey r(r − 1)/2 reflection conditions (38), together with r periodicity conditions

Npα −
∑
β 6=α

φαβ = 2πnα, α ∈ r̃, (39)

where nα ∈ Z are quantum numbers which specify the eigenstate. The following change
of variables

λα = 1
2 ctg pα2 , with the inverse eipα = λα + i/2

λα − i/2
, (40)

yields the system of r equations(λα + i/2
λα − i/2

)N
=

∏
β∈r̃\{α}

λα − λβ + i

λα − λβ − i
, α ∈ r̃. (41)

These equations are not transcendental but only polynomial with respect to spectral
parameters λα, known as the Bethe Ansatz equations. Each regular solution (λ1, . . . , λr)
of (41) determines an exact eigenstate of the Heisenberg Hamiltonian in the space Hr.

It is natural to ask whether the BA eigenstates of the form (35) span the whole space
Hr or not. The answer is negative: they span at most the subspace Hrr of the so called
highest weight states in Hr, of dimension

dimHrr =
(
N

r

)
−
(

N

r − 1

)
= dim ∆{N−r,r}, (42)

where ∆{N−r,r} is the irreducible representation of the symmetric group ΣN , labelled by
the shape {N − r, r}. Physically, Hr is the space of all states of the magnetic ring with
the magnetization

M = N

2 − r, (43)

i.e. with the z-projection M of a total spin S of the magnet, the latter being written in
a form

S = N

2 − r
′. (44)

Clearly, the XXX model exhibits the spherical symmetry, and thus both M and S are
exact quantum numbers. Within the space Hr, the defining space for BA, M and r are
fixed, but r′ varies in the range 0 ≤ r′ ≤ r, and correspondingly

Hr =
r⊕

r′=0
Hrr

′
. (45)

BA yields only the highest weight states S = M , or, equivalently, r′ = r, which belong
to the subspace Hrr.

Now, the question above can be refined as follows: is the number of BA solutions suffi-
cient to span the whole space Hrr? Or, more concisely, is BA complete? This question has
no rigorous answer, but an affirmative conjecture is given by the famous Bethe hypothesis
of strings [7], [22], [24], [28]. This conjecture has no proof, but is commonly believed to
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hold, despite of known counterexamples. It claims that the BA states, parametrized by
the sequence (λ1, . . . , λr) of spectral parameters, have in the thermodynamic limit

N →∞, r fixed, (46)

the following property: spectral parameters gather into strings, in the form

λα 7−→ λlv + im, (47)

where

1. λlv ∈ R is a real number, referred to as the centre of the string (lv).
2. l is an integer, 1 ≤ l ≤ r, referred to as the length of the string (lv); it is the number

of those spectral parameters which enter the string. Sometimes, one considers the
associated quantity

s = l − 1
2 , or l = 2s+ 1, (48)

with integer or half-integer s referred to as the spin of the (lv)-string.
3. The imaginary part m of the spectral parameter λα ≡ λlvm ranges within

−s ≤ m ≤ s, (49)

resembling thus the “z-projection” of the spin s.

Bethe hypothesis of strings admits a classification of exact BA eigenstates in terms of a
class of combinatorial objects, called rigged string configurations, introduced by Kerov,
Kirillov and Reshetikhin [9] in 1986. This classification scheme can be summarized as
follows.

1. A string configuration is a partition ν ` r′.
2. Each box of the Young diagram of ν represents a spectral parameter λlvm.
3. Each row (lv) of ν forms an l-string. Strings of the same length l are labelled by
v = 1, 2, . . . ,ml, such that ∑

l

lml = r′. (50)

4. Each l-string of a given string configuration ν is equipped (originally “rigged”,
a term coming from sail navigation) with a quasimomentum, within the range
provided by “admissible Brillouin zone” [11]

Ba(ν, l) = B \Bf (ν, l), (51)

with
Bf (ν, l) = {k ∈ B : |k| ≤ Q−1

l }, (52)

where Ql is the total number of boxes within first l columns of the Young diagram
of the partition ν (cf. Fig. 3).

ml
n =

l

Ql

Fig. 3. A string configuration is a partition ν ` r′, whose rows
represent strings, and boxes — spectral parameters.
The integer ml is the number of rows of the length l,

and Ql denotes the number of boxes in the first l columns
of the Young diagram ν (the shaded area).
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Such a decomposition of the Brillouin zone B into forbidden part Bf (ν, l) and admis-
sible Ba(ν, l) is the result of kinematical restrictions for the motion of strings, imposed by
the “hard core” of Bethe pseudoparticles: an l-string should move with the quasimomen-
tum not smaller than the combinatoric quantity Ql, which thus plays the role somehow
similar to Fermi momentum for electrons in solids.

Eventually, the exact BA eigenstate (λ1, . . . , λr) is labelled by a rigged string config-
uration as

|νL〉 , (53)

where ν ` r′ is the configuration of strings, and L — the corresponding collection of
riggings.

The quantity
Pl = N − 2Ql (54)

plays the role of the size of “sea of holes” for l-strings within a given string configuration ν,
that is, the number of available steps in the reciprocal space. It implies that the number
of riggings of a string configuration ν is

|z(ν)| =
∏
l

(
Pl +ml

ml

)
, (55)

and ∑
ν`r′
|z(ν)| = dim ∆{N−r

′,r′}, (56)

which demonstrates that Bethe hypothesis of strings assures the completeness of BA
eigenstates.

Let us consider the case N = 5, r = 2 [17]. The Hamiltonian in the basis of C5-orbits is
given by Eq. (16), and the Fourier transform to the basis of wavelets yields a quasidiagonal
form, with the k-blocks given by

Hk =
(
−2 1 + ωk

1 + ω−k −4 + ω2k + ω−2k

)
, k ∈ B. (57)

Thus the one-magnon spectrum reads

E1k = −2 + ωk + ω−k = (−5− (−1)k
√

5)/2, (58)

and for two-magnon states

E2k = −4 + (ω2k + ω−2k)− (ωk + ω−k) = −4 + (−1)k
√

5. (59)

Rigged string configurations νL for two-magnon states (r = r′ = 2), together with their
eigenstates |νL〉 presented as the corresponding density matrices

ρνL = |νL〉 〈νL| (60)

(to avoid arbitrary norms), are collected in Table 1. One observes that the centre k = 0
and its vicinity k = ±1 of the Brillouin zone of pentagon corresponds to two 1-strings,
that is to scattered states of two magnons, whereas k = ±2 yields a single 2-string, i.e.
the bound state.
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k νL EνL ρνL

0
2
−2 −4 1

2

(
1 −1
−1 1

)

±1
∓2
∓2 −4−

√
5 1

3

(
2 + ω2 + ω3 ω∓2

ω±2 2 + ω + ω4

)

±2 ±2 −4 +
√

5 1
3

(
2 + ω + ω4 ω∓4

ω±4 2 + ω2 + ω3

)
Table 1. Rigged string configurations for two-magnon states in pentagonal magnetic ring.

The first column gives the quasimomentum k, the second provides the Young diagram ν ` 2,
with each row being a string, and the leftmost box of each string gives its rigging,

as a quasimomentum. The third and fourth column give the eigenvalue E2k
and the density matrix ρνL of the eigenstate, respectively.

Table 1 implies that the solution of the eigenproblem of the Heisenberg Hamiltonian
is expressible in the cyclotomic field Q(e2πi/5), referred to as the complex Heisenberg
field for the pentagon, whereas the spectrum spec Ĥ needs the field

Q(ω + ω−1) ≡ Q(
√

5), (61)

the real Heisenberg field. The Galois group

G
(
Q(e2πi/5)/Q

) ∼= C4 ≡ {τ1, τ2, τ3, τ4}, (62)

where τl sends e2πi/5 to e2πli/5, l ∈ {±1,±2}, permutes eigenvalues and eigenstates of
Table 1 in such a way that the interior {k = ±1,±2} of the Brillouin zone becomes a
regular orbit of this group. In other words, the Galois group (62) permutes the eigenstates
within the interior of the Brillouin zone, in particular it exchanges bound and scattered
eigenstates. In this way, one reaches a unification of BA eigenstates: it is sufficient to
know only a representative of each orbit of the Galois group; all other members of this
orbit are easily generated just by number-theoretic substitution of appropriate radicals,
dictated by an element of the Galois group (in our example, τl : ω 7−→ ωl, ω = e2πi/5).

Table 1 demonstrates the exact solution of the eigenproblem of the Heisenberg Hamil-
tonian, but this solution is not yet given in a form provided by Bethe Ansatz. In partic-
ular, it might be not too clear why columns 3 and 4 of this table imply the rigged string
configurations of column 2. It is an example of a more general problem. Suppose that
one disposes the exact solution of the eigenproblem; how to resolve the corresponding
structure of a rigged string configuration? The answer is given by solving the so called
inverse Bethe Ansatz [1], [16], [18]. In our case, let

a = eip1 , b = eip2 (63)

be the portions of phase which determine the Bethe Ansatz form (35). Clearly they should
satisfy conservation of quasimomentum

p1 + p2 = 2πk
5 mod 2π, (64)
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which yields
ab = ω−k, (65)

and conservation of energy

a+ a−1 + b+ b−1 − 4 = Ek. (66)

Eqs. (65) and (66) constitute, for given quasimomentum k ∈ B and energy Ek (known
by the assumption), the system of two equations for unknown a, b. It results in a single
quadratic equation, whose roots (ak, bk) determine BA eigenstate for each k and E. The
discriminant for this equation, namely

∆k =


−16 < 0 for k = 0
−1− 2

√
5 < 0 for k = ±1

−1 + 2
√

5 > 0 for k = ±2
(67)

is not a square in the number field of its coefficients (Q and Q(ω) for the centre k = 0,
and the interior k 6= 0 of the Brillouin zone, respectively), and thus defines new quadratic
extensions, Q(i), Q(ω,

√
∆1), and Q(ω,

√
∆2), respectively. The number field B′0 =

Q(ω,
√

∆1,
√

∆2) is thus responsible for the whole interior of the Brillouin zone. The
corresponding Galois group G(B′0/Q) is an extension of the passive group

G(B′0/Q(ω)) ∼= C2 × C2 (68)

by the active group
G(Q(ω)/Q) ∼= C4, (69)

in accordance with the short exact sequence [1]

1→ C2 × C2 → G(B′0/Q)→ C4 → 1, (70)

and can be identified as the 〈4, 4 |2, 2〉 group in the Coxeter [5] notation. Within this
approach, natural generators a, b, c of G(B′0/Q) are defined in Table 2 by means of
permutations of radicals ω,

√
∆1,
√

∆2 which generate the number field B′0. The defining
relations for the group G(B′0/Q) are

a4 = b2 = c2 = e, bc = cb, ba = ca, ac = ba, (71)

and a translation to Coxeter generators R, S is

a = R, b = SR−1, c = R−1S. (72)

ω
√

∆1
√

∆2
a ω2 √

∆1
√

∆2
b ω −

√
∆1

√
∆2

c ω2 √
∆1 −

√
∆2

Table 2. Generators of the Galois group G(B′
0/Q), defined by action on radicals

ω,
√

∆1,
√

∆2 (B′
0 = Q(ω,

√
∆1,
√

∆2)).

The number field
B = B′0(i) = Q(ω,

√
∆1,

√
∆2, i) (73)
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is the minimal field to express all Bethe parameters, involved in exact solutions for
pentagon. It is referred to as the Bethe number field. The corresponding Galois group
G(B/Q) ∼= G(B′0/Q)× C2 permutes not only the eigenstates and eigenvalues of Table 1
within the whole interior of the Brillouin zone, but also boxes of Young diagrams of the
corresponding rigged string configurations, when interpreted as portions of phase, i.e.
(ak, bk). Remarkably, they interchange bound states {2} with the scattered ones {12},
despite evident differences in their physical behaviour. One concludes that Galois sym-
metries provide a unification of BA solutions.

3. Mutually unbiased bases and number fields of characteristic p

3.1. Complementarity and Weyl–Schwinger shift operators. Let now h = CN ≡
`cCÑ be a qunit, which defines a finite quantum system. In particular, it can be im-
plemented as the subspace H1 of the space H of all quantum states of the magnetic
ring Ñ (cf. Eq. (11)). We recall that an arbitrary state of such a system is represented
by a Hermitian operator ρ̂ ∈ Endh with the trace 1, i.e.

ρ̂ = ρ̂†, Trace ρ = 1. (74)

Each operator ρ̂ with these properties is referred to as a density matrix. In particular, if

ρ̂2 = ρ̂, (75)

i.e. ρ is projection operator onto a unit vector |ψ〉 ∈ h (〈ψ |ψ〉 = 1), that is

ρ = |ψ〉 〈ψ| , (76)

then ρ̂ represents a pure state; otherwise ρ̂ corresponds to a mixed state. An important
question of quantum informatics is how to (i) measure, (ii) reconstruct, (iii) perform a
tomography, for a quantum state ρ̂.

Clearly, an arbitrary operator in Endh is determined by its (complex in general)
matrix elements, i.e. 2N2 real parameters. Hermicity of ρ̂ admits N real diagonal and
N(N − 1) complex off-diagonal parameters, i.e. N2 real parameters altogether. The con-
dition for trace yields that an arbitrary state ρ is determined by

N2 − 1 = (N + 1)(N − 1) (77)

independent parameters. They should be measured within a quantum protocol, able to
reproduce the state ρ̂.

We briefly recall from quantum mechanics (see, e.g. [19]), that a measurement consists
there in adjusting a measuring device to an orthonormal basis |Aa〉 ∈ h, with a ∈ Ñ and A
specifying the adjustment, such that repetition of measurements on an ensemble of qunits
in the same state ρ̂ yields eventually the outcome of probabilities,

(p1, . . . , pr),
∑
a∈N

pa = 1, (78)

with pa ∈ R being the probability of finding a qunit in the state |Aa〉. Such a single
orthogonal measurement yields thus N − 1 real parameters. It follows from Eq. (77) that
a full reconstruction of the state ρ̂ requires N + 1 independent orthogonal measurements,
that is, N + 1 mutually unbiased bases A (cf. Eq. (32)).
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Formally, the states
∣∣Ñ , j〉, i.e. for A = Ñ , have definite positions, whereas |B, k〉,

i.e. for A = B, have definite quasimomenta. These two quantities, positions and quasi-
momenta, are examples of complementary variables, which are, according to the concise
phrase of Bohr ([4], cf. also [6]), “equally real but mutually exclusive”. A formal defini-
tion of complementarity stems essentially from Eq. (32) which defines mutually unbiased
bases, each basis intimately associated with the corresponding variable. Eq. (32) states,
along probabilistic interpretation of quantum mechanics, that, say, if the system is in a
state ρ̂ =

∣∣Ñ , j〉 〈Ñ , j∣∣ with definite position j ∈ Ñ then the probability of a quasimo-
mentum k ∈ B in this state, given by

∣∣〈Ñ , j |B, k〉∣∣2, is equal to 1/N , for each k ∈ B. In
other words, this probability is equally distributed over the Brillouin zone B. The same
statement works for appropriate interchange of quasimomenta and positions.

Schwinger [21] introduced another shift operator, V ∈ Endh, corresponding to the
basis of quasimomentum, by putting

V̂ |B, k〉 = |B, (k + 1) modB〉 , k ∈ B, (79)

where (k+1) modB is determined by identifying the Brillouin zone B with the Pontryagin
dual C∗N of the cyclic group CN , generated by the shift operator U . Clearly,

Û |B, k〉 = ωk |B, k〉 , V̂
∣∣Ñ , j〉 = ω−j

∣∣Ñ , j〉 , ω = exp(2πi/N), (80)

that is, each basis, positional and momentum, is an eigenbasis of the dual Schwinger shift
operator, V̂ and Û , respectively. Moreover, one has

Û j V̂ k = V̂ kÛ jω−jk, j ∈ Ñ , k ∈ B, (81)

which is the version of the Heisenberg uncertainty principle, applied to a qunit as a finite
quantum system. Along the Heisenberg picture of quantization, the algebra

Endh = `cC{U jV k : j ∈ Ñ , k ∈ B} ∼= `cC(Ñ ×B) (82)

of all observables of the qunit is spanned — by means of appropriate powers of shift
operators U and V — on the classical phase space Ñ × B of this qunit. This algebra is
non-commutative (cf. Eq. (81)), which means that the position j and quasimomentum k

of the qunit cannot be measured simultaneously.
Clearly, eigenbases

∣∣Ñ , j〉 and |B, k〉 of Schwinger shift operators V and U , respec-
tively, are mutually unbiased. It proves that an arbitrary qunit h = CN disposes at least
two mutually unbiased bases. But for a full reconstruction of an arbitrary state ρ of such
a qunit, one requires N + 1 such bases. The question arises whether or not such mutu-
ally unbiased bases exist for an arbitrary N . The positive answer is known for the case
N = pM , with a prime p. For other integers N , divisible by two or more primes, e.g.
6, 10, 12, 14, 15,. . . , there is no formal proof, but a strong evidence towards the negative
answer.

3.2. Construction of mutually unbiased bases. The construction is easy for a
prime N , say N = p. Then the eigenbases of the following p+ 1 operators

U,UV, UV 2, . . . , UV p−1, V, (83)

are mutually unbiased.
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For N = pM , the qunit CN is interpreted as a composite system, along the decompo-
sition

CN = Cp × Cp × . . .× Cp, (84)
i.e. it is presented as composed of M elementary qupits. In more detail, each element
j ∈ Ñ of the positional basis of the qunit is written in a form

j ≡ (j0, j1, . . . , jM−1) iff j =
M−1∑
l=0

jlp
l. (85)

Now, instead of ordinary Fourier transform, based on the N -th root of unity, ω =
exp(2πi/N), one uses the Galois–Fourier transform to define the basis

|G, k〉 = 1√
N

N−1∑
j=0

γ	k�j
∣∣Ñ , j〉 , (86)

where
γ = e2πi/p (87)

is the primitive p-th root of unity, and the symbols 	, ⊕ and � denote, respectively,
subtraction, addition, and multiplication in the Galois field GF (pM ). In more detail,
these operations read

a⊕ b = (a0 + b0, a1 + b1, . . . , aM+1 + bM+1) (88)
and

a� b = aM0b
T , aM1b

T , . . . , aMM−1b
T , (89)

where ⊕ and + denote addition in GF (pM ) and GF (p) ≡ Zp, respectively, and Mm,
m = 0, 1, . . . ,M − 1 are M × M matrices with entries in GF (p), which accomplish
multiplication � in GF (pM ); these matrices depend upon the indecomposable polynomial

w(x) = xM −
M−1∑
i=0

µix
i, (90)

in GF (pM ), with coefficients µi ∈ GF (p), which rule the multiplication �. Here, a and b
are row matrices of the form (85), and bT is the transpose of b. We do not quote the
form of matrices Mm — it is given, e.g., in [6]. In this way, the qunit CN is presented
as a composite system, with M constituents being qupits Cp. In particular, both posi-
tional basis

∣∣Ñ , j〉, j ∈ Ñ , and quasimomentum |G, k〉, k ∈ B, are expressed entirely as
M -component vectors with entries in the prime field GF (p) = Zp.

Now, the shift operators U l and V l, defined by
Û l
∣∣Ñ , j〉 =

∣∣Ñ , j ⊕ l〉 (91)
and

V̂ l |G, k〉 = |G, k 	 l〉 , (92)
form a basis of a non-commutative algebra over the phase space of the qunit CN , i.e.

EndCN = `cC
{
Û j V̂ k : j, k = 0, 1, . . . , N − 1

} ∼= `cC(Ñ ×B). (93)
Moreover, among the set of all Û j V̂ k there exists N + 1 independent subsets

U i =
{
uil : l = 0, 1, . . . , N − 1

}
, i = 0, 1, . . . , N, (94)
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each of which forms a cyclic group of order N , composed of unitary operators, with the
only common unit element u0

0 = idh, h = CN . The corresponding eigenkets∣∣eli〉 , i = 0, 1, 2, . . . , N, l = 0, 1, 2, . . . , N − 1, (95)
constitute, for each fixed index i, an orthonormal basis in the qunit CN , and all these
N + 1 bases are mutually unbiased, that is∣∣〈eil | ei′l′ 〉∣∣2 = δii′δll′ + (1− δii′)/N =

{
δll′ for i = i′ (orthonormality),
1
N otherwise (mutual unbiasedness).

(96)

The construction presented above cannot be extended to N divisible by several primes,
since the only existing finite fields have pM elements.

4. Final remarks and conclusions. We have presented some applications of arith-
metic notions in mathematical physics, related to finite quantum systems. We pointed
out that eigenproblems of operators with integer matrix entries in the initial (compu-
tational) basis yield finite extensions of the prime field Q of rationals. The associated
Galois groups of these extensions acquire a natural dynamical interpretation. A pivotal
example is provided by Bethe Ansatz.

Cyclotomic fields of arithmetic are naturally associated with the Fourier transforma-
tion from initial basis of positions to that of quasimomenta for finite quantum systems.
Further extensions of cyclotomic fields to those generated by the spectrum of arithmetic
operators admit a unification of a remarkable amount of exact BA eigenstates: those
belonging to an orbit of the corresponding Galois group can be reproduced from a single
one by a simple replacement of radicals.

Finite quantum systems of dimension N = pM dispose a full amount of N+1 mutually
unbiased bases, necessary for state reconstruction in quantum information processing.
The key ingredient is provided by number fields of characteristic p.
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