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ON n-ABSORBING RINGS AND IDEALS

ABDALLAH LARADJI (Dhahran)

Abstract. A proper ideal I of a commutative ring R is n-absorbing (resp. strongly
n-absorbing) if for all elements (resp. ideals) a1,...,ant1 of R/I, a1 -+ ant1 = 0 implies
that the product of some n of the a; is 0. It was conjectured by Anderson and Badawi
that if I is an n-absorbing ideal of R then (1) I is strongly n-absorbing, (2) I[z] is an
n-absorbing ideal of R[z], and (3) Rad(I)™ C I. We prove that these conjectures hold in
various classes of rings, thus extending several known results on n-absorbing ideals. As a
by-product, we show that (2) implies (1).

1. Introduction. Throughout, R is a commutative ring with 1 # 0
and n is a positive integer. Following Badawi [B|, a proper ideal I of a
ring R is called n-absorbing (resp. strongly n-absorbing) if for all elements
(resp. ideals) a1, ...,an4+1 of R such that aj ---a,4;1 is in I, there exists an
n-element subset S of {1,...,n 4 1} such that [[,cga; is in I. The ring R
is m-absorbing (resp. strongly m-absorbing) if for all elements (resp. ideals)
a1y...,0ap41 Of R, a1 ---anq41 = 0 implies that the product of some n of the
a; is 0 (see Darani and Puczytowski [DP]). Clearly, a proper ideal I of R is
[strongly| n-absorbing if and only if the ring R/I is [strongly] n-absorbing.
It is equally clear that a strongly n-absorbing ideal I is n-absorbing, and the
converse is true for n = 1, since [ is 1-absorbing precisely when it is prime.
Three outstanding conjectures on n-absorbing ideals are the following (see
Anderson and Badawi [AB| and also Cahen et al. [CFEG], Problem 30]):

(C1) If an ideal of R is n-absorbing then it is strongly n-absorbing.

(C2) If an ideal I of R is n-absorbing then I[z] is an n-absorbing ideal
of R[z].

(C3) If an ideal I of R is n-absorbing then Rad(I)" C I.

The case of n = 2 was settled for arbitrary rings by Badawi [B| for
(C1) and (C3), and by Anderson and Badawi [AB]| for (C2). Although these
conjectures are still open for all n > 3 (however, see Proposition 2.8 below
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for (C3) when n = 3), affirmative answers for (C1) have been obtained for
some classes of rings and ideals: Anderson and Badawi [AB| proved that
(C1) holds in all Priifer domains, and Darani and Puczytowski [DP| proved
that it holds for any proper ideal I of R provided the additive group R/I is
torsion-free. Moreover, it is proved in [AB| that (C1) implies (C3).

In this note, we show that these conjectures hold for wider classes of
ideals. Among other results, we show that (C2) implies (C1), that (C2)
(and hence (C1) and (C3)) holds in all arithmetical rings, and that if an
ideal I is 2-absorbing then I[[z]] is a 2-absorbing ideal of the power series
ring R[[z]]. The arguments we use also provide alternative proofs of the
conjectures for the case n = 2. Throughout, the cardinality of a set X is
denoted | X]|.

2. Results

DEFINITION 2.1. An ideal A of the ring R is an n-ideal if for any family
{Ai}1<i<n of ideals of R such that A C UKK” annp A; we have A C anng A4;
for some 4. If all ideals of R are n-ideals, we say R is an n-ring.

It is clear that all rings are 2-rings, that n-rings are k-rings for each
positive integer £ < n, and that it is enough, in the above definition, to
assume that the ideal A is n-generated.

Our first result is the following theorem.

THEOREM 2.2. If R is an n-absorbing n-ring, then it is strongly n-
absorbing. In particular, if I is an n-absorbing ideal of R and the ring R/I
s an n-ring, then I is strongly n-absorbing.

Proof. Let Aj,...,Anq+1 be ideals of R with AjAy -+ Ape1 = 0. Let
a1 € A1. Then ayas -+ apy1 =0foralla; € A; (2 <i <n+1),so that either

a1 € U2§j§n+1 annR(HZ.#j a;), and then A; C U2§j§n+1 annR(H#j ai),
or as---ant1 = 0. Hence, either ag---ans1 = 0, or, as R is an n-ring,

A1]];zja; = 0 for some j (2 < j < n+1). We thus find that either

Ay Hizs a; = 0, or ag € :amnR(]_L23 a;) U U3§j§n+1 annp(A; Hiz&i#j a;)
for all ag in As. Since R is an n-ring, this in turn means that for all a; € A;
(2<i<n+1),

AlHaiZO or AQHaizo or
i3 i>3

A1 Ay Hai =0 for some (n—2)-element subset S of {3,...,n+1}.
i€S

(2.1)

We now prove, by induction, that for each integer m with 2 < m < n and
for all a; € A;, we have the following possibilities only:
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(1) (ILics 4 ILnt1<j<ni1 @ = 0 for some (m — 1)-element subset S of
{1,...,m},or

(i) (IT1<i<m Ai) I1;es @; = 0 for some (n—m)-element subset S of {m+
1,...,n+1} (with S = ) and Hjes a; = 1, the empty product, when
m=mn).

For m = 2, this is true by (2.1). Suppose it is true for m = N. We have

(a) Ay -+~ Aiy_jan41---apy1 =0 for some 1 <i; <--- <iy_1 <N, or

(b) Ay ---Ananti1aj,---aj, v =0forsome N+1<jo < -+ <jp_n <
n+1, or

(c) A1+ - Anany2aN43- -~ apg1 = 0.

Hence, for all a; € 4; (N +1<i<n+1),

an+1 € anng(A; - Ay an42 - Gng1)

U U annp(Ar---Anyaj, ---aj, ) or
N4+1<jo<-<jn—n<n+l
Ay---Ananio2an43 - apy1 = 0.

Since R is an n-ring, this means

(2.2) Ail ce AiN,lAN+1aN+2 o lp41 = 0, or
(2.3) A1 e ANAN+1aj2 to ajan = 0, or
(24) A1 cee ANCLN+26LN+3 o Qp41 = 0.

Clearly, (2.2) and (2.4) mean A;, -+ Ajy Ay [[n10<icns1 @ = 0, where
1 <ip <---<iy <N+1,and (2.3) means ([[;<;cnyq Ai)aj - aj,_y_,
=0, where N +2 < j; < --- < jp—~N-1 < n+ 1, completing the induction.
In particular, for m = n and all a,41 € Apy1, we obtain ([[;cg Ai)any1 =0
for some (n — 1)-element subset S of {1,...,n}, ie. ([[;cgAi)Ant1 =0 or
[I,<i<,, Ai = 0. This proves that R is n-absorbing. =

Since every ring is easily shown to be a 2-ring, Theorem 2.2 implies the
following result. It was first proved by Badawi |B] using a different approach.

COROLLARY 2.3. FEvery 2-absorbing ideal is strongly 2-absorbing.

The following lemma says more than we need but may be of independent
interest. It is a refinement of a result (and proof) in [QB]. Recall that for an
R-module M, an element 7 of the ring R is M-regular if annys(r) = 0.

LEMMA 2.4. Let A, A1, ..., A, be ideals of R and suppose that R contains
n elements 11, ...,y such that for all but possibly one k, r; —r; is R/Aj-
reqular whenever r; #rj. If A C Ay U---UA, then A is contained in one of

the A;.

Proof. Suppose the lemma is false and that n is the smallest positive
integer for which the conclusion does not hold (it is easy to see that n > 3).
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Assume, without loss of generality, that r; —r; is R/Aj-regular for all £ > 2,
let a1 € A\(AQUAgU”-UAn), as € A\(A1UA3U-”UA7L), and S be
the set {rja1 +az : 1 < i < n}. Clearly, a; € A; (j = 1,2) and there is no
r; such that r;a1 + as € Ai. Hence two elements of S, say ria; + a2 and
roa1 + ag, must lie in the same Aj, for some 2 < k < n. We therefore obtain
(r1 —re)a; € Ay, and thus a; € Ay, a contradiction. m

PROPOSITION 2.5. Let R be a ring containing n elements ri, ...,y such
that vy — r; is not a zero-divisor when r; # rj. Then R is an n-ring. In
particular, if R is n-absorbing, then it is strongly n-absorbing.

Proof. Let A and Ax (1 < k < n) be ideals of R such that A C
U1<k<n annp Ag. Clearly, for each k, r; — rj is R/anng Ag-regular when-
ever r; # rj. By Lemma 2.4, A is contained in some Aj. This implies that
R is an n-ring, and the proof is complete by Theorem 2.2. u

Quartararo and Butts [QB] call an ideal A of R a u-ideal if, for all positive
integers n and all ideals Ay, of R, A C |J;<1<,, Ak implies that A is contained
in some Ag. The ring R is a u-ring if all its ideals are u-ideals. It is proved in
[QB] that R is a u-ring if and only if for each maximal ideal P of R, either
R/P is infinite or Rp is Bézout (all its f.g. ideals are principal). A closer look
at the argument in [QB|, along with appropriate modifications, shows that
if either R is a locally Bézout ring or each of its residue fields has at least n
elements, then, for all ideals A and Ay of R (1 <k < n), A C Uj<p<p, Ak
implies that A is contained in some Aj. In particular, R is an n-ring under
these hypotheses.

We can now provide some classes of rings in which conjecture (C1) holds.

PROPOSITION 2.6. Let I be an n-absorbing ideal of R and let S be the
ring R/I. Then I is strongly n-absorbing in each of the following cases:

(i) S is locally Bézout (e.g. S is arithmetical).
(ii) For each mazimal ideal P of R containing I, |R/P| > n.
(i) S is (n — 1)!-torsion-free as an additive group.
(iv) S is (isomorphic to) a polynomial ring or a power series ring (in
any nonempty set of indeterminates).

Proof. Parts (i) and (ii) follow from the preceding paragraph. To prove (iii),
observe that if S'is (n—1)!-torsion-free as an additive group, then the elements
si=1-1(i=0,1,...,n —1) of S are such that s; — s; is not a zero-divisor
when s; # s;, and use Proposition 2.5. To prove (iv), let S = T'[X] or T'[[X]],
where X is a nonempty set of indeterminates, let € X, and let p, = 2*
(k € N). Then, whenever i < j, p; — p; = 2*(1 — 277") is not a zero-divisor
in S, and hence (iv) follows from Proposition 2.5. m
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REMARK 2.7. It is worth noting the following facts concerning the above
proposition:

(1) Part (i) has [AB| Corollary 6.9] as a special case since factor rings of
Priifer domains (and more generally of arithmetical rings) are arith-
metical. (See also Corollary 2.12 below.)

(2) Part (ii) (or (iii)) has [B, Theorem 2.13| as a special case since fields
always contain 0 and 1 (and every ring with nonzero identity is 1-
torsion-free).

(3) Part (iii) is a refinement of a result first proved in [DP), Theorem 4.2]
by a different approach.

By [AB| Theorem 6.1], conjecture (C1) implies conjecture (C3), so that,
by Proposition 2.6(iii), (C3) holds for all 3-absorbing ideals I of the ring
R such that R/I is 2-torsion-free. However, as our next result shows, the
2-torsion-free condition is redundant in this case.

PROPOSITION 2.8. Let I be a 3-absorbing ideal of the ring R. Then
rad(I)3 C I.

Proof. It is clearly enough to assume that the ring R is 3-absorbing with
r1,T9,T3 € R such that :U:f = x% = azg = 0 and to show that xjzox3 = 0.
From (22 + x9)712% = 0, we obtain (2% + z2)z172 = 0 or (22 + x2)x3 = 0 or
z123 = 0, which implies 23z = 0 or 2123 = 0. Also, (1 + x2)z}z2 = 0 gives
(w1 + z2)z172 = 0 01 (71 + 22)2} = 0 or 2279 = 0. Suppose that x3zs # 0;
then 2123 = 0 and (21 + x2)x122 = 0 imply 2229 = 0, a contradiction.
Thus we must have z2z2 = 0, and by symmetry x?xj = 0 for all 4,5 €
{1,2,3}. Finally, from (21 + x2 + z3)x129203 = 0 we obtain zjxex3 = 0 or
(x1 + x2 + z3)x;2; = 0 for some 7 # j (in {1,2,3}). Clearly, in all cases, we
obtain z1xox3 = 0, as required. =

Another consequence of Proposition 2.6 is the following result. Its proof
is based on an argument given in [KOJ.

COROLLARY 2.9. Let R be a ring and k be an infinite cardinal such
that |R| > 2". Suppose that each maximal ideal P of R is k-generated and
Nren P = 0. Then every n-absorbing ideal of R is strongly n-absorbing (for
each positive integer n). In particular, this is true if |R| > 280 and R is a
Noetherian domain or a Noetherian local Ting.

Proof. Assume that |R/P] is finite for some maximal ideal P of R. For
each m € N, P™/P™*! is -generated as an R/P-space, so that |P™/P™*1|
< |R/P|". Hence |R/P™| = |R/P|- [P/P?|---|P"~t/P™| < (|[R/P|")™.
Since [),cny P" = 0, we have a monomorphism R — [] .y R/P™, and
therefore |R| < [,,en(IR/PF)™, ie. |R| < 2°%0 = 2% a contradiction.
Hence |R/P| must be infinite and the first part of the conclusion follows
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from Proposition 2.6. The second part follows by the Krull intersection the-
orem. m

The next result sheds some light on the relationship between the two
conjectures (C1) and (C2) and shows, in particular, that (C2) is stronger
than (C1), and hence than (C3) as well. Recall that the content ¢(p) of a
polynomial p € R[z] (or more generally of a power series p in R[[z]]) is the
ideal of R generated by the coeflicients of p, and that R is Gaussian if for
all f,g € Rlx], c(fg) = c(f)e(g). If e(f)e(g) = 0 for all f,g € R[z] such
that fg = 0, then R is said to be Armendariz. By [AC|, Gaussian rings are
precisely those whose homomorphic images are Armendariz.

PROPOSITION 2.10. Let I be an ideal of the ring R.

(i) If I[z] is an n-absorbing ideal of the ring R[zx], then I is strongly
n-absorbing.

(ii) If R/I is Armendariz and I is strongly n-absorbing, then I[x] is an
n-absorbing ideal of Rx].

Proof. (i) Assume I[z] is an n-absorbing ideal of R[z], i.e. R[x]/I[z] is an
n-absorbing ring. Since R[z|/I[z] = (R/I)[z], we infer from Proposition 2.6
that R[z]/I[x] is strongly n-absorbing. Now let Ay, ..., A,4+1 beideals of R/I
with Ay -+ Ap4q = 0. Clearly, Aj[z]--- Apt+1[z] = 0, and so there exist dis-
tinct il,.. . ,’in n {1,.. ,n+1} such that Ail : Azn - A“[l‘] . Aln[ﬁ} =0.

(ii) Assume [ is strongly n-absorbing, let S := R/I and let fi,..., fr+1 €
S[z] be such that fi--- f,+1 = 0. Since S is Armendariz, we have

c(fr) - c(fns) =0
in S (see [AC| Proposition 1]), and we may assume without loss of generality
that ¢(f1)---c(fn) = 0. This clearly implies f; --- f, = 0, as required. =

PROPOSITION 2.11. Let I be an n-absorbing ideal of R and let S = R/I.
Then I[z] is an n-absorbing ideal of R[x| in each of the following cases:

(i) S is Armendariz and |R/P| > n for each mazimal ideal P of R
containing I.
(ii) S is Armendariz and is (n — 1)!-torsion-free as an additive group.
(iii) S is locally Bézout.
(iv) S contains infinitely many elements s; such that s;—s; is not a zero-
divisor when s; # s;. In particular, this is true if S is torsion-free
as an additive group.

Proof. Parts (i)—(iii) follow from Propositions 2.6 and 2.10 (since locally
Bézout rings are Armendariz).

To prove (iv), it is enough to show that if fi(z),..., fnt1(x) are polyno-
mials in S[z| such that fi(z)--- fr+1(z) = 0, then the product of some n of
the f;(x) is zero. We have f1(s;) - fn+1(s;) = 0 for each s;, so there exists
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an n-element subset E(s;) C {1,...,n + 1} such that [, cp, fr(si) = 0.
Clearly, there are infinitely many s;, say o1, 09, ..., with the same set F(0;),
and we may, without loss of generality, assume such a set to be {1,...,n}, i.e.
Ji(on) -+« fu(on) =0 for h € N. Let fi(z)--- fu(x) = g0+ gra + -+ + gma™.
Then clearly

m
1 o1 -+ of 90
I o2 -+ 0| |0
:O7
1 Om Uﬁ Im
and since
1 o o
1 oy ol
2
= H (Uk—ah))
1<h<k<m
1 oy - ol

we obtain f1(x) -+ fu(2) [[;<p<p<m(0r — on) = 0. Since none of the factors
o — op is a zero-divisor, we obtain fi(z)--- fo(z) = 0, as required. The
second part of (iv) follows from the fact that when S is torsion-free, the
elements s; = i -1 (¢ € N) of S are such that s; — s; is not a zero-divisor
when s; # 5. m

Since homomorphic images of arithmetical rings are locally Bézout, an
immediate consequence of Proposition 2.11 (and Proposition 2.10) is the
following generalization of [ABl Corollary 6.9].

COROLLARY 2.12. Let I be an n-absorbing ideal of an arithmetical ring R.
Then I[z] is an n-absorbing ideal of R[x|. In particular, I is strongly n-
absorbing.

COROLLARY 2.13. Let R[z] be an n-absorbing ring. Then so too is R[X],
where X is any set of indeterminates.

Proof. The case X = () is clear. Suppose therefore that X is nonempty
but finite. Then by Proposition 2.11(iv) and straightforward induction, and
since R[z| satisfies the condition in Proposition 2.6(iv), we deduce that R[X]
is n-absorbing. Now let f1--- f,41 = 0, where f1,..., fnt1 € R[X], and let
Y; be the set of all indeterminates that appear in f;. Then Y := ;<11 Vi
is finite, so that R[Y] is n-absorbing. Since fi,..., fn+1 € R[Y], we infer
that fi--- f, =0, say, and the proof is complete. u

The next result shows that a power series version of the Armendariz prop-
erty holds for 2-absorbing rings. The argument we use provides, in particular,
an alternative approach to proving [ABl Theorem 4.15].



272 A. LARADJI

PROPOSITION 2.14. Let S be a 2-absorbing ring and let f =3 .-, fix?,
g = s009ix" € S[[z]] be such that fg = 0. Then fig; =0 for all i,j > 0
(and hence S is Armendariz). In particular, if I is a 2-absorbing ideal of R,
then I[[z]] is a 2-absorbing ideal of the power series ring R|[x]] (and therefore
I[x] is a 2-absorbing ideal of the ring R[z]).

Proof. We first prove that for each i, either f2 =0 or f;g = 0. Suppose
that fg # 0. We claim that fog; = 0 for all j: We have fygo = 0, and
assuming fog; = 0 for all 0 < j < k, we obtain 0 = fo(fogr+1 + figx +
oo+ frr190) = fggk+1, i.e. fogrr1 = 0, since S is 2-absorbing. Hence, by
induction, fog; = 0 for all j, and our claim is proved.

We therefore have (%)2 g = 0, and repeating the previous argument,

we conclude that either fZ2 =0 or fig = 0. In the same way, for each k € N,
there exists a sufficiently large » € N for which

k—1 iNT
(=t )=
This yields f,fT = Oor fig = 0, and again using the fact that S is 2-absorbing,
we obtain f,f = 0 or frg = 0 for each k € N, as required. We now have
(fi +gj)fig; =0 for all 4, j > 0, so that f;g; =0, as S is 2-absorbing.

For the second part of the proposition, we may assume I = 0, since
R[[z]]/1[[x]] = (R/D[[]]. Let f =3_in0 fix's 9 = Yino 9", b = 350 hit!
in R[[x]] be such that fgh =0, let ¢(f), c(g), ¢(h) be their contents and let
a € c(f), B € clg), v € c(h). By the first part, agh = 0, i.e. (ah)g = 0, so
that (ah)B = 0, which gives afy = 0 (cf. JAC| Proposition 1]). This implies
c(f)e(g)e(h) = 0, and since R is a strongly 2-absorbing ring, we infer that
c(f)e(g) =0, say, i.e. fg =0. This completes the proof. =

EXAMPLE 2.15. Rings R for which ¢(f)c(g) = 0 whenever f,g € R[[z]]
and fg = 0 are called power-series-wise Armendariz (see [KLL|). Proposi-
tion 2.14 therefore states that 2-absorbing rings are power-series-wise Ar-
mendariz. The converse is not true: Let R = K|[[z]]/(23) where K is a field;
then R, a homomorphic image of a principal ideal ring, is power-series-wise
Armendariz by [KLL, Proposition 3.2|, but R is clearly not 2-absorbing.

We end this note with a result that shows that when attempting to
prove either of (C1), (C2), or (C3), it is enough to restrict our attention to
n-absorbing total rings of quotients (and hence to n-absorbing Priifer rings).
More precisely:

PROPOSITION 2.16. Let I be an ideal of R and let Q be the total ring of
fractions of R/I. If (C1), (C2), or (C3) holds for the zero ideal of Q, then
it holds for I.
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Proof. Let I be an n-absorbing ideal of R, so that the ring S := R/I is

n-absorbing. We claim that the ring @) is n-absorbing. For if % e g”ﬂ =0
n+1

in @), where each a; is in S and no s; is a zero-divisor in S, then there is a
non-zero-divisor s in S such that sa;---ap+1 = 0, ie. a1---apy1 = 0. We
may clearly assume that a; ---a, = 0 and obtain ‘;—i ‘. g—: = 0, as claimed.
Suppose first that (C1) holds for the zero ideal of @ (so @ is strongly n-
absorbing) and that Aj---A,4y1 = 0 for some ideals Ay,..., A1 of S.
Then the ideals A;Q of @ satisfy A1Q - A,+1Q = 0, and we may assume
that A1Q---A,Q = 0. This implies A;--- A4, = 0, and so the ring S is
strongly n-absorbing.

Suppose now that (C2) holds for the zero ideal of ). Then Q[z] and its

subring S[z| are n-absorbing. The case of (C3) is trivial. m
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