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Abstract. We introduce the prolongation, to the reduced extended multimomentum bundle,
of a vertical vector field (in the total space of the corresponding configuration bundle) which
is invariant under the action of the symmetry Lie group. Using this construction, we present
a geometric description of the Hamilton—Poincaré field equations associated with a symmetric
Hamiltonian field theory. Finally, we discuss an example: the theory of minimal submanifolds of

a Riemannian manifold.

1. Introduction. The geometric formulation of classical field theories has been an active
area of research in recent years, especially by the use of new tools which come from
differential geometry. In fact, following the ideas of Tulczyjew, the Polish group in Warsaw
has developed a recent and intensive research in the field (see [13] 14} [16] 19, 20] 21]).
Other different approaches to the study of classical field theories of first order, by using
multisymplectic geometry, have been discussed by several authors (see [2] [, [6, [7], [8] @]
95, [26], 27, 28]).
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On the other hand, as in classical mechanics, the study of classical field theories in the
presence of a symmetry Lie group is very interesting (see [5, 10} [11 [12]). In particular,
the geometric description of the reduction by a symmetry Lie group of a Lagrangian
field theory has been developed by some authors (see [10] and the references therein).
Comparatively speaking, less attention has been devoted to the study of the reduction of
a Hamiltonian field theory by a symmetry Lie group (see [3]).

The aim of this note is to give the first steps to fill this gap.

In fact, using the multisymplectic structure of the extended multimomentum bundle,
we introduce the prolongation to this space of a vertical vector field in the corresponding
configuration bundle. This construction allows us to give a geometric description of the
Hamilton-De Donder—Weyl equations for a Hamiltonian field theory. In addition, in the
presence of a symmetry Lie group, we will see that an invariant vertical vector field
in the configuration bundle may be also lifted to a vector field on the reduced extended
multimomentum bundle. As in the unreduced case, using this construction, we will present
a suitable description of the evolution equations for the reduced Hamiltonian field theory,
that is, a description of the Hamilton—Poincaré field equations.

We remark that the theory of lifts and prolongations of tensor fields to the Lagrangian
and Hamiltonian phase spaces has been a tool commonly used by J. Grabowski and his
collaborators in the study of the geometric structures which arise in physics, particularly
in classical mechanics (see, for instance, [15], (17, (18| 22} 23] 24]).

The note is organized as follows. In Section [2] we will introduce the prolongation, to
the extended multimomentum bundle, of a vertical vector field in the total space of the
configuration bundle. We also see that if the vertical vector field is invariant under the
action of a symmetry Lie group then it may be also lifted to the reduced extended multi-
momentum bundle. In Sections [3]and [4] using the previous constructions, we will present
a geometric description of the Hamilton—-De Donder—Weyl equations and the Hamilton—
Poincaré field equations for a Hamiltonian field theory and the reduction of a symmetric
Hamiltonian field theory, respectively. Finally, in Section [5) we will discuss an example:
the theory of minimal submanifolds of a Riemannian manifold @, as a Hamiltonian field
theory, and its reduction by a Lie subgroup of the isometry Lie group of Q.

Throughout the paper, summation over repeated indices is understood.

2. Prolongations of (invariant) vertical vector fields to the (reduced) extended
multimomentum bundle. In this section, we will introduce the prolongation of a (in-
variant) vector field to the (reduced) extended multimomentum bundle associated with
(the reduction of) a configuration fiber bundle. For this purpose, we will use the multi-
symplectic structure on the extended multimomentum bundle (see, for instance, [3]).

2.1. The multisymplectic structure on the extended multimomentum bundle.

Let m: P — M be a fibration, that is, a surjective submersion. We will assume that the

manifold M is orientable with fixed orientation which is determined by a volume form §2.
Then, we will consider the following spaces:

1. The affine dual bundle (J'7)T to the 1-jet bundle m ¢ : J'm — P associated with
the fibration 7.
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2. The dual bundle (J'7)° to the vector bundle V (J'7) (V(J'n) is the vector bundle
associated to the affine bundle 71 o : J'7 — P).

(J1m)* may be identified with the vector bundle (over P)
Mr=ATP={ye€ A"T*P :iyi,y =0, Yu,v € Vr},

where m is the dimension of M and V= is the vertical bundle to 7.
(J'm)? may be identified with the quotient vector bundle (over P)
AP

M7 =
TT ApP

where AT'P is the vector bundle
AT'P={y€ A"T*P :i,y =0, Vu € Vr}.
M (respectively, M%7) is the extended multimomentum bundle (respectively, the re-
stricted multimomentum bundle) associated with . We will denote by v : Mr — P and
v : MO — P the canonical projections.
M is a principal R-bundle over M%7 and the canonical projection p : Mx — MOx is
just the principal bundle projection.

We take local coordinates (z%) and (z,u’) on M and P, respectively, which are
adapted to the fibration 7 and such that
Q=dmz=dz' N ANdaz™.
Then, an element v of M is of the form
v =pd"x + phdu’ Nd™ T ay,
where d™la; = i(ai,- )d™x. Thus, (z¢,u!,p,p}) (respectively, (xf, u!, pt)) are local coor-
dinates on M (respectively, on M%7) in such a way that

pa' ol p,ph) = (¢, !, pp).
Mr admits a canonical multisymplectic structure of order m + 1 which may be defined
as follows.
Let Ayir be the multimomentum Liouville m-form on Mr given by

Avtr (VX155 X)) = 7 (L) (X0), - -5 (Tr) (Xm)), (1)
for y € Mm and Xy,...,X,, € T,Mn.
Then, the multisymplectic structure wyg, on M7 is defined by
wrtr = —dAyix (2)
(for the definition and properties of multisymplectic structures see, for instance, [3]).
In local coordinates,

Mvir = pd™x + pilduf A e wne = —dp Ad™x — dpz} Adul Ad™ e, (3)

2.2. Prolongation of a vertical vector field to the extended multimomentum
bundle. Let 7 : P — M be a fibration and M be the extended multimomentum bundle
associated with w : P — M as in the previous section.
Suppose that U is a vector field on P which is vertical with respect to the projection .
Then, we will define a vector field U'* on M which is v-projectable on U.
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For this purpose, we consider the (m — 1)-form U on Mr given by

U (Y1, .. Y1) = v (Uw(), (Tyr) (Y1), .. o, (Tyv) (Yin—1)) (4)
for v € Mrm and Yll;' Yo € T,Mn.
It is clear that U is a section of the vector bundle over Mm
P Mr) ={@ e A" (M) 1 i(X)O =0, VX € V(rouv)}.

Thus, dU is a section of the vector bundle N5’ (Mm) — Mn (as we know, A5" (M) is
the affine dual bundle to the 1-jet bundle (7o v)1 ¢ : J' (7 o v) — Mn).

If (2%, u!, p,p}) are local coordinates on an open set MV of Mr and U = U?9/du!,
then
out out
kra du’

Now, we may introduce the vector field U'*.

U= Ulptd™'a;, dU = ( pl})dmx +ph du’ ANd™ Yy U dpt Ad™ . (5)

ProprosITION 2.1. Let U be a vector field on P which is vertical with respect to the
projection m : P — M. Then, there exists a unique vector field U™ on Mm which is
characterized by the condition

Z‘Ul*wMﬂ- = dij (6)

U™ is the prolongation to M of the vector field U.
From , and @, it follows that
_Uli_<(')UI .0 iana).

— 7
ou!

Ut — pt— —
oz PI Op PrgyT opY

(7)
2.3. Prolongation of an invariant vertical vector field to the reduced extended
multimomentum bundle. Let 7 : P — M be a fibration over an orientable manifold M
with volume form 2 and a free proper left action of a Lie group G on P such that

w(gp) = w(p), forge Gandpe P. (8)
This implies that there exists a fibration
7:P/G—= M
from the space of orbits P/G on M such that m# = 7 o wp, where 7p : P — P/G is the
principal G-bundle projection.
The action of G on P may be lifted, in a natural way, to an action of G on the

extended multimomentum bundle Mz = A$*P. In fact, if @ € M7 and g € G then

(g) (v, ..., vm) = alg o1, ..., g o) (9)

for vi,..., vy € Typ P and a € M7, with p € P. Then Mn becomes a principal G-bundle
over the space of orbits Mm = Mn/G with principal bundle projection my, : Mm — M.

Moreover, the projection v : Mw — P is G-equivariant.
Note that

(9)(p) = Qp), forpeP,

and, thus, the previous action induces a free and proper action of G on M%7 such that
the canonical projection y : Mr — M%7 is G-equivariant.
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Moreover, using and the fact that v is G-equivariant, we deduce that Ajy¢, is
G-invariant. Therefore, we have the following result

PROPOSITION 2.2. The multimomentum Liouville m-form Ay is G-invariant. Thus, the
canonical multisymplectic structure wyi, also is G-invariant.

Using again the fact that v is G-equivariant, , and Propositions and we
may prove that

PROPOSITION 2.3. If {p € X(P) (respectively, &y € X(Mmr)) is the infinitesimal gener-
ator associated with € € g and Ay is the Liouville multimomentum m-form then

3N AMr = gl; and  Evn = (gP)l*-

The vertical bundle of 7 is invariant under the tangent action of G on T'P and the
space of orbits Vi = Vrr/G is a vector bundle over P = P/G. The sections of this vector
bundle are the vector fields on P which are m-vertical and G-invariant.

One may prolong such vector fields to the reduced extended multimomentum bundle
Mr = Mn/G. In fact, using , (EI), Proposition and the fact that v is G-equivariant,
we deduce that

THEOREM 2.4. Let U be a m-vertical G-invariant vector field on P. Then

(i) The (m—1)-form U on M is basic with respect to the projection myix : Mm — Mr =

Mn/G and, thus, there exists a (m — 1)-form U on Mr such that WMW(U) =U.
(ii) The prolongation U'* to Mz of U is G-invariant and, therefore, it is Tt -projectable

over a vector field U on Mn = Mr/G.

U is called the prolongation to Mr of the section U of the vector bundle Vi =
Vrn/G — P = P/G.

The vector field U is 7p-projectable over a vector field U on P = P/G. It is clear that

U is vertical with | respect to the projection 7 : P/G — M and, thus, one may consider
the prolongation U'* to the extended multimomentum bundle M7 = /\2 (P/ G).

In fact, we have the following relation between the vector fields U and U™,
THEOREM 2.5.
(i) The multimomentum bundle M7 = A3'(P/G) is a vector subbundle of the vector

bundle v/G : Mr = Mn/G — P = P/G. D
(ii) The restriction to MT of the vector field U™ on M is tangent to MT and

US|, = U™
2.4. More local expressions in the presence of the symmetry Lie group. As we
will proceed locally, we will assume, without the loss of generality, that
P=P/GxG, P/G=MxN

and, in addition:

1. The action of G on P is the left translation on the second factor.
2. The map 7 is the projection on the first factor.



14 S. CAPRIOTTI AND J. C. MARRERO

Then, Mn (respectively, M°7) may be identified with R x TM ® (G x g* x T*N)
(respectively, TM & (G x g* xT*N)). In fact, the map ¥ : RxTM®(Gxg*xT*N) — Mr
(respectively, W0 : TM @ (G x g* x T*N) — M°r) given by

V(p, us @ (g; K, om)) = pUx) + (K(g) + an) Ai(ua)2w)
(respectively, ¥°(u, @ (g, &, an)) = [(F(9) + an) Ai(us)Q()])
for p e R, uy € T, M and (g, K, an) € G X g* x TN, is an isomorphism. Here,

E(g) = (Tylg-1)(k),
lg-1 : G — G being the left translation by g € G.
Under the previous identifications, the actions of G on Mm and M%7 are the left
translations on the G-factor.
Now, we take local coordinates (z°) (respectively, (¢%) and (u?)) on M (respectively,
G and N) such that Q = d™z and we will choose a basis {£,} of the Lie algebra g of G.
Then, we can consider local coordinates

(', g%, u®, p, Doy, h)
on Mr ~R xTM ® (G x g* x T*N), where

=1

pa(p, Uy & (ga K, Oln)) = ’U,T(:EZ)H(&X)
In a similar way, we can consider local coordinates (%, g%, u“,f)g, p%) on M7,

From 7 we deduce that the local expression of the Liouville multimomentum
m-~form is

Natr = pd™a + (BLE + pldu’) Nd™ (10)

where {£%} is the dual basis of {{,} and € is the left-invariant 1-form on G whose value
at the identity of G is £*.

Thus, if ¢ 5 are the structure constants of g with respect to the basis {&,}, it follows
that the local expression of the canonical multisymplectic structure on M is

wWytr = —dp ANd"x — d@ﬁy /\Eﬂ Ad™ e,
iy e B _ : _
+ APl € AE Ay — dpl Adu® A d™ g (11)

Now, since the vector field U is m-vertical and G-invariant, we have

U = U9 (a0 + U ) 5

where Ea is the left-invariant vector field on GG induced by &, € g.
This implies that (see (5]))

U= (‘Z)ZUO‘ + sz“)dm_lxi,

77 _ (=i ou” iaUa) m («—i ou~ 4 8Ua) b m—1
dU_<po‘8xi +p“8mi d™x + Pay s +p“8ub du’ Nd™ T xy

+ U dpl, Ad™ Yoy 4+ Udpl, Ad™ ey, (12)
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Therefore, from @ and , we deduce that
0 (q ou“ ; OU a) 0

Ut =U¢, +U°

ous  \"* gyi @9zt /) Op
LU 9 (q ou” n iaUa>i
PryCap 8‘;[);3 Pagup T Pagyp op,

where ¢, ; are the structure constants of g with respect to the basis {£4}.

Consequently, we have

— 0 < ; oU” »8U‘1) 0
1« _ 7@ _ 5 ? —
v v oul Pagyi + Pa oxt /) dp
, 0 ( ; U< »8U“) 0
ast Y — —1 - T — . 1
+ U p’ycaﬁ a.pzﬁ Pq 8ub Pa aub 3Pf, ( 3)

3. Hamilton—De Donder—Weyl equations in terms of prolongations of vertical
vector fields. In this section, we will present a description of the Hamilton—De Donder—
Weyl equations using the theory of prolongations of vertical vector fields to the extended
multimomentum bundle.

First of all, we will review the expression of the Hamilton—De Donder—Weyl equations
using the multisymplectic structure on the extended multimomentum bundle and the
homogeneous extended Hamiltonian function associated with a Hamiltonian section (for
more details, see [6]).

3.1. Hamilton—De Donder—Weyl equations. Let 7 : P — M be a surjective sub-
mersion over an orientable manifold with volume form 2 as in Section 2

Moreover, suppose that h : M%7t — Mnr is a Hamiltonian section, that is, h is a
section of the canonical projection p : Mm — MO%r. Then, since i : M7 — M7 defines
a principal R-bundle, we may define the extended homogeneous Hamiltonian function
Fp : Mm — R given by

Fp(v)Q = h(p(y)) —~, for v € Mr. (14)
If the local expression of h is
h(z',ul,py) = (@' ul, —H(z" u' p}), p}) (15)
we have
Fy(a',ul,p,ph) = —p — H(z',u', pp). (16)

A (local) section sg of the canonical projection 7o 1 : M%7 — M is a solution of the
Hamilton-De Donder—Weyl equations for h if

(h o s0)* (ix (wrer — dH)) =0, (17)

for any (mwov)-vertical vector field X on Mn, where H = F,(Q is the extended Hamiltonian
density.
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If
so(a) = (a',u' (), pj (2))
then s¢ is a solution of the Hamilton—-De Donder—Weyl equations if
ou!  OH op’ OH
v _oH - opp O (18)
dxt  OpY ozt oul
3.2. The description in terms of the prolongation of vertical vector fields to
the extended multimomentum bundle. From , @, , and , we deduce
the following result

THEOREM 3.1. A (local) section so of the canonical projection o v : MOt — M is a
solution of the Hamilton—De Donder—Weyl equations for h if and only if
(ho50)*(dU) = (U™ (F) o ho 50) (19)

for every m-vertical vector field U on P.

4. A derivation of the Hamilton—Poincaré field equations. In this section, we will
present two derivations of the Hamilton—Poincaré field equations. The first one is a local
derivation from the Hamilton—De Donder—Weyl equations for an equivariant Hamiltonian
section. In the second one, we will obtain an intrinsic expression of the Hamilton—Poincaré
field equations using the theory of prolongations of invariant vertical vector fields to the
reduced extended multimomentum bundle (see Section [2.3)).

4.1. A local derivation. We will use the same notation as in Section 2.4l
Let h : M%7 — Mn be a Hamiltonian section. Denote by Fj, : M — R the extended
homogeneous Hamiltonian function and by H the extended Hamiltonian density. Then,

H=—(p+H(', g% u", Py, pl))d"x (20)
where H : M%7 — R is the local restricted Hamiltonian function.
Therefore, using , and , we deduce that a (local) section sg of the canon-
ical projection m o % : M%7 — M
so(z) = (2, g% (x), u" (), P (), P (2))
is a solution of the Hamilton-De Donder—Weyl equations for h if

o i)@gﬂ_@ff Po _ i ( 9 )agu_h
(89” or, = oy’ oa = Prcent o7~ Cal) (21)

and ou® OH opt 0H

aZi ~ opi’ a];? T oue (22)
Now, suppose that h is G-equivariant, Then, since the action of G on M%7 and Mn is
the left translation on the G-factor, we infer that H is G-invariant which implies that

&,(H)=0, forall o (23)

On the other hand, the orbit spaces Mr = Mr /G and MO = M7 /G may be identified
with

RxTM® (g* x T*N) and TM & (g* x T*N),
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respectively (see Section [2.4). Thus, we can consider local coordinates
($i7uaap77737p2) and (xiaua7pg7pg>
on Mr and MO, respectively.
Moreover, from (23)), it follows that there exists a real function
H: M7 » R
(the local reduced restricted Hamiltonian function), such that
H = I’i’ O MOy
where mypo, : MO — MO7 is the canonical projection.
In addition, if sg : M — M7 is a solution of the Hamilton-De Donder-Weyl equations
and 8y = myo, 0 S is the projection of sy on MO,
§0<x1> = (xi,u“(x),‘f);(x),pg(m)),
then, using , and , we deduce that
O _OH  Oba_ g i O OW, M (24)
dxt  9dp.’ Ozt ap ”8‘%’ ort dus

A

are the Hamilton—Poincaré field equations. Note that in the particular case when
P/G = M and @ : P/G — M is the identity map, we recover the Lie-Poisson field
equations which were discussed in [5].

4.2. An intrinsic expression. Under the same hypotheses as in Section we see
that the free and proper action of G on M is compatible with the principal action of R
on M in such a way that

gv+p)=gy+p, forge G, veMrandpeR. (25)

So, a free and proper action of G on M7 is induced such that the canonical projection
1 Mr — MP7 is G-equivariant.

Thus, g induces a smooth map /i : Mr = Mr/G — Mom = M7 /G such that the
diagram

Mr—" MO

WMwi \L“MOW
~

Mr = Mn /G —L> MOr = M7 /G

is commutative. In fact, using , we deduce that the principal action of R on Mr
induces a principal action of R on M such that the space of orbits Mr /R is just 3\/40\7r =
M°7/G. In other words, 1i is a principal R-bundle projection.

On the other hand, the canonical projection vy : M%7 — P is G-equivariant and it
induces a projection v/ |G : J\ﬂ ~P= P/G. In addition, m is a vector bundle over P

with vector bundle projection 1°|G : MO — p.
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1 is the reduced Hamiltonian section and the diagram

MO — o Mr

“MUW\L iﬂ'Mw
—~

MOr o Mr
is commutative.

Let F}, : Mm — R be the extended Hamiltonian function. Then, from , and
since h and p are G-equivariant, it follows that F} is G-equivariant. Therefore, there
exists a unique real smooth function Fj : M7 — R satisfying

ﬁ; o Trir = Fh.
ﬁ; is the reduced extended Hamiltonian function.
On the other hand, h induces a real smooth function F/}; : M7 — R which is given by

Fy(a@) = h(u(a)) —a
for @ € Mr.
It is easy to see that Fﬁ o v = Fp and, therefore, F}, = Fﬁ'
The following diagram illustrates the previous situation:

mTov

R ™ TMO 7 M
k b 1 B 0|G
2 T N —/——— M0
L h
J
Tov/G

Using the same notation as in Section [£.I] we have

h(a',u Bo, ph) = (@, ut, = H (@' u By, 2,), Pl ) (26)
and

Fﬁ(wz,u“,p,ﬁg,pfl) = _p_H(xZaua7p;7pg)' (27)

Next, for a m-vertical G-invariant vector field U on P, we will denote by U the corre-
sponding (m — 1)-form on Mnm and by U'* the prolongation to Mm (see Section
Theorem .

Then, using , , , and , we may prove the following result.

THEOREM 4.1. A section sg of the canonical projection WOVO‘G : MOt — M is a solution
of the Hamilton—Poincaré field equations for h if and only if

(o )" (d0) = (T (Fy) o o )0 (28)

for every G-invariant w-vertical vector field U on P.
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5. Example: Minimal immersions. We will try to apply the previous setting to an
example discussed in [I0], dealing with minimal immersions from a manifold X into a
Riemannian manifold ) with metric g. The Lagrangian of these systems is very simple:
For n: X — @ an immersion, the underlying variational problem consists into minimize
its area, which is nothing but the integral extended to Im 7 of the canonical volume form
dVy, where § is the metric induced on X by the immersion

g=ny.
Thus the bundle underlying this problem as field theory is the trivial bundle 7= : P =

X xQ — X. Introducing local coordinates z* for X and u/ on @ such that § = g;;dz’ @dz?
denotes the metric on X induced by the immersion, we have

ont on’

9i5 = g1J 92 Ol

Then, the volume form reads

dVy = +/det gdz* A--- A dz™

so an expression for the Lagrangian density £ : J'm — A™X would be

Lz, ul, u;]) det(gU(u)ufu;])da:l A Adx™,

and the (local) Lagrangian function determined by this data is
L(j'0) := (det(gr. (u)ufuy))"/>.

5.1. Multimomentum formalism. The extended multimomentum space Mr := A5’ P
is locally given by
Mr|(gi ury = {pd™x + phdul Ad™ 12}
where, as usual, d"x := dz' A---Adx™ and d™ 1z, := i(0/0x%)d™x; in these coordinates
the restricted multimomentum space Mn® admits the description
M7T0|(xi$u1 = {pilduj A d’"_lgci}7
and the Hamiltonian section h : M%7 — Mr associated to £ becomes
h(xivulap.J]) (il' ’LL L(SE U‘I u ) pKuz 729])
with u; being determined through the equation
;  OL
pI = I
Ou;
LEMMA 5.1. The conjugate momentum variables are related to velocities via
p; = Mijg]‘]u;/]L(:Ei, UI7 uj)v
where MY are the components of the inverse of the matriz M with components given by
M;; = guul]u]]
Then
pKu = MY g ul u IL(xt, ul U 7Y = MY Mj; L(x*, u’ uj) mL(z, uI,uj)
so the Hamiltonian section h : M7 — M is

h(zi,ul,p?]) (2%, ul, (1 —m)L(z*,u?, u; )pJ)



20 S. CAPRIOTTI AND J. C. MARRERO

with u}-] such that

= MY gpyuf L(a',u",uf). (29)
Then the Hamiltonian density H: Mnr — A™X is given by
J{(xi7u17p7pil) = (_p - (m - 1)L(‘(L.i7ul7uzl)) d"x (30)

with uj determined by .

Now, by using the projection m o v : Mmr — X (where v : Mr — P is the canon-
ical projection restricted to the extended multimomentum space) we can consider the
Hamiltonian density as an m-~form (7 o v)*H on M.

Let us define the map

N: (@'l ph) = (6" pip)) € M (R);
therefore by assuming p- and u-variables related through , it results that
Nlj _ L2Mij,
and so
det N = L2(m=1),

It means that we can express H, defined in , in terms of the (z%,u, p, pf,)-variables,
namely

j{(xi?u17p7plj]> = [_p - (m - 1)<det N>1/(2(m_1))]dm‘r

Therefore the local expression for the Hamiltonian reads

H(a' ul,py) = (m — 1)(det N)V/0n=1), (31)
In particular
OH H ;1 097K
oul = mlepJpK oul (32)
OH H 17 .
= = N, . 33
8p]Ic (m - 1) g k:lp] ( )

5.2. Hamilton—De Donder—Weyl equations for minimal immersions. We will
find the Hamilton—-De Donder-Weyl equations of motion for mininal immersions. Recall
from Section that a section sg : X — M7 is a solution of the Hamilton equations of
motion corresponding to the Hamiltonian density 3 if and only if equation holds.
LEMMA 5.2. If a section sg : X — M°7 locally given by

so(a') = (', ! (x), pl ()
is a solution of equation , then

ou'! H &

- = ——— g" ' Njyp5.
ozt m—17 PI

Proof. 1t follows by using and . n

Let us introduce a coordinate chart (u?,u) on U C @ such that

ir(X) == UnN (pra o’ os0)(X) = {(u?,u?) : u? = 0}.
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In particular, it means that

ou! (55 for I = j,
dx' {o i 7= A.
Therefore
pr = LM gr;;
in particular
pj = LM"gy;.
Because in the chosen coordinates M;; = g;;, it implies that
P4 =Lg"gaj, P} = Lé;. (34)
Now let us define the basis

0 0 0 }
o R Ik
{Xl T Out’ Za gud 94T Gk

adapted to the decomposition TU = T'(iy (X)) @ [T (iy (X))]*.
Additionally, we will suppose that so(X) is in the open set defined by the inequality

H #0.
Then, using , , and the fact that
=1
m—1

we deduce the following result.

LEMMA 5.3. If a section so : X — M°7 locally given by
so(z') = (a',u (x), pl (2))

is a solution of equation , then

1 H oMk

(ho 50)*(d)z) =-3 (m—1) 9ik 5

Now, we may obtain the following characterization of the Hamilton equations.

THEOREM 5.4. The equations for the Hamiltonian are equivalent to the fact
that the immersion pro o v° o sg : X — Q is minimal.

Proof. Using , , , and , we deduce that equation , with U = Z;,
implies
9(Zr, MijXka) =0,

that is, the immersion pro 0 % 0 59 : X — @ is minimal.

On the other hand, when U = X, using (7)), (32), and Lemma [5.3] it follows that
this equation does not give rise to new relations. m
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5.3. Hamilton—Poincaré field equations for minimal immersions. Now, suppose
that G is a Lie subgroup of the isometry Lie group of the Riemannian manifold (@, g)
which acts freely and properly on ). Then, it is clear that the Hamiltonian section is
G-equivariant and we can apply the results in Section [d In particular, we will use Theo-
rem [4.1] in order to find the Hamilton—Poincaré field equations for minimal immersions.
As before, we need a result analogous to Lemma We will use the same notation as
in Section [l

LEMMA 5.5. If a section 59 : X — m locally given by
. , o
So(') = (2", u’(x), py (), Po ()
is a solution of the equations of motion given by Theorem [}, then
ou® H
T LA
, e (35)
Jp, H o &
Da = " ConNeiB (9" + 97 o).

Proof. The w-vertical (local) vector fields

—~

z i i 0
Uy =&, U=z Ee

are G-invariant. Then, the result follows if we apply Theorem to Uy and U!. m
We can choose coordinates (u’,u?, g*) on U C @ such that:

o the restriction to U of the canonical projection mg : @ — Q/G is given by
mg(ut,uP, g%) = (u',uP), and
e the image set of the sections proo1%o0sg: X — Q and proov?/Gosy: X — Q/G
restricted to U become
iv(X) =UnN(praov’ oso)(X) = {(u',uP,g%) 1 uP =0, (¢%) = e}

iv(X) :=UnN(progo /G o50)(X) = {(u’,uP) : uP = 0}.

For every p € iy (X) we can define the basis adapted to the immersion

) 9 9 - L0
X;i=— Zpi= — —qgiMF— 7, =€ — M»M““—}.
{ ou’ P pup Ouk’ fa =9 ouk

On iy (X), the remaining equations of motion become

oy,  H AM*
Aui  2(m—1) Ik~ gua
Since g is G-invariant, we deduce that g induces a Riemannian metric § on the reduced
space /G in such a way that the canonical projection mg : Q@ — Q/G is a Riemannian
submersion (see [I} [29]).
The geometrical meaning of Hamilton-Poincaré field equations , and the
relation between the solutions of these equations and the minimal immersions 7 : X —
(Q/G, §) from X on the Riemannian manifold (Q/G, §) will be discussed in a forthcoming

paper.

(36)
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