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REMARKS ON SIMPLE ARBITRAGE ON MARKETS WITH
BID AND ASK PRICES

Abstract. We consider various kinds of simple investment strategies on
markets with bid and ask prices. We formulate necessary and sufficient con-
ditions for the absence of arbitrage using those strategies. In the last part
of the paper we study the absence of arbitrage for simple strategies without
shortselling.

1. Introduction. Let (§2,F,P,F=(F;),c(o,r)) be a filtered probability
space satisfying the usual conditions, i.e. the filtration (F)iejo7) is right
continuous and F{ contains all the P-null sets of F. Assume that there exist
two R%-valued adapted positive stochastic processes S = (S4)tefo,r) and S =
(St)ier with Sy(w) < Si(w) for all t € [0,T] and w € §2, which model the
bid (selling) and ask (buying) prices of risky assets. We buy or sell risky assets
during the time interval [0,7] liquidating our position just after maturity
time T at the instant which we shall denote by T+, using the prices S, and St
respectively. We consider the following different classes of trading strategies.

DEFINITION 1.1. We call an R%valued process © = (Ot)tepo,r+] a simple
investment strategy if there exists a positive integer n > 2 and a finite se-
quence (74, 6;)7; of F-stopping times 7; such that 0 =7 <-.- <7, =T and
of F-,-measurable random vectors 60; € Re fori=1,...,n—1 with 6, =0
such that ©p+ =60, =0 and

n—1
(11) 8t = Z eiX(Ti,Ti+1](t)‘
=1
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A simple investment strategy consists of an at most deterministic number
of transactions. We shall denote this class of strategies by Sp. Note that our
simple strategy starts with initial position @y = 0. We could also consider
an initial position 6y by adding to the right hand side of the term
Box {0y (2)-

Strategies of the next class consist of a finite but not necessarily deter-
ministically bounded number of transactions.

DEFINITION 1.2. We call an R%valued process @ = (Ot)ieo,r+] an
almost simple investment strategy if there exists a sequence (7;,6;) of F-
stopping times 0 = 71 < --- < 73 =T, where s = inf{i > 1: 7, = T} and
P(s < o0) = 1, and of F,,-measurable random vectors 6; € R? for i > 1 with
fs = 0 such that Op+ =6, =0 and

(12) @t = ZeiX(Ti,TiJrl](t)’
=1

The class of almost simple strategies will be denoted by aS7. The above
two classes pretty well approximate reasonable investment strategies in the
case of continuous bid and ask prices (e.g. functions of fraction Brownian
motion, see [4]). In the case of cadlag bid and ask prices we may have ad-
ditional gain when jumps of the bid and ask prices are predictable, and
therefore following [5] we have to consider left and right transactions: just
before the jump and after the jump.

DEFINITION 1.3. We call an R%valued process © = (6y),e(0.1+) a gener-
alized simple investment strategy if there exists a positive integer n > 2 and
a finite sequence (7;,0;,6;)"_; of F-stopping times 7; such that 0 = 7 <
-« <7, =T and of ]-"T; -measurable random vectors ¢, and F;,-measurable
random vectors 6; € R? for i = 1,...,n — 1 with §;~ = ,, = 0 such that
Or+ =0, =0 and

n n—1
(1.3) Or = 0 Xy (1) + D 0iX(ry i) (1),
i=2 i=1
and we have 6 = 0;_1 on the totally inaccessible part of 7; for i = 2,...,n.

The class of such strategies will be denoted by gSt. Each strategy in this
class consists of a deterministically finite number of left and right transactions.

The next class will be a natural extension of the class with a finite number
of transactions.

DEFINITION 1.4. We call an R%valued process © = (Ot)iep,r+] @ gen-
eralized almost simple investment strategy if there exists a positive inte-
ger n > 2 and a sequence (7;,6;7,0;) of F-stopping times 7; such that
O0=m <---<7s=T,wheres=inf{i >1:7 =T} and P(s < o0) = 1, and
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of F_--measurable random vectors ¢;~ and JF;,-measurable random vectors

0; € R for i > 1 with 6, = 6, = 0 such that Op+ — 0, = 0 and

(1.4) O = Z Q;X{Ti}(t) + Z eix(ﬂ'ﬂﬂ)(t)
=2 =1

and we have 0, = 0,1 on the totally inaccessible part of 7; for ¢ > 2.

The class of such strategies will be denoted by gaSr. As in the case of
almost simple strategies, each generalized almost simple strategy consists of
a finite number of transactions, but this number may depend on w € (2.

REMARK 1.5. In [5] generalized almost simple strategies were required
to be predictable processes. In that case by [0, Theorem 2.24 and its proof]
the process @ does not have jumps at totally inaccessible stopping times.
Consequently, 0, = 0;_1 on the totally inaccessible part of 7; for i = 2,...,s.
This is intuitively clear since we are not able to predict totally inaccessible
stopping times to make profit at those times by an immediate portfolio
change.

DEFINITION 1.6. The wealth process V(O) = (Vi(O))c(0,1) generated by
the trading strategy © € gaSt of the form ((1.4) is given by

(15) Vi ZX{M (0; = 0:1)* S~ + (6, —0,:1)7S,]

+ ZX{TZ'<t} [_(92 - 07,_)+§7—1 + (01 - H'L_)_ﬁn]
L6/ S, — 0,73,

Notice that the right hand side of the first line in corresponds to
the gain or cost of changing the strategy just before time 7; (left trans-
action) from 6;_; to 6; . In the second line of we have the gain or
cost associated with the change of portfolio just after time 7; (right transac-
tion). The third line corresponds to liquidation of our financial position at
time ¢. We only allow left transaction at time ¢. Notice furthermore that for
s=inf{i > 1:7 =T}, assuming that 6, = 0 we have

(1.6) Vr(0) = Z[—(9; —6i-1)"S -+ (0] —6i-1)7 5, -]

k3

+Z (0; —0;7)TSs +(0; —0;7)7S,.].

(]
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In particular, if @ € aSy, then
S
(1.7) Vr(©) =Y [—(0i — 6;1)"Sr, + (6 — 6;,1) S,
i=1
where 6y = 0. Furthermore we have

REMARK 1.7. It is clear that Sy C aSt, St C ¢St and aSt C gaSr.

The following example explains the meaning of generalized simple strate-
gies.

EXAMPLE 1.8. Assume we are given a fractional Brownian motion (B/)
(or any continuous stochastic process) and three independent random vari-
ables: Z taking values in {0,1} with P{Z = 0} € (0,1), £, and an exponen-
tially distributed random variable 5 such that P{n >t} = e!~* for ¢t > 1. Let
S; = (1—p)Sy and Sy = (1 + \)S; for g, A > 0 and t > 0, where S; = eBt!
for t € [0,1]. If Z = 0 we define (S;) for ¢t > 1 as follows: let

U::inf{tZI:\BfI—B{I\Zl}

and for t < o set S; = Bt , while for ¢ > o define S; = eBI' +6. If Z = 1 we
let Sy = Bl for t < n and Sy = eBI+E for ¢ > 7. Assume now that the ith
transaction (for an ¢ > 2) is at time 7; where 7; = 0 on {Z =0} and 7; = 7
on {Z = 1}. Then the processes (S,) and (S;) are cadlag with only one jump
at 7;. The stopping time Ti{ZZO} equal to 7; on {Z = 0} and oo otherwise is
an accessible part of 7; (in fact even predictable). The stopping time TZ.{ZZI}
(defined as above) is a totally inaccessible part of 7;. Left transaction at
time 7; makes sense on the event {Z = 0} since the corresponding part of
the wealth process

—(0; —0;1)"S -+ (67 —0i-1)"S -

is a limit of the wealth processes —(6, — 91-,1)'*'?7;1 + (0, — 0i—1)" S,
where ' = inf{t > 1 : |B¥ — Bf{| > 1 — n~!}, assuming that 6; are
JFrn-measurable. We are not able to approximate the wealth process on the
event {Z = 1} in a similar way since we cannot approximate 1 from below
using stopping times.

For continuous processes we can restrict ourselves to the classes St and
aSt. Namely we have

LEMMA 1.9. If the bid and ask prices are continuous processes then it is
not optimal to have 0 different from 0;_1, so that we should have only right
transactions and consequently the classes Sp and aSt are sufficient to study
arbitrage.
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Proof. Tf the bid and ask prices are continuous then we have S, = S
and ?T_Z_ = S,,, from which in (T.5) we obtain for 7; < ¢ the sum

(1.8)  —[(0;7 —0i1)" + (6 — 0,)]S,,
+ [(9; —0;—1) +(0; — 0;)_] S,

= —(0: = 0i-1)Sr — [(0;7 —0i—1)" + (6 — 6;)7] (S, — S,.)

< —(0; — 0i—1)Sr, — (6; — 0i-1)~(Sr, — S.)

=—(0i —0;—1)" S, 4+ (0 —0;1)" S,
and inequality can be replaced by equality whenever either 6; 1 > 0;” > 6;
or §; > 6, > 0;_1. In both cases we can directly change the portfolio from
0;—1 to 0;, so that left transactions are not necessary. When 7; = t there is
no reason to change the portfolio since we immediately liquidate it. =

DEFINITION 1.10. A strategy © € gaSr is
(i) an arbitrage if
(1.9) Vr(©) >0 P-as. and P(Vp(©)>0) > 0;

(ii) an obvious arbitrage if there exist stopping times o and 7 and an
F,-measurable random vector 6 € R? such that © is given by

O = 0x(r(t), t€0,T],
and satisfies .
DEFINITION 1.11. We say that a market satisfies
(1) the absence of simple arbitrage (ASA) if

O eSrand P(Vp(©) >0)=1 = Vp(O) =0 P-as;
(ii) the absence of almost simple arbitrage (AaSA) if

O caSrand P(Vp(©)>0)=1 = Vp(O) =0 P-as.;
(iii) the absence of generalized simple arbitrage (AgSA) if

O € gSrand P(Vp(©)>0)=1 = Vp(O) =0 P-as.;
(iv) the absence of generalized almost simple arbitrage (AgaSA) if

O € gaSt and P(Vr(©) >0) =1 = Vp(O) =0 P-as,;

v) the absence of obvious arbitrage (AOA) if for any stopping times o
g y ppmng
and 7 and every F,-measurable random vector § € R?,

O = 0x(0,7) and P(V(O) > 0) =1 = Vr(O) =0 P-as;

REMARK 1.12. It is clear that AgaSA=AaSA=ASA and AgaSA=AgSA
=ASA.
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In this paper we are interested in problems of arbitrage for general con-
tinuous time cadlag processes. As is shown in [I4], the fundamental notion
of no free lunch with vanishing risk in Delbaen—Schachermayer arbitrage
theory restricts price processes to the class of semimartingales. Since a num-
ber of financial market models (in particular in the model with transaction
costs) can be constructed using processes which are not semimartingales,
e.g. functions of fractional Brownian motion [3], there is a natural need to
study arbitrage without semimartingales, as was pointed out in [4] [10]. Such
approaches use simple strategies to characterize arbitrage. Various results
concerning the absence of arbitrage for general bid and ask prices which are
mainly continuous processes were formulated in [II, 2, 6], [7, [11]. When bid
and ask prices are only cadlag processes, the class of simple strategies has
to be enlarged to include the so called left and right transactions, as was
pointed out in [5].

This paper generalizes [13] in various directions. First of all, instead of
proportional transaction costs we consider bid and ask prices which are gen-
eral cadlag. Following [5] we also consider generalized simple strategies. We
formulate four kinds of simple strategies allowing even a finite but random
number of transactions in a finite time interval [0, 7] and study four kinds
of arbitrage. We extend conditions introduced in [I3] and show examples
which prove that a finite but random number of transactions may lead to
arbitrage. In particular in Section 2 we introduce conditions (B) and (C)
which are necessary and sufficient for the absence of simple arbitrage. In
Section 3 we formulate condition (D) which is sufficient for the absence of
arbitrage with respect to generalized almost simple strategies.

In the last section we study the absence of arbitrage for simple strategies
without shortselling. This is the case where we are not allowed to trade
borrowed assets. We give conditions (E) and (F) under which we have the
absence of arbitrage for simple strategies without shortselling.

The paper contains various generalizations of formerly proved results. In
such cases we indicate the original source before stating its extension.

Note that the absence of simple arbitrage is not equivalent to the absence
of arbitrage over almost simple strategies. First we consider a market without
transaction costs with infinite time horizon. The following example exhibits a
nonnegative martingale that admits an almost simple arbitrage opportunity.

EXAMPLE 1.13. Let y(0) = 1 and P(y(n) = 1) = 1/2, P(y(n) = —1) =
1/2, with (y(n)) i.i.d. Let

2(t) =) y(i) fork<t<k+1
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and
T =inf{i > 0:y(i) = —1}.
Define
Xe==z(tAT) fortel0 00).
Then (X¢);e[0,00), @8 @ stopped martingale, is a martingale (note that z is

a martingale with right continuous trajectories and 7 is a stopping time).
Moreover, z(7) is an integrable random variable. Indeed,

=1 =1
o] ) 00 1 i+1
Sl
i=1 i=1
Let S, = S; = X;. Consider the strategy
O = > (—2")X(mn+1 )X f1<r}-
n=0

This strategy vanishes after the stopping time 7, which is finite:

P(T < o0) ZJP’T_z i(;)zzl

=1
Note that the gam on {T=n+ 1} is glven by

1+Z — 271y z—i—l)—l—l—ZQ’lz—l—l):l—l—nQ",
=1
while the payment is n2" (2" stocks at price z(T)X{r=n+1} = 1), so that the
final wealth process of the strategy © is equal to 1.

Below we adapt the above example to the case of finite time horizon
(t €[0,1]).
EXAMPLE 1.14. Let y(0) = 1 and P(y(n) = 1) = 1/2, P(y(n) = —-1) =
1/2, with (y(n)) i.i.d. Let z(t) = Zf:o y(i) for k <t < k + 1. Define
S = z(tan(tm/2) A7) fort <1
and S; = z(7) with 7 = inf{¢ > 0 : y([t]) = —1}. Then S is a martingale
and there is no arbitrage over simple strategies (see [I3, Lemma 2.15 and
Theorem 2.18|). An almost simple arbitrage strategy is given by
o0
O, = Z(_2n)X((2/7r) arctan(n),(2/m) arctan(n+1)] (t)X{t<‘r}'
n=0
The following example shows that (ASA)=-(AaSA) on a market with bid
and ask prices and infinite-time horizon.
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ExampLE 1.15. Let X be a martingale given in Example Let a; =
271 for i > 0 and b; = 27% for i > 1, by = 1/4. Define

oo oo
Sp =X + Z aiXfii+1)(t) and S, =Xy — Z biX(i,i+1)(t)-
i=0 i=0
An almost simple arbitrage strategy is
oo
Or =Y (2" X(nnt1) (D)X {e<r-
n=0
Clearly, the gain on {7 = n + 1} is given by

1
1+n2" — [b0+z — 271 Z}:n2”+1+2”1

and the payment on {7 =n+ 1} is
n2" + ap412" =n2" + 1/4.
Consequently, Voo (@) =1/27 > 0 a.s.

We continue our investigation by showing that there is a simple arbitrage
if and only if there exists an obvious arbitrage. This result, which is in fact
based on Rola’s paper [12], does not seem to be commonly known for con-
tinuous time markets with transaction costs. In [12, Theorem 2| equivalent
conditions for the absence of arbitrage in discrete time markets with bid and
ask prices are presented. In particular, the absence of arbitrage on markets
with bid and ask prices is equivalent to the absence of arbitrage between two
transaction times.

THEOREM 1.16. The following conditions are equivalent:

(i) there is no simple arbitrage;
(ii) there is no obvious arbitrage.

Proof. Tt suffices to show that for transaction times 71, ..., 7, the follow-
ing conditions are equivalent:
(a) there is no arbitrage for transaction times 0 =73 <--- <7, < T}
(b) there is no arbitrage for any two transaction times o1 < oy taking
values in {71,...,7}.

(a)=-(b). Trivial.

(b)=(a). Assume that there exists a simple arbitrage © = (O¢)c(o,7)
where ©; = Z?_ll 0iX (r;,7; +1}( ). Then the discrete time market with price
processes X = (X;)%; and X = (X;); with X; = S, and X; = S, for
i =1,...,n admits an arbitrage opportunity. By [12, Theorem 2] there exists
an arbitrage on a market with bid and ask processes {(X;,X;), (X, 1, Xit+k)}
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for some 1 < ¢ < i+ k < T. Setting 01 = 7; and o9 = 7,4, we have an
arbitrage for two transaction times taking values in {71,...,7,}. =

2. Arbitrage for simple strategies on the market with bid and
ask prices. In this section we show necessary and sufficient conditions for
the absence of arbitrage for simple strategies.

DEFINITION 2.1. We say that (S, S) satisfies condition (B) if for every
stopping time o such that P(oc < T') > 0 and for every € > 0 we have

(2.1) IF’( sup [01(S;, — S,) —07(S; —S,)] <e .7-"0) >0 P-as.
te(o,T]

for every F,-measurable d-dimensional random vector 6 such that [0] = 1
P-almost surely, with |-| standing for the Euclidean norm in R?,

The following lemma shows that condition (B) is necessary for the ab-
sence of arbitrage over simple strategies on the market with bid and ask
prices (S, .5).

LEMMA 2.2. Let S and S be adapted cadlag processes. If there is no
obvious arbitrage with bid and ask processes S and S, then (S,S) satisfies
condition (B).

A similar result for markets without transaction costs is shown in [I]
and [13].

Proof. Assume S and S do not admit an obvious arbitrage opportunity
and (5,5) does not satisfy condition (B). Then there is a stopping time o
with ¢ < T a.s. and ¢ > 0 and an fa—measurable random variable 6 such
that P(supye(y 7107 (S; — So) — 07(St — S,)] < € | F») = 0 with positive
probability. Let

A={P( sup [07(8, ~S5) —07(Si = 8,)] < ¢ | ) =0},
te(o,T)
Then clearly A € F, and P(A) > 0. So

]P’(A N { sup [07(S, — S,) — 0~ (S, — 8,)] < e}) =0

telo,T]
and
(2.2) sup [07(S, —S,) —0(S; —S,)] >¢ on A with probability one.
te€lo,T|

Define

. {0 on A,

g =

T on A°.

Since A € F,, & is a stopping time. Define
r=inf{t >5:07(S, — S5) — 07 (S; — S;) > ¢/2}.
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As S and S have right continuous paths, we have 61 (S, —S5)—07(S; —S;)
> ¢/2 on A with probability one. Moreover 7 < T almost surely on A:
otherwise 67 (S;, — S5) — 0~ (S; — S;) < €/2 on A with positive probability
for any ¢ € [, 7], in contradiction with (2.2). This means that 6% (S, —Sz)—
0= (S;—S5)>00n A, s0 xa(07(S, —S5)—0(S;—S5)) > 0 almost surely
and P(xA(07(S: — S5) — 0 (S — S5)) > 0) > 0 for

B {7’ on A,
7= .
T on A°

In other words, the investment strategy © = xax (5,7 is an obvious arbi-
trage, which contradicts our assumption. m

DEFINITION 2.3. We say that (S, S) satisfies condition (C) if for every
stopping time o such that P(c < T') > 0 and for every ¢ > 0 we have

]P’(t int [67(8, = 57) = 07(51 = 8,)] > ¢ ‘ .7-}) >0 Pas.

€lo,

for every F,-measurable random variable 6 such that |§| = 1 P-almost surely.
REMARK 2.4. (S, S) satisfies condition (C) if and only if for every stop-

ping time o such that P(c < T) > 0 and for every € > 0 we have

IP’( sup [07(S; —S,) — 07 (S, — S,)] < e ‘ ]:U> >0 P-as.
te(o,T)

for every F,-measurable random vector € such that |#| = 1 P-almost surely.
Clearly —6 is also an Fs-measurable random variable such that [0] = 1
P-almost surely, and by condition (C) we have

IP’(t int [(~0) (S, = 5) = (=) (51 = 5,)] > —¢ ‘ f(,) >0 Pas.

Note that (=0)* (S, —Ss) = (=0)"(S: = S,) = ~[0F(S: = S8,) =0~ (S, — 55)]
and

{ inf [(-0)7(S,~55) = (~0)"(S; — 5,)] > —¢}

telo,T]

This means that

P( sup [07(S: — S,) = 07 (S, ~ S,)] < e
te(o,T)

.7"0) >0 P-as.

The next definition introduces the notion of 0-admissible strategy.

DEFINITION 2.5. We say that a simple strategy © is 0-admissible if

i > = 1.
]P)(tel[%,fT]Vt(@) > O) 1
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LEMMA 2.6. Let S and S be adapted cadlag processes. If (S, S) satisfies
condition (C), then every simple arbitrage is 0-admissible.

This result is a bid and ask prices version of |2, Proposition 2.6].

Proof. Suppose ©; = E?:_ll 0iX(r;,7:41)(t) s a simple arbitrage which is
not O-admissible. Then there exists ¢ € {1,...,n — 1} such that
]P’( inf  14(0) < o) > 0.
tE[Ti,Ti+1)

Indeed, otherwise for all i € {1,...,n — 1} we have infyc[., - ) Vi(O) >0
P-almost surely and P(inf,cjo ) Vi(©) > 0) = 1, contradicting the non-0-
admissibility of ©. We define
jozmax{i: 1,...,n—1:IP’( inf  V,(O) <0> >0}.
te[Ti,Tig1)
Let 7j, := p and 7j,,, := 7. Observe that by the definition of jo we have
V:(©) > 0 P-almost surely. Furthermore there is a § > 0 such that the set
{infyc(, ) Vi(©) < =26} has a positive probability. Define
o=1inf{t > p: V(O) < =0} AT.
Note that V;(©) is right continuous on (p, 7), so V(@) < — whenever o > p
and since at a given time, immediate buying and selling is never optimal, we
have V,(©) < V7 (©) < —§ when o = p, where V. denotes the right hand
limit of V; at time o. Therefore
§ <V (O)—-V5(0)
on {0 < 7} € F,; (moreover P(c < 7) > 0). On the other hand,

Jo

Vo(0)=> [—(6i — 0;-1)" Sy, + (6; — 0;1)" S, ]+ 01 S, — 0, S,
=1
Jo o _
Vo(©) = [0 — 0i-1)"Sr, + (6: = 6:i1) S, ] +67S, — 6,5,
i=1

and on {o < 7} we have

V(0) = V5(0) = 0]—'2 (S, —58,)+ Gj_o (Ea - Sr)
< 9;5(§T - ﬁa) + 0;()(?0- - §7’) = 9%(?7 - ﬁa) - 0]70(§7' _EU)'
We fix a sufficiently large K such that P({o < 7}N{0 < |0},(w)| < K}) > 0.
Let A:={o <7} N{0 < [0;,(w)| < K}. Clearly A € F,. Now we define

_ J0ip@)/10j(W)], we A,
) = {1, wé A
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Then, on A,
0<V(O)-V,(0) < 9;{)(§T —8,) —0;,(8; — Ss)
S K[n+(§7 - §O‘) - 77_ (§T - gcr)]'
Consequently,
PlAn{ sw 0" (S~ S,) —n(S,~5,) < 6/K})
te(o,T)

< P(A N {n+(§7' _ﬁo) - 77_(§T - g(J’) < 6/K}) = 07
which, by Remark contradicts condition (C). m

LEMMA 2.7. Let S and S be adapted cadlag processes such that for every
t€10,T], S, < St P-almost surely, which means that we have a strict inequal-
ity for each coordinate. Then no nontrivial simple strategy is 0-admissible.

Proof. Suppose ©; = Z?;ll 0iX (r;,r:1](t) is @ O-admissible simple strat-
egy such that P(6; # 0) > 0 for some ¢ € {1,...,n — 1}. Let
ko =min{i =1,...,n —1:P(6; #0) > 0}.
Then we have V;(©) = 0 P-almost surely for every ¢ € [0, 7], and V;(O) =
0;0 (Sy = S7) — Op, (St —§Tk0) for t € (Ty, Thy+1]- Since S and S are cadlag
processes, it follows that

lim Vi(©) = 0, (S, — Sr,) — O, Sy = Sr,) = Orl(Si, = By ).

t—rrko

Therefore lim, ,_+ V;(©) < 0 P-almost surely. Let A = {S, < S } N
Tko 0 0
{0k, # 0}. Then P(A) > 0 and lim V4(©) < 0 on A. Hence

t—wgz)
0 < P(4) =P(4n {te(mior’lfkom Vi(6) < 0}) < P(tei[%FT] Vi(6) <0),

which contradicts the assumption

i > =1.
P<tel[%,fT]Vt(@) > 0) 1. m

Summarizing the last two lemmas we obtain

COROLLARY 2.8. Let S and S be adapted cadlag processes such that for
every t € [0,T], S; < S P-almost surely. If (S,S) satisfies condition (C),
then there is no simple arbitrage with bid and ask processes S and S.

Proof. Assume S and S satisfy condition (C) and

n—1
Oy = Z 0iX(n,‘r¢+1} (t)
=1

is a simple arbitrage. Then, by Lemma the strategy © is 0-admissible.
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On the other hand, since P(6; # 0) > 0 for some i € {1,...,n— 1}, O is not
0-admissible (by Lemma . This contradiction completes the proof. =

3. Arbitrage for generalized almost simple strategies on the
market with bid and ask prices. The following lemma shows that if
some price process S lies between bid and ask processes (S,.5), then trad-
ing on (S,S5) using a generalized almost simple strategy is no better than
generalized almost simple trading on S without transaction costs. A similar
observation for simple trading strategies can be found in [4, Lemma 2.5].

LEMMA 3.1. Let S = (St)iepo,r] be a process such that for any t € [0,T],
ﬁt S St S ?t P-a.s.

For any generalized almost simple investment strategy © = (O4).ejo,1) of the
form (1.4) and s =inf{i > 1: 7, =1} with 05 = 0 we have

0) <> [-(0; -0 +Z (6; — 6;)55,).
=2
Moreover, if for any t € [0,T],
S, <8 <S8 P-as.
then

Vr(0) <> [-(6; - +Z (6; —67)S,]  P-as.,
with equality instead of strict inequality zf and only if 07 = 6; = 0 for all
1> 1.
Proof. Observe that for S = (S;)e[o,77 such that S, < S; < S; we have
(0; - 91',1)—’—37_— Z (9; - 91*1)+S77 for i = 2, 3, ey

0; —0.)"S;, > (0; —0.)"S,, fori=1,2,...,
(07 —6;1)"S - <(0; —0;i—1)" S - fori=2,3,...,
(0; —0;7)"S, <(6; —0;)" S, fori=1,2,....

Then for s = min{i > 1 : 7; = T'} we have, using (L.6)),
V(@)= [~(6; —0;-1)"5 - +(0; —6i-1)"S, ]
=2
+ D0 = 00) S+ (6, 07)7 S,
i=1

<N =07 —0;1)8, +Z S.] =

=2
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We immediately deduce

COROLLARY 3.2. If there is a process S such that S, < Sy < Sy for any
t € [0,T] and there is no arbitrage at time T' for S over generalized almost

simple strategies then there is no arbitrage in the market with bid and ask
prices (S, 9).

The next corollary easily follows from the above in view of (|1.7]).
COROLLARY 3.3. If there exists a process S = (St)iecjo,1) with
ﬁt S St S gt ]P)—(I.S., te [O,TL

then for any almost simple investment strategy of the form

Qt = Zeix(’riﬂ'i+1](t)
=1

we have
s—1
Vr(©) < Zei(snﬂ —S;,) where s=inf{i>1:7,=T}.
=1

We also obtain

COROLLARY 3.4. If there is a price process S such that S, < Sy < 'Sy for
any t € [0,T] and there is an equivalent martingale measure for S then there
is no simple arbitrage in the market with bid and ask prices (S, S).

[13, Theorem 2.18| and Lemma [3.1| yield
COROLLARY 3.5. If there exists a cadlag process S such that

(i) S, <8y < Sy for any t €10,T),
(ii) for any stopping time T with 7 < T a.s. and any € > 0 we have

P(tel[Iql_’fT](St —8) > —e

.7-}) >0 P-as.,

(iii) there is a probability measure Q equivalent to P such that S is a local
martingale with respect to Q,

then there is no simple arbitrage in the market with bid and ask prices.

DEFINITION 3.6. We say that a pair of adapted cadlag processes S and
S satisfies condition (D) with respect to the filtration I if for any stopping
time 7 such that 7 < T a.s. there is an F.-measurable random variable S,
such that

(i) P(ﬂtE[T7T]{S‘r € (8¢ St)} | Fr) > 0 P-as.
(i) S,- <S5, < S, Pas.
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PROPOSITION 3.7. Under (D) there is no arbitrage at time T with respect
to generalized almost simple strategies in the market with bid and ask prices

(S, 9).

Proof. Assume © € gaSr is an arbitrage strategy. Then Vr(©) > 0 P-a.s.
and P(Vp(©) > 0) > 0. Let 0 = min{i > 1:0; #0V§; # 0} and s =
min{i > 1: 7, = T}. Since P(Vy(©) > 0) > 0 and {Vp(O) > 0} C {7, < 75},
the event A = {7, < 75} has a positive probability. Observe that A € F..
We can write

Vr(0) = Z[—(QZ —0;1)"S -+ (07 —0i1)" S, -]

3

+ Z 9 - 9 +S7—z + ( 9_)7§Ti]7

where 0,_1 = 65, = 0. Note that

D= 00) = (0;—0;7)+ > (07 — ;1) =0 — 1 =0.
Hence - - -
S0 -0t =D (6 +Z F—0i)T =) (07 —0-1)” =0.

It follows that

(31) Vr(©) =) [~(6; —6:-1)(5,- = Sr,) + (6, —6i-1)"(S,- — S5,)]

+ Z[_(‘gi - ‘91'_)+(§n - STU) + (91' - 91;_)_(§n - STU>]-

Let
() {5~ €(8,,5)}N{S;, €[8,-,5 -1} NA.
te[rs,T)

Since the processes S and S satisfy condition (D), the event C has positive
probability. On C' we have

07 —0;-1)"TS,, <(0; —0;-1)TS_-

(0; —0;i—1)" S - <(0; —0;—1) S,

(6: = 0;)"Ss, < (6; —6;)" 57,

<6i - Hi_)iSTa < <6i - ei—)ng“

fori =o,...,s, with at least one strict inequality. Consequently, using (3.1])
we find that V7(©) < 0 on the set C, a contradiction. m
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REMARK 3.8. A sufficient condition for the absence of arbitrage over
almost simple trading strategies on the market with bid and ask prices (S, S)
is the following: for any stopping time 7 such that 7 < T a.s. there is an
Fr-measurable random variable S, such that

1@( N {STe(ﬁt,E)}‘fT> >0 Pas.

te([r,T]

4. Arbitrage for simple strategies without shortselling. In this
section we consider the case when our investment strategies are nonnegative,
i.e. we are not allowed to borrow assets.

DEFINITION 4.1. We call an R%-valued process © = (Ot)iefo,r+] @ simple

investment strategy without shortselling if © € Sy and 6; € R? are nonnega-
tive Fr,-measurable random vectors.

The set of simple investment strategies without shortselling is denoted
by S; .

DEFINITION 4.2. We say that (S, S) admits an arbitrage opportunity with

respect to the class of simple strategies without shortselling if there exists
© € 87 such that (1.9) holds.

The following is a slightly modified version of [13, Lemma 3.7].

PROPOSITION 4.3. Let §1,El, . ,én, &,, be a sequence of nonnegative ran-
dom wvariables on a filtered probability space (2, F,P,F=(Fi)icqo,.. n}). Let
()i be a sequence of nonnegative random variables such that ny = 1, = 0

and n; are F;_1-measurable random variables and P(n; > 0) > 0 for some
ie{l,...,n—1}. Then

n

ﬂ {§] < g’t} C {‘/§1’El"“’§n’gn (7707 My --- 77771) < 0}
ij=1

1<j

where

n

Ve frrm £, (0051115 TI) = D =0 =mi) &+ (i —mia) 7€)
=1

Proof. We use induction on n. First we prove the statement for n = 2.
Since 19 = n2 = 0 and n; > 0 a.s., we have

Ve, &.6,8 M0smsm2) = m§, = &] <0

on the set {§2 < &,}. Now suppose that the assertion holds true for k — 1.
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We consider first the process V€ Frk, B (105115 + + s M) Xy =no} - Clearly

‘/§17gl7"'7§k7gk (770’ M- ’nk)X{m:??Q}

= ‘@1751{37537---@;@7& (7707 N,M3, - - - ,nk)X{nlan}
and
k — —
ﬂ {éj <&t C ﬂ {éj <&h
’L',_j:‘l i,jE{l,:--,ﬂ}\{Q}
1<J 1<j
so by the induction hypothesis we have
k —
D N <& {m=m}

ij=1
< - {‘/élvglv“ﬂékvgk (7707 My, nkz)X{Tn:nz} < 0}
The next step consists in considering the process

‘/%17517 7§k7gk (7707 ,,71’ Tt nk)x{n2<771}

X{n2<771} Z - Thi— 1 51 + (771 - Ui—l)iéi]
k
= X{n2<m}{—77151 — (= m)&,+ > [~ —mim) T + (mi — ﬁi—l)féi]}-
=3
Note that

m [§2 — &)< 772[§2 — &
on the set {¢, < &} N {n2 < m}, from which it follows that

‘/élvglv"'vékvgk (?707 7717 e ’nk)X{n2<771}

< X{n2<m}{ mé; + Z —nim1) & 4 (i — m—1)7§,-]}'

Observe that the right hand side represents V§1 Frly ot (M0, M2, -+ s M)

on the set {n2 < m}, and hence

ﬂ g <&rnim<m}c{Veg, ¢

1,j=1
1<J

(M0, 715 - - - 777k)X{172<m}

ok

< Vépgl»ég’g&'“’ék’gk (7707 N2y ...y nk)x{n2<771}}‘
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By the induction hypothesis we have
ﬂ {§J < 67,} C {‘/élvgléya}v“'ékvgk (7707 n, ... 777k) < O},
i?je{lﬁ"“7k}\{2}
1<)

which means that

k
(42) (g <& n{m<n)

ij=1
" C AV £y, 8 005 1) X iy < O

Now we consider the process V§IZ1,---7§,€@ (105 115+ + s ) X o>y - Lt

l=max{s:m <ma < - <ms_1}.
Note that [ is well defined because we have assumed that ng,n1,...,n; are
nonnegative random variables and 7, = 0. Clearly,

‘/vél»glr“yék’gk (7]07 ,,717 Tt nk)x{ﬂ2>7]1}

-2
= Xpm>miH{ = ni=1)&] = (g = mp9)é 0 — (= 1m1)§
1= 1
k
+ 30 O = )+ (= i) 7E
i=l4+1

on the set {I =1} for some [ € {3,...,k}. Observe that
— (= Mo)€iy — (i — ni-1)&;
—(Mp_y =&y — (i — )€y — (g — )
= (n_y — 1) (& — &_1) — (np = 1) &7y
Since B
My —mp)(§—&-1) <0
on the set {{ =1} N {§ < &}, we have
(4.3) — (mr_y = Mi_o)&y — (i — M€ < —(np = mp_5)&74
Similarly
= Oy = Mpp)&oy = (= mi_y)§g
= =0y = Mo)&imy — (0 = m_2)§ = (g — Mi))§
= (7’[_1 - 77[_2)(§[ - g[_1) - (77[ - 77[_2)54”’

and since

(M7_1 — o) (§; = §7_1) <O
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on the set {{ =1} N {§ < &} nA{n;_y <mp_,}, we have
(4.4) — (M1 = o)1 — (mp = i€ < — (7 — m_o)&;
Now, using we obtain, on the event {l = l~} N {§l~ < Zi_l},

Vgl,&,...,gkzk (05 115+ -+ nk)X{nz>n1}X{l=i}X{nzan_2}

-2
< X{ma>m X {i=y X {m>m - 2}{ [=(ni — ni-1)&il

7

— (07 = Mj_g)&7_1 + Z — 1i-1) §i+(77i—77i—1)_§i]}

i=l+1

)
-

- ‘/vél7%17"'y§1717gl—17§l+1vgl+17"'7§kvgk (7707 T nl_27 nl, T 777k)X{772>nl}
XX =0 X{m=m_2}>

and by (4.4) we have

Vgl,gl,...,gkfk (o, M5+ nk)X{772>771}X{l:[}X{’?Z<W172}X{77l72<77l—1}

-2
< X{n2>771}X{l:[}X{m<77172}x{77172<71171}{ = i-1)&] — (ny = n[—2)§[
= 1
+ Z —ni-1)"E +(77i_77i—1)_§i]}
i=l+1

= %1’51""’élfz’gl*%él’gl7"'7§k7gk (770’ s =215 - - - 7nk)X{n2>n1}X{l:l~}X{m<m_2}

X X{mf2<77171}

on the set {l = ZN}ﬁ{gi < Ei_l}. Consider the case n; < m;_o and m;_1 < n;_o.
Then (by the definition of 1) n; < m_1 = m_2 and

Vgl,gl,...,gk,gk (Mo, M1y -« - s 77k)X{Wz>771}X{l:f}x{nl<775—2}X{771—22m—1}

-2
= X{ﬁ2>ﬂ1}X{Z:Z}X{ﬁl<771—2}X{771—22m—1}{ Z[ ( — M- 1)5 ] ( 17[—2)§l~
=1
+ Z —Mi-1) §¢+(?7i—77¢—1)_§i]}
i=l+1

- ‘/él7317"'7§l_27gl727§lagl7"'7§k,7gk (770’ s =210 - - ’nk)X{ﬂ2>Til}X{lzi}x{ril<m—2}

X X{m—2>m_1}.
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The induction hypothesis then shows that

k

ﬂ {§j <&In{m>min{l=0n0{m>n_}
ij=1

i<j

C {Vﬁlfl,...ék@c (no, M- - - ’nk)x{n2>m}X{Z:Z}X{mZm-z} <0},

k
(L, <&3n{m>myn{t=00{n <m-2} 0 {n-z <m-1}
ij=1
“
- {Vgl,gl,‘..,gk,ék (m0; 11, - - - ?77k)X{nz>771}X{l:i}X{m<m_z}X{m_2<m_1} <0}

and

K

(L, <&3n{m>myn{i=00{n <m-2} 0 {n-2>m-1}
ij=1

i<j

< {VV§1E1 AAAAA & €k (Mo, 11, - - - :nk)X{n2>m}X{lzf}x{m<77172}X{77172277171} <0}

Hence,

k
45 (g <&yn{m>myn{i=10
ij=1
2
C {‘/élzghmvékvgk (770) m,... 7nk)X{772>771}X{l:l~} < 0}

Combining (4.1)), (4.2), (4.5) we obtain

k

m {§] < éz} C {‘/ﬁl,gl,...,ﬁk,gk (770>7717 cee 7"7k) < 0}7
ij=1
1<J

which completes the proof. m

We now impose another assumption:

DEFINITION 4.4. We say that (S, S) satisfies condition (E) with respect
to the filtration F if for any stopping times 0 =7, < .- <7, =T we have

(4.6) p( (i] {8, < rjrg??ﬁ}) > 0.

LEMMA 4.5. If (S,S) satisfies condition (E), then there is no simple

arbitrage opportunity without shortselling on the market with bid and ask
prices (S, 9).
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Proof. Observe that

n k
ﬂ {ﬁTk < mm?Tj} C ﬂ {8, <S+}
k=1 k=1

i<

Then we apply Proposition to the sequence of random variables (playing
the role of (§,) and (;))

S 8,8, S5
and the sequence of nonnegative random variables (standing for (n;))
0o, 61, ...,0n,
where g =0, =0. =
We now introduce a sufficient condition for (E) to hold.

DEFINITION 4.6. We say that (S, S) satisfies condition (F) with respect
to the filtration I if for any stopping times o < 7 < T and for any z > 0 we
have

(4.7) P(S, <z|Fy) >0 P-as.

LEMMA 4.7. If (S,S) satisfies condition (F), then there is no simple
arbitrage without shortselling with bid and ask prices (S, S).

Proof. 1t follows from Lemma that it suffices to show that if (S,S)
satisfies condition (F) then P(;_,{S,, < minj<;S.}) > 0 P-a.s. for any
stopping times 0 =7 < --- < 7, = T. Suppose towards a contradiction that
condition (F) is satisfied and there exist stopping times 0 =7, <---< 7, =T
such that

(4.8) <ﬁ {S < mlnS }) 0.

We show that for any n > 2,
(4.9) P(A,) =0 = P(A,—1) =0,
where A, = (;_1{S,, < min;< Sy} € F,. Observe that if

0=PA,) = ]P(An_l N {S < minS, })

then "
(4.10) OZP({Tn = Tu} N 4n1n {8, <min§;, })

= P({Tn = Tnfl} M Anfl)
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and

0= E(X{Tn—l<7-n}XA’n—1X{ﬁ7_ﬂ<minj<n§7—j} | ]:Tn71)
Frur).

Since P(S, < minj<, Sy, | Fr,_,) > 0 provided that {7, 1 < 7,}, we should
have

= X{Tn,1<7’n}XAn—1IP)(§Tn < gn<1751§‘r]

P({Tn_l < Tn} N An—l) = 0.

This together with (4.10) implies that P(A,—1) = 0. From (4.8)) and (4.9)
it follows that P(A2) = 0. Consider the two cases: (i) 71 < 7 P-a.s. and
(ii) P(11 = m2) > 0. Then in case (i),

P(S,, <S8n)=0
contradicts condition (F), and in case (ii),
0= P({r =} N{S,, < S }) = P({S,, <5 })
contradicts the assumption that S, < S,,. =
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