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A MULTIVARIATE REMEZ-TYPE INEQUALITY WITH
©-CONCAVE WEIGHTS

BY

MICHAEL I. GANZBURG (Hampton, VA)

Abstract. Let ¢ : [0,00) — [0,00) be an increasing twice continuously differentiable
function with a positive power index () := infi0(p(t)/¢'(t)) and let f: V — [0, 00)
be concave on a convex body V' C R™. In this paper we discuss the following Remez-type
inequality for multivariate polynomials P of degree n on measurable sets £ C V' equipped
with a ¢p-concave measure u(E) := SE o(f(z)) dz:

2
1— (1 — pu(B)/u(V))B@)/a+mble) 1> 1Pl

where T, is the Chebyshev polynomial of degree n. In addition, we describe the classes of
all extremal measures p, bodies V, sets E, and polynomials P for this inequality.

IPllewvy < Tn<

1. Introduction. Let |E|,, be the Lebesgue measure of a measurable
set I/ from the m-dimensional Euclidean space R™, and let P, ,,, be the set
of all polynomials of m variables with real coefficients of degree at most n.
Next, let C'(E) be the normed space of all bounded continuous functions f
on a bounded set £ C R™ with || f|c(g) := sup,ep |f(z)]. We also use the
generic notation R := R!.

The intensive study of polynomial inequalities on measurable sets has
been initiated by the following result of Remez [28] (see also the books
[13, Lemma II1.7.3], |25, Theorem 5.1.6.1], [6] Theorem 5.1.1|, [22, Theo-
rem 2.7.1]):

THEOREM 1.1.

(a) For a measurable set E C [a,b] with |E|; > 0 and a polynomial
P S Pn71;

(1.1) IPllc(an) < Tn(2(b—a)/|ElL — 1)||Pllcr).-
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(b) In the case of closed sets E C [a,b] with 0 < |E|; < b — a and
polynomials P % 0, equality holds in (1.1) if and only if either
(i) E=[b—A\b] and P(x) = AT, (2(b—z)/A—1), or
(ii) £ =[a,a+ A and P(z) = AT,,(2(x — a)/A — 1),
where A € R\ {0} and X\ € (0,b—a).

Here and in the whole paper,

To(z) = ((z+ V22 =1)"+ (z — V22 = 1)")/2
is the Chebyshev polynomial of degree n.

Numerous versions and generalizations of Remez’s inequality and
their applications in analysis have been discussed since the 1970s (see for
example [9, [10] [6l, 211, 15, 16} 20} [7, 1 1T, B0}, 27, 8] and references therein).
In particular, the following multivariate version of Theorem holds:

THEOREM 1.2.

(a) For a convex body V' C R™, a measurable set E C V', |E|,, >0, and
a polynomial P € Py, p,

2
1.2 P <T, —-1)||P .

(b) Equality holds in if and only if V is a bounded convexr cone

in R™.

Inequality was proved by Brudnyi and the author [9, Theorem 2 and
Remark 2|, while the description (b) of all extremal convex bodies V' in
was obtained in [I0, Theorem 2|. As a corollary of Theorem we proved
a version of inequality for sets equipped with a weighted measure and
described the classes of all extremal bodies V', sets F, and polynomials P
(see [15, Theorem 2.1]). Note that Theorem [I.1is a special case of Theorem
L2 for m = 1.

However, it is possible to find more precise estimates for special weights.
In this paper we discuss a Remez-type inequality for multivariate polynomi-
als on measurable sets in R equipped with (-concave weighted measures.

Throughout the paper, we assume that ¢ : [0,00) — [0,00) is a contin-
uous strictly increasing function. In addition, we assume that V is a closed
convex body in R with a boundary 9V

DEFINITION 1.3. We say that W : V — [0, 00) is a @-concave weight if
there exists a continuous concave function f : V' — [0, 00) such that W(z) =
Woip)(x) = o(f(x)). The p-concave (weighted) measure p,py on V' is de-
fined on all Lebesgue measurable sets E C V by p,p)(E) == {5 o(f(x)) dz.

In the case of p(t) = t'/*, k € (0, ], the corresponding weight W is called
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(k)-concave and the corresponding measure p = g p1/x is called (ki )-concave,
where k, :=1/(1/k +m).

In a more general situation, (k,,)-concave measures on R™ with p(R™)
< 0o have been studied in a number of publications (see [3} 4} [5, 12, [17] and
references therein). In particular, Borell [5] proved that a measure p on R™
with u(R™) < oo and with convex compact support containing an open set
in R™ satisfies the concavity condition

(13)  plaAd+(1—a)B) > (aub (A) + (1 - a)ub»(B)) '™

for any compact subsets A C R"™, B C R™ and all a € [0, 1] if and only if u
is (K, )-concave, k € (0, 0o].

Note that a (0)-concave measure is called log-concave, and it coincides
with a @-concave measure for the function ¢(t) = e with the extended
domain (—oo,00) [4, 12]. In addition, the Lebesgue measure on R™ is a
(1/m)-concave measure (k = o), and inequality for k = oo coincides
with the Brunn—Minkowski inequality

(1.4) @A + (1= ) Bl™ = o A/™ + (1 - a)| B/

in dimension m [18, (4.82)]. In this paper we assume that ¢ is a strictly
increasing function, so the Lebesgue measure given by ¢(x) = 1 is not a
p-concave measure. That is why we will treat the Lebesgue measure on V
as the limit of (k,,)-concave measures as k — co.

Fradelizi [12, Corollary 5] proved the following Remez-type inequality for
(km )-concave measures, k € (0, co]:

THEOREM 1.4. For a convex body V. C R™, a measurable set E C V,
|E|m > 0, a polynomial P € Py, and a (ky,)-concave measure Ppe on 'V,
k€ (0, 00],

2

1.5) ||P <T, — 1Pl
09 1Plews <o ==y ) Pl

In particular, inequality is a special case of for £k = 0. In-
equality is an easy corollary of a general distribution inequality with
(km)-concave measures for multivariate polynomials on V' (see [12, Corol-
lary 4] for k € (0, o0] and [26], p. 223| for log-concave measures). The proof of
the latter inequality is based on the sophisticated geometric technique devel-
oped independently by Bobkov and Nazarov [4, Theorem 1.1] and Fradelizi
[12, Theorem 1| for (k,,)-concave measures, and by Nazarov, Sodin, and Vol-
berg [26], pp. 215, 220] for log-concave measures (see also [3, 4, [12] for further
references).

In this paper we generalize inequality to ¢-concave measures and
describe all extremal bodies V', sets E, polynomials P, and weights ¢(f) in
the corresponding equality. The main results are presented in Section [2} In
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the proof of the Remez-type inequality we do not use the sophisticated geo-
metric technique applied in [I2] to prove (1.5)). Instead, our proofs are based
on simple extremal problems for concave functions discussed in Section
and on a geometric lemma from Section [4, Moreover, our approach allows a
description of extremal elements in the Remez-type inequality. The proofs of
main results are given in Section[d] In Section [f] we discuss several examples
that illustrate the Remez-type inequality.

NoOTATION. Throughout the paper, C(V) is the set of all continuous con-
cave functions f(z) > 0 on a convex body V C R™, and L([a,b]) is the set
of all linear functions of the form f(z) = 6(z —a), 6 > 0, on [a,b]. In
addition, |F|; denotes the k-dimensional Lebesgue measure of a measur-
able set E C R™. Finally, z - y := )", z;y; is the dot product of vectors
x=(x1,...,2m) €E R™ and y = (y1,...,ym) € R™, and p(x, A) denotes the
distance from x € R™ to a set A C R™.

2. Remez-type inequality. Here, we discuss the Remez-type inequal-
ity for multivariate polynomials on measurable sets equipped with (-concave
weights. We recall that ¢ : [0, 00) — [0, 00) is a continuous strictly increasing
function. We first need the following definitions (see also [17]).

DEFINITION 2.1. For a twice continuously differentiable function ¢ on
(0,00), the power index of ¢ is defined by the formula

(2.1) Bp) = inf (9(t)/¢' (1))

t>

This definition was introduced by the author in [I7, Sect. 4]. Note that
B(p) = k for o(t) = t*/* k > 0. Other examples of finding (i) are discussed
in Section [Bl

DEFINITION 2.2. The convex hull of a vertex g € R™ and a closed
(m — 1)-dimensional convex body B,,—1 (the base) is called the bounded
convez cone (BCC) if the base is in an (m — 1)-dimensional hyperplane of
R™ that does not contain xy. The set of all BCCs in R with a vertex xg is
denoted by K(zp).

In the following theorem a closed layer between two parallel hyperplanes
in R™ is denoted by L.

THEOREM 2.3. Let ¢ be twice continuously differentiable on (0, 00) with
B(p) > 0. Then:
(a) For a convex body V. C R™, a measurable set E C'V with |E|,, > 0,
a polynomial P € Py, and a function f € C(V),
2.2)  [IPllew)

2
<Tn(

~1)|Pllece).
L= (1 fig( ) (B) g ) (V) PO (HHmBG2) >” le)




A MULTIVARIATE REMEZ-TYPE INEQUALITY 225

(b) In the case of closed sets E C V with 0 < |E|, < |V|n and poly-
nomials P # 0, equality holds in if and only if V. € K(xp),
zo € R™; o(t) = Ct'/* for some k > 0 and C > 0; f(z) > 0
is a concave continuous function on V such that f(x + xgy) is a 1-
homogeneous function on V. — {xo}; E = V N L is the layer in V
with an open subset if one of the boundary hyperplanes of L coin-
cides with Hy,—1; and P(z) = AT,,(2p(x, Hp—1)/d — 1) for x € V
and some A € R\ {0}. Here, the base of V is located in a hyperplane
Hy, 1 CR™, xy ¢ Hp—1, and d is the width of the layer E.

REMARK 2.4. Inequality immediately follows from Theorem
and properties of functions ¢ with B(¢) > 0 obtained by the author [I7,
Theorem 4.2|. In addition, the extremal elements from Theorem [2.3(b) in a
more general setting are presented in [I7, Theorem 2.1]. So the main purpose
of the present paper is twofold. First, we give new and simpler proofs of The-
orems and a) based on extremal properties of concave functions and
on a geometric lemma. Second, we use some ingredients of this proof to show
the uniqueness of the extremal elements from Theorem (b) Note that this
fact cannot be proved on the basis of the existing proof of Theorem [1.4]

REMARK 2.5. Theorem[L.4]is a special case of Theorem [2.3(a) for o (t) =
t1/* k€ (0, 00), while letting k — oo, we arrive at Theorem|1.2(a) from (2.2).
It is also possible to derive Theorem [1.2|(b) from Theorem [2.3{b) by setting
©(t) = t'/% k > 0, and letting k — oo. Note also that for m = 1, K () is the
set of all intervals [z, b] or [a,zo] and the function f from Theorem [2.3{(b)
is 0(x — xg) or d(zg — x), 6 > 0. In addition, note that some properties and
examples of concave 1-homogeneous functions f are discussed in Propositions

b.7 and Examples

If ¢ does not coincide with C't'/* for some k, C' > 0, then inequality (2.2)
is strict by Theorem [2.3{b). However, the following result shows that under
certain conditions on ¢ inequality (2.2 cannot be improved for all f € C(V).

THEOREM 2.6. Let ¢ be twice continuously differentiable on (0,00) with
B(p) > 0. Suppose ¢ does not coincide with CtY* for any k,C > 0, and
satisfies the condition

(2.3) min{ylgg+ wley)/vy), lim pley) fply) | = e/

for any ¢ € (0, 1], provided that the limits in exist. Let a cone V' belong
to K(zg) with the base in the hyperplane Hy,—1 = {x € R™ : a-(x—x0) = h},
where o € R™\ {0}, z9p € R™\ Hy—1, and h = p(xo, Hyp—1). Next, let
the layer E. C V, 0 < |E|m < |Vl|m, and the polynomial P(z) =
AT, (2p(z,Hp-1)/d — 1), x € V, A € R\ {0}, be as in Theorem [2.3|(b).
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Then for the linear functions fs(x) = (da) - (x — x9) on V, § > 0, we
have

(24)  |Pllew

2
=limT, <

-1 )P
1= (1 = pi 1) (B) 1113y (V) P/ 0+mB(0)) >” loe)

as & — 07 if
lim ¢(cy)/e(y) < lim o(cy)/o(y) forc=1—d/h,
y—0t y—r00

and as 6 — oo otherwise.

REMARK 2.7. Some functions ¢ with 8(¢) >0, satisfying condition ({2.3)),
are given in Examples [5.1H5.4]

3. Properties of univariate concave functions. The proof of the
Remez-type inequality is based on properties of univariate concave functions.
We recall that ¢ : [0, 00) — [0, 00) is a continuous strictly increasing function.
The first property is a special case of a more general result obtained in |17,
Theorem 4.2]. For the convenience of the reader we present a short and
simple proof of the next proposition.

PROPOSITION 3.1. Let v > 0 and let ¢ be a twice continuously differen-
tiable function on (0,00). If B(v) > 0, then the weight p(f(x))(x — a)? is
(k)-concave on [a,b] for every f € C(la,b]), where k = B(p)/(1+~v8(p)).

Proof. We first show that H(t,v) := [o(t)v"]¥ is a concave function of
two variables on [0, 00) x [0, 00). It is well known that H(¢,v) is concave on
[0,00) x [0, 00) if and only if
O*H (t,v)

ot?
where A(t,v) is the Hessian (see [29, Theorem 4.5] and |14, Theorem 10.4.6]).
By a straightforward calculation, we obtain

(3.1) <0, detA(t,v) >0 forte (0,00),v € (0,00),

2 v
@2 TEEY sk 0k - (o6 0))
2 v
(3.3) agl(é’) = ky(ky — o™ 2" (1),
O?H (t,v)

s = K T e (),

O%H(t,v) 02H(t,v) [O*H(t,v)\>
det At v) = =5 902 _< dtow )

= K2 E 220 (0)[(0(1) /¢ () = k(L + 7 (0(8) /¢ (6)))]-
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Then it follows from (2.1]) and (3.2)) that 92 H(t,v)/0t> < 0. Next, using ([3.3)),
we see that the inequality det A(¢,v) > 0 follows from the relations
B N 0 V4 ) AR L O )
L+7B(p)  teloee) L+(p(0)/¢' (1)) — L+A(p(t)/¢' (1))

Hence H(t,v) is concave on [0,00) x [0,00), and in addition H(f(z),x — a)
is concave on [a, b] for any a > 0 and f € C([a,b]) (see |24, Sect. 16.B.7]). m

Several extremal problems for concave functions are discussed below.

PROPOSITION 3.2.
(a) For a fized c € (a,b),

[0 o(f(x)) do
3.4 A(a,b,c, — c
O Ab el S T o) ds
foo(f(x)) da o) o(t) dt
= sup g :SHPW-
rec(ad)) §, o(f(x))de 60 207 (1) dt

(b) If there exists an extremal function f € C([a,b]) in (3.4), then f €
L([a, b]).

Proof. The inequality

sup > sup
rec(at)) §, o(f(x)) de ~ recan) §, o(f(x)) da

is trivial. Next, let f € C([a,b]) \ L([a,b]) and set d. := f(c)/(c — a). Note
that since f(y) > 0, f(y)/(y — a) is nonincreasing on [a,b]. Therefore, the
linear function L(x) := d.(x — a) € L([a, b]) satisfies the relations

(3.6)  L(z) < f(2), x € a,cf; Lle) = f(e);  L(z) > f(x), = € e, 0].

(3.5)

Then the inequality

(3.7)

Jee(f(@)de _ §p(Liz))do
Joe(f@)de 1, o(L(x)) dx
follows from (3.6) and from the fact that f(z) # L(x) on a set of positive
measure from (a,b]. Thus (3.7) implies the inequality
Joo(f () dx Joolf(x)) dx
sup F———"—— < sup
rec(at)) §, o(f(x))dz — feciat)) §, o(f(x))dx
which combined with (3.5 proves (a).

Y
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In addition, (3.5 shows that if there exists f € C([a,b]) such that

Le(f@de - Lelf(@)de
foe(f@)de  secqan) §, o(f(2)) dz’
then f € L([a,b]). Thus (b) is established. m
The following is a corollary of Proposition for p(t) = t'/* k> 0.
PROPOSITION 3.3.
(a) For a fized c € (a,b) and any k > 0,
(3.8) sup Sbfl#:l— (C_CL)l/kH.
recab) §, f1/* () da b-a
(b) The set of all extremal functions f € C([a,b]) in is L([a,b]).
Since finding A(a,b,c, ) in is a challenging task for many func-

tions ¢, we present below a “power” estimate of a more general expression
A(a, b, c,,p) for functions ¢ with positive power indices.

PROPOSITION 3.4. Let ¢ be twice continuously differentiable on (0,00)
with B(p) > 0 and let ¢ € (a,b) be a fired number. Then for any v > 0:

(a) We have

i (f(ﬂﬁ))(ﬂﬁ—a)V dx
3.9 A(a,b,c,v,p) := su
(3.9) ( g2 fec( [Eb S o(f(z))r —a)rd
1/8

<C _ a> /B(p)+r+1
<1- .
- b—a

(b) The equality

Le(f@)(@—a)de (C _ a) 1/B(¢)+y+1

3.10 -1
( ) Sz o(f(z))r —a)rdr b—a

holds for some f € C([a,b]) if and only if p(t) = CtY* for some
k,C >0 and f € L([a,b]).

Proof. (a) Using Proposition for v > 0, we deduce that for k =
B(p)/(1+vB(p)) and for any f € C([a,b]), the function ¢(f(x))(z —a)? is
(k)-concave, that is, o(f(x))(z — a)? = F'/*(z), where F € C([a,b]). Then
by Proposition [3.3|a),

b p1/k 1/8(e)+7+1

F d —

(3.11) A(a,b,c,7y,) < sup %& =1- (C a) .
Fec(fap) §, FY/*(z) dx

Hence ({3.9)) follows.
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b) If (3.10) holds, then by Proposition the function
g 1+
F(.CU) — ((P(f($))($ o a)'y) (@)/( (¥)7)

is concave on [a, b] and

S’C’ FYB@+ (2)de , <C _ a> 1/B(p)+7+1
SZ Fl/ﬁ(ﬂp)""Y(gj) dx N b—a .

Next by Proposition [3.3(b), equality (3.12) holds if and only if F(z) =
d1(z — a), 61 > 0. Hence there exists f E Cla,b] such that o(f(z)) =
So(z — a)/B®) 5y > 0. Since P¥) is concave by Proposition for v =0,
the inverse (©?(#)~1is convex. So the function f(z) = (@B(‘P)) L6a(x — a))

is convex and concave on [a, b], which is possible if and only if f(z) = §(z—a)
§ > 0. Thus o(t) = Ct* for some k,C > 0. =

REMARK 3.5. If

e elle—am) | ple—ay
313) ol b o) = mind lm ZEZEVL i S-S0

[(c—a 1/B8(¢)
S \b—ua ’

provided that the limits in (3.13]) exist, then

(3.12)

_ o\ V/B(e)+y+1
(3.14) T L =r) -
b—a
Indeed, by L’Hospital’s Rule,
_ y+1
(3.15) Aa,b,c,v,p) > 1— (z — Z) ala,b,c,vy,p).

Thus (3.14)) follows from (3.9)), (3.13]), and (3.15)). Note that conditions (3.13|)

and (2.3)) are equivalent. Examples of functions ¢ with 5(¢) > 0 satisfying

condition (3.13) are given in Examples

Finally, we discuss properties of increasing rearrangements of ¢-concave
functions on [a, b].

DEFINITION 3.6. The decreasing rearrangement F* : [0,b — a] — [0, 00)
of a measurable function F' : [a,b] — [0, 00) is defined as the inverse F*(t) :=
inf{y € [a,b] : D(F,y) < t} of its distribution function D(F,y):=|{z €[a,b] :
F(z) > y}|1. The increasing rearrangement of F' is defined by Fi(t) :=
F*(b—a—1).

It is well known [I9, Sect. 10.12] that for a measurable function F'(z) > 0
and a measurable set E C [a,b] with |E|; > 0,
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b—a
(3.16) |Pxydz< | Rt
E b—a—|E|;
and in addition
b b—a
(3.17) \Fla)de = | Fu(t)adt.
a 0

We also need the following property.

PROPOSITION 3.7. If W is a continuous @-concave weight on [a, b], then
W, is a @-concave weight on [0,b — a] as well.

Proof. Let us first show that W, is concave on [0,b —a] if W > 0 is
concave on [a,b]. This result was proved in [4, Lemma 5.3] by using the
Brunn—Minkowski inequality for m = 1. We present a different proof
based on a simple geometric observation. Let W > 0 be a concave function
on [a,b]. It is sufficient to show that D(W,y) is concave on [0, M], where
M = max,c[q W (7), since this fact implies that W* and W, are concave
on [a, b]. We first note that the set {x € [a,b] : W(x) > y} is an open interval,
and in addition there exist numbers ¢ and d such that a < ¢ < d < b and
W is strictly increasing on |[a, ¢], strictly decreasing on [d,b], and W (c) =
W (d) = M. Then the functions

(b, 0<y< W),
o) = {Wl(y), W(b) <y < M,
_ [a, 0<y<W(a),
i) '_{W‘l(y% W(a) <y < M,

satisfy the following properties: h(y) < g(y), g is concave on [0, M], h is
convex on [0, M], and D(W,y) = g(y) — h(y). Therefore, D(W,y) is concave
on [0, M]. Since (¢(W)).(t) = (W(t)), the proposition is established. m

4. Proof of Theorems and Let V C R™ be a convex body
and let o be a fixed point from V. We denote by Xy (x) the set of all closed
rays | with the initial point xg such that |V NI|; > 0. Let us equip Xy (z0)
with the (m — 1)-dimensional uniformly distributed spherical measure S. In
the case of m = 1, Xy (xg) consists of one or two rays of unit measure.

To prove the theorems, we also need a geometric lemma. Let £ C V be
a measurable set with |E|,, > 0. Then for a.e. | € Xy (z¢), ENlis a linearly
measurable set. Let us set

C(E,V,xg) = lee%s‘/iag) [Vl /|EN.

LEMMA 4.1. Let ¢ be a twice continuously differentiable function on
(0,00) with B(p) > 0. Then:
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(a) For every nonnegative continuous concave function f:V — [0, 00),

41)  C(E,V,20) < (1= (1 = po(p)(E) /oy (V)P0 Ormie) =1

(b) Equality holds in if p(t) = CtY* for some k > 0 and C > 0,
f(x + x9) > 0 is a concave continuous 1-homogeneous function on
V —A{xo}, and E = Ej ;(x0), where T € (0,1]. Here, Ej +(xo) is the
closed subset of V' such that for all | € Xy (x0), Ep-(x0) N1 is a
closed interval of length (1 — (1 — 7)Y/ /")) [V 01|y and one of its
ends coincides with BV ﬂl In addition, pipi/n(E)/pupm(V) =1

(c) If equality holds in (4.1)) for a closed subset E of V', then for a.e.
L € Xy(zo),

(4.2) ’Vﬂl|1/|Eﬁl’1:C<E,V,.%’0).

If in addition, for a.e. l € Xy (xg), the set EN is a closed interval
and one of its ends coincides with OV NI, then ¢ and f satisfy the
conditions of statement (b) and Ey, . C E. Moreover, ENl = Ej, ;N
for a.e. 1 € Xy (xo) and T = piy(5)(E)/ppp) (V).

Proof. (a) Introducing the spherical coordinates in R™, m > 1, with the
origin at xg, we see that for x € V', f(x) = h(r,l), where [ is the ray passing
through x¢ and z, and r = |z — z¢| is a coordinate on [. Note that if f
is concave on V, then h(r,l) is a concave function of r € (0,|V N{};] for
each fixed ray | € Xy (). Moreover, by Proposition 3.1, ¢(h(r,1))r™ ! is a
(k)-concave weight of variable r € (0, |V Ni|;] for a fixed | € Xy (x(), where
k= B(p)/(1+ (m —1)B(¢)). Therefore by Proposition the increasing
rearrangement (cp(h(o D)(-)™ 1), (t) is (k)-concave on (0, |V N1]1]. Then by

and (| we have

(4.3)  Bed >(E) _ iesy o) (g (1 1
| ) (.

'usﬂ(f)(v) Slez,‘v (Xan o(h

m—1 d
< esssup SEleP( (Tv ))T . T
lEE‘/(:EQ SVﬁl (p(h(?“, ))’rm dr

o o, (2B D)™, (1) dt

< esssup
lesvo) IV (p(h((), D) ()mY) (8) dt
[V
S|Vﬂl\1—|Eﬁl|1 Fl/k(t) dt

< esssup sup
1Dy (z0) FeC([0,VNil1]) Sl)vmh F/k(t) dt

Applying Proposition [3.3{(a) to the right-hand side of (4.3)), we obtain
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E 1/B(p)+m
M‘p(fi)()g ess sup (1—( BNy > >
to(r) (V) ™ 1esy (z0) Vil

=1—(1—1/C(B,V,x))"/Blo)Hm
Thus follows from .

(b) Let ¢, f, and E = E}, -(x0) satisfy the conditions of statement (b).
Then B(p) = k and C(Ej (o), V,20) = (1 — (1 — 7)1/ 1/k+m) =1 Taking
into account that f is continuous and 1-homogeneous with respect to zg, we
see that f(z) = h(r,1) = 6(1)r for some continuous function 0(l) on Xy ().
Then by the construction of Ej, -(zo),

o) (Brr (20)) S, (o) £/ (%) do

pe(ny(V) Sy fYR () da

v .
_ Siemv @ 0 Oyt i e, 7T ) S

SleEv(xo) gl/kz(l)(S\Oleh r1/k+m—1 dr) dS

Therefore, equality holds in (4.1)).
(c¢) If equality holds in (4.1]), then equalities hold in (4.3) and (4.4).

Therefore for a.e. | € Xy (zp),
to(f) (E) _ SleEV (zo0) (SEmZSD(h(Tv 0)rm=tdr)ds
t(p) (V) SleEv xo)(gvaO(h(’"’ ))rm=tdr)dS
,l m—1 d
= esssup Jiory (ALY ))rm,l iy
leXy (o) SVQ[ So(h(Tv l))T dr
This is possible only if for a.e. I € Xy (xg),
Pon(B) _ Spry e(h(r,D)rm " dr
po(r)(V) Ny e(hlr, D)rm=1dr
Next similarly to (4.3)) and (4.4)), we obtain
SEOZ o(h(r,))r™tdr

Svm o(h(r,1))rm=1dr
vl -
< sup S|Vﬂl|1f\Eﬂl\1 FYBIm=L(t) dt

Fec(ovau))  §0 M FUB@m=1 (1) dt

(e EN; 1/B8(p)+m
a Vil
Comparing (4.5)) and (4.6), for a.e. I € Xy (x¢) we obtain

g @(r, D)™ dr (B
San o(h(r,0))rm=tdr |V Nl

(4.4)

(45) 1-(1-1/C(E,V, x0)>1/5(50)+m _

(4.6)

(4.7)
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Further, it follows from (4.5) and (4.7) that for a.e. [ € Xy (),
(4.8) |[ENi/|VNl=1/C(E,V,xo).

Thus holds. If E satisfies the conditions of (c), then by Proposition
m(b), equality is possible only if ¢(t) = Ct'/* and B(yp) = k for some
k> 0and C >0, and h(r,l) = C(I)r for r € [0, |V NI|1] and a.e. | € Xy (z0).

In addition, note that f is a nonnegative continuous and concave function
on V' by the definition of the measure y,(¢y. Then by continuity of f, h(r,l) =
C(Dr for all I € Xy (xg), that is, f(z + x0) is a 1-homogeneous function on
V — xg. Thus ¢ and f satisfy (b).

Next, setting 7 = pyp)(E)/ppp)(V), we can rewrite (4.8) as
(4.9) |[ENl1/|V Nl :1_(1_7)1/(1/k+m),

which holds for a.e. I € Xy (z¢). Taking account of the conditions on E, we
see from (4.9) that ENl = Ej ;N for a.e. [ € Xy (x). Since E is closed, we
conclude that Ej » C E. This completes the proof of Lemma 4.1. m

Proof of Theorem . (a) Let E be a measurable subset of V' with
|E|m > 0. Next, let P € Py, and z9 € V' be such that || P||¢qy = [P(z0)].
Since the restriction of P to any [ € Yy (xg) belongs to Py 1, we deduce
from Theorem [I.1|(a) that for all I € Xy (zo) such that E N1 is a linearly
measurable set with |[E N} > 0,

(4.10) I1Pllcwvy = 1P (o) < Tn(2IV NI /IE N = DIIPllcen)
STV AIL/ENT = DIPllo):

Since EN is linearly measurable for a.e. | € Xy (zg), from (4.10) and Lemma

[4.1(a) we obtain

(4.11)  |IPlleevy = [P(z0)| £ ThW(2C(E, V,x0) — || Pllc(r)
2

< In —1||P ,

N <1 — (1= 1) (B) i ) (V) PO (M5 ) >” o)

Thus (2.2) is established.
(b) This consists of four steps.

STEP 1. We first prove the sufficiency of the conditions of the theorem.
Let ¢, f, P, V, and E be as in Theorem (b) Then by Lemma (b),
the layer E coincides with Ej ;, where 7 = i p)(E)/pugyp) (V). Therefore,
for all I € Xy (z9), ENlis a closed interval of length |[E NIy = (1 —
(1 — 7)Y/ A/k+m)y |V 1)1, and one of its ends coincides with 9V N 1.

Next, the restriction of P to V is a polynomial from P, ,,,. Moreover,
the restriction of P to any | € Xy () coincides with the corresponding
Chebyshev polynomial in terms of a coordinate on V N I. To complete the
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proof of the sufficiency, we observe that by the sufficiency part of Theorem
[L.I|(b) for all I € Xy (z0),
(412)  [P(xo)|= IPllcvry = TuIV N IL/IENTL = D[Pl
=T, (2(1 = (1 =)V — 1) [|Pllom).
The necessity of Theorem (b) is proved in Steps 2-4. In these steps,
let V' be a convex body in R™ and let a set £ C V, functions ¢, f € C(V),
and a polynomial P € P, ,, be such that equality holds in (2.2). In addition,

let z9 € V be such that ||P|c() = [P(x0)|. Without loss of generality we
can assume that xo = 0. Equality in (2.2]) shows that

(4.13)  [|Pllew) = [P(0)]
2
-, 1) 1Pl
1= (1= pio ) (B) /115y (V)P (5mB () ¢

STEP 2. We first show that ¢ and f satisfy the conditions of Theorem

2.3(b). Indeed, we note that (4.13|) implies equalities in (4.11)). Next, using
the monotone behavior of T,,(2u — 1) for u > 1, we see that equalities in

(4.11)) yield equality in (4.1)). Then by Lemmal4.1](c), equality (4.2)) holds for
a.e. | € Xy(0). Therefore, for a.e. [ € Xy (0),

(4.14) |P(zo)| = |Pllevry = TuIV 0 I /|ENT = D Pl
Further, (4.14)) shows that for a.e. [ € Xy (0),
(4.15) IPllceny = I1PllcE)-

Indeed, if || Pl|c(zry < IPllc(g) for rays [ from a subset of 2y (0) of positive
spherical measure, then (4.14]) contradicts Theorem (a). Therefore, for
a.e. | € Xy (xo),

(4.16) |[P(zo0)| = IPllcvay = Tu @IV O /|E N = D[PllcEnn

which by the necessity part of Theorem [1.1(b) is possible only if ENl is a
closed interval and one of its ends coincides with V Ni. Thus F satisfies the
conditions of Lemma (c) Then by (c), ©(t) = CtY/* for some k > 0
and C' > 0, and f(z) is a nonnegative concave continuous 1-homogeneous
function on V' and Ej (0) C E, where 7 = ) (E)/pgp) (V). Moreover,
ENl=E;-(0)nlfora.e. [ €Xy(0).

STEP 3. Here, we show that £ = EJ, -(0). We first note that by Theorem
L.1{(b), (4.16) is valid only if ||P|lcznyy = [P(OV N1)| for ae. I € Xy (0).
Therefore, (4.15) holds for all [ € Xy/(0). Further, we show that

(4.17) [VNl/|[ENl =C(E,V,0)
for all [ € Xy(0). Indeed, since Ej -(0) C E, for all [ € Xy/(0) we have
(4.18) VAl /[EN < VNl /|Ek.(0) Nl = C(E,V,0).
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Let us assume that
(4.19) Vnblhi/|[ENlh <C(E,V,0)
for some Iy € Xy/(0). Then we deduce from equality in (.11, relation
for all { € Xy/(0), and that
I1Pllownigy=Tn(2C(E,V,0) = 1)|[Pllom) = Tn(2C(E, V,0) = D||P[lc(zni)
> Tu(2[V 0ol /IE 0ol = DIIPlleen)-
This contradicts Theorem [1.1f(a). Therefore, implies for all [ in
Xv(0).
V%Js)ing again equality in , relation , and for all [ € Xy (0),
we obtain
(4.20) IPlleqvay =Ta2IV O /[EN = DIPllc@Em
for all I € Xy (0). By Theorem [L.I|(b), this is possible only if E = Ej . (0).
STEP 4. It remains to prove that V € K,,(0). By Theorem[L.1|(b), equal-
ity is possible only if
(4.21) P(x) = AT, (2n — 1 —2nMy(z)), =z €V, Ac R\ {0},

where 1 := C(E.,V,0) = (1 — (1 — 7)Y/ A/k+m)=1 > 1 "and for I, € 2y (0)
passing through x,

(4.22) My (z) = |z|/|V N1 = inf{\ € [0,00) : z € AV}

is the Minkowski functional on V', which is a 1-homogeneous nonnegative
function on V.

Next, we show that the function belongs to Py, if and only if
My(z) = a-z, x € V, for some fixed a € R™ \ {0}. Indeed, if P € P, ,
then for any ¢ > 0,

(4.23) Plex) = A aie’ (My () =Y £'Qi(x),
=0 =0

where a; € R depends only on 7, and @; € P;,, is the i-homogeneous
component of P, 0 < ¢ < n. In particular, shows that My (z) =
(Aa1)71Q1(z), where ay = —2nT),(2n—1) < 0. Thus My (z) = a-x for some
a e R™\ {0} and every x € V.

It remains to note that V' € KC,,,(0) if My (z) = a-x on V (see also [10,
Lemma 3|). Indeed, setting A = {z* € V : My (z*) = a - z* = 1}, we obtain
A C OV by , and A =Up,,_1 NV is a convex subset of the hyperplane
Un-1:={x € R™:a-x=1}. Since V = {Az* e R : 2* € A, X € [0,1]},
the set V is the convex hull of AU {0}, that is, V' € K,,,(0). This completes
the proof of Theorem 2.3. u

REMARK 4.2. In particular for (t) = t'/*, the proof of Theorem (a)
is a new proof of Theorem [T.4]
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Proof of Theorem[2.6. Without loss of generality we can assume that
coincides with the origin and H,,—1 = { € R™ : x; = h}, that is, H,,_1 is
perpendicular to the xq-axis.

Then for the function fs(x) := dx1, where § > 0, we obtain

h .
to(f5)(E) $pgo(0z)a] L dxy

(4.24) _
ot (V) St p(0ay) 2t day

. Sg(h—d) cp(t)tm_l dt L B1(6)

" o) tm—1 dt Bs(9)

Since ¢ is increasing,

4.25 lim B;(§) = lim By(d) =0 lim Bi(d) = lim Bs(6) =
(428) Jip, BuO) = lim Ba(6) =0, Jim Ba(0) = Jlim Ba(0) = oo,
where Bji(d) and Bg(d) are defined in (4.24)). Taking account of (4.25)), we
see by L’Hospital’s Rule that

W B0 (Yol
(4.26) lim Bo(0) = <1 > 1 (0

h

as & — 0T or & — oo, provided that the limit on the right-hand side of
(4.26) exists. It is easy to evaluate the limit on the left-hand side by using

condition ([2.3). Indeed, if

(4.27) Jim (1= d/h)y)/e(y) = (1= d/h)/7),

then and imply

(4.28) Jlim B1(8)/Bs(8) = (1 - d/h)Y/Ble)tm

If

(4.29) lim (1= d/h)y)/e(y) = (1 - d/h)"/Pe),
Y—

then and imply

(4.30) Jim B1(8)/Ba(0) = (1 - d/ h)/Blp)+m,

Further, note that if (2.3) is satisfied, then either (4.27) or (4.29) holds.
Combining (4.24]) with (4.28]) or (4.30)), we obtain

b (1- wfé)(E)>B<¢>/<1+mﬂ<w>>) B
d Ho(£5) (V) ,

as § — 0T if (4.29) holds, and as § — oo if ([4.27)) holds.
It remains to note (see Step 1 of the proof of Theorem [2.3(b)) that

IPllevy = Tn(2h/d = D||P|lc(r
2

—tim 7, 1) IPlege
1— (1 — ) (B) 1 gy (V)P (mB () (B)
as § — 07 or § — oo. This establishes (2.4]). =
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5. Examples. In this section we discuss some examples of functions ¢
and properties and examples of extremal functions f from Theorem In
Examples we present some strictly increasing and twice continuously
differentiable functions ¢ with 3(¢) > 0. In addition, these functions satisfy
condition (2.3)).

EXAMPLE 5.1. ¢(t) = t*log? (1 +1), A > 0, A+~ >0, A+ |y| > 0. Then
¢ is strictly increasing on (0, 00) and

(5.1) Blp) = 1/(A + max{y,0})
(see [17, Example 5.4]). In addition,
(5:2)  lim pley)/py) =, lim pley)/ely) = c e (0,1)

Then Condltlon . follows from and .

EXAMPLE 5.2. ¢(t) = t*(1 +t) ,A>0, A+~ >0, A+ |y > 0. Then
 is strictly increasing on (0,00) and (5.1) holds (see [17, Example 5.5]). In
addition,

(5.3) lim o(ey)/e(y) =, Jim oley)/o(y) =7, ce(0,1].

Then Condltlon . ) follows from ((5.2)) and (5.3 .

The functions ¢ in the following two examples satisfy condition ([2.3) as
well.

EXAMPLE 5.3. ¢(t) =t —log(1+1t), B(p) = 1/2.

EXAMPLE 5.4. ¢(t) =t+log(l+1), B(e) = 1.

Next, we present two examples of functions ¢ with B(¢) < 0.

EXAMPLE 5.5. o(t) = t)exp(7t®), A > 0, ar > 0. Then ¢ is strictly

increasing on (0, 00) and

B(p) {

(see [17, Example 5.6]).

EXAMPLE 5.6. ¢(t) = t*exp(rlog?™ 1), A\ > 0, 7 > 0, where m is a
nonzero integer. Then ¢ is strictly increasing on (0, c0) and

Loy A+ T(2m + 1) 1og?™ t — 2rm(2m + 1) log?™ ! t
(p()/ (1)) = Bt 2 T 1) o 1
Thus B(p) <0

Next, we discuss some properties and examples of concave continuous
1-homogeneous functions f from Theorem [2.3(b)

=0, 7>0,a€c (0,1 or 7,a <0,
<0, 7>0,a€(1,00)
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PROPOSITION 5.7. Let S be a convexr set in R™, 0 € S, and let f be
a continuous function on S with f(0) = 0. Then any two of the following
statements imply the third one:

(i) f is concave on S;
(i) f s 1-homogeneous on S, that is, f(Ax) = \f(x) for any x € S and
A > 0 such that Ax € S;
(iii) f is superadditive on S, that is, f(x +y) > f(z) + f(y) for any
xeS andy €S such that x +y € S.

Proof. We prove the proposition by standard arguments from the theory
of convex functions.

(i)&(ii)=(iii). For any x € S and y € S we deduce from (i) that
fl(z+vy)/2) > (1/2)(f(x) + f(y)). Then assuming = + y € S, we arrive
at (iii) from (ii).

(ii)&(iii)=(i). Since 0 € S, for any x € S, y € S, and A € [0, 1] we have
A eSS, (1—-XNyeS,and Az + (1 — Ny € S. So by (iii) and (ii),

)
fFOz+ (1 =Ny) = f(Ax) + f(1 = Ny) = Af(2) + (1 =) f(y).
Then f is concave on S.

(1)&(iii)=-(ii). We first note that Az € S for any z € S and X € [0, 1]
since 0 € S. Let n be a natural number and = € S. Then using (iii) and (i),
we obtain f(z) = nf(x/n) or equivalently f(ny) = nf(y) if ny € S. Hence
for any natural m such that maz/n € S, we have f(mz/n) = mf(zx/n) =
(m/n) f(x). Finally, approximating A > 0 by m/n € (0, A}, we arrive at (ii)
since f is continuous on S. =

PROPOSITION 5.8. Let S be a closed conver set in R%, 0 € 95, and
let a function f(x,y) of two wvariables be continuous on S and twice dif-
ferentiable and 1-homogeneous on S\ {0}. Then f is concave on S if and
only if for each fized y, f(x,y) is a concave function of x on the interval

{z:(x,y) € S}.
Proof. Differentiating both sides of Euler’s formula

0 0
. f((;;y)w f(asz,y) ~ flany)

with respect to each variable, we see that the Hessian determinant det A(x, y)
of f equals zero on S\ {0}. Therefore by the criterion for concavity of a
function in two variables (cf. (3.1)), f is concave on S\ {0} if and only
if 02f(z,y)/02* < 0 for (x,y) € S\ {0}. Since f is continuous on S, the
proposition is established.

EXAMPLE 5.9. Let S = {z € R™ : z; > 0, 1 < i < m}. Then the
Cobb-Douglas function
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m m
f(ac):H:I:ZO”, a; >0,1<i<m, Z%’ZL
i=1 i=1
is superadditive on S by a generalized Holder’s inequality [19, Sect. 2.7.11].
Hence f is concave on S by Proposition [5.7]

ExaMpPLE 5.10. Each elementary symmetric function
f@) = (op(@N'*, 1<k<m,

is superadditive on S due to Bohnenblust (see [23] or |2, Sect. 1.34]). Hence
f is concave on S by Proposition [5.7]

Note that Examples and are discussed in [I7, Example 2.5 as

well.

ExXAMPLE 5.11. Let S = {(x,y) € R? : 0 < 2 < y < o0o}. Then the
function of two variables

flx,y) = Vy? — a2

is concave on [0, y] for each fixed y > 0. Hence f is concave on S by Propo-

sition (.8
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