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MAPPINGS OF DEGREE 5, PART II

BY

M. MACIEJEWSKI and A. PRÓSZYŃSKI (Bydgoszcz)

Abstract. We continue the investigation started in [1]. The purpose of the present
paper is to find the second (last) part of generating relations (namely, all the 2-covering
relations) satisfied by homogeneous polynomial mappings of degree 5.

1. Preliminaries. Let R be a commutative ring with 1, and let X,Y
be R-modules. If a mapping f : X → Y satisfies f(0) = 0 then we define
∆nf : Xn → Y (n = 1, 2, . . .) by induction as follows: ∆1f = f and

(∆n+1f)(x0, . . . , xn) = (∆nf)(x0 + x1, x2, . . . , xn)

− (∆nf)(x0, x2, . . . , xn)− (∆nf)(x1, x2, . . . , xn).

In the following, we will abbreviate (∆nf)(x1, . . . , xn) to (x1, . . . , xn). A map-
ping f : X → Y is called a regular m-application if it satisfies the following
conditions:

(A1) f(rx) = rmf(x) for r ∈ R, x ∈ X,
(A2) ∆mf : Xm → Y is m-linear,
(A) (rx, sy,−)− r(x, sy,−)− s(rx, y,−) + rs(x, y,−) = 0

for r, s ∈ R, x, y ∈ X,

where () = ∆m−1f and − stands for the remaining m − 3 variables. The
functor of regular m-applications on X is represented by the module ∆

m
(X)

generated by the elements δm(x), x ∈ X, where δm : X → ∆
m

(X) is the
standard regular m-application (for details, we refer to [1]).

We consider the mth divided power Γm(X) of X and the homomorphism

h
m

= h
m

(X) : ∆
m

(X)→ Γm(X), h
m

(δ
m

(x)) = x(m),

defining a natural transformation of functors. Let {x1, . . . , xk} be the stan-
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dard basis of the module Rk, k = 1, 2, . . . . Define

Γm,k(R) = R
{
x

(i1)
1 . . . x

(ik)
k ;

∑
ij = m, ij ≥ 1

}
⊂ Γm(Rk),

∆
m,k

(R) = R{(r1x1, . . . , rkxk); r1, . . . , rk ∈ R} ⊂ ∆
m

(Rk),

h
m,k

= h
m|

∆
m,k

(R)
: ∆

m,k
(R)→ Γm,k(R),

h
m,k

(r1x1, . . . , rkxk) =
∑
(i)

(r1x1)(i1). . . (rkxk)(ik)

=
∑
(i)

ri11 . . . r
ik
k x

(i1)
1 . . . x

(ik)
k

where () = ∆kδ
m and (i) runs over all sequences of positive integers i1, . . . , ik

satisfying i1 + · · ·+ ik = m.
Our goal is to determine the kernels of hm,k for m = 5. It is known that

they are zero except for k = 2 and k = 3. In [1], we found generators of
Ker(h5,3

), and in this paper we find generators of Ker(h5,2
). Both systems

of generators determine a full system of covering relations of the functor
Hom5

R of homogeneous polynomial mappings of degree 5 (see [1]), composed
of 3-covering relations ([1, Theorem 8]) and 2-covering relations (Theorem 4
of the present paper).

2. Computation of Ker(h
5,2

). The purpose of this section is to find
generators of the kernel of the homomorphism h

5,2
: ∆

5,2
(R)→ Γ 5,2(R),

(1) h
5,2

(rx, sy) = r4s((4, 1)) + r3s2((3, 2)) + r2s3((2, 3)) + rs4((1, 4)),

where x = x1, y = x2, (rx, sy) = (∆2δ
5
)(rx, sy) and ((i, j)) = x(i)y(j).

Our main tool will be the following

Theorem 1 ([3, Theorem 5.9]). The submodule Γ 5,2
(R) = Im(h

5,2
) ad-

mits the following decomposition:

Γ
5,2

(R) = Rσ ⊕ I3(R)((3, 2))⊕ I3(R)((2, 3))⊕ I4(R)(((4, 1)) + ((2, 3)))

where σ denotes the sum of all base elements of Γ 5,2(R), i.e.

σ = ((4, 1)) + ((3, 2)) + ((2, 3)) + ((1, 4)) = h
5,2

(x, y)

and In(R) = (rn − r; r ∈ R) = (rns− rsn; r, s ∈ R). In this decomposition,
a generator h5,2

(rx, sy) can be expressed as follows:

h
5,2

(rx, sy) = rs4σ + s(r3s− rs3)((3, 2))(2)

+ r(rs3 − r3s)((2, 3)) + (r4s− rs4)(((2, 3)) + ((4, 1))).
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Observe that there exist (not uniquely determined) elements W1(r),

W2(r), T (r) ∈ ∆
5,2

(R) such that

h
5,2

(W1(r)) = (r3 − r)((3, 2)),(3)

h
5,2

(W2(r)) = (r3 − r)((2, 3)),(4)

h
5,2

(T (r)) = (r4 − r)(((2, 3)) + ((4, 1))).(5)

We assume in this section that we have fixed such elements; we determine
them in the next section. Let us denote

D(r, s) = (rx, sy)− rs4(x, y)− s(sW1(r)− rW1(s))

− r(rW2(s)− sW2(r))− (sT (r)− rT (s)).

Corollary 1. h5,2
(D(r, s)) = 0.

Proof. This follows from (2)–(5) and the following computations:

h
5,2

(sW1(r)− rW1(s)) = (s(r3 − r)− r(s3 − s))((3, 2))

= (r3s− rs3)((3, 2)),

h
5,2

(rW2(s)− sW2(r)) = (r(s3 − s)− s(r3 − r))((2, 3))

= (rs3 − r3s)((2, 3)),

h
5,2

(sT (r)− rT (s)) = (s(r4 − r)− r(s4 − s))(((2, 3)) + ((4, 1)))

= (r4s− rs4)(((2, 3)) + ((4, 1))).

Since any generator (rx, sy) of ∆
5,2

(R) is a linear combination of D(r, s),
(x, y) and values of W1,W2, T , we obtain the following

Corollary 2. If we denote D(R,R) = R{D(r, s); r, s ∈ R}, Wi(R) =
R{Wi(r); r ∈ R}, i = 1, 2, and T (R) = R{T (r); r ∈ R} then

∆
5,2

(R) = D(R,R) +R(x, y) +W1(R) +W2(R) + T (R).

The next step is based on the following

Theorem 2 ([2, Theorem 1]). The generating relations between genera-
tors [r] = r3 − r of I3(R) are the following:

[rs] = r3[s] + s[r], r, s ∈ R,(D)
3s[r]− 3r[s] = (r − s)([r + s]− [r]− [s]), r, s ∈ R,(C1)

([ar3 + bs3]− [ar3]− [bs3])− ([ar + bs]− [ar]− [bs])(C2)
= 3a2b[r2s] + 3ab2[rs2], a, b, r, s ∈ R,

[r + s+ t]− [r + s]− [s+ t]− [r + t] + [r] + [s] + [t](C3)
= rst[2], r, s, t ∈ R,
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and for generators [r] = r4 − r of I4(R) the generating relations are

[rs] = r4[s] + s[r], r, s ∈ R,(D)

[r + s] = [r] + [s] + (2r3s+ 3r2s2 + 2rs2)[−1], r, s ∈ R.(C)

We are ready to prove the main result of this section.

Theorem 3. Ker(h
5,2

) = K where K is a submodule of ∆
5,2

(R) gener-
ated by the following elements:

(1) D(r, s),
(2) Wi(rs)− r3Wi(s)− sWi(r), i = 1, 2,
(3) 3sWi(r)− 3rWi(s)− (r − s)(Wi(r + s)−Wi(r)−Wi(s)), i = 1, 2,
(4) Wi(ar

3 +bs3)−Wi(ar
3)−Wi(bs

3)−Wi(ar+bs)+Wi(ar)+Wi(bs)−
3a2bWi(r

2s)− 3ab2Wi(rs
2), i = 1, 2,

(5) Wi(r+ s+ t)−Wi(r+ s)−Wi(s+ t)−Wi(r+ t) +Wi(r) +Wi(s) +
Wi(t)− rstWi(2), i = 1, 2,

(6) T (rs)− r4T (s)− sT (r),
(7) T (r + s)− T (r)− T (s)− (2r3s+ 3r2s2 + 2rs3)T (−1),

where a, b, r, s ∈ R.

Proof. Observe that all generators of K belong to Ker(h5,2
). In fact, for

D(r, s) this follows from Corollary 1, and for elements (2)–(7) from Theo-
rem 2. Hence h5,2 induces a homomorphism

h′ : ∆
5,2

(R)/K → Γ
5,2

(R) ⊂ Γ 5,2(R).

Let us denote by W1(R) (resp. W2(R), T (R)) the reduction of W1(R) (resp.
W2(R), T (R)) modulo K. Then

h′(W1(R)) = I3(R)((3, 2)), h′(W2(R)) = I3(R)((2, 3)),

h′(T (R)) = I4(R)(((4, 1)) + ((2, 3)))

and the restrictions h′|
W1(R)

, h′|
W2(R)

, h′|
T (R)

are mono by Theorem 2. Let
now x ∈ Ker(h

5,2
). Then x ∈ Ker(h′). Since D(r, s) ∈ K, Corollary 2 gives

x = r(x, y) + w1 + w2 + t where r ∈ R, wi ∈ Wi(R), i = 1, 2 and t ∈ T (R).
Therefore,

0 = h′(x) = rσ + h′(w1) + h′(w2) + h′(t).

Since the summands of the right hand side belong to different direct com-
ponents of Γ 5,2

(R), we get r = 0 and h′(w1) = h′(w2) = h′(t) = 0. But
the restrictions of h′ are mono, so v1 = v2 = w = 0. Hence x = 0, and
consequently x ∈ K.

3. Description of W1(r), W2(r), T (r). We present a construction of
the elementsW1(r), W2(r), T (r), independent of the choice of a base ring R.
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We will assume that W1(1) = W2(1) = T (1) = 0. This gives
D(r, 1) = (rx, y)− r(x, y)−W1(r) + rW2(r)− T (r).

Since D(r, 1) ∈ Ker(h
5,2

), we can assume that D(r, 1) = 0, or equivalently
T (r) = (rx, y)− r(x, y)−W1(r) + rW2(r),

and assuming (3) and (4) of Section 2 we get (5). Hence we need to determine
W1(r) and W2(r) only.

In [1], we defined for any r ∈ R the following elements of ∆
5,3

(R):
C3(r) = 3(rx, y, z)− 3r(x, y, z) + (1− r)(rx, x, y, z),

[r] = (rx, x, y, z) + (x, ry, y, z) + (x, y, rz, z)

− r2
(
(x, x, y, z) + (x, y, y, z) + (x, y, z, z)

)
− 3(r − r2)(x, y, z),

where x = x1, y = x2, z = x3 form the standard basis of R3. Set
U1(r) = C3(r) + [r].

It follows from [1, p. 239] that

h
5
(U1(r)) = h

5,3
(U1(r)) = (r − r2)((1, 2, 2)).

Consider a homomorphism f : Rx ⊕ Ry ⊕ Rz → Rx ⊕ Ry defined on the
basis as follows: f(x) = x, f(y) = x, f(z) = y. Set W ′1(r) = (∆

5
(f))(U1(r))

and observe that
W ′1(r) = 3(rx, x, y)− 3r(x, x, y) + (1− r)(rx, x, x, y) + (rx, x, x, y)

+ (x, rx, x, y) + (x, x, ry, y)

− r2
(
(x, x, x, y) + (x, x, x, y) + (x, x, y, y)

)
− 3(r − r2)(x, x, y)

= 3(rx, x, y) + (3− r)(rx, x, x, y) + (x, x, ry, y)

− r2
(
2(x, x, x, y) + (x, x, y, y)

)
− 3(2r − r2)(x, x, y) ∈ ∆

5,2
(R).

Since h5
(U1(r)) = (r−r2)((1, 2, 2)) and h

5 is a natural transformation, we
obtain

h
5,2

(W ′1(r)) = h
5
(W ′1(r)) = h

5(
(∆

5
(f))(U1(r))

)
= Γ 5(f)(h

5
(U1(r))) = Γ 5(f)((r − r2)((1, 2, 2)))

= (r − r2)Γ 5(f)(((1, 2, 2))) = (r − r2)Γ 5(f)(xy(2)z(2)).

Observe that
Γ 5(f)(xy(2)z(2)) = xx(2)y(2) = (1, 2)x(3)y(2) = 3((3, 2)).

Hence h5,2
(W ′1(r)) = 3(r − r2)((3, 2)). By symmetry we get an element

W ′2(r) = 3(x, ry, y) + (3− r)(x, ry, y, y) + (x, x, ry, y)

− r2((x, x, y, y) + 2(x, y, y, y))− 3(2r − r2)(x, y, y)

such that h5,2
(W ′2(r)) = 3(r − r2)((2, 3)). This gives



262 M. MACIEJEWSKI AND A. PRÓSZYŃSKI

Corollary 3. The following equalities hold:

h
5,2

((r + 1)W ′1(r)) = 3(r − r3)((3, 2)),

h
5,2

((r + 1)W ′2(r)) = 3(r − r3)((2, 3)).

Using (1) we obtain

h
5,2

(rx, y) = r4((4, 1)) + r3((3, 2)) + r2((2, 3)) + r((1, 4)),

h
5,2

(−rx, y) = r4((4, 1))− r3((3, 2)) + r2((2, 3))− r((1, 4)).

Hence

h
5,2

((rx, y)− (−rx, y)) = 2r3((3, 2)) + 2r((1, 4))

and in particular h5,2
((x, y)− (−x, y)) = 2((3, 2)) + 2((1, 4)).

If we denote

W ′′1 (r) = (rx, y)− (−rx, y)− r((x, y)− (−x, y))

then h5,2
(W ′′1 (r)) = 2(r3 − r)((3, 2)).

By symmetry we get an element

W ′′2 (r) = (x, ry) + (x,−ry)− r((x, y) + (x,−y))

such that h5,2
(W ′′2 (r)) = 2(r3 − r)((2, 3)).

Then Corollary 3 gives

Corollary 4. Denote

W1(r) = −(r + 1)W ′1(r)−W ′′1 (r),

W2(r) = −(r + 1)W ′2(r)−W ′′2 (r),

T (r) = (rx, y)− r(x, y)−W1(r) + rW2(r).

Then

h
5,2

(W1(r)) = (r3 − r)((3, 2)),

h
5,2

(W2(r)) = (r3 − r)((2, 3)),

h
5,2

(T (r)) = (r4 − r)(((2, 3)) + ((4, 1))).

4. The main theorem. Let now f : X → Y be amapping with f(0) = 0,
let ( , ) = ∆2f , ( , , ) = ∆3f , and let x, y denote any elements of X. For any
r, s ∈ R consider the following values:
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W (r) = W (r, x, y) := −(r + 1)
(
3(rx, x, y) + (3− r)(rx, x, x, y)

+ (x, x, ry, y)− r2(2(x, x, x, y) + (x, x, y, y))− 3(2r − r2)(x, x, y)
)

−
(
(rx, y)− (−rx, y)− r((x, y)− (−x, y))

)
,

W (r) = W (r, x, y) := W (r, y, x),

T (r) = T (r, x, y) := (rx, y)− r(x, y)−W (r) + rW (r),

D(r, s) = D(r, s, x, y) := (rx, sy)− rs4(x, y)− s(sW (r)− rW (s))

− r(rW (s)− sW (r))− (sT (r)− rT (s)).

As in [1], Theorem 3 yields the main result of the paper. Observe that the
symmetric versions of the following relations can obviously be omitted.

Theorem 4. The following relations constitute a complete 2-covering
system for the functor Hom5 : (A1), (A2), (A) and

(1) D(r, s) = 0,
(2) W (rs) = r3W (s) + sW (r),
(3) 3sW (r)− 3rW (s) = (r − s)(W (r + s)−W (r)−W (s)),
(4) W (ar3 + bs3)−W (ar3)−W (bs3)−W (ar+ bs) +W (ar) +W (bs) =

3a2bW (r2s) + 3ab2W (rs2),
(5) W (r + s + t) −W (r + s) −W (s + t) −W (r + t) + W (r) + W (s) +

W (t)− rstW (2) = 0,
(6) T (rs) = r4T (s) + sT (r),
(7) T (r + s) = T (r) + T (s) + (2r3s+ 3r2s2 + 2rs2)T (−1),

where a, b, r, s, t ∈ R. Together with the relations (B), (B1), (B2), (S) of [1,
Theorem 8], they constitute a full system of covering relations of the functor
Hom5.

Eliminating T we can simplify some relations. For example

Corollary 5. The relations (1) and (6) are equivalent to

(1′) (rx, sy) + r(sx, y)− s(rx, y)− rs4(x, y)− (s2 − s)W (r)

+ (rs− r)W (s)− (r2 − rs)W (s) = 0,

(6′) (rsx, y)− r4(sx, y)− s(rx, y) + r4s(x, y) + (r4 − r3)W (s)

+ r(s2 − s)W (r) = 0.
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