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ON THE k-FOLD ITERATE OF THE
SUM OF DIVISORS FUNCTION

BY

JEAN-MARIE DE KONINCK (Québec) and IMRE KATAI (Budapest)

Abstract. Let v(n) stand for the product of the prime factors of n. The index of
composition A(n) of an integer n > 2 is defined as A(n) = logn/log~y(n) with A(1) = 1.
Given an arbitrary integer k > 0 and letting ox(n) be the k-fold iterate of the sum of
divisors function, we show that, given any real number € > 0, A(ox(n)) < 1+ ¢ for almost
all positive integers n.

1. Introduction and notation. Let v(n) stand for the product of the
prime factors of the positive integer n. In 2003, De Koninck and Doyon
[DD] studied the mean value and various other properties of the indezx of
composition of an integer, defined for n > 2 by A(n) :=logn/log~y(n), with
A(1) = 1. Later, others (see [DK], [DKS], [ZZ]) further studied the behaviour
of this function. Of particular interest is the result of De Koninck and Luca
[DL] who showed that the normal order of A(c(n)) is 1, where o(n) stands
for the sum of divisors function.

Given an arbitrary integer k > 0, let o (n) stand for the k-fold iterate of
o(n), that is, og(n) = n, o1(n) = o(n), o2(n) = o(o1(n)), and so on. Here,
for any integer £ > 0 and any real € > 0, we show that A\(o;(n)) < 1+ ¢ for
almost all positive integers n.

We denote by p(n) and P(n) the smallest and largest prime factors
of n, respectively. We write II(n) for the largest prime power dividing n.
The letters p, g, m and @, with or without subscript, will stand exclu-
sively for primes. On the other hand, the letters ¢ and C, with or without
subscript, will stand for absolute constants but not necessarily the same
at each occurrence. Moreover, we shall use the abbreviations z; = logx,
x9 = loglog x, and so on. Finally, given any real number x > 1, we let N, =

(1,2,...,|z]}
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2. Main results

THEOREM 2.1. For any fized integer k > 0 and real € > 0,
1
(2.1) ;#{ngx :Mog(n)) >1+et—0 (v — o0).

REMARK 2.2. The case k = 0, namely that the normal order of A(n) is
one, was proved by De Koninck and Doyon [DD]. The case k = 1 was settled
by De Koninck and Luca [DL], who actually proved more, namely that

% S Mo(m) 51 (5 o).

n<x

We could not generalize the approach used in [DL] to prove (2.1) for any
k > 2. We will therefore use a totally different approach.

On the other hand, if ¢ stands for the Euler totient function and ¢g(n)
for the k-fold iterate of ¢(n), it turns out that the next theorem is much
easier to prove than Theorem

THEOREM 2.3. For any fized integer k > 0 and real ¢ > 0,
1
—#{n<z:ANgg(n)) >1+e} -0 (z— ).
x
Finally, let 0*(n) stand for the sum of the unitary divisors of n, and
oj(n) for its k-fold iterate. We can then prove the following.

THEOREM 2.4. For any fized integer k > 0 and real € > 0,

< e Aoim) 2146} 50 (2 o)

3. Preliminary lemmas

LEMMA 3.1. For all integers k and £, let

Sz, k,0) = Z ]1)

p<x
p=¢(mod k)

Then, for £ =1 or —1, k < x, and x > 3, we have
011‘2
o(k)’

6(w,k, £) <

where C1 > 0 is an absolute constant.
Proof. This is Lemma 2.5 in Bassily, Kédtai and Wijsmuller [BKW]. m

We say that a k+1-tuple of primes (qo, g1, - - ., qx) is a k-chainif ¢;—1 | ¢; +1
for i = 1,...,k, in which case we write g9 — q1 — --- — qr. We shall need
the following result.
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LEMMA 3.2. For any fixed prime qo and integer k > 1, there exist abso-
lute constants cq,...,cp such that

2 k
c1x 1 Cox 1 CLT
E il g E —< Q’ . E < ﬂ_
<z G2<z q2 q0 d<z qk q0
qo—q1 qo—q1—q2 qo—q1—>"—qk

Proof. Using Lemma we get, for some constant ¢; > 0,

(3.1) Z 1 < Cia2 _ Clle < 01x2,
= #(q)  qo — 90
qo—q1

which proves the first inequality. To obtain the second one, observe that, by
(3.1]), for some constant co > 0,

X s X oe Y ean Y

q2<z @<z q2<x @<z q1<:c
qo—q1—q2 q0—q1 q1—q2 qo0—q1 qo—q1
C1X9 Co2T
<creg—— = 2
q0 q0

thus establishing the second inequality. Proceeding in the same manner, we
deduce the other inequalities. »

4. Proof of the theorems. We only prove Theorem [2.1]since the proofs
of Theorems 2.3] and 2.4] are similar.

We first introduce the sequence (wg)r>0 = (wk(z))k>0 of real functions
satisfying
(4.1) log wi(z) = x4™,
where 0 < mo < mp < --- is a suitable sequence of integers, to be deter-
mined later.

Our plan is to introduce our approach in the cases k = 0 and k£ = 1, and
then to use induction on k.

For k = 0, we first write each positive integer n < x as

Oo(n) =N = Ao(n)Bo(n),
where Bo(n) := [, 45w, @ @nd Ag(n) = n/Bo(n). Then, let Y; — oo as
r — oo with Y, < x5 and consider the set

0 .= {n e N, : u(Bo(n)) = 0 or II(Ag(n)) > Y,Y* or P(Ag(n)) > Y.},
where p stands for the M6bius function; observe that
(4.2) #UO = o(z) (z — o0).

Now setting

N = N\ U,
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we find that, for n € Nél), By(n) is squarefree and (Ag(n), Bo(n)) = 1, thus
allowing us to write

o(n) = a(Ag(n)o(Bo(n)) (n e NV).

To each prime number ¢, we associate the strongly additive function f,

defined on primes p by
koif ¢" lp+1,
folp) = .
0 ifgtp+1.
Then, we set

s( qu‘l(" and FE(x Z log s(n Z Z(logq)fq(n)

q<a} neN) neN{ ¢<z3
We have, in light of Lemma

E(x) < Z log q) Z Z - <Clxx2 Z logq <ngx2w3,

q<x32 gk <z gk |p+1
k:
q <w

so that

(4.3)  s(n) < exp(zaxzxrs) for n <z with at most o(z) exceptions.

Letting UM be the set of those integers n € N for which q?| o(Bo(n))
for at least one prime ¢ > 3, we have, using Lemma

DD SRR ED DEED DR 1D Dl O

(B p1p2
2 2 < < p
neNgﬁl) q*lo(Bo(n)) q>5 p=x q>;p p1,p2<
2 p+1=0 (mod ¢? q—p1,q4—p2
q>x5 ( ) D2

< Csza’ Z — < 04—

>x2
implying that
(4.4) #UD =o(z) (z — ).

Letting w1 = wi(z) be such that log w1 (z) = x3 (that is, choosing m; = 2

in (4.1)) and setting
rin):= ] @

qlo(Bo(n))
z3<q<w

we deduce, again using Lemma that

1
(4.5) Zlogr(n) < Z (log q) Z % < Cszxs Z Oi;q < Cexas.

n<z z3<q<w ggfz q<wi
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We now set Néz) = Né” \L{él) and
U? = {ne NP : s(n) > exp(zaxsy) or r(n) > exp(aizs)}.
Thus, in light of 7, we have
#UP =o(z) (z — o0).
This motivates the definition

NP = NEPAUP).

Writing
Ain) = olAa(@)s(mr(n), B = [
qlo(Bo(n))
gq>wi

we then obtain

(4.6) A1(n) < o(Ao(n)) exp(2z3z3)  (n e NP)).

On the other hand,

(4.7) o(Ag(n)) < CY) " log Vs < x5 (ne N®),

which implies that (o0(Ao(n)),Bi(n)) = 1, and since we obviously have
(s(n)r(n), B1(n)) = 1, we may conclude that

o(n) = Ai(n)Bi(n),
where
(A1(n),B1(n)) =1, Bi(n) is squarefree,  Bi(n)|~v(o(n)).
Consequently, in light of and ,

(4.8)

) < Ai(n) < zzexp(2aizs)  (n € NPY).

Now, write

logo(n) 14 log(o’(n)/’y(a(n)))

(4.9) Meo(n)) = log1(o(n)) ogr(o() 146,
say. Using and (4.8)), we find that
110) g, < o8@M/AeM) @i+ 20

= log(o(n)/Ai(n)) T logo(n) — (24 + 22373)
Since, for n € [x/z1, x|, we have logo(n) > x1 — x2, it follows from (4.10))
that

3
(4.11) 0, < 27273 () e N,
x1

Using (4.11)) in (4.9) proves (2.1f) for the case k = 1.
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Having proved our result for the cases k = 0 and k£ = 1, we now use
induction. Assume that (2.1)) is true for j = 1,... k. For j = 1,...,k, let

/\/';,Ej) be the sets with M, D ./\/';,El) D /\/}52) D ... and

0j(n) = 4;(n)Bj(n) (n € NP),

where
j(n)
B = T[ o md A0m=Z0
qlo(Bj_1(n))
CI>wj

with w; = w;(z) as in and
o(Aj(n)) <wjpr (n e NY),
with
(Aj(n),Bj(n)) =1, Bj(n) is squarefree,  p(Bj(n)) > w;.
We can therefore write
ox(n) = Ag(n)By(n),
where

o(Ak(n)) <wgsr,  p(Br(n)) > wg,
By(n) is squarefree, (Ag(n), Bp(n)) = 1.

Hence, By(n) is a divisor of y(ox(n)), and following the same argument as
in the case k = 1, we conclude that (2.1) holds for k.

For the case k + 1, we first write

(4.12) o+1(n) = o(Ag(n))o(Bk(n))
and set
Sk(n) — H ﬂ-fﬂ'(U(Bk:(n)))’ rrk(n) — H T,
m|o(Bg(n)) m|o(Bg(n))
7r§x§<k+l) x§<k+l)<7r§wk+1
tk(n) = H T,
m|o(Bg(n))

T>Wh 41
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where, in each of the above products, 7 runs over primes. First observe that

S dogskn) = S0 S felo(Bin)) log

ne/\/é'” nE/\fz(k) 7r§a:§k+1)
T
= > (logm) > fx(p1) L%lJ
Trgx;(k-&-l) Wﬁplpj;"l'u*];pwrl +
2(k+1 log 7 2(k+1
< C’k+1:m2( ) Z < C’k+1;m:2( )333.
ﬂgwg(k_H)
It follows from this estimate that
1 (k) rgr D
(4.13) 5#{716]\/; : sk(n) > efe2 3120 (z— o0),

provided k, is any function such that x, — oo arbitrarily slowly as x — oo.
We will now prove that, as z — oo,

1
(4.14) —#{neN® : there exists w > mg(kﬂ) such that 72| o(Bg(n))} — 0.
T

Indeed, if n € N and 72 | 0(Bg(n)), then there exist two chains of primes,
namely

T—=Q1— = Qry1,  Qry1|n,
T —>P1 = = Pkl Pry1 |7,
from which it follows, using Lemma that
T
D R Vi ey
7r>z§(k+1) 7r2|U(Bk(n)) 7r>:p§(k+1)

neN g Q1 —Qk 11
T—P1— " —Pk+1

1
< C:U:Lé(k“) Z < ﬁ,

thus establishing (4.14)).
On the other hand,

BRCTIOED SR D SN Fel

Prk+1
ne./\/'ggk) z;(k+1)<ﬂ§wk+l T—P1—>—Pk+1
2(k+1) log 7 2(k+1)
< Czz,, Z - < Czz, log wi+1
T<Wg41
2(k+1
— CprFHD M

2 9
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which proves that

2(k+1)+mk+1
2

(4.15) %#{n e N < (n) > e —0 (x— o0).

Replace by
oky1(n) = o(Ax(n))sk(n)rr(n)ty(n);

then, since for all n € Nék’, we have o(Ag(n)) < wyy1 while p(tg(n)) > wi41
and P(sg(n)ri(n)) < wgi1, it follows that, choosing

Aps1(n) = o(Ax(n))sk(n)re(n),  Biyi(n) = te(n),
we have
Ok+1(n) = Ak1(n) Bisa(n).

In light of (4.13)—(4.15), we can now say that, with the possible exception
of o(x) integers n < x as x — o0,

0(Ag+1(n)) < wiye  for a corresponding suitable large integer myyo.
Moreover, since Byy1(n) is squarefree, we observe that

Bi1(n) [ y(ok+1(n)),

and we may then conclude the proof similarly to the case of k, thus proving

(2.1) for k + 1 and thereby completing the proof of Theorem
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