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Abstract. We introduce the notion of a nonabelian omni-Lie algebra associated to a Lie algebra.
From a geometric point of view, it is the linearization of the Courant algebroid associated to
a Poisson manifold. As an algebraic application, we show that its Dirac structures describe
deformations of the Lie algebra.

1. Introduction. Courant algebroids were introduced in [LWX] (see also [K2| [R] for
more details), and have many applications. Roughly speaking, a Courant algebroid is a
vector bundle together with a nondegenerate symmetric pairing, a bracket operation, and
an anchor map satisfying some compatibility conditions. The standard Courant algebroid
associated to a manifold M is the quadruple (TM @ T*M, (-,)+,{:, -}, p), where p is the
projection to the first summand, (-,-)+ is the nondegenerate symmetric pairing given by

(X +a,Y+8)y =ixf+iva, VX+a,Y+5eX (Mo (M), (1)
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and {-,-} is the standard Dorfman bracket given by
{X+a,Y+8}=[X,Y]+ Lxf —iyda.

The notion of omni-Lie algebras was proposed by Weinstein in [W] to study the
linearization of the standard Courant algebroid. Then it was studied from several aspects
[KW [SZl [U). An omni-Lie algebra associated to a vector space V is a triple (gl(V) &V,
(v)+,{,-}), where (-, )4 is the V-valued pairing given by

(A+u,B+v)y =Av+Bu, YVA+u,B+vegl(V)aV, (2)
and {-,-} is the bilinear bracket operation given by
{A+u,B+v}=[A, B]+ Av. (3)
They are compatible in the sense that
{A+u,B+v},CH+w)s +(B+v,{A+u,C+w})y = AB+v,C +w),.
An omni-Lie algebra has several important properties:

e It is the linearization of the standard Courant algebroid; see [W] for more details.
o (gl(V) @ V,{-,}) is a Leibniz algebra, i.e. the following equality holds:

{61, {62,63}} = {{61,62},63} + {62, {61763}}, A €1,€2,€3 € g[(V) (&) V.

Thus, an omni-Lie algebra provides a fundamental example of Leibniz algebras,
which could be used to study representations of Leibniz algebras; see [SL] for more
details.

e Even though (gl(V) @ V,{:,-}) is not a Lie algebra, its Dirac structures given by
the graphs of operators from V to gl(V') characterize all Lie algebra structures on
V. Here, by a Dirac structure, we mean a maximal isotropic subspace of gl(V) & V
which is closed under the bracket operation.

o We can construct a Lie 2-algebra from an omni-Lie algebra; see [SZ] for more details.

In this paper, we introduce the notion of a nonabelian omni-Lie algebra (gl(g) @ g,
(»-)+,{ - }q) associated to a Lie algebra (g, [, ]g). We first study its algebraic properties.
We show that it is a trivial deformation of the omni-Lie algebra, as well as the double of a
matched pair of Leibniz algebras gl(g) and g. This is the content of Section 2. In Section 3,
we give a geometric explanation of the nonabelian omni-Lie algebra (gl(g)®g, (-, )+, {-; - }q)
and show that it is the linearization of the Courant algebroid Tg* & T 9%, where g4
is the Lie—Poisson structure on g*. In Section 4, we show that Dirac structures of the
nonabelian omni-Lie algebra (gl(g) ® g, (,-)+, {+, - }4) give rise to deformations of the Lie
algebra (g, [, ]g)- In Section 5, we construct several examples of Leibniz algebras using
2-term complexes of vector spaces and Lie algebra crossed modules.

2. Nonabelian omni-Lie algebras. Let (g, [, ]5) be a Lie algebra and ad : g — gl(g)
the induced adjoint map.

DEFINITION 2.1. A nonabelian omni-Lie algebra associated to the Lie algebra (g, [-,]4)
is a triple (gl(g) ® g, (-, )+, {-, - }4), where (-, )+ is the symmetric V-valued pairing given
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by and {-,-}4 is the bilinear bracket operation given by
{A+u,B+v}, =[A, B] + [A ad,] + [ady, B] — ada, + Av + [u, v],. (4)

PROPOSITION 2.2. With the above notations, (gl(g) € g,{-,-}4) is a Leibniz algebra.
Furthermore, the pairing (-,-)+ and the bracket {-, -}, are compatible in the sense that

({e1,e2}g.€3)+ + (e2, {er,es}g)+ = pgler)(ez, e3)+, (5)
where pg : gl(g) ® g — gl(g) is given by
pg(A+u)=A+ad,. (6)

Proof. One can prove that (gl(g) ® g,{-, }4) is a Leibniz algebra directly by a tedious
computation. We will not do it here since in the next subsection, we will show that
(gl(g) @ g,{", }q) is a trivial deformation of the Leibniz algebra (gl(g) & g,{,-}) via a
Nijenhuis operator, and thus it is a Leibniz algebra.
For all A+ u,B+v,C +w € gl(g) ® g, we have
({A+u,B+v}g,C—|—w)+—|— (B+v,{A+u,C+w}g)+
= [A, Blw + [A, ad,|w + [ad,, Blw — ad 4w + C(Av + [u, vl]g)
+[A,Clv + [A, ady]v + [ady, Clv — ad awv + B(Aw + [u, w]g)
= ABw + [u, Bw|g + ACv + [u, Cv],
= pg(A+u)(B+v,C+w)y,
which finishes the proof. m

REMARK 2.3. The quadruple (gl(g) ® g, (-, )+, {, - }4, pg) is an E-Courant algebroid in
the sense of [CLS].

REMARK 2.4. Now we consider the skew-symmetric bracket [, -] given by

1
[ers ea] = 5({ers eate — fea, ea}e)-
So that we have
1 1
[A+ u, B+ v] = [A, B]+[A4, ad,|+[ad,, B]—i(adAv—adBu)+§(Av—Bu)+[u, vlg.  (7)

This bracket [-,-] fails to be a Lie bracket, but it can be completed to a Lie 2-algebra.
This Lie 2-algebra was found in [LSX] by the authors in the study of homotopy Poisson
structures; see [LSX|, Example 4.10] for more details.

2.1. Trivial deformations of an omni-Lie algebra. In this subsection, we show that
a nonabelian omni-Lie algebra can be viewed as a trivial deformation of an omni-Lie
algebra. For details of deformations of Leibniz algebras, see [CGM] [K1].
Let (£,[-,]¢) be a Leibniz algebra. For an endomorphism N of £, define
le1,e2]y = [Ney, ea]e + [e1, Neale — Nley, eae,
and set

TN(el,eg) = [Nel,N€2]2 - N[€1,€2]N.
The endomorphism N is called a Nijenhuis operator if TN = 0.
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Let w: £® £ — £ be a bilinear map. Consider a A-parametrized family of bilinear

operations
[617 62])\ = [61; 62]2 + )\W(ela 62)-
We say that w generates a deformation of the Leibniz algebra £ if all the brackets [-, ]
endow £ with Leibniz algebras. A deformation is said to be trivial if there exists a linear
operator N : £ — £ such that for T = id + AN we have
Txler, ea]x = [The1, Thez]e.

A Nijenhuis operator gives a trivial deformation of the Leibniz algebra (£, [, ]¢)
[CGM].
PROPOSITION 2.5. Let N be a Nijenhuis operator on the Leibniz algebra (£,[-,-]¢). Then

(1) (&,[,-]n) is a Leibniz algebra;

(2) N is a morphism of Leibniz algebras from (£, [, |n) to (£,[,]e);

(3) (&, [, ]e +[,-]n) is a Leibniz algebra.

Let (g, [-,-]g) be a Lie algebra. Then we define a linear map N : gl(g) ® g — gl(g) ® g
by

N(A+u) = ad,. (8)

LEMMA 2.6. The linear map N given by s a Nijenhuis operator on the Leibniz algebra
(gl(g) ® g,{-,-}), where the Leibniz bracket {-,-} is given by (3).
Proof. First by definition, we have

{A+u,B+v}n ={N(A+u),B+v}+{A+u,N(B+v)} — N{A+u,B+v}

= [ady, B] + [u,v]g + [A, ad,] — ad 4.
Hence it is clear that
N{A +u, B+ U}N = ad[u,v]g = [adua adv} = {N(A + ’LL), N(B + U)}v

which says that N is a Nijenhuis operator. m

It is easy to see that

{A+u,B+v}g={A+u,B+v}+{A+u,B+ov}n.

Therefore, by Proposition 2.5 and Lemma we have

THEOREM 2.7. Let (g,[,]g) be a Lie algebra. Then the nonabelian omni-Lie alge-
bra (gl(g) ® g, (-, )+,{-,-}q) s a trivial deformation of the omni-Lie algebra (gl(g) &
g, () {5} In particular, (gl(g) ® g,{-,-}q) is a Leibniz algebra.

2.2. A matched pair of Leibniz algebras. Let (g, [, ];) be a Lie algebra. We view
both gl(g) and g as Leibniz algebras. In this subsection, we explain that the nonabelian
omni-Lie algebra is actually the double of a matched pair of Leibniz algebras gl(g)
and g. First we recall that a representation of a Leibniz algebra (£, [, ]¢) [LP] is a triple
(V, p¥, p®), where V is a vector space equipped with two linear maps p”, pft : £ — gl(V)
such that the following equalities hold for g, h € £:

p*([g. h]e) = [p"(9), p" (W], p"(lg, hle) = [p"(9), p™(R)], p"(R)op™(g) = —pT(h)op™(g).



NONABELIAN OMNI-LIE ALGEBRAS 171

A pair (£,901) of two Leibniz algebras is called a matched pair [A] if there exists a
representation (pl, pf) of £ on 9 and a representation of (p&, pf¥) of 9 on £ such that
the identities

(1) pf(9)z, ylm = [z, pfH(9)ylom — [y, pT(9)x]om + pT (05 (¥)9)x — P (% (2)g)y;
(2) pL(9)lz,ylom = [pL(9)x, ylom + [z, pf (9)ylon + pT (o5 (x)g)y + {‘(p?’(y)g)x,
(3) [pE(9)z, ylam + pL (R (2)9)y + [pf(9)z, ylam + pt (pE(x)g)y = 0;

(4) p5(2)lg, hle = lg, p5(x)h]e — [h, pi(x)g]e + p5 (pf (h)x)g — P& (o1 (9)z)h
(5) p5(x)[g,hle = [p5 (x)g, hle + g, p5 (x)h] e + p% (pf(g9)x)h + pF (pF(h)x)g;
(6) [p5(x)g,hle + pk (pf(9)x)h + [pF (x)g, h]e + p& (pf (9)z)h = 0

hold for all g,h € £ and z,y € 9.
LeMMA 2.8 ([Al). Given a matched pair (£,9M) of Leibniz algebras, there is a Leibniz

algebra structure £ <19 on the direct sum vector space £ ® M with bracket
9+ 2, b+ Ylewm = (9, Ple + p3(y)g + p3 (2)h + [2, ylon + p1 (9)y + o1 (R).
Conversely, if £ ® M has a Leibniz algebra structure for which £ and M are Leibniz
subalgebras, then the representations defined by
[9.2]eam = P2 (2)g + p1(9)z, [z, 9leom = pz(2)g + p'(9)z,
endow the couple (£,9M) with the structure of a matched pair.

The following conclusion can be obtained by straightforward computation.

LEMMA 2.9. Let (g,[+,"]4) be a Lie algebra. Then (g, pl = id, pft = 0) is a representation
of the Leibniz algebra gl(g) on g, and (gl(g), pk, p¥) is a representation of the Leibniz
algebra g on gl(g), where p%, plt are given by

pE(u)B = [ady, B], p¥(u)B = [B,ad,] — adp,.
It is straightforward to prove that
{A+u, B+v}g = [A, Bl + p5(v) A+ p§ (u) B + pt (A)v + pi(B)u + [u, v],.
By Lemma [2.9) and the fact that (gl(g) @ g,{:,-}) is a Leibniz algebra, we have

PROPOSITION 2.10. (g,pl = id,p = 0) and (gl(g), p¥, p¥) form a matched pair of
Leibniz algebras with the Leibniz algebra (gl(g) © g,{-, }q4) as the double.

3. A linearization of the Courant algebroid T'M & T M. It is well-known that the
omni-Lie algebra is a linearization of the standard Courant algebroid TM @ T*M [W].
In this section, we show that the nonabelian omni-Lie algebra is a linearization of the
Courant algebroid TM @ T M associated to a Poisson manifold (M, 7).

Let (M, ) be a Poisson manifold, and denote by 7 the induced bundle map from
T*M to TM. It is well-known that (T*M,[-,-|r,ar) is a Lie algebroid, where the Lie
bracket [-, -], and the anchor a, are given by

[57 77]71' = Lwﬁgn - Lﬂ'uT[E - d’ﬂ'(f, 77), a‘n’(f) = Wu (f)
Then (TM & TiM, (-,)+,{" }x, p=) is a Courant algebroid, where the pairing (-, ")+ is
given by (I)), pr is given by p(X + &) = X + 7#(¢), and the Dorfman bracket {-, -}, is
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given by
{(X+&6Y +npr = [X, Y]+ Lxn —iyd{ + L7Y —iyd- X + [{,n]r, (9)
where L™ and d, are the Lie derivative and the differential associated to the Lie algebroid
TrM.
The Lie algebra (g, [, ]q) yields a Lie-Poisson manifold (g*,my). Then we obtain a

Courant algebroid structure on T'g* @ T g*. Denote the vector spaces of linear vector

fields and constant 1-forms on g* by Xy, (g*) and QL (g*) respectively. It is quite obvious
that X1, (g%) ©QL,,,(6%) = gl(g) ® g. To make this explicit, for any x € g, denote by I, the
corresponding linear function on g*. Let {z°} be a basis of the vector space underlying g.
Then {l,:} forms a coordinate chart for g*. So {alii} constitutes a basis of vector fields
on g* and {dl,:} constitutes a basis of 1-forms on g*. For A € gl(g), we get a linear
vector field A = Zj lA(Ij)% on g*. Also u = Y, u;z" € g defines a constant 1-form

@ =dl, =), udl,: on g*. Moreover, we have

1 0 0
B lz: l[xi@j]g 817307 N o,

Define @ : gl(g) ® g — X1in(g%) ® QL (g%) by
P(A+u)=A+a

Obviously, ® is an isomorphism between vector spaces.

THEOREM 3.1. The nonabelian omni-Lie algebra (gl(g) ® g, (-, )+, {-,}g) is induced from
the Courant algebroid (Tg* ® T 9", (,)+,{*s }ny, Pr,) via the restriction to Xi;n(g*) &
QL. (g%). More precisely, we have

(P(A+u),®(B+v))y = Z(A+u,B+v)+7
{@(A+u), (B +v)}tr, = 2{A+u, B +v},,
Py (B(A + 1)) = ®(pg(A + u)).
We first prove a lemma.

LEMMA 3.2. With the above notations, for all A, B € gl(g) and u,v € g, we have

(A, 0)4 = lau, (10)
m(a) = ad,, (11)
L0 = Au, (12)
[a,0],, = [u, vy, (13)
ipr, A= [adU,A} + adAv, (14)
L™ B = [ad,, B]. (15)

Proof. follows from

/i ﬁ (Z ZA(I_] Zuzdl ) = ZuzlA(m@) = lAu-
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follows from

0
Zull[z 7] 81 Z lad“ (z9) a7 al - ad

By and the fact that di = 0, we have
Lyt = i ydit + di 40 = dl, = Au,
which says that holds. By and , we have
[, )y = Lt (a0 — Lt 5y — g (,9) = [ v]g — [0, u]g — [, o]g = [, ],
so (13)) holds. Then we have
(o, A, ) = duy A(6,0) = 7 (0)(A, )4 — 74(8) (A, )1 — (A, [0, lmy) ¢
= v, au)y — lu,Av), — Ao,y
which implies that i@d,rgfl = [EEU,\A] + ada, Av, 1€ holds. Moreover, we have
(L3*B,0)4 = Wﬁ(ﬁ)(B,@h — (B, [, 0)r)+ = ljady, BJos
which implies that LT"E = [zmdu/,\B ], ie. holds. This ends the proof. =

Proof of Theorem . By (10] ., we have
(P(A+u), (B +v))1 = (A,8)4 + (& B) 4 = lay + Bu = l(atuBro),
By 7, we deduce that
{A+0,B+ 0}, = [A, B+ L3*B — iyde, A+ [0, 0], + L0 —ipdi

= (A, Bl + [ad,. Bl + [4,ad,] - ada, + [u, g + Av
= O{A+u, B+ v},

Finally, by (L1)), we have

pry (B(A+u) = A+7h(a) = A+ ady = B(pg(A +u)).
The proof is completed.

4. Dirac structures. In this section we study Dirac structures of the nonabelian omni-
Lie algebra and give our algebraic application.

Recall that for a vector space V, there is a graded Lie bracket on the vector space
@rHom(AFV, V), which is known as the Nijenhuis-Richardson bracket [NR]. In particular,
for w € Hom(A%V, V), we have

[w,w](e1, ez, e3) = Q(w(el,w(eg, e3)) + w(es,w(er, e2)) + w(es, w(es, 61))), (16)
for all ey, e2,e3 € V. Thus, w defines a Lie algebra structure on V' if and only if [w,w] = 0.

DEFINITION 4.1. A Dirac structure of the nonabelian omni-Lie algebra (gl(g) ® g, (-, ")+,
{-,-}4) is a maximal isotropic subspace L, i.e. L = L+, which is closed under the
bracket {-,-}.
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For any bilinear map F : g x g — g, define ad” : g — gl(g) by ad”(v) = F(u,).
The following theorem says that Dirac structures of the nonabelian omni-Lie algebra
(gl(g) ® g, (-,-)+,{- - }4) could give deformations of the Lie algebra (g, [, ]q)-

THEOREM 4.2. Let (g, [-,-]q) be a Lie algebra and F' : g x g — g a bilinear map. The graph
of ad?’, which we denote by G, is a Dirac structure of the nonabelian omni-Lie algebra
(al(g) @9, (s )+, { - }g) if and only if F is skewsymmetric and satisfies the Maurer—Cartan
equation

1
dF + i[F,F} =0,
where d is the coboundary operator on Lie algebra (g, [-,-|g) with the coefficients in the

adjoint representation and [-,] is given by (16]). In other words, [-,-]q + F defines another
Lie algebra structure on g.

Proof. Obviously, F' is skew-symmetric if and only if Gr is maximal isotropic. Moreover,
for any skew-symmetric map F', we have

{adf +u, adf + v}y = [adfj, adf] + [adf, ad,] + [ad,, adUF] —adpu,e) + F(u,v) + [u, v]g.

Thus, G is a Dirac structure if and only if F' is skew-symmetric and the following equality
is satisfied:

[adfjv adf] + [ad{j? adv} + [adu7 adf] - adF(u,v) = adg(u,v)-&-[u,v}

.
Applying this to an element w € g, we obtain

Fu, F(v,w)) = F(v, F(u,w)) + F(u, [v,w]g) = [v, F(u, w)lg + [u, F (v, w)]g

= F(v, [u, wlg) = [F(u,v), wlg = F(F(u,v),w) + F([u, v]g, w),
which implies that dF + $[F, F] = 0. m
5. Examples of Leibniz algebras. Recently, people pay a lot of attention to Leibniz
algebras; see [FMM, [HPL] for more information. Motivated by the definition of (non-

abelian) omni-Lie algebras and the work in [LSX], we give several interesting examples of
Leibniz algebras in this section.

ExXAMPLE 5.1. Let ¢ : V — W be a linear map of vector spaces. Define a bilinear
operation {-,-}4 on Hom(W, V) & W by

{A+u,B+v}y=AopoB—-BogpoA+¢(Av), VA, BecHom(W,V), u,veW.
It is straightforward to check that (Hom(W,V) @& W, {:,-}4) is a Leibniz algebra.

Let m,g be Lie algebras. We call (m 4 g,>) a Lie algebra crossed module [G] if
¢ :m — g is a Lie algebra homomorphism and > : g X m — m is an action of g on m by
derivations such that

[a,blm = ¢(a)>b,  P(u>a)=[u,p(a)ly, Vabemuecg.

EXAMPLE 5.2. Let (m A g,>) be a Lie algebra crossed module. We get a Leibniz algebra
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structure on Hom(g, m) & g with the bracket given by
{A+u,B4+v}s=AopoB—-BogpoA+ Aoad’ —adl oA+ > Av
— Boady +ad, o B + ¢(Av) + [u, v]g,

for all A, B € Hom(g, m),u,v € g, where ad® € End(g) and ad, € End(m) are given by
ad®(u) = [v,u]y and adl(a) = v a respectively and - > Av € Hom(g,m) is defined by
(->Av)(u) = up> Av.

ExAMPLE 5.3. The subalgebras of the (nonabelian) omni-Lie algebra give examples of
Leibniz algebras. For example, we have Leibniz algebras sl((V) &V, so(V) @V for a vector
space V' as Leibniz subalgebras of gl(V) @ V, and sl(g) @ g, so(g) @ g for a Lie algebra g
as Leibniz subalgebras of gl(g) @ g.

Acknowledgements. Honglei Lang is supported by the State Scholarship Fund from
China Scholarship Council. Yunhe Sheng is supported by NSFC (11471139) and NSF of
Jilin Province (20140520054JH). Xiaomeng Xu is supported by the grant PDFMP2_141756
of the Swiss National Science Foundation.

References

[A] A. L. Agore, G. Militaru, Unified products for Leibniz algebras. Applications, Linear
Algebra Appl. 439 (2013), 2609-2633.

[CGM] J. Carifiena, J. Grabowski, G. Marmo, Courant algebroid and Lie bialgebroid contrac-
tions, J. Phys. A: Math. Gen. 37 (2004), 5189-5202.

[CLS] Z. Chen, Z. Liu, Y. Sheng, E-Courant algebroids, Int. Math. Res. Not. 22 (2010),
4334-4376.

[FMM]| A. Fialowski, L. Magnin, A. Mandal, About Leibniz cohomology and deformations of
Lie algebras, J. Algebra 383 (2013), 63-77.

[G] M. Gerstenhaber, A uniform cohomology theory for algebras, Proc. Nat. Acad. Sci.
USA 51 (1964), 626-629.
[HPL] N. Hu, Y. Pei, D. Liu, A cohomological characterization of Leibniz central extensions

of Lie algebras, Proc. Amer. Math. Soc. 136 (2008), 437—447.
[KW] M. K. Kinyon, A. Weinstein, Leibniz algebras, Courant algebroids, and multiplications
on reductive homogeneous spaces, Amer. J. Math. 123 (2001), 525-550.

[K1] Y. Kosmann-Schwarzbach, Nijenhuis structures on Courant algebroids, Bull. Braz.
Math. Soc. (N.S.) 42 (2011), 625-649.
[K2] Y. Kosmann-Schwarzbach, Courant algebroids. A short history, SIGMA Symmetry

Integrability Geom. Methods Appl. 9 (2013), Paper 014, 8 pp.

[LSX] H. Lang, Y. Sheng, X. Xu, Strong homotopy Lie algebras, homotopy Poisson manifolds
and Courant algebroids, Lett. Math. Phys., DOI 10.1007/s11005-016-0925-8.

[LWX]  Z. Liu, A. Weinstein, P. Xu, Manin triples for Lie bialgebroids, J. Differential Geom. 45
(1997), 547-574.

[LP] J. L. Loday, T. Pirashvili, Universal enveloping algebras of Leibniz algebras and
(co)homology, Math. Ann. 296 (1993), 139-158.

[NR] A. Nijenhuis, R. Richardson, Deformations of Lie algebra structures, J. Math. Mech. 171
(1967), 89-106.


http://dx.doi.org/10.1016/j.laa.2013.07.021
http://dx.doi.org/10.1088/0305-4470/37/19/006
http://dx.doi.org/10.1016/j.jalgebra.2013.02.024
http://dx.doi.org/10.1073/pnas.51.4.626
http://dx.doi.org/10.1353/ajm.2001.0017
http://dx.doi.org/10.1007/s00574-011-0032-5
http://dx.doi.org/10.1007/s11005-016-0925-8
http://dx.doi.org/10.1007/BF01445099

H. L. LANG ET AL.

D. Roytenberg, Courant algebroids, derived brackets and even symplectic supermanifolds,
PhD thesis, UC Berkeley, 1999, arXiv:9910078.

Y. Sheng, Z. Liu, Remarks on Leibniz algebras, arXiv:1408.2225.

Y. Sheng, C. Zhu, Semidirect products of representations up to homotopy, Pacific
J. Math. 249 (2011), 211-236.

K. Uchino, Courant brackets on noncommutative algebras and omni-Lie algebras, Tokyo
J. Math. 30 (2007), 239-255.

A. Weinstein, Omni-Lie algebras, in: Microlocal Analysis of the Schrodinger Equation
and Related Topics (Kyoto, 1999), RIMS Kokyuroku 1176 (2000), 95-102.


http://arxiv.org/abs/9910078
http://arxiv.org/abs/1408.2225
http://dx.doi.org/10.2140/pjm.2011.249.211
http://dx.doi.org/10.3836/tjm/1184963659

	Introduction
	Nonabelian omni-Lie algebras
	Trivial deformations of an omni-Lie algebra
	A matched pair of Leibniz algebras

	A linearization of the Courant algebroid TMT*M
	Dirac structures
	Examples of Leibniz algebras

