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Abstract. This paper introduces cosymplectic-Nijenhuis structures on smooth manifolds and
proposes alternative odd-dimensional counterparts of symplectic-Nijenhuis groupoids, called
cosymplectic-Nijenhuis groupoids. We discuss the correspondence between cosymplectic group-
oids and integrable coPoisson manifolds. Moreover, we investigate the integrability problem for
coPoisson manifolds equipped with a compatible Nijenhuis operator. As a result, we obtain a
one-to-one correspondence between cosymplectic-Nijenhuis groupoids and integrable coPoisson—
Nijenhuis manifolds.

1. Introduction. It is well known that there is a correspondence between contact struc-
tures and symplectic structures via the symplectization scheme. Furthermore, contact
manifolds are often considered as odd-dimensional analogues of symplectic manifolds.
An alternative odd-dimensional counterpart of a symplectic structure is the notion of a
cosymplectic structure. Recall that a cosymplectic structure on a (2n + 1)-dimensional
manifold M is defined by a pair (w,n) consisting of a closed 2-form w and a closed 1-form
71 such that w™ A7 is a volume element on M.

Cosymplectic manifolds were initiated by Libermann in the late 1950’s [24]. They were
further studied by Lichnerowicz in his papers [26] 27] in which he called them canonical
manifolds. In [31], Marle discussed Lie group actions on a cosymplectic manifold. The
reader is referred to Blair’s paper [5] for another concept of a cosymplectic structure
which is different but related to Libermann’s notion. Precisely, a cosymplectic manifold
in the sense of Blair is a cosymplectic manifold in the sense of Libermann together with
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a compatible normal almost contact metric structure. In this paper, we only consider
cosymplectic structures as defined in [24].

On the one hand, cosymplectic manifolds are crucial objects in the geometric descrip-
tion of time dependent mechanics. They play an important role in the study of regular
Lagrangian systems and Hamiltonian systems [12] [§]. In addition cosymplectic manifolds
naturally appear in classical relativistic theories. For instance, it was observed in [20] that
the geometric object underlying Galilei’s phase space is a cosymplectic manifold. Recent
works [4] 3, [6], 23], [I8] resuscitate interest in the subject. On the other hand, Poisson—
Nijenhuis structures on manifolds were introduced by Magri and Morosi [30] in their
study of integrable Hamiltonian systems and they attracted the attention of many math-
ematicians due to their close relationship with integrable systems [I3] [T} 10} [2] 22 [33].
Poisson—Nijenhuis structures were extended to arbitrary Lie algebroids and Leibniz alge-
broids by Grabowski and Urbanski in [I7]. For further generalizations to Courant alge-
broids, see e.g. [T} 21].

The purpose of this note is to introduce the study of Lie groupoids G = M equipped
with a triple (w,n, ') consisting of a multiplicative cosymplectic structure (w,n) and a
compatible multiplicative Nijenhuis A/. In Section 2, we review Lie algebroids, Lie group-
oids and Poisson—Nijenhuis Lie algebroids. Section 3 discusses cosymplectic manifolds
and introduces cosymplectic-Nijenhuis structures. Section 4 reviews cosymplectic group-
oids and their unit spaces called co-Poisson manifolds. Finally, in Section 6, we show
that there is a one-to-one correspondence between cosymplectic-Nijenhuis groupoids and
coPoisson—Nijenhuis manifolds.

2. Preliminaries

2.1. Lie algebroids. A Lie algebroid over a smooth manifold M is a vector bundle
A — M together with a Lie bracket [, | on the space I'(A) of smooth sections of A and
a bundle map ¢ : A — TM, called the anchor map, whose extension to smooth sections
of A and TM (also denoted by o) satisfies the relation:

(X, fY] = fIX,Y]+ (Lox)f) Y, VX,Y,eD(A), feC®M).

Examples of Lie algebroids include: finite-dimensional Lie algebras, the tangent bundle
T M of every smooth manifold M as well as the cotangent Lie algebroid of every Poisson
manifold. It is known that any Lie algebroid (A4, [, ], 04) induces a Gerstenhaber algebra
(D(A®A*), A, [, ]a) with a differential operator

da:T(AFA®) = D(AFF1 A7)

defined by:
k: . —_
daa(Xo, X1,-- Xp) = Y (=1)"(0aXi)(Xo, -, Xiy -, Xi)

1=0
+ Y (D) a(( X, X )a, Ko, -, X X, KR,
i<j

for all @ € T(A*A*), X; € T(A).
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In particular, given a Poisson manifold (M, ), there is a canonical Lie algebroid
structure on its cotangent bundle T*M with the anchor map #f : T*M — TM and
whose Lie bracket is given by:

{o, B}r = LrtaB — Laspa —d(m(a, B)), Va,B € QY (M),
where
(B,7a) = m(a, B), Vo, € QHM).

The operator d,.,, = d, is defined on the space X*(M) of all multi-vector fields on M
as follows:

0x(Q) = [m,Q], VQeX*(M), (1)

is a differential operator, i.e. 62 = 0. The corresponding cohomology complex is known as
the Lichnerowicz—Poisson cohomology [25]. This cohomology complex plays an important
role in deformation theory and quantization of Poisson manifolds. A Poisson vector field
on a Poisson manifold (M, ) is a vector field X on M satisfying §.(X) = [r, X] = 0.
Poisson vector fields are also called infinitesimal automorphisms of the Poisson struc-
ture. Thus, elements of the first Lichnerowicz—Poisson cohomology group HX (M) are just
classes of Poisson vector fields (modulo Hamiltonian vector fields).

2.2. Matched pair of Lie algebroids. First, recall that a matched pair of Lie alge-
broids is a pair (A, B) of Lie algebroids over the same base manifold M whose direct
sum A @ B is equipped with a Lie algebroid structure for which both A and B are Lie
subalgebroids [34]. The associated bicrossed product is denoted by A i B.

2.3. Lie groupoids. A Lie groupoid over a smooth manifold M (see [29]) is given by
a smooth manifold G together with two surjective submersions s,¢: G — M (called the
source map and the target map), a smooth associative multiplication m : Go — G, a unit
section € : M — G and an inversion map i : G — G, where G2 = {(g,h) € Gx G | s(g) =
t(h)} is the set of composable pairs and the following properties are satisfied:

(i) s(m(g,h)) = s(h) and t(m(g, h)) = t(9), ¥ (g, h) € G2,
(ii) m(g,m(h,k)) = m(m(g,h),k), Vg, h, k € G with (g,h) € G2 and (h, k) € Ga,
(iii) s(e(x)) =z and t(e(x)) =z, Vo € M,
(iv) m(g,€(s(9))) = g and m(e(t(9)),9) = 9, Vg € G,
(v) m(g,u(9)) = (t(g)) and m(c(g),9) = €(s(g)), Vg € G.
Here, the base manifold M, all source and target fibers are supposed to be Hausdorff but
G is not necessarily Hausdorff. We will often identify M with e(M).

2.4. Multiplicative k-forms. A real-valued function A\ defined on a given Lie groupoid

G = M is multiplicative if:
t

Aom(gr,g2) = Ag1) + A(g2), VY (91,92) € Ga.

A differential k-form w on G is multiplicative if: m*w = priw + priw, where m is
the multiplication of the Lie groupoid and pr; denotes the projection of the space G5 of
composable pairs onto the ith component.
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2.5. Multiplicative vector fields. A multiplicative vector field on a groupoid G is
a pair (Z,Zy) of vector fields with Z € X(G), Zy € X(M) such that Z : G — TG is
a morphism of groupoid over Zy : M — TM. It essentially has the property that the
flow (¢tz) of Z is a local Lie groupoid morphism over the flow (¢tZ°) of Zy. In fact, Z is
just the push-forward of Z along the source map. Applying the tangent functor to the

operations in G = M yields the tangent prolongation groupoid TG = T M. So, we will
t

simply say that Z is multiplicative.

2.6. Lie algebroids in the presence of a 1-cocycle. Let A be a Lie algebroid over M

together with a 1-cocycle ¢ € T'(A*). The pull-back of A to M x R admits a Lie algebroid

structure over M xR, denoted by (Ax R, [, 1%, p?), where the smooth sections of A x sR
are of the form X (x,7) = X (x), with X; € T'(A) for all 7 € R, and

0X

[X, V1%, 7) = [X:, Y1) — 60X ) (@) o+ (V) (@) o

_ 0
P (X)(x,7) = p(X:)(x) = $(X:) () 5,
where % € I'(A x4 R) denotes the derivative of X with respect to 7.

Given a Lie groupoid G = M together with a multiplicative function o. One can
define a right action of G on the canonical projection p; : M x R — M as follows:
(,7)-g=(s(9),0(g) + 1), for (x,7,9) € M xR x G, with t(g) = .

We get the corresponding action groupoid G x R = M x R, denoted by G X, R, with
structural functions:

so(9.7) = (s(9),7),  tolg, 7' +,0(d)) = (t(g). 7)), 3)

me((9,7), (', 7)) = (99'.7'), if 55(9,7) = to(g', 7).
Let AG be the Lie algebroid of G. The multiplicative function ¢ induces a 1-cocycle «
on AG given by

(agy, Xy) = (X -0)y, forze M and X € T(AG). (4)

The Lie algebroid of G X, R can be identified with AG x, R. Conversely, one has the
following (see Proposition 3.5 from [9]):
ProposITION 2.1 ([9]). Let A be a Lie algebroid over M, o € T'(A*) a I-cocycle and
A X, R the Lie algebroid given by Equation @ If G(A) (resp., G(A x4 R)) is the
Weinstein groupoid of A (resp., A X4 R) and o is the multiplicative function associated
with a, then G(A x4 R) =2 G(A) x, R. Moreover, A is integrable if and only A x4 R is
integrable.

2.7. Poisson—Nijenhuis Lie algebroids. Let (A, [, ]4,04) be a Lie algebroid equipped
with a vector bundle map A : A — A. The torsion of A is defined by
TN(X7Y) = [NX7NY]A_N[XaY]N7 VX7Y€F<A)7 (5)
where
[X,V]nw = WX, Y]4 + [X,NY]4 -~ N[X,Y]a, VX,Y €TD(A).
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A vector bundle map N : A — A is called a Nijenhuis operator on A if Ty = 0. In
this case, one gets a new Lie algebroid structure Ay = (A, [, |ar, 04 © N). Moreover
N : Ay — Ais a Lie algebroid morphism.
A Nijenhuis operator N on A induces a degree 1 derivation dy : T(A®*A) — T'(A®A)
defined by:
k
dya(Xo, X1, Xi) =Y _(-1)' NV Xi)a(Xo, ..., Xi,..., Xx)
i=0
+ Z(il)%k]a([XhXJ]A?Xov s 7Xia s ’va R Xk)7
i<j
for all @ € T(A*A), X; € T(A).
A Poisson structure on a Lie algebroid A is given by a section P € I'(A2A) such that

[P, P]a = 0. Such a Poisson structure P induces a Lie algebroid structure on the dual A*
of A whose Lie bracket is defined by:

[aaﬂ}P = ‘Céﬁaﬂ - ‘Céﬁﬁa - dAP(O[,ﬂ),
where a, 3 € T'(A*), d* is the de Rham differential of A and £4 = d“ o1x +tx o d? for
any X € I'(A). This generalizes the classical case where A =T M.

A Poisson structure P on a Lie algebroid A is said to be compatible with a Nijenhuis
operator A/ : A — A if the following relations are satisfied:

j\/‘P’i:PuN and C(P,N):[a7ﬁ]NP_[a7ﬁ]/1\3/*207

where [, |xp is the bracket defined by NP and [, J¥ is the Lie bracket obtained from
the Lie bracket [ , |p by deformation along the dual map N* : A* — A*| i.e.,

[Oz,ﬁ]'g* = [N*a,B]p + [, N*B]p — N[, B] p.
The term C(P,N) is called the Magri-Morosi concomitant of P and N.

DEFINITION 2.2 ([I7,21]). A Poisson-Nijenhuis Lie algebroid is given by a triple (A, P, N)
consisting of a Lie algebroid A endowed with a Poisson structure P and a Nijenhuis
operator N/ : A — A compatible with P.

In particular, Poisson—Nijenhuis structures on M correspond to Poisson—Nijenhuis
Lie algebroid structures on the standard Lie algebroid TM, and symplectic-Nijen-
huis structures on M are special Poisson—Nijenhuis structures (P, ') on T M for which
P is non-degenerate. If (P, ) is a Poisson—Nijenhuis structure on A, then the triple
(T(A®A), [, |a,dn) becomes a differential graded Lie algebra.

3. Cosymplectic manifolds

3.1. Cosymplectic structures. An almost cosymplectic structure on a (2n+1)-dimen-
sional manifold M is given by a pair (w,n) consisting of a 1-form 7 and a 2-form w on
M such that n A w™ is a volume form. If in addition, both 1 and w are closed differential
forms then we say that (w,n) is a cosymplectic structure on M (see [24]).

Clearly for any almost cosymplectic manifold (M, w, n), its 2-form w induces an almost
symplectic structure on kern since the relation n A w™ # 0 on M implies that w has
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maximal rank on kern. Furthermore, there exists a unique vector field R, called the
Reeb vector field, which is completely determined by:

mn =1, trw=0.
One has an isomorphism b : X(M) — Q' (M) defined by
M(X) = txw+n(X)n.
This gives:
R =5>"'(n).

Associated to each function f € C°° (M), there is a vector field X; which is called the
Hamiltonian vector field of f. It is defined by:

Xy =0"1(df — (R f)n).
One gets:
n(Xy) =0 and ix,w=df —(R-f)n.

It is known that any cosymplectic structure (n,w) on M determines a Poisson bracket on
M given by:

{19} = w(Xy, Xy),
for all f and g € C°°(M). Trivial examples of cosymplectic manifolds result from the
product of any 2n-dimensional symplectic manifold by R or the circle S'. A non-trivial
example of cosymplectic structure was constructed in [32].
Let (M,w,n) be a cosymplectic manifold and 7 be its corresponding Poisson bivector
field. Then its Reeb vector field R is a Poisson vector field of (M, w). On M Xx R, the

bivector field 5
P=n+_—AR 6
or (6)
has a maximal rank and it defines a symplectic structure on M x R which is called the
symplectization of the cosymplectic structure. In other words, the inverse of II is the

symplectic 2-form:
Q= (pr1)*w +dr A (pr1)™n, (7)

where pry : M x R — M is the canonical projection onto the first factor.

3.2. Examples: cosymplectic Lie groups. A cosymplectic Lie group is a Lie group
G of dimension 2n 41 equipped with a left invariant closed 2-form w™ and a left invariant
closed 1-form n* such that ™ A (w™)™ # 0 pointwise on G.

For example, consider the 3-dimensional Heisenberg Lie group Hs. We denote by H
its Lie algebra and by (eq, ez, e3) the canonical basis of H and (e}, e}, €3) its dual basis.
The only nonzero bracket of H is:

[e1, ea] = es.

Let nT be the left invariant form whose value at the identity element equals e} together
with the scalar non-degenerate 2-cocycle on H given by: w = e3Ae}. Then (w™, n') defines
a cosymplectic structure on Hs. Consider G = H3 x R**, that is, the direct product of
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the 3-dimensional Heisenberg Lie group with the 1-dimensional Lie group whose product
is defined by:

(x7y7 Z) t)(x/7y/7 z/7t/) = (x + m/’ y + y/7 z + Z, + ij/7tt,).

The corresponding symplectic 2-form on G is given by:
1
ot = gdx/\dt—kdy/\dz.

3.3. Another perspective: symplectic mapping torus. First, we will recall the
definition of a mapping torus. Consider a topological space S and a homeomorphism
w: S — S. The quotient space is called a mapping torus and it is denoted by:

S x [0,1]
(2,0) ~ (¢(z), 1)
The projection onto the second factor endows S, with the structure of a fibre bundle with
base S! and fibre S. Similarly, starting from a smooth manifold S and a diffeomorphism
@: S — 5, one can construct a smooth mapping torus S,. When S is a smooth even-
dimensional manifold endowed with a symplectic form w, and ¢ is a symplectomorphism

of (S,ws) then S, is called a symplectic mapping torus. The following result was proved
in [23]:

S, =

THEOREM 3.1 ([23]). A closed manifold M admits a cosymplectic structure if and only
if it is a symplectic mapping torus M = S,, for some symplectic manifold (S,w,) and
some symplectomorphism ¢ : S — S.

3.4. Cosymplectic-Nijenhuis manifolds

DEFINITION 3.2. A cosymplectic-Nijenhuis manifold is a cosymplectic manifold (M, w, )
endowed with a Nijenhuis operator N : TM x R — TM x R which is compatible with
the Poisson structure P € T'(T'M x R) associated with the cosymplectic structure and

given in @
It is clear that given any Cosymplectii—Nijenhuis manifold (M,w,n,N), there is an
associated Poisson—Nijenhuis (M x R, P, N). When N = (N, Z, «, g), that is,
NX, f)=(NX+ fZ,a(X)+ fg) VX eX(M),feC™(M)
then

_ 0 d
N=N+drZ+a® — +gdr ® —,
ot or

where 7 is the standard coordinate in R. Conversely, if (w5, N;) is a symplectic-Nijenhuis
structure on S then (SxR, priws, dr, N;+dr®0;) is a cosymplectic-Nijenhuis manifold.
Recall the following result:

PROPOSITION 3.3 ([35]). A wector bundle endomorphism N': TM x R — TM x R given
by the quadruple (N, Z, «, g) defines a Nijenhuis operator (i.e. Tar = 0) if and only if the
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following conditions are satisfied for all X, Y € X(M):

[NX,NY] = N[X,Y]y = (da(X,Y))Z); (8)
da(NX,Y)+ da(X,NY) —d(N*a)(X,Y) = gda(X,Y); (9)
(LzN)X = —dg(X)Z; and N*(dg) =gdg+ Lza, (10)

where N* is the dual map of N.

PROPOSITION 3.4. Let (w1,m) be a cosymplectic structure on M together with its asso-
ciated Poisson tensor w1 and Reeb vector field Ry. Let (mo, Xo) be a pair consisting of
Poisson structure wo and a vector field Xo on M such that: Xog + Ry defines a 1-cocycle
relative to the total cohomology dn, + dr, of the double complex associated with (mg, 1)
and [m1, 7] = 0. Then it determines a cosymplectic-Nijenhuis structure (wy,n1,N') on M.

Proof. Consider

7T:7T1+7T0, E:R1+Xo and P:7T+£/\E

Clearly, P defines a Poisson tensor on TM x R if and only if:
[7'('177'(0] :0 and [7T1,X0]+[7T07R1]+[7T07X0] :0 (11)
Suppose holds true and let N = Pyo P ' : TM x R — TM x R, where

0 0
Ph=nmg+——ANXyg and P=m +— AR;.
or or

Then (wq,n1,N) is a cosymplectic-Nijenhuis structure on M. =

The above proposition allows one to construct examples of cosymplectic-Nijenhuis
manifolds. Here is a simple example.

EXAMPLE. Let M = R? with its standard coordinates (z,%,2) and the cosymplectic
structure (w,n) defined by:

w=drs Ndrs, n=dx;.

Consider the following tensors:
0 0 0 0 0
=— N— R=— = A —  X,=nxld
Oxy  Oxs’ oz’ 7o f(xl’xg)am Oy’ 0= e

where f = f(x1,x3) is independent of x5 and g = g(x3) is a function of z3 only. Let

™

0 0
Ph=m+—ANXy and Pr=7n+— AR.
or or

Then N = Pyo P !'is a Nijenhuis operator and (w,n,N) is a cosymplectic-Nijenhuis
structure on M.

Another simple example is the above Heisenberg group Hs (see Section . Denote
by (eq, ez, e3) the canonical basis of the Lie algebra H of Hs and let (e}, e5, e3) be its dual
basis. Recall that the cosymplectic structure on Hjz is determined by w = ej x e3 and
n = ey. Pick J = €3 ® e3. Then the triple of left invariant tensors (w™,n™, JT) induced
by (w,n,J) defines a cosymplectic-Nijenhuis structure on Hs.
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4. Cosymplectic groupoids

S

DEFINITION 4.1. A cosymplectic groupoid is a Lie groupoid G = M endowed with a
t

cosymplectic structure (w,n) such that both w and n are multiplicative.

In this section, we will describe the infinitesimal objects corresponding to cosymplectic
groupoids.

4.1. Bicrossed product structures on the first jet bundle J'M. Any Poisson
vector field E on a Poisson manifold (M, ) determines a Lie algebroid whose underlying
vector bundle is the first jet bundle J'M. More precisely, the anchor map of this Lie
algebroid structure on J'M is given by:

Oy f) =mra+ fE, VaeQ'(M), feC™(M) (12)

and its Lie bracket is defined by:

{(a7 O)a (ﬁ7 O)}(ﬂ',E) = ({a7 ﬁ}ﬂa 0)7

{(O"O)v(oaf)}(ﬂ,E‘) = (_f‘cEav'lef)v (13)

{(Oa f): (07 g)}(ﬂ'E) = (Oa f‘CE'g - g‘CEf)v
for all («,0), (8,0) € T(T*M®R) and for all f, g € C°°(M). Obviously, T* M and the line
bundle M x R are Lie subalgebroids of J'M. Hence, this Lie algebroid is a matched pair
of these two Lie algebroids, in the sense of Mokri and Lu [34] 28]. Denote by M x g R the

trivial line bundle equipped with the Lie algebroid structure induced by E. The following
result holds [14]:

PRrROPOSITION 4.2 ([I4]). Let (M,7) be a Poisson manifold. Any Poisson vector field F
on (M, ) determines a matched pair of Lie algebroids (T*M, M x g R). Moreover, up to
isomorphism, the bicrossed product Lie algebroid structure on J'M depends only on the
cohomology class [E] € HL(M).

Special case: the modular class of a Poisson manifold. The modular class of a
Poisson manifold (M, ) is a first cohomology class [E] € H1(M) which measures the ob-
struction to the existence of a volume form (or, in general, a half density) invariant under
all Hamiltonian flows (see [37} [16]). When the modular class is non-trivial it determines
a non-trivializable Lie algebroid structure on the first jet bundle J'M.

4.2. Unit spaces of cosymplectic groupoids. We have the following result:

PrOPOSITION 4.3 ([I5]). Let G = M be a Lie groupoid equipped with a multiplica-
t

tive smooth function o. Then there is a one-to-one correspondence between cosymplectic
groupoid structures on G and symplectic structures on G X, R preserved by 8%, where T
is the standard coordinate on R.

Proof. Clearly, any multiplicative symplectic 2-form €2 on G X, R which is preserved by
a%’ (ie. L 2 Q = 0) gives rise to a multiplicative cosymplectic structure on G. Conversely,
as we’'ve seen above, any cosymplectic structure on G induces a symplectic form {2 on
G x, R:

Q= (pr1)"w+dr A (pr1)™n,
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where pri : M x R — M is the canonical projection onto the first factor. To show that €2
is multiplicative, we proceed as follows. First, we identify the set (G x,R)s of composable
pairs of arrows of G X, R with G5 x R as follows:

(9,7 — O’(g/)), (glv ) = ((979,)7 ),
where G5 is the set of composable pairs of arrows of G. The projections maps of (G X R)
onto G X R become pr;(g1,92,7) = (95, 7), i = 1,2 and the multiplication is given by:

m((g.9'),7) = (99, 7).

Using these identifications, the fact that w and 7 are multiplicative, and a simple calcu-
lation, one gets that m*Q = priQ 4 pri;Q. Thus (G x R, Q) is a symplectic groupoid over
MxR. =

Observe that a cosymplectic groupoid is always equipped with a Poisson structure
coming from the cosymplectic structure but this Poisson structure is not multiplicative,
in general. Indeed if M is a single point then G is a Lie group and the multiplicativity
would imply that the Poisson structure has zero rank at the identity element. In this case
G must be a one-dimensional Lie group.

A coPoisson structure on a smooth manifold M is given by a pair (r, [E]) consisting of
a Poisson structure m on M and a Poisson cohomology class [E] € H1(M). This notion is
only slightly different from the definition of JanySka and Modugno [20] since we consider
a whole cohomology class instead of a specific Poisson vector.

DEFINITION 4.4. A coPoisson structure (7, [E]) on M is integrable if its associated Lie
algebroid (J'M, { , }(x,5), 0, 5 ) can be integrated into a Lie groupoid.

The following result was proved in [I4]:

LEMMA 4.5 ([I4]). Every integrable coPoisson manifold (M, ,[E]) is the unit space of a
unique source-connected and source-simply-connected cosymplectic groupoid (G,w,n).

5. Cosymplectic-Nijenhuis groupoids

DEFINITION 5.1. A cosymplectic-Nijenhuis groupoid is a cosymplectic groupoid (G, w,n)
equipped with a multiplicative tensor NV : TG x R — T'G X R such that (w,n,N) is a
cosymplectic-Nijenhuis structure on G.

DEFINITION 5.2. A coPoisson—Nijenhuis manifold is a coPoisson manifold (M, [E])
endowed with a Nijenhuis operator A" on TM X R such that (7 + % AE,N) is a Poisson—
Nijenhuis Lie algebroid structure on T'M x R.

PROPOSITION 5.3. The unit space of a cosymplectic-Nijenhuis groupoid is a coPoisson—
Nijenhuis manifold.

To prove this proposition, we use the following lemma:

LEMMA 5.4. Let (G,w,n,N) be a cosymplectic-Nijenhuis groupoid together with a mul-
tiplicative function o. Then G X, R is a symplectic-Nijenhuis Lie groupoid.

Proof. Assume that (w,n,N) is a cosymplectic-Nijenhuis structure on G and all three
tensors are multiplicative. Let Q = (pr1)*w + dr A (pr1)*n. As we have seen in the proof
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of Proposition (G x5 R, Q) becomes a symplectic groupoid. We denote by II the
associated non-degenerate multiplicative Poisson bivector field on G X, R. Obviously, the
Nijenhuis operator A" on TG X R can be extended by linearity to T'(G x R). Let us denote
by A the extended operator. Since (T'G x R,II, N) is a Poisson-Nijenhuis Lie algebroid
and N is R-linear, one gets C(II, V) = 0. Hence the pair of multiplicative tensors (II, )
makes G X, R into a symplectic-Nijenhuis groupoid. m

Proof of Proposition [5.3 We first apply Lemma to get the symplectic-Nijenhuis
groupoid (G x, R,II, V). We then use the source map s, given in and set
P =(s5)Il=mp+ % A Ejy,

where mg = (8¢ )7 and Ey are the push-forward by s, of the Poisson structure 7 on G
and its Reeb vector field R, respectively. Theorem 5.2 in [36] ensures the existence of a
Nijenhuis operator N on T'(M x R) such that (M xR, P, N) is a Poisson—Nijenhuis man-
ifold. From the Schouten bracket [P, P] = 0, it follows that (mg, [Eo]) defines a coPoisson
structure on M. Furthermore, £ 2 N = 0 since

ﬁag./\/':() and ﬁa@PZO.

Thus N induces a Nijenhuis operator on TM x R, also denoted by N. The compatibility
of P with N implies that (mg, [Eo], N) is a coPoisson—Nijenhuis structure on M. =

PROPOSITION 5.5. Every integrable coPoisson—Nijenhuis manifold (M, [E]) is the unit
space of a unique source-connected and source simply-connected cosymplectic-Nijenhuis
groupoid (G, w, n,/\?)

Proof. Assume that (m, [E], N) is an integrable coPoisson-Nijenhuis structure on M, that
is, (JM,{, }(r,E)» O 5y) 18 integrable. Let (G, w,n) be its associated source-connected
and source simply-connected cosymplectic groupoid. By Lemma G x R is endowed
with a symplectic Lie groupoid structure. Denote by R the Reeb vector field on G. Then
the associated multiplicative non-degenerate Poisson tensor on G X R can be written as:

H=n+ g AR.
or

Let d = d(ﬂO)EO) the de Rham differential of J'M and let dys = tpr 0 d — d o tpr. Then,
[d, dy] = dyod+dody = 0. We apply the universal lifting theorem in [19] and conclude
that dys comes from a multiplicative tensor Iyr € T'(A?(T'G x R)) such that [II, /] = 0.
Let N = IIyoll™! : TG xR — TG xR. This is a multiplicative tensor because both IT and

ITs are multiplicative. It follows that (G, w, n, ) is a cosymplectic-Nijenhuis groupoid. =
Combining Propositions [5.3] and we get the following:

THEOREM 5.6. There is a one-to-one correspondence between cosymplectic-Nijenhuis
groupoids and integrable coPoisson—Nijenhuis manifolds.

5.1. Examples

EXAMPLE 1. Let (S,w) be a symplectic manifold and let G = S x S be the pair groupoid
with its symplectic form w @& (—w). Take G = G x S!, where the circle S! is endowed
with its standard exact 1-form 7 = df. Define @ = pri(w ® (—w)) and 77 = pridn, where
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pri:G=GxS' — G, proy : G — St are the natural projections. Then (G,w,7) is a
cosymplectic groupoid over S.

ExaMpPLE 2. Let M be equipped with the zero Poisson structure m = 0 and the zero
vector field. Then its integrating cosymplectic groupoid is given by the data (G = T*M x
R, pri(dd), dr), where pry : G — T*M and 0 is the Liouville 1-form on 7% M.
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