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REMARKS ON SIMPLE ARBITRAGE ON MARKETS WITH
BID AND ASK PRICES

Abstract. We consider various kinds of simple investment strategies on
markets with bid and ask prices. We formulate necessary and sufficient con-
ditions for the absence of arbitrage using those strategies. In the last part
of the paper we study the absence of arbitrage for simple strategies without
shortselling.

1. Introduction. Let (Ω,F ,P,F=(Ft)t∈[0,T ]) be a filtered probability
space satisfying the usual conditions, i.e. the filtration (Ft)t∈[0,T ] is right
continuous and F0 contains all the P-null sets of F . Assume that there exist
two Rd-valued adapted positive stochastic processes S = (St)t∈[0,T ] and S =

(St)t∈[0,T ], with St(ω) ≤ St(ω) for all t ∈ [0, T ] and ω ∈ Ω, which model the
bid (selling) and ask (buying) prices of risky assets. We buy or sell risky assets
during the time interval [0, T ] liquidating our position just after maturity
time T at the instant which we shall denote by T+, using the prices ST and ST
respectively. We consider the following different classes of trading strategies.

Definition 1.1. We call an Rd-valued process Θ = (Θt)t∈[0,T+] a simple
investment strategy if there exists a positive integer n ≥ 2 and a finite se-
quence (τi, θi)ni=1 of F-stopping times τi such that 0 = τ1 ≤ · · · ≤ τn = T and
of Fτi-measurable random vectors θi ∈ Rd for i = 1, . . . , n − 1 with θn = 0
such that ΘT+ = θn = 0 and

(1.1) Θt =

n−1∑
i=1

θiχ(τi,τi+1](t).
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A simple investment strategy consists of an at most deterministic number
of transactions. We shall denote this class of strategies by ST . Note that our
simple strategy starts with initial position Θ0 = 0. We could also consider
an initial position θ0 by adding to the right hand side of (1.1) the term
θ0χ{0}(t).

Strategies of the next class consist of a finite but not necessarily deter-
ministically bounded number of transactions.

Definition 1.2. We call an Rd-valued process Θ = (Θt)t∈[0,T+] an
almost simple investment strategy if there exists a sequence (τi, θi) of F-
stopping times 0 = τ1 ≤ · · · ≤ τs = T , where s = inf{i ≥ 1 : τi = T} and
P(s <∞) = 1, and of Fτi-measurable random vectors θi ∈ Rd for i ≥ 1 with
θs = 0 such that ΘT+ = θs = 0 and

(1.2) Θt =
∞∑
i=1

θiχ(τi,τi+1](t).

The class of almost simple strategies will be denoted by aST . The above
two classes pretty well approximate reasonable investment strategies in the
case of continuous bid and ask prices (e.g. functions of fraction Brownian
motion, see [4]). In the case of càdlàg bid and ask prices we may have ad-
ditional gain when jumps of the bid and ask prices are predictable, and
therefore following [5] we have to consider left and right transactions: just
before the jump and after the jump.

Definition 1.3. We call an Rd-valued process Θ = (Θt)t∈[0,T+] a gener-
alized simple investment strategy if there exists a positive integer n ≥ 2 and
a finite sequence (τi, θi

−, θi)
n
i=1 of F-stopping times τi such that 0 = τ1 ≤

· · · ≤ τn = T and of Fτ−i -measurable random vectors θ−i and Fτi-measurable
random vectors θi ∈ Rd for i = 1, . . . , n − 1 with θ1

− = θn = 0 such that
ΘT+ = θn = 0 and

(1.3) Θt =

n∑
i=2

θ−i χ{τi}(t) +
n−1∑
i=1

θiχ(τi,τi+1)(t),

and we have θ−i = θi−1 on the totally inaccessible part of τi for i = 2, . . . , n.

The class of such strategies will be denoted by gST . Each strategy in this
class consists of a deterministically finite number of left and right transactions.

The next class will be a natural extension of the class with a finite number
of transactions.

Definition 1.4. We call an Rd-valued process Θ = (Θt)t∈[0,T+] a gen-
eralized almost simple investment strategy if there exists a positive inte-
ger n ≥ 2 and a sequence (τi, θi

−, θi) of F-stopping times τi such that
0 = τ1 ≤ · · · ≤ τs = T , where s = inf{i ≥ 1 : τi = T} and P(s <∞) = 1, and
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of Fτ−i -measurable random vectors θi− and Fτi-measurable random vectors
θi ∈ Rd for i ≥ 1 with θ1− = θs = 0 such that ΘT+ = θs = 0 and

(1.4) Θt =
∞∑
i=2

θ−i χ{τi}(t) +
∞∑
i=1

θiχ(τi,τi+1)(t),

and we have θ−i = θi−1 on the totally inaccessible part of τi for i ≥ 2.

The class of such strategies will be denoted by gaST . As in the case of
almost simple strategies, each generalized almost simple strategy consists of
a finite number of transactions, but this number may depend on ω ∈ Ω.

Remark 1.5. In [5] generalized almost simple strategies were required
to be predictable processes. In that case by [9, Theorem 2.24 and its proof]
the process Θ does not have jumps at totally inaccessible stopping times.
Consequently, θ−i = θi−1 on the totally inaccessible part of τi for i = 2, . . . , s.
This is intuitively clear since we are not able to predict totally inaccessible
stopping times to make profit at those times by an immediate portfolio
change.

Definition 1.6. The wealth process V (Θ) = (Vt(Θ))t∈[0,T ] generated by
the trading strategy Θ ∈ gaST of the form (1.4) is given by

Vt(Θ) =

∞∑
i=2

χ{τi≤t}[−(θ
−
i − θi−1)

+Sτ−i
+ (θ−i − θi−1)

−Sτ−i
](1.5)

+

∞∑
i=1

χ{τi<t}[−(θi − θ
−
i )

+Sτi + (θi − θ−i )
−Sτi ]

+Θ+
t St −Θ

−
t St.

Notice that the right hand side of the first line in (1.5) corresponds to
the gain or cost of changing the strategy just before time τi (left trans-
action) from θi−1 to θ−i . In the second line of (1.5) we have the gain or
cost associated with the change of portfolio just after time τi (right transac-
tion). The third line corresponds to liquidation of our financial position at
time t. We only allow left transaction at time t. Notice furthermore that for
s = inf{i ≥ 1 : τi = T}, assuming that θs = 0 we have

VT (Θ) =

s∑
i=2

[−(θ−i − θi−1)
+Sτ−i

+ (θ−i − θi−1)
−Sτ−i

](1.6)

+

s∑
i=1

[−(θi − θ−i )
+Sτi + (θi − θ−i )

−Sτi ].
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In particular, if Θ ∈ aST , then

(1.7) VT (Θ) =
s∑
i=1

[−(θi − θi−1)+Sτi + (θi − θi−1)−Sτi ]

where θ0 = 0. Furthermore we have

Remark 1.7. It is clear that ST ⊂ aST , ST ⊂ gST and aST ⊂ gaST .

The following example explains the meaning of generalized simple strate-
gies.

Example 1.8. Assume we are given a fractional Brownian motion (BH
t )

(or any continuous stochastic process) and three independent random vari-
ables: Z taking values in {0, 1} with P{Z = 0} ∈ (0, 1), ξ, and an exponen-
tially distributed random variable η such that P{η ≥ t} = e1−t for t ≥ 1. Let
St = (1 − µ)St and St = (1 + λ)St for µ, λ > 0 and t ≥ 0, where St = eB

H
t

for t ∈ [0, 1]. If Z = 0 we define (St) for t ≥ 1 as follows: let

σ := inf{t ≥ 1 : |BH
t −BH

1 | ≥ 1}

and for t < σ set St = eB
H
t , while for t ≥ σ define St = eB

H
t +ξ. If Z = 1 we

let St = eB
H
t for t < η and St = eB

H
t +ξ for t ≥ η. Assume now that the ith

transaction (for an i ≥ 2) is at time τi where τi = σ on {Z = 0} and τi = η
on {Z = 1}. Then the processes (St) and (St) are càdlàg with only one jump
at τi. The stopping time τ{Z=0}

i equal to τi on {Z = 0} and ∞ otherwise is
an accessible part of τi (in fact even predictable). The stopping time τ{Z=1}

i
(defined as above) is a totally inaccessible part of τi. Left transaction at
time τi makes sense on the event {Z = 0} since the corresponding part of
the wealth process

−(θ−i − θi−1)
+Sτ−i

+ (θ−i − θi−1)
−Sτ−i

is a limit of the wealth processes −(θ−i − θi−1)
+Sτni + (θ−i − θi−1)

−Sτni ,
where τn1 = inf{t ≥ 1 : |BH

t − BH
1 | ≥ 1 − n−1}, assuming that θ−i are

Fτni -measurable. We are not able to approximate the wealth process on the
event {Z = 1} in a similar way since we cannot approximate η from below
using stopping times.

For continuous processes we can restrict ourselves to the classes ST and
aST . Namely we have

Lemma 1.9. If the bid and ask prices are continuous processes then it is
not optimal to have θ−i different from θi−1, so that we should have only right
transactions and consequently the classes ST and aST are sufficient to study
arbitrage.
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Proof. If the bid and ask prices are continuous then we have S−τi = Sτi
and S−τi = Sτi , from which in (1.5) we obtain for τi < t the sum

(1.8) − [(θ−i − θi−1)
+ + (θi − θ−i )

+]Sτi

+
[
(θ−i − θi−1)

− + (θi − θ−i )
−]Sτi

= −(θi − θi−1)Sτi −
[
(θ−i − θi−1)

− + (θi − θ−i )
−] (Sτi − Sτi)

≤ −(θi − θi−1)Sτi − (θi − θi−1)−(Sτi − Sτi)
= −(θi − θi−1)+Sτi + (θi − θi−1)−Sτi ,

and inequality can be replaced by equality whenever either θi−1 ≥ θ−i ≥ θi
or θi ≥ θ−i ≥ θi−1. In both cases we can directly change the portfolio from
θi−1 to θi, so that left transactions are not necessary. When τi = t there is
no reason to change the portfolio since we immediately liquidate it.

Definition 1.10. A strategy Θ ∈ gaST is

(i) an arbitrage if

(1.9) VT (Θ) ≥ 0 P-a.s. and P(VT (Θ) > 0) > 0;

(ii) an obvious arbitrage if there exist stopping times σ and τ and an
Fσ-measurable random vector θ ∈ Rd such that Θ is given by

Θt = θχ(σ,τ ](t), t ∈ [0, T ],

and satisfies (1.9).

Definition 1.11. We say that a market satisfies

(i) the absence of simple arbitrage (ASA) if

Θ ∈ ST and P(VT (Θ) ≥ 0) = 1 ⇒ VT (Θ) = 0 P-a.s.;

(ii) the absence of almost simple arbitrage (AaSA) if

Θ ∈ aST and P(VT (Θ) ≥ 0) = 1 ⇒ VT (Θ) = 0 P-a.s.;

(iii) the absence of generalized simple arbitrage (AgSA) if

Θ ∈ gST and P(VT (Θ) ≥ 0) = 1 ⇒ VT (Θ) = 0 P-a.s.;

(iv) the absence of generalized almost simple arbitrage (AgaSA) if

Θ ∈ gaST and P(VT (Θ) ≥ 0) = 1 ⇒ VT (Θ) = 0 P-a.s.;

(v) the absence of obvious arbitrage (AOA) if for any stopping times σ
and τ and every Fσ-measurable random vector θ ∈ Rd,

Θ = θχ(σ,τ ] and P(VT (Θ) ≥ 0) = 1 ⇒ VT (Θ) = 0 P-a.s.;

Remark 1.12. It is clear that AgaSA⇒AaSA⇒ASA and AgaSA⇒AgSA
⇒ASA.
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In this paper we are interested in problems of arbitrage for general con-
tinuous time càdlàg processes. As is shown in [14], the fundamental notion
of no free lunch with vanishing risk in Delbaen–Schachermayer arbitrage
theory restricts price processes to the class of semimartingales. Since a num-
ber of financial market models (in particular in the model with transaction
costs) can be constructed using processes which are not semimartingales,
e.g. functions of fractional Brownian motion [3], there is a natural need to
study arbitrage without semimartingales, as was pointed out in [4, 10]. Such
approaches use simple strategies to characterize arbitrage. Various results
concerning the absence of arbitrage for general bid and ask prices which are
mainly continuous processes were formulated in [1, 2, 6, 7, 11]. When bid
and ask prices are only càdlàg processes, the class of simple strategies has
to be enlarged to include the so called left and right transactions, as was
pointed out in [5].

This paper generalizes [13] in various directions. First of all, instead of
proportional transaction costs we consider bid and ask prices which are gen-
eral càdlàg. Following [5] we also consider generalized simple strategies. We
formulate four kinds of simple strategies allowing even a finite but random
number of transactions in a finite time interval [0, T ] and study four kinds
of arbitrage. We extend conditions introduced in [13] and show examples
which prove that a finite but random number of transactions may lead to
arbitrage. In particular in Section 2 we introduce conditions (B) and (C)
which are necessary and sufficient for the absence of simple arbitrage. In
Section 3 we formulate condition (D) which is sufficient for the absence of
arbitrage with respect to generalized almost simple strategies.

In the last section we study the absence of arbitrage for simple strategies
without shortselling. This is the case where we are not allowed to trade
borrowed assets. We give conditions (E) and (F) under which we have the
absence of arbitrage for simple strategies without shortselling.

The paper contains various generalizations of formerly proved results. In
such cases we indicate the original source before stating its extension.

Note that the absence of simple arbitrage is not equivalent to the absence
of arbitrage over almost simple strategies. First we consider a market without
transaction costs with infinite time horizon. The following example exhibits a
nonnegative martingale that admits an almost simple arbitrage opportunity.

Example 1.13. Let y(0) = 1 and P(y(n) = 1) = 1/2, P(y(n) = −1) =
1/2, with (y(n)) i.i.d. Let

z(t) =

k∑
i=0

y(i) for k ≤ t < k + 1
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and
τ = inf{i > 0 : y(i) = −1}.

Define
Xt = z(t ∧ τ) for t ∈ [0,∞).

Then (Xt)t∈[0,∞), as a stopped martingale, is a martingale (note that z is
a martingale with right continuous trajectories and τ is a stopping time).
Moreover, z(τ) is an integrable random variable. Indeed,

E(z(τ)) = E
[ ∞∑
i=1

z(i)χ{τ=i}

]
=

∞∑
i=1

z(i)P(τ = i)

=

∞∑
i=1

(i− 1)

(
1

2

)i
=

∞∑
i=1

i

(
1

2

)i+1

= 1.

Let St = St = Xt. Consider the strategy

Θt =

∞∑
n=0

(−2n)χ(n,n+1](t)χ{t<τ}.

This strategy vanishes after the stopping time τ , which is finite:

P(τ <∞) =
∞∑
i=1

P(τ = i) =
∞∑
i=1

(
1

2

)i
= 1.

Note that the gain on {τ = n+ 1} is given by

1 +
n∑
i=1

(2i − 2i−1)(i+ 1) = 1 +
n∑
i=1

2i−1(i+ 1) = 1 + n2n,

while the payment is n2n (2n stocks at price z(τ)χ{τ=n+1} = n), so that the
final wealth process of the strategy Θ is equal to 1.

Below we adapt the above example to the case of finite time horizon
(t ∈ [0, 1]).

Example 1.14. Let y(0) = 1 and P(y(n) = 1) = 1/2, P(y(n) = −1) =
1/2, with (y(n)) i.i.d. Let z(t) =

∑k
i=0 y(i) for k ≤ t < k + 1. Define

St = z(tan(tπ/2) ∧ τ) for t < 1

and S1 = z(τ) with τ = inf{t > 0 : y([t]) = −1}. Then S is a martingale
and there is no arbitrage over simple strategies (see [13, Lemma 2.15 and
Theorem 2.18]). An almost simple arbitrage strategy is given by

Θt =
∞∑
n=0

(−2n)χ((2/π) arctan(n),(2/π) arctan(n+1)](t)χ{t<τ}.

The following example shows that (ASA);(AaSA) on a market with bid
and ask prices and infinite-time horizon.
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Example 1.15. Let X be a martingale given in Example 1.13. Let ai =
2−i−1 for i ≥ 0 and bi = 2−2i for i ≥ 1, b0 = 1/4. Define

St = Xt +
∞∑
i=0

aiχ[i,i+1)(t) and St = Xt −
∞∑
i=0

biχ[i,i+1)(t).

An almost simple arbitrage strategy is

Θt =
∞∑
n=0

(−2n)χ(n,n+1](t)χ{t<τ}.

Clearly, the gain on {τ = n+ 1} is given by

1 + n2n −
[
b0 +

n∑
i=1

(2i − 2i−1)bi

]
= n2n +

1

4
+ 2−n−1

and the payment on {τ = n+ 1} is
n2n + an+12

n = n2n + 1/4.

Consequently, V∞(Θ) = 1/2τ > 0 a.s.

We continue our investigation by showing that there is a simple arbitrage
if and only if there exists an obvious arbitrage. This result, which is in fact
based on Rola’s paper [12], does not seem to be commonly known for con-
tinuous time markets with transaction costs. In [12, Theorem 2] equivalent
conditions for the absence of arbitrage in discrete time markets with bid and
ask prices are presented. In particular, the absence of arbitrage on markets
with bid and ask prices is equivalent to the absence of arbitrage between two
transaction times.

Theorem 1.16. The following conditions are equivalent:

(i) there is no simple arbitrage;
(ii) there is no obvious arbitrage.

Proof. It suffices to show that for transaction times τ1, . . . , τn the follow-
ing conditions are equivalent:

(a) there is no arbitrage for transaction times 0 = τ1 ≤ · · · ≤ τn ≤ T ;
(b) there is no arbitrage for any two transaction times σ1 ≤ σ2 taking

values in {τ1, . . . , τn}.
(a)⇒(b). Trivial.
(b)⇒(a). Assume that there exists a simple arbitrage Θ = (Θt)t∈[0,T ]

where Θt =
∑n−1

i=1 θiχ(τi,τi+1](t). Then the discrete time market with price
processes X = (Xi)

n
i=1 and X = (Xi)

n
i=1 with Xi = Sτi and Xi = Sτi for

i = 1, . . . , n admits an arbitrage opportunity. By [12, Theorem 2] there exists
an arbitrage on a market with bid and ask processes {(Xi,Xi), (Xi+k, Xi+k)}
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for some 1 ≤ i ≤ i + k ≤ T . Setting σ1 = τi and σ2 = τi+k, we have an
arbitrage for two transaction times taking values in {τ1, . . . , τn}.

2. Arbitrage for simple strategies on the market with bid and
ask prices. In this section we show necessary and sufficient conditions for
the absence of arbitrage for simple strategies.

Definition 2.1. We say that (S, S) satisfies condition (B) if for every
stopping time σ such that P(σ < T ) > 0 and for every ε > 0 we have

(2.1) P
(

sup
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] < ε
∣∣∣ Fσ) > 0 P-a.s.

for every Fσ-measurable d-dimensional random vector θ such that |θ| = 1
P-almost surely, with |·| standing for the Euclidean norm in Rd.

The following lemma shows that condition (B) is necessary for the ab-
sence of arbitrage over simple strategies on the market with bid and ask
prices (S, S).

Lemma 2.2. Let S and S be adapted càdlàg processes. If there is no
obvious arbitrage with bid and ask processes S and S, then (S, S) satisfies
condition (B).

A similar result for markets without transaction costs is shown in [1]
and [13].

Proof. Assume S and S do not admit an obvious arbitrage opportunity
and (S, S) does not satisfy condition (B). Then there is a stopping time σ
with σ ≤ T a.s. and ε > 0 and an Fσ-measurable random variable θ such
that P(supt∈[σ,T ][θ+(St − Sσ) − θ−(St − Sσ)] < ε | Fσ) = 0 with positive
probability. Let

A =
{
P
(

sup
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] < ε
∣∣∣ Fσ) = 0

}
.

Then clearly A ∈ Fσ and P(A) > 0. So

P
(
A ∩

{
sup
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] < ε
})

= 0

and
(2.2) sup

t∈[σ,T ]
[θ+(St − Sσ)− θ−(St − Sσ)] ≥ ε on A with probability one.

Define

σ̃ =

{
σ on A,
T on Ac.

Since A ∈ Fσ, σ̃ is a stopping time. Define
τ = inf{t ≥ σ̃ : θ+(St − Sσ̃)− θ−(St − Sσ̃) > ε/2}.
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As S and S have right continuous paths, we have θ+(Sτ −Sσ̃)−θ−(Sτ −Sσ̃)
≥ ε/2 on A with probability one. Moreover τ ≤ T almost surely on A:
otherwise θ+(St − Sσ̃) − θ−(St − Sσ̃) < ε/2 on A with positive probability
for any t ∈ [σ̃, T ], in contradiction with (2.2). This means that θ+(Sτ−Sσ̃)−
θ−(Sτ −Sσ̃) > 0 on A, so χA(θ+(Sτ −Sσ̃)−θ−(Sτ −Sσ̃)) ≥ 0 almost surely
and P(χA(θ+(S τ̃ − Sσ̃)− θ−(S τ̃ − Sσ̃)) > 0) > 0 for

τ̃ =

{
τ on A,
T on Ac

.

In other words, the investment strategy Θ = θχAχ(σ̃,τ̃ ] is an obvious arbi-
trage, which contradicts our assumption.

Definition 2.3. We say that (S, S) satisfies condition (C) if for every
stopping time σ such that P(σ < T ) > 0 and for every ε > 0 we have

P
(

inf
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] > −ε
∣∣∣ Fσ) > 0 P-a.s.

for every Fσ-measurable random variable θ such that |θ| = 1 P-almost surely.

Remark 2.4. (S, S) satisfies condition (C) if and only if for every stop-
ping time σ such that P(σ < T ) > 0 and for every ε > 0 we have

P
(

sup
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] < ε
∣∣∣ Fσ) > 0 P-a.s.

for every Fσ-measurable random vector θ such that |θ| = 1 P-almost surely.
Clearly −θ is also an Fσ-measurable random variable such that |θ| = 1
P-almost surely, and by condition (C) we have

P
(

inf
t∈[σ,T ]

[(−θ)+(St − Sσ)− (−θ)−(St − Sσ)] > −ε
∣∣∣ Fσ) > 0 P-a.s.

Note that (−θ)+(St−Sσ)− (−θ)−(St−Sσ) = −[θ+(St−Sσ)−θ−(St−Sσ)]
and{

inf
t∈[σ,T ]

[(−θ)+(St − Sσ)− (−θ)−(St − Sσ)] > −ε
}

=
{

sup
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] < ε
}
.

This means that

P
(

sup
t∈[σ,T ]

[θ+(St − Sσ)− θ−(St − Sσ)] < ε
∣∣∣ Fσ) > 0 P-a.s.

The next definition introduces the notion of 0-admissible strategy.

Definition 2.5. We say that a simple strategy Θ is 0-admissible if

P
(

inf
t∈[0,T ]

Vt(Θ) ≥ 0
)
= 1.
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Lemma 2.6. Let S and S be adapted càdlàg processes. If (S, S) satisfies
condition (C), then every simple arbitrage is 0-admissible.

This result is a bid and ask prices version of [2, Proposition 2.6].

Proof. Suppose Θt =
∑n−1

i=1 θiχ(τi,τi+1](t) is a simple arbitrage which is
not 0-admissible. Then there exists i ∈ {1, . . . , n− 1} such that

P
(

inf
t∈[τi,τi+1)

Vt(Θ) < 0
)
> 0.

Indeed, otherwise for all i ∈ {1, . . . , n − 1} we have inft∈[τi,τi+1) Vt(Θ) ≥ 0
P-almost surely and P(inft∈[0,T ] Vt(Θ) ≥ 0) = 1, contradicting the non-0-
admissibility of Θ. We define

j0 = max
{
i = 1, . . . , n− 1 : P

(
inf

t∈[τi,τi+1)
Vt(Θ) < 0

)
> 0
}
.

Let τj0 := ρ and τj0+1 := τ. Observe that by the definition of j0 we have
Vτ (Θ) ≥ 0 P-almost surely. Furthermore there is a δ > 0 such that the set
{inft∈[ρ,τ) Vt(Θ) ≤ −2δ} has a positive probability. Define

σ = inf{t > ρ : Vt(Θ) ≤ −δ} ∧ τ.

Note that Vt(Θ) is right continuous on (ρ, τ), so Vσ(Θ) ≤ −δ whenever σ > ρ
and since at a given time, immediate buying and selling is never optimal, we
have Vσ(Θ) ≤ V +

σ (Θ) ≤ −δ when σ = ρ, where V +
σ denotes the right hand

limit of Vt at time σ. Therefore

δ ≤ Vτ (Θ)− Vσ(Θ)

on {σ < τ} ∈ Fσ (moreover P(σ < τ) > 0). On the other hand,

Vτ (Θ) =

j0∑
i=1

[−(θi − θi−1)+Sτi + (θi − θi−1)−Sτi ] + θ+j0Sτ − θ
−
j0
Sτ ,

Vσ(Θ) =

j0∑
i=1

[−(θi − θi−1)+Sτi + (θi − θi−1)−Sτi ] + θ+j0Sσ − θ
−
j0
Sσ,

and on {σ < τ} we have

Vτ (Θ)− Vσ(Θ) = θ+j0(Sτ − Sσ) + θ−j0(Sσ − Sτ )
≤ θ+j0(Sτ − Sσ) + θ−j0(Sσ − Sτ ) = θ+j0(Sτ − Sσ)− θ

−
j0
(Sτ − Sσ).

We fix a sufficiently large K such that P({σ < τ}∩{0 < |θj0(ω)| ≤ K}) > 0.
Let A := {σ < τ} ∩ {0 < |θj0(ω)| ≤ K}. Clearly A ∈ Fσ. Now we define

η(ω) =

{
θj0(ω)/|θj0(ω)|, ω ∈ A,
1, ω /∈ A.
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Then, on A,

δ ≤ Vτ (Θ)− Vσ(Θ) ≤ θ+j0(Sτ − Sσ)− θ
−
j0
(Sτ − Sσ)

≤ K[η+(Sτ − Sσ)− η−(Sτ − Sσ)].
Consequently,

P
(
A ∩

{
sup
t∈[σ,T ]

η+(St − Sσ)− η−(St − Sσ) < δ/K
})

≤ P(A ∩ {η+(Sτ − Sσ)− η−(Sτ − Sσ) < δ/K}) = 0,

which, by Remark 2.4, contradicts condition (C).

Lemma 2.7. Let S and S be adapted càdlàg processes such that for every
t ∈ [0, T ], St < St P-almost surely, which means that we have a strict inequal-
ity for each coordinate. Then no nontrivial simple strategy is 0-admissible.

Proof. Suppose Θt =
∑n−1

i=1 θiχ(τi,τi+1](t) is a 0-admissible simple strat-
egy such that P(θi 6= 0) > 0 for some i ∈ {1, . . . , n− 1}. Let

k0 = min{i = 1, . . . , n− 1 : P(θi 6= 0) > 0}.
Then we have Vt(Θ) = 0 P-almost surely for every t ∈ [0, τk0 ], and Vt(Θ) =
θ+k0(St − Sτk0 )− θ

−
k0
(St − Sτk0 ) for t ∈ (τk0 , τk0+1]. Since S and S are càdlàg

processes, it follows that

lim
t→τ+k0

Vt(Θ) = θ+k0(Sτk0
− Sτk0 )− θ

−
k0
(Sτk0 − Sτk0 ) = |θk0 |(Sτk0 − Sτk0 ).

Therefore limt→τ+k0
Vt(Θ) ≤ 0 P-almost surely. Let A = {Sτk0 < Sτk0} ∩

{θk0 6= 0}. Then P(A) > 0 and limt→τ+k0
Vt(Θ) < 0 on A. Hence

0 < P(A) = P
(
A ∩

{
inf

t∈(τk0 ,τk0+1]
Vt(Θ) < 0

})
≤ P

(
inf

t∈[0,T ]
Vt(Θ) < 0

)
,

which contradicts the assumption

P
(

inf
t∈[0,T ]

Vt(Θ) ≥ 0
)
= 1.

Summarizing the last two lemmas we obtain

Corollary 2.8. Let S and S be adapted càdlàg processes such that for
every t ∈ [0, T ], St < St P-almost surely. If (S, S) satisfies condition (C),
then there is no simple arbitrage with bid and ask processes S and S.

Proof. Assume S and S satisfy condition (C) and

Θt =

n−1∑
i=1

θiχ(τi,τi+1](t)

is a simple arbitrage. Then, by Lemma 2.6, the strategy Θ is 0-admissible.
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On the other hand, since P(θi 6= 0) > 0 for some i ∈ {1, . . . , n− 1}, Θ is not
0-admissible (by Lemma 2.7). This contradiction completes the proof.

3. Arbitrage for generalized almost simple strategies on the
market with bid and ask prices. The following lemma shows that if
some price process S lies between bid and ask processes (S, S), then trad-
ing on (S, S) using a generalized almost simple strategy is no better than
generalized almost simple trading on S without transaction costs. A similar
observation for simple trading strategies can be found in [4, Lemma 2.5].

Lemma 3.1. Let S = (St)t∈[0,T ] be a process such that for any t ∈ [0, T ],

St ≤ St ≤ St P-a.s.
For any generalized almost simple investment strategy Θ = (Θt)t∈[0,T ] of the
form (1.4) and s = inf{i ≥ 1 : τi = 1} with θs = 0 we have

VT (θ) ≤
s∑
i=2

[−(θ−i − θi−1)Sτ−i ] +
s∑
i=1

[−(θi − θ−i )Sτi ].

Moreover, if for any t ∈ [0, T ],

St < St < St P-a.s.
then

VT (θ) <
s∑
i=2

[−(θ−i − θi−1)Sτ−i ] +
s∑
i=1

[−(θi − θ−i )Sτi ] P-a.s.,

with equality instead of strict inequality if and only if θ−i = θi = 0 for all
i ≥ 1.

Proof. Observe that for S = (St)t∈[0,T ] such that St ≤ St ≤ St we have

(θ−i − θi−1)
+Sτ−i

≥ (θ−i − θi−1)
+Sτ−i

for i = 2, 3, . . . ,

(θi − θ−i )
+Sτi ≥ (θi − θ−i )

+Sτi for i = 1, 2, . . . ,

(θ−i − θi−1)
−Sτ−i

≤ (θ−i − θi−1)
−Sτ−i

for i = 2, 3, . . . ,

(θi − θ−i )
−Sτi ≤ (θi − θ−i )

−Sτi for i = 1, 2, . . . .

Then for s = min{i ≥ 1 : τi = T} we have, using (1.6),

VT (Θ) =

s∑
i=2

[−(θ−i − θi−1)
+Sτ−i

+ (θ−i − θi−1)
−Sτ−i

]

+

s∑
i=1

[−(θi − θ−i )
+Sτi + (θi − θ−i )

−Sτi ]

≤
s∑
i=2

[−(θ−i − θi−1)Sτ−i ] +
s∑
i=1

[−(θi − θ−i )Sτi ].
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We immediately deduce

Corollary 3.2. If there is a process S such that St ≤ St ≤ St for any
t ∈ [0, T ] and there is no arbitrage at time T for S over generalized almost
simple strategies then there is no arbitrage in the market with bid and ask
prices (S, S).

The next corollary easily follows from the above in view of (1.7).

Corollary 3.3. If there exists a process S = (St)t∈[0,T ] with

St ≤ St ≤ St P-a.s., t ∈ [0, T ],

then for any almost simple investment strategy of the form

Θt =
∞∑
i=1

θiχ(τi,τi+1](t)

we have

VT (Θ) ≤
s−1∑
i=1

θi(Sτi+1 − Sτi) where s = inf{i ≥ 1 : τi = T}.

We also obtain

Corollary 3.4. If there is a price process S such that St ≤ St ≤ St for
any t ∈ [0, T ] and there is an equivalent martingale measure for S then there
is no simple arbitrage in the market with bid and ask prices (S, S).

[13, Theorem 2.18] and Lemma 3.1 yield

Corollary 3.5. If there exists a càdlàg process S such that

(i) St ≤ St ≤ St for any t ∈ [0, T ],
(ii) for any stopping time τ with τ ≤ T a.s. and any ε > 0 we have

P
(

inf
t∈[τ,T ]

(St − Sτ ) > −ε
∣∣∣ Fτ) > 0 P-a.s.,

(iii) there is a probability measure Q equivalent to P such that S is a local
martingale with respect to Q,

then there is no simple arbitrage in the market with bid and ask prices.

Definition 3.6. We say that a pair of adapted càdlàg processes S and
S satisfies condition (D) with respect to the filtration F if for any stopping
time τ such that τ ≤ T a.s. there is an Fτ -measurable random variable Sτ
such that

(i) P(
⋂
t∈[τ,T ]{Sτ ∈ (St, St)} | Fτ ) > 0 P-a.s.

(ii) Sτ− ≤ Sτ ≤ Sτ− P-a.s.
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Proposition 3.7. Under (D) there is no arbitrage at time T with respect
to generalized almost simple strategies in the market with bid and ask prices
(S, S).

Proof. Assume Θ ∈ gaST is an arbitrage strategy. Then VT (Θ) ≥ 0 P-a.s.
and P(VT (Θ) > 0) > 0. Let σ = min{i ≥ 1 : θ−i 6= 0 ∨ θi 6= 0} and s =
min{i ≥ 1 : τi = T}. Since P(VT (Θ) > 0) > 0 and {VT (Θ) > 0} ⊂ {τσ ≤ τs},
the event A = {τσ ≤ τs} has a positive probability. Observe that A ∈ Fτσ .
We can write

VT (Θ) =

s∑
i=σ

[−(θ−i − θi−1)
+Sτ−i

+ (θ−i − θi−1)
−Sτ−i

]

+

s∑
i=σ

[−(θi − θ−i )
+Sτi + (θi − θ−i )

−Sτi ],

where θσ−1 = θs = 0. Note that
s∑
i=σ

(θi − θi−1) =
s∑
i=σ

(θi − θ−i ) +
s∑
i=σ

(θ−i − θi−1) = θs − θσ−1 = 0.

Hence
s∑
i=σ

(θi − θ−i )
+ −

s∑
i=σ

(θi − θ−i )
− +

s∑
i=σ

(θ−i − θi−1)
+ −

s∑
i=σ

(θ−i − θi−1)
− = 0.

It follows that

VT (Θ) =

s∑
i=σ

[−(θ−i − θi−1)
+(Sτ−i

− Sτσ) + (θ−i − θi−1)
−(Sτ−i

− Sτσ)](3.1)

+
s∑
i=σ

[−(θi − θ−i )
+(Sτi − Sτσ) + (θi − θ−i )

−(Sτi − Sτσ)].

Let
C =

⋂
t∈[τσ ,T ]

{Sτσ ∈ (St, St)} ∩ {Sτσ ∈ [Sτ−σ , Sτ−σ ]} ∩A.

Since the processes S and S satisfy condition (D), the event C has positive
probability. On C we have

(θ−i − θi−1)
+Sτσ ≤ (θ−i − θi−1)

+Sτ−i
,

(θ−i − θi−1)
−Sτ−i

≤ (θ−i − θi−1)
−Sτσ ,

(θi − θ−i )
+Sτσ ≤ (θi − θ−i )

+Sτi ,

(θi − θ−i )
−Sτσ ≤ (θi − θ−i )

−Sτi ,

for i = σ, . . . , s, with at least one strict inequality. Consequently, using (3.1)
we find that VT (Θ) < 0 on the set C, a contradiction.
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Remark 3.8. A sufficient condition for the absence of arbitrage over
almost simple trading strategies on the market with bid and ask prices (S, S)
is the following: for any stopping time τ such that τ ≤ T a.s. there is an
Fτ -measurable random variable Sτ such that

P
( ⋂
t∈[τ,T ]

{Sτ ∈ (St, St)}
∣∣∣ Fτ) > 0 P-a.s.

4. Arbitrage for simple strategies without shortselling. In this
section we consider the case when our investment strategies are nonnegative,
i.e. we are not allowed to borrow assets.

Definition 4.1. We call an Rd-valued process Θ = (Θt)t∈[0,T+] a simple
investment strategy without shortselling if Θ ∈ ST and θi ∈ Rd are nonnega-
tive Fτi-measurable random vectors.

The set of simple investment strategies without shortselling is denoted
by S+T .

Definition 4.2. We say that (S, S) admits an arbitrage opportunity with
respect to the class of simple strategies without shortselling if there exists
Θ ∈ S+T such that (1.9) holds.

The following is a slightly modified version of [13, Lemma 3.7].

Proposition 4.3. Let ξ
1
, ξ1, . . . , ξn, ξn be a sequence of nonnegative ran-

dom variables on a filtered probability space (Ω,F ,P,F=(Fi)i∈{0,...,n}). Let
(ηi)

n
i=0 be a sequence of nonnegative random variables such that η0 = ηn = 0

and ηi are Fi−1-measurable random variables and P(ηi > 0) > 0 for some
i ∈ {1, . . . , n− 1}. Then

n⋂
i,j=1
i<j

{ξ
j
< ξi} ⊂ {Vξ

1
,ξ1,...,ξn,ξn

(η0, η1, . . . , ηn) < 0}

where

Vξ
1
,ξ1,...,ξn,ξn

(η0, η1, . . . , ηn) =
n∑
i=1

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi].

Proof. We use induction on n. First we prove the statement for n = 2.
Since η0 = η2 = 0 and η1 > 0 a.s., we have

Vξ
1
,ξ1,ξ2,ξ2

(η0, η1, η2) = η1[ξ2 − ξ1] < 0

on the set {ξ
2
< ξ1}. Now suppose that the assertion holds true for k − 1.
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We consider first the process Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η1=η2}. Clearly

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η1=η2}

= Vξ
1
,ξ1,ξ3,ξ3,...,ξk,ξk

(η0, η1, η3, . . . , ηk)χ{η1=η2}

and
k⋂

i,j=1
i<j

{ξ
j
< ξi} ⊂

⋂
i,j∈{1,...,n}\{2}

i<j

{ξ
j
< ξi},

so by the induction hypothesis we have

(4.1)
k⋂

i,j=1
i<j

{ξ
j
< ξi} ∩ {η1 = η2}

⊂ {Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η1=η2} < 0}.

The next step consists in considering the process

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2<η1}

= χ{η2<η1}

k∑
i=1

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]

= χ{η2<η1}

{
−η1ξ1 − (η2 − η1)ξ2 +

k∑
i=3

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]
}
.

Note that
η1[ξ2 − ξ1] < η2[ξ2 − ξ1]

on the set {ξ
2
< ξ1} ∩ {η2 < η1}, from which it follows that

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2<η1}

< χ{η2<η1}

{
−η2ξ1 +

k∑
i=3

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]
}
.

Observe that the right hand side represents Vξ
1
,ξ1,ξ3,ξ3,...,ξk,ξk

(η0, η2, . . . , ηk)

on the set {η2 < η1}, and hence

k⋂
i,j=1
i<j

{ξ
j
< ξi} ∩

{
η2 < η1} ⊂ {Vξ

1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2<η1}

< Vξ
1
,ξ1,ξ3,ξ3,...,ξk,ξk

(η0, η2, . . . , ηk)χ{η2<η1}
}
.
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By the induction hypothesis we have⋂
i,j∈{1,...,k}\{2}

i<j

{
ξ
j
< ξi

}
⊂
{
Vξ

1
,ξ1,ξ3,ξ3,...,ξk,ξk

(η0, η2, . . . , ηk) < 0
}
,

which means that

(4.2)
k⋂

i,j=1
i<j

{ξ
j
< ξi} ∩ {η2 < η1}

⊂ {Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2<η1} < 0}.

Now we consider the process Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}. Let

l = max{s : η1 < η2 ≤ · · · ≤ ηs−1}.
Note that l is well defined because we have assumed that η0, η1, . . . , ηk are
nonnegative random variables and ηk = 0. Clearly,

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}

= χ{η2>η1}

{ l̃−2∑
i=1

[−(ηi − ηi−1)ξi]− (ηl̃−1 − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−1)ξ l̃

+
k∑

i=l̃+1

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]
}

on the set {l = l̃} for some l̃ ∈ {3, . . . , k}. Observe that

− (ηl̃−1 − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−1)ξ l̃
= −(ηl̃−1 − ηl̃)ξ l̃−1 − (ηl̃ − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−1)ξ l̃
= (ηl̃−1 − ηl̃)(ξ l̃ − ξ l̃−1)− (ηl̃ − ηl̃−2)ξ l̃−1.

Since
(ηl̃−1 − ηl̃)(ξ l̃ − ξ l̃−1) < 0

on the set {l = l̃} ∩ {ξ
l̃
< ξ l̃−1}, we have

(4.3) − (ηl̃−1 − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−1)ξ l̃ < −(ηl̃ − ηl̃−2)ξ l̃−1.
Similarly

− (ηl̃−1 − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−1)ξ l̃
= −(ηl̃−1 − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−2)ξ l̃ − (ηl̃−2 − ηl̃−1)ξ l̃
= (ηl̃−1 − ηl̃−2)(ξ l̃ − ξ l̃−1)− (ηl̃ − ηl̃−2)ξ l̃,

and since
(ηl̃−1 − ηl̃−2)(ξ l̃ − ξ l̃−1) < 0
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on the set {l = l̃} ∩ {ξ
l̃
< ξ l̃−1} ∩ {ηl̃−2 < ηl̃−1}, we have

(4.4) − (ηl̃−1 − ηl̃−2)ξ l̃−1 − (ηl̃ − ηl̃−1)ξ l̃ < −(ηl̃ − ηl̃−2)ξ l̃.

Now, using (4.3) we obtain, on the event {l = l̃} ∩ {ξ
l̃
< ξ l̃−1},

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl≥ηl−2}

< χ{η2>η1}χ{l=l̃}χ{ηl≥ηl−2}

{ l̃−2∑
i=1

[−(ηi − ηi−1)ξi]

− (ηl̃ − ηl̃−2)ξ l̃−1 +
k∑

i=l̃+1

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]
}

= Vξ
1
,ξ1,...,ξl−1

,ξl−1,ξl+1
,ξl+1,...,ξk,ξk

(η0, . . . , ηl−2, ηl, . . . , ηk)χ{η2>η1}

×χ{l=l̃}χ{ηl≥ηl−2},

and by (4.4) we have

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}χ{ηl−2<ηl−1}

< χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}χ{ηl−2<ηl−1}

{ l̃−2∑
i=1

[−(ηi − ηi−1)ξi]− (ηl̃ − ηl̃−2)ξ l̃

+

k∑
i=l̃+1

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]
}

= Vξ
1
,ξ1,...,ξl−2

,ξl−2,ξl,ξl,...,ξk,ξk
(η0, . . . , ηl−2, ηl, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}

×χ{ηl−2<ηl−1}

on the set {l = l̃}∩{ξ
l̃
< ξ l̃−1}. Consider the case ηl < ηl−2 and ηl−1 ≤ ηl−2.

Then (by the definition of l) ηl < ηl−1 = ηl−2 and

Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}χ{ηl−2≥ηl−1}

= χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}χ{ηl−2≥ηl−1}

{ l̃−2∑
i=1

[−(ηi − ηi−1)ξi]− (ηl̃ − ηl̃−2)ξ l̃

+
k∑

i=l̃+1

[−(ηi − ηi−1)+ξi + (ηi − ηi−1)−ξi]
}

= Vξ
1
,ξ1,...,ξl−2

,ξl−2,ξl,ξl,...,ξk,ξk
(η0, . . . , ηl−2, ηl, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}

×χ{ηl−2≥ηl−1}.
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The induction hypothesis then shows that
k⋂

i,j=1
i<j

{ξ
j
< ξi} ∩ {η2 > η1} ∩ {l = l̃} ∩ {ηl ≥ ηl−2}

⊂ {Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl≥ηl−2} < 0},
k⋂

i,j=1
i<j

{ξ
j
< ξi} ∩ {η2 > η1} ∩ {l = l̃} ∩ {ηl < ηl−2} ∩ {ηl−2 < ηl−1}

⊂ {Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}χ{ηl−2<ηl−1} < 0}

and
k⋂

i,j=1
i<j

{ξ
j
< ξi} ∩ {η2 > η1} ∩ {l = l̃} ∩ {ηl < ηl−2} ∩ {ηl−2 ≥ ηl−1}

⊂ {VVξ
1
,ξ1,...,ξk

,ξk
(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃}χ{ηl<ηl−2}χ{ηl−2≥ηl−1} < 0}.

Hence,

(4.5)
k⋂

i,j=1
i<j

{ξ
j
< ξi} ∩ {η2 > η1} ∩ {l = l̃}

⊂ {Vξ
1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk)χ{η2>η1}χ{l=l̃} < 0}.

Combining (4.1), (4.2), (4.5) we obtain
k⋂

i,j=1
i<j

{ξ
j
< ξi} ⊂ {Vξ

1
,ξ1,...,ξk,ξk

(η0, η1, . . . , ηk) < 0},

which completes the proof.

We now impose another assumption:

Definition 4.4. We say that (S, S) satisfies condition (E) with respect
to the filtration F if for any stopping times 0 = τ1 ≤ · · · ≤ τn = T we have

(4.6) P
( n⋂
k=1

{
Sτk < min

j<k
Sτj

})
> 0.

Lemma 4.5. If (S, S) satisfies condition (E), then there is no simple
arbitrage opportunity without shortselling on the market with bid and ask
prices (S, S).
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Proof. Observe that
n⋂
k=1

{
Sτk < min

j<k
Sτj

}
⊂

k⋂
j,k=1
j<k

{Sτk < Sτj}.

Then we apply Proposition 4.3 to the sequence of random variables (playing
the role of (ξ

i
) and (ξi))

Sτ1 , Sτ1 , . . . , Sτn , Sτn

and the sequence of nonnegative random variables (standing for (ηi))

θ0, θ1, . . . , θn,

where θ0 = θn = 0.

We now introduce a sufficient condition for (E) to hold.

Definition 4.6. We say that (S, S) satisfies condition (F) with respect
to the filtration F if for any stopping times σ < τ ≤ T and for any x > 0 we
have

(4.7) P(Sτ < x | Fσ) > 0 P-a.s.

Lemma 4.7. If (S, S) satisfies condition (F), then there is no simple
arbitrage without shortselling with bid and ask prices (S, S).

Proof. It follows from Lemma 4.5 that it suffices to show that if (S, S)
satisfies condition (F) then P(

⋂n
k=1{Sτk < minj<k Sτj}) > 0 P-a.s. for any

stopping times 0 = τ1 ≤ · · · ≤ τn = T. Suppose towards a contradiction that
condition (F) is satisfied and there exist stopping times 0 = τ1 ≤· · ·≤ τn = T
such that

(4.8) P
( n⋂
k=1

{
Sτk < min

j<k
Sτj

})
= 0.

We show that for any n > 2,

(4.9) P(An) = 0 ⇒ P(An−1) = 0,

where An =
⋂n
k=1{Sτk < minj<k Sτj} ∈ Fτn . Observe that if

0 = P(An) = P
(
An−1 ∩

{
Sτn < min

j<n
Sτj

})
then

0 = P
(
{τn = τn−1} ∩An−1 ∩

{
Sτn < min

j<n
Sτj

})
(4.10)

= P({τn = τn−1} ∩An−1)
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and

0 = E(χ{τn−1<τn}χAn−1χ{Sτn<minj<n Sτj }
| Fτn−1)

= χ{τn−1<τn}χAn−1P
(
Sτn < min

j<n
Sτj

∣∣∣ Fτn−1

)
.

Since P(Sτn < minj<n Sτj | Fτn−1) > 0 provided that {τn−1 < τn}, we should
have

P({τn−1 < τn} ∩An−1) = 0.

This together with (4.10) implies that P(An−1) = 0. From (4.8) and (4.9)
it follows that P(A2) = 0. Consider the two cases: (i) τ1 < τ2 P-a.s. and
(ii) P(τ1 = τ2) > 0. Then in case (i),

P(Sτ2 < Sτ1) = 0

contradicts condition (F), and in case (ii),

0 = P({τ1 = τ2} ∩ {Sτ2 < Sτ1}) = P({Sτ1 < Sτ1})

contradicts the assumption that Sτ1 < Sτ1 .
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