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1. Introduction. Let F, be the algebraic closure of the finite field F,
with ¢ elements. If F' is an algebraic function field with constant field F,,
then its p-rank v(F') is defined as the F,-dimension of the group of divisor
classes of degree zero of order p, where p is the characteristic of Fq. When F'
is a function field with constant field F,, we define its p-rank as the p-rank
of the compositum F - F, of F and F,,. The p-rank is of independent interest
and occurs for example in class field theory to estimate how many distinct
unramified Artin—Schreier extensions of degree p a function field F' can have.
The p-rank also appears in [7] to analyse the theoretical behaviour of various
constructions related to multi-party computations and fast multiplication
algorithms. For such constructions a tower of function fields with low p-rank
is better than a tower with high p-rank. The main contribution of this article
is to define a new tower of function fields defined over cubic finite fields [F,
with excellent asymptotic behaviour.

To put our results in context, we introduce some notation and back-
ground. Following [16], we introduce a tower F/F, = (Fy C Fp C ---) of
function fields over F,. The limit A\(F/F,) of the tower is defined as

= lim N(Fy)
ANF/Fy) = nl_mo J(Fo)

where N (F},) and g(F},) are the number of F -rational places and the genus
of F,,, respectively. It is well-known that

0 < XNF/Fq) <q—1,

which is called the Drinfeld-Vladut bound. Towers with A\(F/F,) = /g — 1
are called optimal.
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The asymptotic p-rank, or for short the p-rank, of the tower F/F, is

defined as +(F)
F/F,) := liminf ——"<.

Note that in [7] this quantity is called the p-torsion limit of the tower. Since
for any function field we have 0 < ~(F) < ¢(F'), we conclude that 0 <
o(F/Fq) < 1. Towers with ¢(F/F,;) = 1 are called ordinary. For example,
it was shown in [2] that the optimal tower of [9] is ordinary.

Motivated by [7], one is especially interested in towers F/F, having a
large limit and p-rank as small as possible. The best would be to find an
optimal tower with zero p-rank, but it is not known if such towers exist.
What is known [7), 2] is that if ¢ is a square, the explicit tower from [8] has
p-rank 1/(,/q + 1). This gives the currently best known upper bound for
the minimal p-rank of a tower of function fields defined over square finite
fields. For non-square finite fields, much less is known. It is for example not
known if optimal towers exist. For non-prime values of ¢ the towers F/F,
introduced in [3] have the currently largest known limits for a given value
of ¢q. Before this construction, the best known bound was Zink’s bound over
cubic fields F s, namely

2(p* — 1)

pe+2

Here A(q) denotes Ihara’s constant for a given prime power ¢. Even though
the limit of the tower [3] coincides with Zink’s bound for e = 1, it strictly
exceeds Zink’s bound for e > 1. Therefore, after the square ¢ case, computing
the p-rank of a tower over Fps with limit at least Zink’s bound is the next
obvious case to study. So far in [2] only the p-rank of a tower BaGS/IF,zs.
introduced in [4] has been computed. There, it was shown that

2(")" —2

(p° = 1)(p° +2)
where (I) denotes the binomial coefficient. This shows that the p-rank of
BaGS/F . is strictly less than 1 for e > 1, while it is ordinary for e = 1.
In this article, we will introduce a new tower F /IFs. satisfying the same
reducible recursive equation as the one used in [3] (see below). However,
the defining equation of F/F s comes from a different factor, namely the
unique factor of degree ¢ — 1 (see ), where ¢ = p°©. In this respect, we
can see F /3. as a variant of the tower given in [3]. It turns out that our
tower contains the tower given by Bezerra, Garcia and Stichtenoth [5] as a
subtower. The limit of our tower is the same as the limit of BaGS/Fs; hence
it meets Zink’s bound, but it has better p-rank properties. In particular we
will show that

A(p*) >

©(BaGS/Fyse) =

p2€+p8+4

F/Fpe) < - L T 7
PEM) S et e 1)
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and in fact equality holds if e = 1 (see Theorem |4 and Remark . Note
that for e = 1, the p-rank of the new tower is significantly less than that of
BaGS / Fp:a.

The article is organized as follows. In the next section we give the neces-
sary preliminaries concerning the computation of p-rank. In the third section
we introduce the new tower and compute its exact limit using previous work
on related towers. While doing so, we compute the exact genus of all the
function fields occurring in the new tower and completely describe its rami-
fication structure. In the fourth section we compute the p-rank of the tower.
The main effort there will be spent on computing the p-rank of the second
function field in the tower. Next, the p-rank of the tower will be computed
using the Deuring—Shafarevich theorem and the ramification structure de-
scribed in Section 3.

2. Preliminaries. Let E/F be a finite separable extension of function
fields with the same constant field. We denote by P(F) the set of places
of F. For a place Q € P(F) lying above a place P € P(F'), we write Q|P,
and denote by e(Q|P) the ramification index and by d(Q|P) the different
exponent of Q|P. The following formula is a crucial tool to compute the
p-rank in p-extensions of function fields.

THEOREM 1 (Deuring-Shafarevich [12]). Let E/F be a Galois exten-
siton of function fields over an algebraically closed field of characteristic p.
Suppose that the Galois group of the extension is a p-group. Then

1) (B -1=[E: Fl(x + S e@p) -,
PEIP’F)Q%HTP)

Using the Riemann—Hurwitz genus formula
(2) 29(E) =2 =[E: F](29(F) — 2) + deg(Diff (E/ F)),

where Diff(E/F) is the different divisor of E/F, we can compute the values
v(E) and g(F) from (1)) and (2)) once we have the following information:

e The degree [E : F|] of the field extension E/F.

e The values v(F') and g(F).

e The ramification structure in E/F, i.e. e(Q|P) and d(Q|P) for any
Q € P(E) and P € P(F) with Q|P.

Computing the p-rank of a tower F/F, = (F; C F» C - --) of function fields
is in general a difficult task. However, if each step Fj;1/F; in the tower is
Galois with a p-group as its Galois group, then the Deuring—Shafarevich
theorem can be applied recursively in the tower. This requires knowing the
exact ramification structure for each step Fj11/F;. Moreover, the genus and
p-rank of the “basis” function field F; should be known. Some towers have
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this property [8, /4], and as mentioned in the introduction, for these the exact
p-rank is known. In particular in [4], the main difficulty was to determine
the p-rank of the basis function field. A similar phenomenon occurs in this
paper. We will therefore need some tools for the p-rank computation of a
specific function field.

The tool we will use to compute the p-rank of a function field F' with
constant field F, of characteristic p is the Cartier operator and its action
on the space of regular differentials of F'. Therefore we now briefly describe
the main properties of the Cartier operator. Denote by (2r the space of
differentials of F'. If we fix a separating element x € F', then each differential
w € 2r has a unique representation of the form

w=(+Ae+-+ zﬁflxp_l) dx
for some zp, 21,...,2p—1 € F'. We then define the Cartier operator as a map
C: 1 r — 2 F by
C(w) := zp—1 dx.

We refer to [10] for more information on the Cartier operator. For us it will
be more convenient to use its powers. The above definition directly implies
the following [2, Lemma 4]. With notation as above, assume that

pf-1 ;

W= (Z 2P a:l) dx

i=0

for some zp, ..., 2,r_; € F. Then

Cl(w) = i1 dT.

Moreover, if ¢ = p/, then C7 acts [F-linearly on the space of regular differ-
entials.

The relation between the p-rank «(F') of a function field F' and the
Cartier operator is the following.

LEMMA 1. Let F be a function field with genus g(F') and constant field
F, of characteristic p. Suppose that q¢ = p!, and in some basis of regular
differentials, C is represented by a matriz with coefficients in F,. Then
g(F) — ~v(F) is equal to the algebraic multiplicity of the zero eigenvalue
of CT under the action on the space of reqular differentials of F.

Proof. This lemma is implicit in [2]. More precisely, it can be derived
by combining Lemma 3, Remark 5 and the first paragraph in the proof of
Theorem 19 in [2]. =

Later on we will see that some special binomial coefficients occur as
eigenvalues. Since we are working in characteristic p, it will be useful to
have a tool to investigate binomial coefficients modulo a prime. The following
classical lemma by Lucas [14] will be useful.
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LEMMA 2 (Lucas). Let n and m be non-negative integers and p be a
prime number. Suppose that in base p the integers m and n are written as

n=no+mp+---+np, m=mo+mp+--+mp,
with 0 <n;,m; <p—1for0<¢<1. Then

<Z> - (ZD <:111> (:ﬁ) (mod p).

In particular, () # 0 (mod p) if and only if m; <n; for all i € {0,...,1}.

In the remainder of this section, we collect several facts from [5, 13| 6, 1]
on a tower of function fields defined over a cubic field FF 3. This tower will
be useful in later sections for computing the genera of the function fields
in our new tower. We start by considering the function fields Z; := Fs(21)
and Zy := Fs(z1, 22), where

-1 -1 q+1
(3) (g — 1)9FL 4 2L 2y 1)0 - <zl > 2 = 0.
21 21

From [1, proof of Lemma 3], the only ramified places of Z; in Zy/Z; are
(21 = 0) and (21 = 00). More precisely, we have:

LEMMA 3. Let Zy = Fs(z1,22) be the function field defined by .
Then:

(i) There is a unique place P of Zs lying over (z1 = 00), which is totally
ramified.

(ii) There are two places of Zo lying over (z1 = 0), say Py and P, with
e(Pi|(z1=0)) =1 and e(P|(z1 =0)) = d(P2|(z1 =0)) = q.

Item (i) implies in particular that is absolutely irreducible. It is also

shown in [I] that there exists ag € Z3, namely
1-— Z129
(4) oy = —=

such that Zy = Fqs(ao). Moreover, z1 and zy can be expressed in terms of
og as follows:

2’1—17

1+a0

— — q+1

Zl__anrl and 22 =—(ao+ ) ).
0

With this change of variables, the ramified places P, P; and P, of Z can
be given as

(5) P = (Oé() = 0), P1 = (Oéo = —1), P2 = (040 = OO)

We now wish to define a tower Z/F;s = (Z1 C Z C ---), where for
n>1, Zyy1 := Zn(zn41) and the quantities z, satisfy the recursive equation

Zn — 1 Zn — 1 atl
6) (o - )7 <zn+1—1>q—( ) —

n Zn
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However, this recursion does not determine the tower uniquely. We will
describe in detail what happens, and then define the tower Z/F s uniquely.
As for Zy, for each n > 1 there exist variables oy, 1 such that Fs(2,, 2n41) =
F3(an—1) and

14+ ap—1

(7) = and  zp41 = —(o—1 +
@

q+1 )

n—1

Considering Z3 = FF3(21, 22, 23), we conclude that Z3 = Fs(ao, 1) and oy
is a root of the polynomial

1 1
q+1 + ay, T- q+1 + ap
if we set n = 0. This polynomial has a linear factor, namely

1
o+ 1’
and an absolutely irreducible factor of degree ¢ [6]. Using the degree ¢ factor,
one can define recursively Ag := F 3(ap) and A, := A, 1(ay) and obtain
the tower A/F,s = (Ag C A1 C ---) studied in [6] (or more precisely, the
dual of the tower studied there).

We can now also uniquely define the tower Z/F s = (21 C Z2 C ---)
using @ by setting Z, := Fys(21,...,2,). Note that Z,,2 = A, for all
n > 0, so the towers Z/F s and A/F,s are essentially the same. Moreover,
as observed in [6], this is also the same tower as given by Ihara [13] as a
subtower of one given by Bezerra, Garcia and Stichtenoth [5]. As a result,
the genera g(A,,) are given as follows.

(8) Tq+1

9) T+ ——

LEMMA 4. Let A/Fys = (Ag C Ay C ---) be the sequence of function
fields defined as above. Then for all n > 0:

(i) Apnt1/An is a separable extension of degree q.
(ii) Fys is the full constant field of Ay.
(iii) If n =0 (mod 4), then

1
9(An) = 2(q—1)
If n=2 (mod 4), then
9(An) = Ag—1)
If n=1 (mod 2), then
9(An) = 2((]_1)

Proof. See [6] and [5, Theorem 2.9]. =

(g™ +2¢"—2¢" T2 2"/ 2+Q)—gq(n‘2)/ 2(q+1).

n—2 . _
2 g ),

(qn+1+2qn_4q(n+2)/2+q)_ i

n—1
(qn+1+2qn_q(n+3)/2_3q(n+1)/2+q) Tq(n 1)/2‘
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The precise ramification structure of the tower A/F s has been deter-
mined in [6] and is here restated for future reference.

LEMMA 5. Let A/Fys = (Ao C Ay C ---) be as above. Further let Q be
a place of Ap, and P; the restriction of Q to Fys(ay), i.e. Pi=QNTFs(ay)
foralli=0,...,n.

If Pi = (Odi = —1) then F)z'+1 = (Ck,‘_H = —1) or 1D2'+1 = (Cki_H = OO)
In the first case, P; is unramified in F (o, iq1)/Fys(aq) and Piyy is to-
tally ramified in Fgs(oi, aip1)/Fs(qir1) with different exzponent q. In the
second case, P; and Pjy1 are ramified with ramification index q¢ — 1 in
Fs(avi, i) /Fys (i) and Fys(oi, cir1)/Fs(aiy1), respectively.

If P, = (a; = o0) then Piy1 = (41 = 0). In this case, P; and Py
are unramified in Fys(aq, 1) /Fgs(oi) and Fys(o, i) /Fys(oivr), respec-
tively.

If P, = (a; =0) then P11 = (ayy1 = 00). Further, P; is totally ramified
in Fys(ai, air1)/Fys(oq) with different exponent q, and Piy1 is unramified
m Fqs (Oéi, a¢+1)/IFq3 (Oéi+1).

In particular, there are four types of sequences (P;);>0, with ramification
structure as indicated in Figure

ype (1) :
e=1 e=1 e=1
e=d=q e=d=q
(a0 =—1) (1 =-1) (a2 =—1)
Type (2) :
e=1 e=q—1 e=1 e=d=q
e=d=q e=q—1 e=1 e=1
(a0 =—1) (i =—1 (i1 = 00) (avip2 =0) (ctis = 00)
Type (3 .
e=1 P=d:q/ e=1 e=1 \ezd:q/
e=1 e=1 e=1
(o = 0) (a1 =0) (a2 = 0) (c2i = 0) (241 = 0)
Type (4)
e=d=q e=1 e=d=q e=d=q e=1
e=1 e=1 e=1
(ao = 0) (al = oo) (a2 = 0) e (a% =0 (a2i+1 = OO) .

Fig. 1. Ramification structure of A4
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3. The new tower. We will now introduce a new tower over cubic
finite fields. In this section we investigate the genera of the function fields in
the tower as well as its limit and ramification structure. The new tower is a
variation of a class of towers introduced in [3]. In particular, in [3] a class of
towers was given with function fields (Fge(z1,...,2n))n>1 whose variables
for n > 1 satisfy the recursive equation

e_1 e_q
xd -1 x% -1

n+1 o
¢i—1 q°—qeJ

These equations were explained using the theory of Drinfeld modules and
turn out not to be irreducible in general. The towers studied in [3] correspond
to choosing specific factors. Whereas for e > 2 the resulting towers in [3] will
not have Galois steps, we will see that for e = 3 by choosing different factors,
one can obtain a tower F/Fs = (Fy C Fy C ---) with Galois steps. While
Fy :=TF3(x1), the other function fields will need to be given explicitly.

3.1. The defining equations of the new tower. Fore = 3 and j = 2,
the equation given above reduces to

3_ 3
q°—1 q°—1
:En_‘_l - 1 o .%'n - 1
(10) ; =—0
2 -1 P
n+1 n

However, is not irreducible. More precisely,
XC9yT —y) — (XC o)y = (XCY T 4y 4 X9y )
_ x?*-¢ (Xq2flyq2 +Y94 Xquqy)’
and hence
(11) X 9y? —y)— (X¢ - 1)y
= J] (X7've + Y7+ X771 — aX?)
a€clF,
= Y(XCly? Tl yel 4 x40
< J] XTWT 4 Y94 XTIy —aXT).
a€lfg\{0}

For the construction of the second function field Fy of F/F s we consider
the factor of Y-degree ¢> — 1. Items (i) and (ii) of the following proposition
imply that this factor is absolutely irreducible.

PROPOSITION 1. Let Fy = Fys(x1,22) be an extension of the rational
function field Fys(x1) such that x1 and x2 satisfy
(12) :c(lf_le_l +a2i :c‘f_q =0.

Then:
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(i) [Fo:Fp(z1)] = ¢ — 1.
(ii) Fys is the full constant field of Fy.
(i) g(F2) = (¢* — ¢* — 4g +6)/2.

Proof. We multiply by x2/ x(f to obtain

x 1 S 27 2o \?  xo
2+22+q:2+(q> + = =0.
xr1 x‘f Ty xr1 Ty Ty

This implies that for oo € Fys \ {0} the place (z1 = «) splits completely in
Fy/Fs(x1), since the equation

7 q 7 q
x ) T2 X2 X2 Z2
0= 22 ] 2 [ 22 L2 L2
has ¢? distinct solutions for 3 in Fs. This implies (ii).

2
Moreover, if we set R := zo/z{ and S := x /z;, then

g1 S RI+R  RT'41
1:: 1 — =

~R? R RPI

Since Iy = Fys(z1, R), we can write Iy as the compositum of Fs(x1) and
F,s(R). Note that Fys(z1)/Fys(21) is a Kummer extension, and therefore
in particular a tame extension. The only ramified places of F s (z1) in this
extension are (z; = 0) and (21 = c0), both with ramification index ¢®—1. To
compute the ramification in F//IF 3 (x1), we only need to find the ramification

behaviour in Fs(R)/F,3(21). To investigate the latter, it will be convenient
to extend the constant field to IF := ﬁqg.
The minimal polynomial p(T') of R over F(z) is
1

1
p(T) =TT 4 —197t 4 —
Z1 Z1

For oo € F\ {0}, we denote
1
o

1
pa(T) =TT~ 4 —T971 4
«

We observe that p,(T) and its derivative p/ (T') cannot have a common zero
in F. This implies that none of the places P € P(F(z1)) other than (z; = 0)
and (21 = oo) ramify in F(R)/F(z1). From the defining equation of F(R)
over F(z1), i.e. z1 = —(R9™! + 1)/R? !, we see that the following hold:
(a) Set B:= {3 € F | B9 1 41 = 0}. There are ¢ places of F(R) lying
over (z; = 0), namely (R = () for § € B, each of them satisfying
e((R = p)|(z1 =0)) =1 and (R = o0) with e((R = o0)|(z1 = 0))
2
=¢—q
(b) (R = 0) is the unique place lying over (z; = o). In particular,
e((R=0)|(z1 = 0)) =¢° — 1.
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Let @ be a place of Fy lying over (R = () for some 8 € B. Then by
Abhyankar’s lemma, @Q is ramified in F»/F(R) with e(Q|(R = ) = ¢ — 1.
This implies that [F; : F(R)] = ¢® — 1. Equivalently, [F : F(z1)] = ¢® — 1,
which proves (i).

Now we compute the genus of Fb using the Riemann—Hurwitz genus
formula applied to Fy/F(R). We have already established that the ramified
places of Fy other than the ones lying over (R = () for § € B, which are
totally ramified in F»/F(R), can only lie over (R = co) and (R = 0). Let Q1
and Q2 be places of F lying over (R = oo) and (R = 0), respectively. Then
by Abhyankar’s lemma, e(Q1|(R = o)) = e(Q2|(R = 0)) = ¢*> + ¢+ 1. Since
[Fy : F(R)] = ¢® — 1, we also deduce that there are ¢ — 1 possibilities for Qq
as well as for Q2. Then 2¢g(F») — 2 is given by

(¢® = 1)(=2)+ (¢ = D(¢* = 2) + (¢ — 1)(¢* + q) + (¢ — 1)(¢° + q),
and (iii) follows. m
The equation
2_q q
q2_1 q2_1 q—l q2_q o Xq q2 Y Y
Xy Pyt X S <Y + e

was used to define F = F3(x1,72), but using the same equation to recur-
sively define F3 = Fy(x3) is somewhat subtle. The reason is that over F» we
have the factorization

q q
xqz 1 .733 + X3 - xq _ I3 _ xq_l l’q . I3
3 -1 q—1 — 3 (x T )q—l 1 3 (l, T )q_1
T Ty 142 142

2
11 (= 2m) I (4 o)

acF, a€F,\{0}

Fortunately, we can choose any of the degree ¢ factors to define F3 = Fy(z3).
Moreover, any choice gives rise to the same extension, since for any « in

F, \ {0} we have

zd 3 axr] = xd 3 oz
T gl 1 =3 — o 7 — Q1.
(z129)971 (awqme)i~1
For convenience we will assume that for n > 1 we have
x
q n+l _
(13) Tyl — —xp—1 =0.

(l’nflfn)qil
In principle, this equation could be reducible over F,, for some n > 2 (though
we will see later that this does not happen). In either case, gives rise
to an Artin—Schreier polynomial, thus defines an Artin—Schreier extension
of F),. Therefore, either it is absolutely irreducible, or it factors completely, in
which case Fj,+1 would be equal to F},. Regardless of what happens, we can
uniquely define a tower of function fields by Fy := Fs(x1), F := Fs(z1, 22)
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as in Proposition |1}, and for n > 2, F,41 := F,(zp4+1) with x,4; satisfy-
ing .

In the following lemma, we will see that for n = 2 in fact defines
an Artin—Schreier extension F3 = Fy(x3) of Fy of degree ¢. Later on we will
see that [Fy41 : Fy,) = ¢ for all n > 3.

LEMMA 6. The polynomial T9—T /(x122)7 !

over Fy.

—x1 15 absolutely irreducible

Proof. As we consider the absolute irreducibility of a polynomial, we can
continue to assume that F5 is a function field with the full constant field
F= Elg. With the same notation as in the proof of Proposition |1} we have
Q1NF(z1) = (x1 =0) and Q2 NF(z1) = (x1 = 00). We use the transitivity
of ramification index and of different exponent to conclude that

e(Q1l(z1 = 0)) = ¢, e(Qa|(x1 = 00)) = ¢ + 1, d(Q1](x1 = 0)) = ¢° + ¢ — 2.

We now count the number of ramified places lying over (z; = oo) and
(x1 = 0). Since any place Q of F, lying over (x; = 00) lies over (R = 0) with
e(Q|(x1 = 00)) = ¢+ 1, we conclude by the Fundamental Equality (see [16),
Theorem 3.1.11]) that there are ¢ — 1 places lying over (z; = o0), say Q1¢
for ¢ =1,...,q—1. Now suppose that @ is a place of F» lying over (z1 = 0).
We note that there exist ¢ — 1 places of Fy lying over (R = ) for 5 € B,
which are not ramified in F5/F(z1). We denote by Qg the unique place of F5
lying over (R = /). On the other hand, any place of F» lying over (R = 00)
ramifies with ramification index ¢ and different exponent ¢ + ¢ — 2. From
the Fundamental Equality, we conclude that there are ¢ — 1 places of Fy
lying over (z7 = 0), which are ramified, say Qo for £ = 1,...,q — 1. Thus
we can give the principal divisors of x1 and R in Fb:

q—1
ZQE"‘QZQM_ ¢+1)> Qu,

BeB (=1
q—1 q—1
(R)=(+q+1))_ Qu— (P +q+1))_ Qu.
/=1 /=1

Denote by v; the valuation at @Q; for some i € {1,...,q — 1}. Now we
replace T by T/(z1x2) in T9 — T/(x122)?! — 21 and then multiply the
result by (z1x2)? to obtain 79 — T — :z:‘fJr zd. Tt is enough to show that
the Artin—Schreier polynomial 79 — T — (f—HCCQ is absolutely irreducible.
However, this comes from the valuation of 951 x2 at the place Qo; for some

ie{l,...,q— 1} (see [16, Proposition 3.7.8]), since
vilaf " ad) = (e TR = (¢ g+ 1),

where R = z5/z%. u
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We will now establish a relation between F /F s and a known cubic tower
Z/Fps = (Z1 C Zy C ---) described in Section [2, Using this relation, we
will show that indeed F/Fs is a tower.

THEOREM 2. Let F/F = (Fy C F2 C ) be the sequence of function
fields given by Fy = Fs(x1) and Foy1 = Fp(zng1) where
Tn41

21 _¢*—1 -1 2
14) 28 72l T 42 4277 =0 and 2%, — —T
( ) 1 2 2 1 n+1 (xn—lxn)q_l

= Tn-1
forn>2. Then F/F s is a tower.

3
Proof. We set z, := x L for n > 0, and Z,, := Fys(z1,...,2,). It can
easily be seen from that the z, satisfy the recursive equation
(zpy1 — D)TFTIHL (5, — 1)a*+a+]

q+1 q%+q
il Zn

In [I] it was shown that this equation (seen as a function of two independent
variables) has two absolutely irreducible factors, of degree ¢+ 1 and ¢2. The
one of degree g + 1 is

2n — 1 Zn — 1\ 7!
(Zn41 — 1) + F—(zp 1 — 1) - < = > Znt1 = 0.
Zn Zn
Note that this is exactly (@ Now we show that z; and 29 cannot satisfy an
irreducible equation of degree ¢ in z. Indeed, otherwise [F» : Z1] would be
divisible by ¢%. However, this is not possible since by Proposition || we have

[FQ . Zl] = [FQ : Fl] . [Fl . Zl] = (qQ — 1)((]3 — 1)

From this we conclude that [Fy : Zo] = [Fy : Z1]/[Z2 : Z1] = (¢ — 1)(¢® — 1).
We have seen in the discussion after that [Z3 : Z3] equals either 1
or q. Since F3 = Z3(x1, 2, r3) is a multiple Kummer extension (given by

;-13_1 = 2;), its degree divides (¢® — 1)3. Hence [F3 : Z3] is relatively prime

x
to gq.

If [Z3 : Zs] = 1, then on the one hand [F3 : Zy] = [F3 : Z3] is relatively
prime to g. On the other hand, we know by Lemma |§| that [F3 : F3] = q,

which implies that [F3 : Z] is divisible by ¢, since
[F3 : Zo] = [Py : Fy][Fy: Zo) = q(q — 1)(¢* = 1).

Hence [Z3 : Z] = q and [F3 : Z3] = (¢ — 1)(¢> — 1). This equivalently
means that the tower Z/F s can be defined first using @ for n = 1 and
afterwards for n > 2 recursively by the degree ¢ factor of @ As a result,
Z/F s is indeed the tower from Section 2| In particular, [Z,41 : Zy,] = ¢ for
all n > 2. As Z/Fqs is a subtower of F Fqs, and Fj,41 is the compositum
F, - Zn41 for all n > 2, by comparing degrees we conclude by induction



A new tower with good p-rank meeting Zink’s bound 359

that
[Fri1:Fol=q, [Fui1:Zns1] =(q—1)(¢>—1) foralln>2.

Furthermore, any extension Z,11/Z, contains a totally ramified place for
n > 2 (see Figure , which by Abhyankar’s lemma (since all ramification
in the multiple Kummer extension F},/Z, is tame) shows the existence of
a totally ramified place in F,41/F, for n > 2. In particular, this shows
that is absolutely irreducible for all n > 2, and hence F s is the full
constant field of F}, for any n > 2. All in all, we have shown that F/F s is
indeed a tower defined over F3. m

REMARK 1. Combining Lemma |3| with the ramification behaviour in
the proof of Proposition [1}, it is not hard to see that the ramification in the
extension Fy/Z, is as follows:

e(QIQNZ) =e(Q1|QiNZ2) =e(Q2|Q2NZ2) =¢° — 1.

Moreover, each of ), ()1 and Q2 can be chosen in ¢ — 1 distinct ways.

3.2. Genus and limit of the new tower. We now compute the exact
genera of the function fields in the tower F/F s. Using this, we will determine
the limit of F/F,s as well. Since the exact genus of each function field
Ay, = Zp49 is known by Lemma[d] our approach in the following proposition
is to compute the exact genus of F;, by using the Riemann—-Hurwitz genus
formula for F,,/Z,.

PROPOSITION 2. Let F/F ;s = (Fy C Fo C ---) be the tower of function
fields given by in Theorem . Then

(@+q+1)(g+2)¢"* = (g+1)¢* —rp

g(Fn) =14 (¢—1) 5

with:
(i) forn=2k+3 and k > 0,
rn =((2k + 1)¢* + 2¢* + 5q — 2k + 2)¢~;
(ii) form=2k+2, k=0 (mod 2) and k > 0,
rn = ((k = 1)¢" + (k+2)¢* + 3¢° — (k — 6)g — k)¢ ;
(iii) forn=2k+2, k=1 (mod 2) and k > 0,
rn = (kg* + (k+1)¢* +3¢* — (k = 5)qg — (k — 1))¢" .

Proof. As we are interested in the genus of a function field, we can
without loss of generality extend the field of constants to IF := F 3. The facts
that Fj,49 is the compositum of Fy and A,, over Ay, and that the extension
degree ¢" of F, 12/ F> is relatively prime to the extension degree (¢—1)(¢®>—1)

of F5/Ag for each n > 0 imply that a place Q of A,, is ramified in F,2/A,
if and only if @ N Ap is ramified in F5/Ay. Equivalently, this holds if and
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only if @ lies over a place of Ag in the set {(ap = 00), (9 = 0), (g = —1)}
(see Figure [1f).

We divide the investigation of the ramified places of A,, in the extension
F,+2/A,, into three cases.

CASE (1). Let @ be a place of A, lying over the set {(ag = 00), (g =0)}.
Using Figure [1, we see that (ap = o00) and (ag = 0) alternatingly ramify
and split in the tower A/F. By induction, we show that there are ¢*+1 + ¢*
places of A, if n = 2k + 1, and 2¢* places of A, if n = 2k, lying over
{(ag = 0), (g = 0)}. By Remark [l] for each place of A, lying over
{(ap = ), (g = 0)} there are ¢ — 1 places of F, 12 lying over it, all with
ramification index ¢ — 1. All in all, this gives a contribution to the different
Diff (F,42/Ay) of degree (¢"1+¢*)(g—1)(¢®—2) if n = 2k+1 and of degree
2¢%(q — 1)(¢® — 2) if n = 2k.

CASE (2). There is a unique place @ of A, lying over (ap = —1) with
QNF(o) = (g = —1) for all @ = 0,...,n. Since (ap = —1) is rami-
fied with ramification index ¢> — 1 in the extension Fy/Zy = Fy/Aq and
it is unramified in A, /Aq (see Figure , by Abhyankar’s lemma the ram-
ification index of a place of Fj o lying over @ is equal to ¢® — 1. Hence
there are ¢ — 1 places lying over @, each with ramification index ¢ — 1 in
Fo+2/Ay,. All in all, this gives a contribution to Diff (F,,12/A,,) of degree
(¢ —1)(¢* - 2).

CASE (3). From Remark [I| and Abhyankar’s lemma we conclude that
for each place @ of A, lying over (ay = —1) other than the one from
Case (2), the ramification index in F,42/A, is equal to ¢> + ¢ + 1, and
hence there are (¢ — 1)? places of F, o lying over Q. Note that for any
i > 0 the place (o; = —1) of F(a;) splits into two places R; and Ry
in Fa, ir1) with e((; = —1)|R1) = 1 and e((a; = —1)|R2) = ¢ — 1
(see Lemma . In fact, Ry and Ry are the places of F(ay,a;11) lying
over (aj+1 = —1) and (41 = o0), respectively. The precise ramification
behaviour in the tower A/F is complicated, but was settled completely
in [B, [6]. Using their results one can directly determine the number of
places of A, lying above (ap = —1) not occurring in Case (2). For n =
2k + 1 this number equals 2(¢**' — 1)/(¢ — 1) — 1, while if n = 2k we
have ¢* + 2(¢* — 1)/(¢ — 1) — 1 such places. This gives a contribution to
Diff (F4+2/A,) of degree

@ =1D(g-1) = (@—1)*) (@ +q) = 2" —¢—1)(¢* —q)
if n =2k + 1, and of degree
(" (a—1*+2(¢" - 1)(¢—1) = (¢—1)*)(*+q) = (" + " —q—1)(¢’ —q)
if n =2k.
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Adding all contributions we calculate
deg(Diff (For13/A2k41)) = (" +¢") (g = D(¢* = 2) + (¢ - 1)(¢* - 2)

+ (20" —q—=1)(¢* — )

_ (q _ 1)(qk+4 + 3q/€+3 + 2qk+2 o 2qk+1 o qu)
—(g-1(2¢* +q+2),

deg(Diff (Forr2/A2)) = 2¢"(q — 1)(¢* = 2) + (¢ — 1)(¢* — 2)

+ (" + ¢ —q-1)(* -0

(g = 1)(3¢"D + 272 1 ¢ — 4gh)
—(g-1(2¢* +q+2).

Then by the Riemann—Hurwitz genus formula together with Lemma [4] we
obtain the desired result. =

THEOREM 3. Let F/Fys = (F1 C Fy C ---) be the tower of function
fields given by Fy = Fys(x1) and Fy1 = Fp(2n41) where

2_ 2_ _ 2_ xr 1
3:'({ lxg 1+$g 1—1—13‘{ q:o G,’I'Ld ‘rgl_’_l—W:I'n—l.
n— n
Then
MF/F ) = M
q q+2

Proof. As Z/F ;s is a subtower of F /F s with exact limit 2(¢* — 1) /(g +2)
(see [1]), we obtain A(F/F ) < AM(Z/Fs) = 2(¢> — 1)/(q+2). On the other
hand, a place of the form (1 = ) with 8 € F,3 \ {0} splits in the tower
F[Fgs, as can be seen directly from . Combining this with the genus
formulas from Proposition [2| we see that

3 2 n—2 2
A(F/Fg) > lim (¢° = 1)(¢" —1)g __ 20" - 1)
nooo (¢ —1)(¢*+q+1)(g+2)¢"%/2 q+2

3.3. The ramification. Even though we have already computed the
limit of the tower F /I s, we need to know the exact ramification in F;,1/F,
for n > 2 to compute the p-rank of the tower. In this section we first show
that the tower is (¢> + ¢ + 2)-bounded, which will be crucial to calculating
the number of ramified places in Fy,11/F,.

PROPOSITION 3. Let Q € P(Fy4+1) be the place lying above P € P(F,)
for n > 2. Then d(Q|P) = (¢* + q + 2)(e(Q|P) — 1). In other words, the
extension Fy.1/Fy, is (¢* + q + 2)-bounded.

Proof. As the argument trivially holds if @|P is unramified, we only
consider the cases in which there is ramification. We know that for n > 2,
F,11/F, is a Galois extension of degree ¢, and F,/A,_5 is a tame exten-
sion. Then by Abhyankar’s lemma a place @ of F, 11 is ramified in F,,11/F),
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only if @ N A,_9 is ramified in A,,_1/A,—2. In turn, Q N A,_9 is ramified in
Ap—1/An—2 only if QNTFs(ayn_2) is ramified in Fs(an—2, an—1)/Fys(an—2).
By Figure (I} we see that (still assuming n > 2) the place @ lies above
a place of Ap in {(ap = o0),(ag = 0),(ap = —1)}, as well as either
an—2(Q) = —1 and ap—1(Q) = 00, or ap—2(Q) = 0 and ap—1(Q) = oo.
Moreover, in the former case e(QNA,_1|QNA,—2) = ¢—1, and in the lat-
ter e(QNAp—1|QNA,2)=dQNA,—1|QNA,_2) =q. We analyse the
ramification structure of such places by distinguishing two cases.

CASE (1). Suppose that @ is a place of F,,;1 that ramifies in Fj,41/F,
lying over either (ap = o0) or (ap = 0). Then by Figure [I| and the assump-
tion that @ is ramified, we see that a,,_2(Q) = 0 and a,—1(Q) = co. From
the proof of Proposition |2, @ N A,_9 is ramified in F, /A, _o with ramifi-
cation index ¢> — 1. By Abhyankar’s lemma and transitivity of different,
Q is also totally ramified in Fj,,1/F, with different exponent ¢> + ¢ — 2 =
(> +q+2)(g—1).

CASE (2). Now suppose that @ is a place of Fj,y; that ramifies in
Fo41/F, lying over (ap = —1). In this case, there are two possibilities:

(i) an—2(Q) = -1 and a,,—1(Q) = oo, or
(ii) ap—2(Q) =0 and ayp—1(Q) = oo.

In case (i), QN A, _2 is ramified in A, _1/A,_o with ramification index ¢— 1.
This place is also ramified in F}, /A, _» with ramification index ¢ — 1, and
hence by Abhyankar’s lemma @) is not ramified in Fj,11/F,.

In case (ii), the ramification of Q@ N A,,_5 is 2-bounded in A, _1/A4,—2
(see [6]) with ramification index 1 or ¢. That is, we have e € {1,¢} and
d = 2(e — 1) for the ramification index e and different exponent d of any
possible place of A,,_1 lying above @ N A,,_2. On the other hand Q N A,,_»
is ramified in F},/A,,_o with ramification index ¢ + ¢ + 1. By transitivity of
different, either @ is not ramified, or it is totally ramified in F),;1/F, with
different exponent ¢> +q—2 = (¢* + ¢ +2)(¢ — 1).

In either case, the (¢? 4 ¢ 4 2)-bounded condition is satisfied. =

In the above proposition we have e(Q|P) € {1, ¢} for any Q € P(F,+1)
lying over P € P(F),). Therefore, if Q) is ramified in F),11/F,, then d(Q|P) =
q> + ¢ — 2. Moreover, we have the following.

COROLLARY 1. Forn > 2 and k > 0,
degDiff (Frin/Fn) = (@ +q+2) > > (e(QIP)—1).

PEP(Fn) QEP(Fyyk)
QP

Proof. The proof is by induction on k using transitivity of different. m
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4. Computing p-rank. We now turn our attention to computing the
p-rank of the function fields in the tower F/F s in case ¢ = p. Since many
of our arguments are valid for general ¢, we will work in this generality
and indicate where precisely we assume that ¢ = p. Using Theorem (1| (the
Deuring—Shafarevich theorem), we can compute recursively the p-rank of all
function fields in the tower, as soon as the p-rank of Fy is known. Indeed, for
n > 2, the extension F,1/F, is an Artin—Schreier extension, so Theorem
applies. Our main effort will in fact go into the computation of the p-rank
of F5. To this end we will use the action of the Cartier operator on the space
of regular differentials of Fb.

4.1. The action of the Cartier operator on regular differentials
of F». We first need to determine a basis for the space of regular differentials
of F, in order to apply Lemma [I] We use a change of variable also applied
in Proposition i.e. we set R := xo/z{. Then Fy = Fs(21,22) = Fys(z1, R)
and the defining equation of F' becomes
(15) 2 IR LRI 1 =0,

We can determine an explicit basis of the space of regular differential forms
as follows (also see Figure .

LEMMA 7. Let Fy = Fs(x1, R) be the function field with defining equa-
tion . Then a basis for the space £2r,(0) of regular differentials of Fy is
given by the set of differentials of the form

o dR
WZj - q 3_1— qu 7]
where (i,7) satisfy
(16) >0, j(@+q+1)—i(g+1)>0, j(@+q+1)—ig<g’—1.

Proof. We use the same notation as in Proposition [I] and Lemma [6] In
other words, we denote by @3 the unique place of F' lying over (R = 3) for
B € B, by Q¢ the places of F; lying over (R = o0), and by Q2 the places
of F, lying over (R =0) for £ =1,...,q— 1. From the proof of Lemma@we
conclude that the divisors (z1), (R) and (dR) in F are given by

ZQB“‘QZQM_ q+1) ZQ%

peB
q—1 g—1

(R)=("+q+1)) Qu— (" +q¢+1)>_ Qu,

= —
(dR) = —2(¢° + ¢+ 1) Y _ Q1¢ + Diff (Fy/F 3 (R)),
/=1
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where Diff(Fy/F 3(R)) is the different divisor of Fy/Fs(R) (see [16] Re-
mark 4.3.7]). As
-1

Diff (Fy/Fys(R)) = (¢* + @) Y _(Que + Qae) + (¢* —2) Y _ Qg
1 BeB
we compute the divisor (w; ;) of w; ; as

(17)  (wij) = (dR) — (¢ =1 —i)(x1) — (¢° = 5)(R)

»Q

~
I

q—1
=(i-1> Qs+ (ig—j(@+q+1)+¢—-2)) Qu
BeB - =1
+ (@@ +a+ ) —ilg+1) 1) Q.
/=1

From we conclude that w;; is regular if and only if
(18)  i>0, j(@+qg+1)—ig<g®—1, jl@+q+1)—i(g+1)>0.

Furthermore, the set {w;;} is [F 3-linearly independent since [F : F3(x1)] =
¢*> — 1 and [Fy : F3s(R)] = ¢* — 1. Determining the number of possibilities
for (i, 7) satisfying amounts to counting the number of interior integral
points in the triangle of Figure[2| A direct computation (or using for example
Pick’s theorem [15]) shows that this number is equal to the genus g(Fb),
determined in Proposition[1} Since the dimension of 2, (0) equals the genus,
we conclude that the set of differentials w;; forms a basis. =

¢ —1f 8
Y
qg—1Ff |
0, |
| |

0 ¢ -1
7

Fig. 2. w;; is regular if (¢,7) lies inside the triangle
Next we investigate the action of the Cartier operator on the space

25, (0) of regular differentials of F using the basis found in Lemma [7| Set
¢ := p°. Instead of computing the action of the Cartier operator C' directly,
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it turns out to be convenient to consider eth power C¢. Note that by the
p~l-linearity of C, the operator C¢ defines an [F s-linear map on {25, (0), and
by Lemmal[I] the p-rank can be determined by studying C* instead of C. The
following simple lemma determines the action of C¢ on (2, (0) completely.

LEMMA 8.

(19 =0 (e )
wii) = (— Wik
K i +aq+1) —i(g+1))7
Proof. By p~!-linearity of the Cartier operator we have

Ce(h'w) = h~'C¢(he’~'w)

for h € F and w € (2f,. In our case, we set h := :c‘fg_l_i and w := dR/RQQ_j,
Le. wij = h~lw. Then

J;‘{ t R3"—J :L'? i

R4*—3
1 e 3_ 3_1_4 dR
- = C ((mtf hr -t >

3_ 2__ 4
2! RP—J

Equation implies that :133371 = —(1+ R71)/RT~1. As a result,

Coloy - L e (LLHRTINTTT AR
(wz‘])_F _W Re—J

' 31—
-, 1 ! ¢* =1 =1\ pagg-1)
—x(fs_l_ic <R<q2—1>(q3—1—i>+<q2—j> 2_4; ( a )0 '

By definition of the Cartier operator, we need to determine a for which the
exponent is congruent to —1 modulo ¢, i.e.

(20) —1= (- 1(¢" - 1-14) = (¢* = j) + alg— 1) (mod ¢*).

Note that has a unique solution, since 0 < a < ¢ — 1. To find it, we
first multiply by ¢*> + ¢ + 1 to obtain

—(+q+1)=—(q+ i+ (@ +q+1)j— (*+q+1)—a (mod ¢*).
Hence holds if and only if
a=—(qg+1)i+ (q2 +q+1)j (mod q3).

This shows that a = —(¢ + 1)i + (¢* + ¢ + 1)j as 4, j satisfy (16]), which
implies that

0<—(g+1)i+(?+q+1)j<¢®—1-i
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For this value of a we have
1 7 3 _ s 1
LE% —1—1 a

where
1

t= qu,(—(q2 ~1)(¢° —1=i)(¢* +q+1) = (¢*~)(¢* +q+1) +alg’ 1))
=—¢" + .
This gives the desired result. =

4.2. The p-rank of F5. We now use the previous result to compute the
p-rank of F. We set

o ( @ —i—1 >

Y@ g +1) —i(g+ 1))
We have seen in Lemma (8 that (—1)b;; is an eigenvalue of C*¢ associated
with w;;. In order to calculate the p-rank of F5 using Lemma |1, we have to
determine for how many pairs (¢, j) the value b;; is zero (as element of F),
that is, modulo p). For this, we will use Lemma [2 but first we rewrite b;;
in an easier form.

LEMMA 9.
(21) bij = (~1) (”

Proof. First note that b;; is the coefficient of Ti@+atD)—=ile+1) iy
(T +1)7°~~1, We write

(q2+q+1)—iq>
7; .

4 1 7 1
T+ 1)1 = (T 4+ 1)7 __ . .
(T+1) T+ Gy = ey T @

Then the coefficient of T9(¢*+a+1)=i(a+1) oply comes from the second sum as
1
(T +1)i+1
The fact that 1/(T 4+ 1)1 =37 So(=1)™ (’J;nm)Tm (see [1I), Chapter 5.4])
gives the following equalities for the coefficient d of T9(¢*+a+1)—ila+1),

d = (—1)i(@tatD)=ilat) ( i@ +q+1)—ig )
J(@+q+1)—i(g+1)

Y <J’(q2 +a+1) —iq>' .

1

=1 -T+7T*+---)" and j(®+q+1)—ig< 1.

For a final simplification we reparametrize the binomial coefficients from
Lemma [9
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LEMMA 10. The set of binomial coefficients of the form
(j(q2 +q+1) - iq)
i

with (i,§) € 72 satisfying is the same as the set of binomial coefficients
aq+b
(b(q +1) - a>
where (a,b) € Z* and

(22) a<blg+1), alg+1)>bg, aq+b<qg —1.
Proof. We have
(j(¢* +q+1) —igi) =i (=¢, 1)+ (¢° +q+1,0)
i—(q+1)j) - (=¢,1) +j-(Lg+1).
Setting a := (¢ + 1)j — i and b := j, we see that

(@ +q+1)—iq\ aq+b
i C\b(g+1)—a)
Since i = (¢ + 1)b — a, we find that (i,5) € Z? if and only if (a,b) € Z2,
Further, directly implies and vice versa. m

We are now ready to compute the p-rank of F.

PROPOSITION 4. Assume that ¢ = p is a prime. Then the p-rank of Fy

18
Y(F) = 4(g* + 2¢° + 3¢% — 22q + 24).

Proof. We have seen that binomial coefficients occur as eigenvalues of C*¢
and that these coefficients can be described using (a,b) € Z? lying inside a
certain triangle A defined by as in Lemma |10} For (a,b) in A, we have
to count the number of pairs (a,b) for which

(bqai Z—b a> - ((a iqb;quJr a) =0 (mod p).

We can write a, b uniquely as
a=aq+ay and b=0byg+by for some 0 < ag,ai,by,by <qg—1.
In light of Lucas’s lemma, we consider the binomial coefficients
(23)
a1q% + (ag + b1)q + bo B a1q* + (ag + b1)q + bo
((a1 —b1)g? + (ap — bo + a1)g + ao) B (b1q2 + (b1 — a1 + bo)g + by — a0>'
We divide the possibilities for (a,b) up into several smaller regions—see

Figure |3 More precisely, we divide the triangle A into four subtriangles
with the following boundary conditions:
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Triangle I: a < ¢> —q, b > ¢ — 1 and a > b.

Triangle Il: a < b < ¢®> —q, bg < a(g+1) and 0 < a < ¢> — q.

Triangle I 0 < b<g—1,a<b(g+1)and ¢g—1<a < ¢*—1.
Triangle IV: ¢? —¢<a<¢@®—1,q—1<b<¢g*>—landag+b < ¢>—1.

¢ -1 .
P —qf 3
=

g—1p V
0

| | | |
0 q-1 ¢ —q ¢-1
a

Fig. 3. The triangle A and its subtriangles

Now we investigate each subtriangle separately. In this investigation we
mainly make use of Lemma [2| Recall that we assume that ¢ = p, a prime.

TRIANGLE I. First note that since @ > b in Triangle I, we obtain

(24) a1 > by + (bo —ao)/q = b1 — (¢ —1)/q,

implying that a; > by, since a1 and by are integers. Further, for ag > by, we
can see from Lemma [2| and that (b(;ﬂ“)b_a) = 0 (mod q). For this reason
we first divide Triangle I into small squares whose sides have length ¢. For
each fixed b; € {1,...,¢—3} and a1 € {b1,...,q — 2} we define the square

with the boundary conditions
big <b=0b1g+by<big+q—1 and aiq<a=aiq+ap<aq+q—1.

Then we divide each square into a lower triangle with ag > by and an
upper triangle with ag < by. We have seen that in the lower triangle part,
the condition (b(;ﬂ“)b_a) = 0 (mod ¢) always holds. For fixed by there are
q — 1 — by lower triangles. In other words, there exist

(¢=2)+(q=3)+ +1=(¢—1)(¢—2)/2
lower triangles in Triangle I.
Note that in each lower triangle part, by € {0,...,a9 — 1} for a fixed
ap € {1,...,q — 1}. That is, for a fixed ag there exist ag many by’s with
ag > bg. As a result, each lower triangle contains

L4+ +qg—1=q(g—1)/2
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pairs (a,b). This gives rise to Ny = q(q — 1)%(¢ — 2)/4 pairs (a,b) with

(b(;ﬁr)b—a) =0 (mod g).

Now we consider the upper triangle parts, for which ag < bg. In this case,
by we conclude that ( aq-+b ) =0 (mod q) if and only if

b(g+1)—a
a1q + (ag + b1) )
25 =0 (mod q).
(25) <b1q+ (bo + b1 — a1) ( 9

We investigate in four cases according to the g-adic expansions a1q +

(ap+0b1) and b1g+(bo+b1 —a1). We denote by Ny ;, the number of pairs (a, b)
aq+b

; +1)fa) = 0 (mod ¢) satisfying the conditions

in the upper triangles with (b(
in Case (k) for k=1,...,4.

CASE (1): 0<bp+b; —a; <g—1and 0 <ap+ by <g—1. By Lucas’s
Lemma [2] we see that

O L N [ R R

Then (b(;ﬂ_b—a) = 0 (mod q) if and only if ag + a1 < bg. This inequality
combined implies a; > b;. More precisely, from our assumptions for
Case (1) we have the following equivalent conditions:

1<bi<a1<qg—2 and ag+b1<by<gqg-—1.

Note that 1 < by < ¢—3.1fby € {1,...,¢q—3}, thenay € {b1+1,...,q—2},
ap € {0,1,...,qg—2—a1} and by € {ag+a;+1,...,q—1}. Furthermore, for
each such choice of (ag, a1, b, b1) the pair (a,b) lies in an upper triangle in

Triangle I. As a result, the number Ny of pairs (a,b) with (b(;ﬂ')b_a) =0
(mod q) is
qg—3 ¢—2 q—2-m qg—3 q—2 gq—1l-a1
Nuyt,1 = > (g-1-ap—ar) = >t
bi=1lay1=b1+1 ap=0 bi=lay1=b;+1 t=1
q—3 g2 g—a q—3 qg—b1—1 <
— - 1 —
- (") -X % ()
bi=1lay1=b1+1 bi=1 s=2
q

CASE (2): bp+ b1 —a; < 0and 0 < agp+ b1 < g — 1. In this case, by
Lucas’s Lemma [2] we have

o) = ) G o) (i) (0
bg+1)—a) ~ \bi—1)\qg+bo+b1 —a1) \bo — a D
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In other words, (b(;jﬁr)l:a) = 0 (mod q) if and only if ag 4+ a1 < by + ¢, which
trivially holds as ag < bg.

Then 1 < by < ¢ — 3, and for a fixed by € {1,...,q¢ — 3} we have
ap € {b1+1,...,9—2}, by € {0,...,a1 — by — 1} and ag € {0,...,bp}.
Furthermore, for each such choice of (ag, ay, bo, b1) the pair (a,b) lies in an
upper triangle in Triangle I. Therefore there are

Nut2 = qz_:g § al_zbl:_l(bo +1) = <Z)

bi=lai=b1+1 bp=0

pairs (a,b) with (b(;ﬂr)b_a) =0 (mod q).

CASE (3): bg+ b1 —a; < 0 and ag+b; > g. The conditions by + b1 < ay,
aog < by and ag + by > ¢ imply a; > ¢, which is a contradiction. Therefore,
Nut,?) =0.

CASE (4): 0 < bg+ by —a1 < g—1and ap+ by > ¢. Any pair (a,b)
satisfying these conditions also satisfies (b((;ff)b_a) =0 (mod ¢), and with a
similar argument we show that there are

Nyt = § § § (¢ —ao) = (Z)

b1=1a1=b1+1 ap=q—b1
pairs (a, b) satisfying these conditions.
To sum up, in Triangle I there are

() () o

pairs (a, b) with (b(qc‘fir)lia) =0 (mod q).

TRIANGLE IV. The boundary conditions a > ¢> —¢q, ¢ — 1 < b and
aq+b < ¢ — 1 imply that

a1=q—1, 0<bi<qg—1, ag+b <q.
We recall that in this case
< aq+b >_< (¢ —1)g* + (ao + b1)q + bo >
blg+1)—a) \(¢g—1-b1)¢®2+(ap—bo+q—1)g+ag)’

ag+b ) in two cases.

q+1)—a
CASE (1): ag < bp. Then by Lucas’s Lemma [2]

G Y= () G () o

As a result, (f) = 0 (mod q) if and only if by + by < ¢ — 2. Here 0 < ag
< ¢ —3, and for a fixed ag € {0,...,q— 3}, we have by € {ao,...,q—3} and

We then investigate (b(
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by €{l,...,q—2—bp}. As a result, there are

S S(Q—Q—bo):@)

ap=0bp=ag

pairs (a, b) with (b(q"fi)bia) =0 (mod q).

CASE (2): ag > bg. In this case (b(;ﬂr)b_a

fore. In this case 0 < ag < ¢—2, and moreover, for a fixed ag € {0,...,q — 2},
we have by € {0,...,a0—1} and b; € {1,...,¢—2—ap}. Similar calculations
show that there are (4) pairs (a,b) satisfying this case.

To sum up, Triangle IV contains exactly 2(%) pairs (a,b) satisfying

(b(a1y-a) =0 (mod q).

We could calculate the number of desired pairs (a,b) in Triangles II and
IIT similarly to those in Triangle IV; however, we can relate the pairs in
Triangles IT and III to the pairs in Triangle IV. For this we consider the
affine map

) =0 (mod g), as observed be-

fi(ab) = (a,b)=0b-a+q¢*—q—a+q*—1).
The map f acts on Triangles II, III and IV. More precisely, f not only
permutes them but also preserves the boundary conditions. For (c,i) =
(aq +b,b(q + 1) — a), we set (¢,1) := (ag + b,bg + b — a). Now we show
that (§) = 0 (mod g¢) if and only if (§) = 0 (mod ¢), which proves that

aq-+b ) =0

all triangles contain the same number of pairs (a,b) with (b(q +)—a

(mod ¢), namely 2(%).
We see by definition of f that
¢ —a(g+1)+bg+¢>—1 —a(g+1)+bg+¢*—1
(>:< —aqg—b+¢3 -1 >:< —a+b(g+1) )
For convenience we set a:= a(q+ 1) — bg and := —a + b(q + 1). Then
a=a(g+1)—bg=aqg+b+(a—blg+1)) =aq+b-j,
and the boundary conditions bg < a(¢+1) and a < b(g+1) (see the boundary
conditions for Triangles IT and IIT) imply that
0<a<q¢g®—1 and 0<fB<¢—1-—a.
Therefore (f) = (q3—1—a) is the coefficient of T% in (T + 1)7°~1~. As ob-

B
served in the proof of Lemma @, this is equal to the coefficient of 7% in the

power series expansion of 1/(T + 1)1 i.e.

()= () = (37 = (i) = ()

which shows that (f) =0 (mod g) if and only if (§) =0 (mod q).

<50

SO O
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From all the counting arguments above we conclude that

9(F2) —~(F2) =9<Z) +9< ) 9<q11>.

The above equality together with Proposition [I| gives the desired result and
finishes the proof. =

THEOREM 4. The p-rank o(F/F,3) satisfies

2

p°+p+4
F/F3)= + T2
P(F/Fp) 4(p* +p+1)

Proof. Let n be a non-negative integer. By transitivity of ramification
index and the Fundamental Equality we get

(26)  y(Fnt2) —1=p"(v(F2) — 1) Z Z (e(Q|P) —1).
PEP(F2) QEP(Fp12),Q|P

The fact that all extensions Fj,1/F; for all i > 0 are p?> + p + 2-bounded
(see Proposition [3|) implies that F}, o/ F5 is p? + p+2-bounded. Then by the
Riemann-Hurwitz genus formula we have

CUNDY > (e(@P)—1) = 29(Fns2) =2 —p"(29(F2) — 2)

2 2
PER(Fy) QEB(Fo12), QIP ¥ +p+2)
Combining and we obtain
’Y(Fn+2)
28 —
( ) Q(Fn+2)
_ 2 P> +p+2)(p"(v(F2) — 1) + 1)) — 2(1 +p"(g(F2) — 1))
P2 +p+2 9(Fni2)(p® +p+2)
Using Proposition [2] we conclude that
L) 2 G p () 1)~ 2g(R) - 1)
n—oo g(Fn)  p*+p+2 P* = Dp+2)(p* +p+2)

Then by Propositions [I] and EL the theorem follows. m

REMARK 2. Note that ( and Proposition I directly yield a closed
formula for ~(F,) for n > 2 Also note that going through the proof of
Proposition {4 I again, one easily concludes that the found pairs (a,b) for
which the corresponding binomial coefficient vanishes modulo p also vanish
for general ¢q. The condition that ¢ = p was only used to ensure that for the
remaining pairs (a, b) the corresponding binomial coefficients do not vanish
modulo p. In other words, for general ¢ we have

V(Fy) < (¢ +2¢° + 3¢° — 22 + 24).
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This is enough to conclude that for general g,

@ +q+4
PP /Ep) < 4>+ q+1)
As mentioned before, the case ¢ = p is the most interesting, since for non-
prime ¢ there exist towers over F s with a better limit. Investigating the
p-rank of such towers is left for future work.
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