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SEMI-SYMMETRIC KAHLER SURFACES

BY

WLODZIMIERZ JELONEK (Krakow)

Abstract. The aim of this paper is to describe Kéhler surfaces which admit an
opposite almost Hermitian structure satisfying the first Gray condition.

1. Introduction. The aim of the present paper is to describe connected
Kahler surfaces (M, g,J) admitting a negative almost Hermitian structure
J satisfying the first Gray condition R(JX,JY,Z, U) = R(X,Y, Z,U).

Such surfaces are QCH Kahler surfaces (see [J-4]), i.e. surfaces admit-
ting a global, 2-dimensional, J-invariant distribution D having the follow-
ing property: The holomorphic curvature K(7) = R(X,JX, JX, X) of any
J-invariant 2-plane 7 C T, M, where X € m and ¢g(X,X) = 1, depends
only on the point x and the number |Xp| = /g(Xp, Xp), where Xp is the
orthogonal projection of X onto D. In this case we have

R(X7 JX7 JXvX) = ¢($, ‘XDD

where ¢(z,t) = a(z) +b(x)t? +c(z)t* and a, b, c are smooth functions on M.
Also R = all + b® + ¥ for certain curvature tensors I1,d,¥ € ®* X*(M)
of Kahler type. The investigation of such manifolds, called QCH Kéhler
manifolds, was started by G. Ganchev and V. Mihova [G-M-1], [G-M-2].
Every QCH Kahler surface is holomorphically pseudosymmetric and R.R =
(1 — K)ILR (see [I-4], [O]). In [J-2] we used the local results to obtain a
global classification of such manifolds under the assumption that dim M =
2n > 6.

In the present paper we show that a Kahler surface (M, g, J) is semi-
symmetric if and only if either it is locally symmetric, or it admits a neg-
ative almost Hermitian structure J which satisfies the first Gray condition
R(JX,JY,Z,U) = R(X,Y, Z,U). We also prove that a semi-symmetric K&h-
ler surface (M, g, J) either is a QCH Kéhler surface or is locally isometric to
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a space form. In [J-4] we have proved that (M, g, J) is a QCH Kéhler surface
if and only if it admits a negative almost complex structure J satisfying the
second Gray condition

R(X,)Y,ZW)—R(JX,JY,ZW)=R(JX,Y,JZ W)+ R(JX,Y,Z,JW).
Apostolov, Calderbank and Gauduchon [A-C-G| have classified weakly self-
dual Kahler surfaces, extending the result of Bryant who classified self-dual
Kéhler surfaces [B|. Weakly self-dual Kéhler surfaces turn out to be of Calabi
type and of orthotoric type or surfaces with parallel Ricci tensor. Any Calabi
type Kahler surface and every orthotoric Kahler surface is a QCH manifold.
In both cases the opposite complex structure J is conformally Kéhler.

2. The first Gray condition. Let (M,g,J) be a 4-dimensional Kah-
ler manifold with a negative almost Hermitian structure J. Then D =
ker(JJ —1d) is a J-invariant distribution. Let X(M) denote the Lie algebra
of all differentiable vector fields on M. If X € X(M) then we denote by X°
the 1-form ¢ € X*(M) dual to X with respect to g, i.e. ¢(Y) = X°(V) =
9(X,Y), and by w the Kahler form of (M,g,J), i.e. w(X,Y) = g(JX,Y).
Let (M,g,J) be a QCH Kahler surface with respect to a J-invariant
2-dimensional distribution D. Let €& = D, which is also a J-invariant
2-dimensional distribution. Then & = ker(JJ +1d). We set h = go (pp x pp)
and m = go (pg X pg), where pp, ps are the orthogonal projections onto D, &
respectively. It follows that g = h + m.

For every almost Hermitian manifold (M, g, J) the self-dual Weyl tensor
W™ decomposes under the action of the unitary group U(2). We have (see
[A-A-D)) A" M = Rw @ LM where LM = [[/\(0’2) M]], and we can write
W as a matrix with respect to this block decomposition,

+ [ w/6 Wyt
(W Wi = (k/12)Idjp )

where k is the conformal scalar curvature of (M,g,J) (see [A-A-D]). We
denote by 7 the scalar curvature of (M, g, J). The self-dual Weyl tensor W™+
of (M,g,J) is called degenerate if Wo = 0 and W3 = 0. In general, the
self-dual Weyl tensor of an oriented 4-manifold (M, g) is called degenerate if
it has at most two eigenvalues as an endomorphism W+ : A* M — AT M.

We say that an almost Hermitian structure J satisfies the first Gray
condition if
(Gy1) R(X,Y,Z,W)=R(JX,JY, Z, W),
and the second Gray condition if
(GQ) R(X7Y7 Z7 W) _R(JXu JK Z? W)

= R(JX,Y,JZ, W)+ R(JX,Y,Z,JW),
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which is equivalent to Ric(.J,J) = Ric and W~ = W;" = 0. Condition (G)
implies (Gz). (M, g, J) satisfies the second Gray condition if J preserves the
Ricci tensor and W is degenerate. A Kihler surface is QCH if and only if
it admits a negative almost Hermitian structure satisfying the second Gray
condition. Every QCH Kéhler surface is holomorphically pseudosymmetric
and R.R = }(7 — k)IL.R (see [J-4], [O]). We shall denote by Rico and py the
trace free part of the Ricci tensor Ric and of the Ricci form p respectively.
An ambi-Kdhler structure on a real 4-manifold consists of a pair of Kéhler
metrics (g4, J4,wy) and (¢g—,J_,w_) such that g4 and g_ are conformal
metrics and J; gives an opposite orientation to that given by J_ (i.e. the
volume elements %er Aw4 and %w_ Aw_ have opposite signs). A foliation F
on a Riemannian manifold (M, g) is called conformal if for every V € I'(T'F),
Lvg=a(V)yg
on TF*, where « is a one-form vanishing on TF*. A foliation F is called
homothetic if it is conformal and da = 0 (see [Ch-N]). A foliation F on a
complex manifold (M, J) is called complex if JTF C TF, and holomorphic
if LxJ(T'M) C TF for any X € I'(TF). Complex homothetic foliations by

curves on Kéhler manifolds were recently classified locally in [Ch-N] (see also
[J-5]).

3. Curvature tensor of a QCH Kahler surface. We shall recall
some results from [G-M-1]. Let
(1) R(X,Y)Z = ([Vx,Vy] = Vixy))Z
and let us write
R(X,Y,Z, W) =g(R(X,Y)Z,W).

If R is the curvature tensor of a QCH Kéhler manifold (M, g, J), then there
exist functions a, b,c € C>°(M) such that

(2) R=all +b® + cV¥,
where IT is the standard Ké&hler tensor of constant holomorphic curvature,
i.e.
+9(JY, 2)g(JX,U) — g(JX, Z)g(JY,U) = 29(JX,Y)g(JZ,U)),
the tensor @ is defined by the following relation:
(1) B(X,Y,2,0)=L(g(Y, D)h(X,U) — (X, Z)h(Y,U) + g(X,U)h(Y, Z)
+9(JX,U)R(JIY,Z) — g(JY,U)h(JX,Z) — 29(JX,Y)h(JZ,U)
—2¢9(JZ, U)h(JX,Y)),
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and finally
(5) W(Xa Y, Z, U) = _h(JXv Y)h(JZ7 U) = _(hJ ® hJ)(Xv Y, Z, U)a

where hj(X,Y) =h(JX,Y). Let V = (V, g, J) be a real 2n-dimensional vec-
tor space with complex structure J which is skew-symmetric with respect to
the scalar product g on V. Assume further that V = D & E, where D is a
2-dimensional, J-invariant subspace of V', and F denotes its orthogonal com-
plement in V. Note that the tensors I1, @, ¥ given above are of Kéahler type. It
is easy to check that for a unit vector X € V', we have IT(X,J X, JX, X) =1,
(X, JX,JX,X) = |Xp|? ¥(X,JX,JX,X) = |Xp|*, where Xp denotes
the orthogonal projection of a vector X onto the subspace D and |X| =
V9(X, X). Tt follows that for a tensor (2) defined on V' we have

R(X,JX,JX,X)=¢(Xp]|)
where ¢(t) = a + bt? 4 ct. If Rico = §(h — m) then (see [J-4])
(6) R=(7/6—-0+r/12)I] + (20 — k/2)D + (Kk/2)¥.

Let J,J be Hermitian, opposite orthogonal structures on a Riemannian
4-manifold (M, g) such that J is a positive almost complex structure. Let
& = ker(JJ —1d), D = ker(JJ +1d) and let the tensors II, ®, ¥ be defined as
above, where h = g(pp, pp). Set K = %H—QH—W. Then K is a curvature ten-
sor, b(K) =0, ¢(K) = 0, where b is the Bianchi operator and ¢ is the Ricci
contraction. For a QCH Kéhler surface (M, g,J) we have W~ = (k/2)K
(see [J-4]).

Let (M,g,J) be a Kéhler surface which is a QCH manifold with respect
to the distribution D. Then (M, g,J) is also a QCH manifold with respect
to the distribution & = D+, and if ¢, ¥’ are the above tensors with respect
to &£ then

(7) R=(a+b+c)Il — (b+2c)® + c¥'.

If (M,g,J) is a QCH Kéhler surface then one can show that the Ricci
tensor p of (M, g, J) satisfies the equation

(8) p(X,Y) = Mm(X,Y) + ph(X,Y)

where A = %a + %,,u = %a + %b + ¢ are the eigenvalues of p (see |G-M-1|
Corollary 2.1 and Remark 2.1|). In particular, the distributions &£, D are
eigendistributions of the tensor p corresponding to the eigenvalues A, u of p.

LEMMA 3.1. The tensors I11.® and II.¥ are linearly independent.
Proof. Let {e1,e2,e3,e4} be an orthogonal basis in 7'M such that
D =span{e,ea}, & =span{es,eq}
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and es = Jey, e4 = Jes. Then
II(e1,e3).P(e1,eq,e3,e4) = DP(es, eq,€3,e4) — Pe1, €2, €3,€4)

9) — P(eq,e4q,61,64) — P(e1, e4,€3,69) = 3/16,
II(ey,e3).¥(e1,eq,e3,4) =0. m

ProposiTIiON 3.1. If a QCH Kdihler surface satisfies at a point x € M
the condition R.R = 0 then at x we have R = all or2a+b= (1 — k) = 0.

Proof. We have R.R = (a+b/2)II.R. On the other hand, II.R = bIl.9+
cII.W. From Lemma [31] II.R = 0 if and only if b = ¢ = 0 if and only if
R =all. If R # all then R.R =0 implies 2a+b=0. =

LEMMA 3.2. The tensor R = all +b® + c¥ satisfies the first Gray con-
dition with respect to J if and only if 2a + b = 0.

Proof. Note that W(JX,JY, Z,U) =¥ (X,Y,Z,U). We also have (I = J)
(10) I(JX,JY,Z,U) - II(X.,Y,Z.U)
= L(m(IY, Z)W(IX,U) + m(IX, U)W(IY, Z) — m(IX, Z)h(IY,U)
— WIX, Z)m(IY,U) — h(Y, Z)m(X, V) — m(Y, Z)h(X,U)
+ WX, Z)m(Y,U) + m(X, Z)h(Y,U))
and
11)  &(JX,JTY,Z,U) - &(X,Y, Z,U)
= L(m(IY, Z)h(IX,U) + m(IX,U)h(IY, Z) — m(IX, Z)h(IY,U)
— WIX, Z)m(IY,U) — h(Y, Z)m(X, V) — m(Y, Z)h(X,U)
+h(X, Z)m(Y,U) + m(X, Z)h(Y, U)).
Hence
(12)  R(TX,TY,Z,U) - R(X,Y, Z,U)
= (20 + b) (m(IY, Z)A(IX,U) + m(IX, U)h(IY, Z) — m(IX, Z)h(IY,U)
— WIX, Z)m(IY,U) — WY, Z)m(X, V) — m(Y, Z)h(X,U)
+ WX, Z)m(Y,U) + m(X, Z)h(Y,U)).
Consequently, R(JX,JY, Z,U)—R(X,Y, Z,U) = 0 if and only if 2a+b = 0. =

PROPOSITION 3.2. Assume that a Kdhler surface (M, g,J) admits a neg-
ative almost Hermitian structure J satisfying the first Gray condition. Then
(M,g,J) is a QCH semi-symmetric surface and T = K where Kk is the con-
formal scalar curvature of J.

Proof. Since (M, g, J) satisfies the first Gray condition with respect to J,
it clearly satisfies the second condition and is a QCH surface. On the other
hand, R.R = (a+b/2)[I.R =0 since a+b/2=1(1 — k) =0. m
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LEMMA 3.3. Assume that a product M = Rx N is a Kdhler surface where
N is a 3-dimensional Riemannian manifold. Then M is locally a product of
Riemannian surfaces. If M is simply connected and complete then M is a
product of Riemannian surfaces.

Proof. Let H be a unit vector field tangent to R. Then VH = 0. Thus
if X = JH then X is a unit covariantly constant vector field on N. The
distribution D = {Y € TN : g(X,Z) = 0} is parallel and JD = D. Hence
locally N = R x X and M is a product of Riemannian surfaces. If M is
simply connected and complete then N is simply connected and complete
and from the de Rham theorem N =R x Y and M =Cx Y. =

PROPOSITION 3.3. Let (M,g,J) be a semi-symmetric Kdhler surface.
Then locally (M, g,J) is a space form or a QCH Kdhler surface.

Proof. We use a classification result of Szab6 [Sz] and Lumiste [L]
and Lemma Note that JVO = V0 in the Szab6é decomposition since
R(X,Y)oJ = JoR(X,Y). Hence dimV? = 0,2,4. Note also that for el-
liptic, hyperbolic and Euclidean cones we have dim V° = 1. Hence locally
(M, g,J) is a symmetric space, a product of two Riemannian surfaces and
a space foliated by 2-dimensional Euclidean spaces. A space foliated by
2-dimensional Euclidean spaces is a QCH Kéhler surface with respect to
E=VYor D=V In fact R(X,JX,JX,X) = R(Xp,JXp,JXp, Xp)
where Xp is the orthogonal projection of X onto D. Hence R = ¢¥ where ¥
is the tensor with respect to D. It is also clear that a product M = X x Xy
of Riemannian surfaces is a QCH Kéhler surface with respect to D = T3
or £ = TX5. Note also that a locally symmetric irreducible Kéhler surface
is self-dual, and hence it is a space form (see [D]). m

PROPOSITION 3.4. Assume that (M,g,J) is a simply connected, com-
plete, real analytic Kdhler surface admitting a negative almost Hermitian
structure satisfying the first Gray condition. Then M is a product of two
Riemannian surfaces or M = (C?, can) with standard flat Kihler metric.

Proof. We use the classification result of Szabo6 [Sz, Th. 4.5, p. 103|. Since
(M, g, J) is a semi-symmetric space, it is a direct product of symmetric spaces
and Riemannian surfaces, 3-dimensional spaces which are hyperbolically fo-
liated on an everywhere dense open subset and k-dimensional spaces which
are parabolically foliated on an open dense subset. From Lemma 3.3 and the
fact that dim H %, dim PF}’ 5 > 3 it follows that M is symmetric, and hence
it is a space form or a product of Riemannian surfaces (note that Py cannot
be Kéahler since dim S = 1—see [Sz]). The space form of nonzero holomorphic
curvature does not admit a negative almost Hermitian structure satisfying the
first Gray condition (see Lemma 3.2). Hence M is a product of Riemannian
surfaces or M = (C2?, can) with the standard flat Kihler metric can. m
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COROLLARY 3.1. Assume that (M, g, J) is a complete, real analytic Kdh-
ler surface admitting a negative almost Hermitian structure satisfying the

first Gray condition. Then M is locally a product of two Riemannian sur-
faces or M = C2/T.

Note that in the case of a product of Riemannian surfaces the opposite
almost Hermitian structure J is Kéhler. In case M = (C2, can) any opposite
almost Hermitian structure J satisfies the first Gray condition.

PROPOSITION 3.5. Let (M,g,J) be a compact Kdhler surface admitting
an opposite Hermitian structure J satisfying the first Gray condition. Then
J is a Kihler structure. If (M,g,J) is additionally simply connected then
(M,g,J) is a product of Riemannian surfaces.

Proof. Since J is Hermitian, we have k = 7 — 3(|0|> + 206) where 6 is
the Lee form of (M, g,J) (see [G]). Hence if J satisfies (G1) then 7 = & and
|0]> + 260 = 0. Thus

| (102 + 250) =0,
M

and consequently {, 6> = 0, which gives § = 0. Thus (M, g, J) is Kéhler
and the result follows from the de Rham theorem. m

Now we give examples of Kéhler surfaces foliated by 2-dimensional Eu-
clidean spaces which are not products of two Riemannian surfaces. Hence
they admit a negative almost Hermitian structure satisfying the first Gray
condition (Gy), in fact this structure is Hermitian. These manifolds are of
Calabi type and hence are ambi-Kéhler. They are not complete.

Let (X¥,h) be a compact Riemannian surface with Kéhler form w such
that %w is an integral form corresponding to 1 € H?(X,Z) = 7Z. Let Py
be an S'-bundle over X corresponding to the integral class k%w where
k € N. Let 6 be a connection form on the S'-bundle P;, such that df = kw.
Consider the manifold M = Ry x P, where Ry = {x € R : > 0} with
the metric g = dt? + (294’ /k)*0? + ¢°p*h, where g = g(t) is a function
on R and ¢ is the natural coordinate on R;. The metric g is Kéhler and
admits a negative Hermitian structure I. The fundamental vector field &
of the action of S! on P is a holomorphic Killing vector field for M (see
[J-2]). Furthermore, M is a Calabi type manifold and a + b/2 = —4¢" /g
(see [J-2], [J-3]). Hence M is semi-symmetric if g(t) = t. Moreover, M is
a fibre bundle over X with totally geodesic fibres C* with a flat metric.
Hence V0 is the distribution tangent to the fibres C*. The metric is g =
dt? + (4t%/k>)6? + t*p*h.

We shall now show that QCH surfaces with nonvanishing Bochner tensor
W = W™ have the property that the condition R.W = 0 implies R.R = 0.
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PROPOSITION 3.6. Let (M, g,J) be a Kdhler QCH surface with R.W ™~ =0
and k #0 on M. Then (M, g,J) is semi-symmetric.

Proof. Since W~ = (311 —®+¥) and « # 0, it follows that R.W ™ =0
if and only if R.K = 0 where K = %H — @+ ¥. Note that & — @' =¥ — ¥’
and @ + @' = II. Hence VP = —VP' and 2VP = V¥ — V¥'. Consequently,
2VK = V¥ + V¥'. Let us write w; = hy and wy = my. Then w = wy + ws
and ¥ = —w1 @ wq, ¥ = —ws ® wy. Thus
(13)  Vx¥ + Vx¥'

=Vxw Qwi +w; ® Vxwi + Vxws @ wg + wy @ V xws
= Vxw1 ® (w1 —w2) + (w1 —wa) ® Vyw;
= %wa' Rw + %w’ ® Vyw = %Vx(w’ ®W).
Hence R.K = R.(w' ®w'). Note that R.(w' ®w’) = 0 if and only if R.w’ = 0.
In fact R.(w' ®@W') = Rw' @ W' +w' ® R.w'. Suppose w'(X,Y) = 0. Then
0=RJUW)2W(X,Y)+ ' (UW)® R (X,Y)
for all U, W. Taking U, W such that w'(U, W) # 0 we get R.w'(X,Y) = 0. If
W'(X,Y) # 0 then
0=R.( ®w)(X,Y,X,Y) = 2R/ (X, V) (X, Y),
hence again R.w'(X,Y) = 0. Note that R.w’ = 0 if and only if J satisfies the
first Gray condition, and hence k = 7 and R.R = 0.
We also give another proof of this fact. Note that (see [J-1])
(14) R.K =all.K +b0.K + cl.K'
= —all.® + all.W + §bD.II — bD.& + bW + §cW.II — WD + . W
= —all.®+allV — bDP.P + bP.V
= —all.® + all ¥ — b5 I1.0 + bIIW.
Since the tensors I1.9, II.¥ are linearly independent, it follows that a + %b
=0.u

Now we consider semi-symmetric Kahler surfaces foliated by 2-dimen-
sional Euclidean spaces. Let D = VY = {X : R(U,V)X = 0 for all U,V
in TM}. Then D is a totally geodesic foliation. Define I by IX = JX if
X e€D,and IX = —JX if X € £ = DL. Note that R = ¢¥ with respect
to £ and 7 = 2¢, where 7 is the scalar curvature of (M, g, J). We have

VxR(Y,ZW,T)=-Xcw(Y, Z)w(W,T) — cVxw(Y, Z)w(W,T)

— (Y, )V xew(W,T),
where w =my € /\2 &, and hence from the Bianchi identity we obtain
(15) —de Nw @w(W,T) — cdw @ w(W,T) — cw ANV w(W,T) = 0.
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Since p = cw where p is the Ricci form of (M, g, J), we get dw = —dIn A cw.
Hence from (15) we get
wAVwW,T)=0.

Consequently, Vxw = 0 for X € D. Note that the Kahler form corresponding
to J is {2 = wy; +w and corresponding to [ is {21 = wi —w, and consequently
VxI =0 for X € D where w; = hy € /\2 D. We also have df2y = 2dw; =
2dIne ANw = 20 A (21, where 0(X) = g(VIn¢p, X) is the Lee form of I.
Assume that ¢ € I'(D). Then

ch = Cudp + d(CJp) =0.
We also have V¢p = (cw since Vew = 0. Thus (Le — V¢).p(X,Y) =
—V(p(X,Y) =caw(Vx(,Y)+ cw(X, Vy(). Hence w(Vx(,Y)+w(X, Vy()
= —0(Q)w(X,Y). Assume that X,Y € I'(£). Then
and for any £ € I'(D) we obtain
Note that since D is totally geodesic, the foliation D is holomorphic if and

only if g(V x&Y) =g(JVxEY) for any X,Y € . Hence if D is holomor-
phic, we get

(17) 9(Vix&Y) — g(JX,Vy§) = —0(J€g(X,Y),
9(VxJEY) + g(X, Vy JE) = —0(J€)g(X.Y),
9(Vx(,Y) +9(X,Vy() = —0(()g(X,Y)
for any ¢ € D. From (16) and (17) we obtain
(18) 29(VxC, V) = —JO(Cw(X,Y) — 0(O)g(X, V).
Hence
(19) 2(VxY)p = 0%g(X.Y) + JOw(X,Y)

for all X,Y € I'(€). From (17) it follows that if D is holomorphic then
it is conformal. Conversely, assume that D is conformal, i.e. g(Vx(,Y) +
9(X,Vy() = ¢({)g(X,Y) for some form ¢ € /\1 D. Then

(20) 29(Vx(,Y) = =JO(Quw(X,Y) + o(()g(X,Y).

From (19) it is clear that ¢(V x(,JY) = g¢(Vx(,Y) for all X,Y € &, and
thus Vyx(—JV x( € D, which means that D is holomorphic. It follows that
o= —0.

Thus we get

THEOREM 3.1. Let (M,g,J) be a Kdhler semi-symmetric surface foli-

ated by 2-dimensional Euclidean spaces. Then the following conditions are
equivalent:
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(a) D is a holomorphic foliation.

(b) D is a conformal foliation.

() 29(TxC,Y) = —JO(C)w(X,Y) — 0(C)g(X,Y) for all ¢ € T(D) and
adl X, Y € I'(€).

(d) The almost Hermitian structure I is Hermitian.

Proof. The equivalence of (a)—(c) has been proved above. We shall show
that conditions (a) and (d) are equivalent. Note that if Y € I'(D) then
IY = JY, and consequently VxIY = 2J(VxY)¢. Similarly, if Y € I'(€)
then VxIY = —2J(ny)‘p.

Assume that (a) holds. Then (c) holds. To prove that I is integrable
we have to show that VxIY = V;xIIY for X € I'(€) and Y € X(M).
Let {E1, Ea, E3, E4} be a local orthonormal basis of (M, g) such that Ey, Ey
span D and Fs3, B4 span £. We assume further that JE; = [E; = Es
and JE3 = —IE3 == E4. We have VE3]E1 = 2J(VE3E1)‘5 and VIESIIE4 ==
—Vg By = —2J(VE4E2)‘5. Using (C) it is clear that VE3]E1 = V[E3IIE4. If
X,Y € I'(E) then VxIY = —2J(VxY)p and Vx ITY = —2J(V;xJY)p.
From (c) it is clear that VxIY = V xIIY also in this case.

Conversely, if I is integrable then VxYjp = (V xJY)p for all X,V €
I'(€), which is equivalent to D being holomorphic. m

Since the Weyl tensor W™ is degenerate, the form df is self-dual and
do(J,J) = —d@ if I is integrable.

PROPOSITION 3.7. Let (M, g, J) be a Kihler semi-symmetric surface fo-
liated by 2-dimensional Fuclidean spaces. Then the following conditions are
equivalent:

(a) df =0.

(b) JO is a Hamiltonian vector field for (M, g, J).
Moreover, if I is integrable then each of these conditions is equivalent to any
of the following:

(c) Y|0|>?=0 forY € &,

(d) I is locally conformally Kdhler.

Proof. Note that Ljp2 = dJ0.2 = —df. Hence (a) is equivalent to (b).
It is easy to see that df(X,Y) = 0 if X,Y are both in D or both in £. Now
do(Y,€) = 3Y|0)* for Y € E. Since df(J,J) = —df if J is integrable, this
proves that (a) is equivalent to (c) in this case. m

In the following theorem we use the description of Calabi type Kéhler
surfaces from [A-C-GJ.

THEOREM 3.2. Let (M,g,J) be a Kdhler surface admitting an opposite
Hermitian structure I satisfying the first Gray condition (G1) which is locally
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conformally Kdhler. Then locally

1
Cz
where (X, gx) is a Riemannian surface with area form wy and da = wyx
or (M, g,J) is a product of Riemannian surfaces or a space form with zero
holomorphic sectional curvature. The Kdahler form of (M, g,J) is 2 = zwx+
dz A (dt + «).

(21) g =295 + —dz* + Cz(dt + )*

Proof. First assume that (M, g,J) is a Kdhler semi-symmetric surface
foliated by 2-dimensional Euclidean spaces. Then D is a totally geodesic
homothetic foliation. Such foliations were classified locally in [Ch-NJ. Thus
(M,g,J) is a Kahler surface of Calabi type. From [A-C-G] it follows that
k=7 if V(2) = C2? where

z z
W(M + Vi)(dt + a)?
is a general Calabi type metric which is not a Ké&hler product.

For the general case, note that QCH Ké&hler surfaces for which I is Her-
mitian and locally conformally Kéhler are of Calabi type, or are orthotoric
surfaces, or W = 0 (see [J-4]). Semi-symmetric surfaces with W = 0 are prod-
ucts of Riemannian surfaces of constant opposite scalar curvatures (see [B]).
One can easily check that an orthotoric surface can be semi-symmetric only

if W = 0, which finishes the proof. =

REMARK 3.1. Note that the examples with the metric ¢ = dt? +
(299’ /k)?0% + g*p*h given before are a special kind of (21), and these classes
of manifolds coincide locally.

g =29z +
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