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SYMMETRIC AND ANTIPERSYMMETRIC EXTREMAL RANK
SOLUTIONS FOR LINEAR MATRIX EQUATIONS AND THEIR
APPROXIMATION

BY

QINGFENG XIAO, TIANXIANG FENG and ZHONGZHI ZHANG (Dongguan)

Abstract. This study establishes solvability conditions and explicit expressions of
symmetric and antipersymmetric solutions of a matrix equation AX = B. The maximal
and minimal ranks of the solutions are then derived. Finally, the matrix closest to a given
matrix in the Frobenius norm is given explicitly in the minimal rank solution set of the
matrix equation AX = B.

1. Introduction. Let C™*", R™*" QR"*"™, SR™*"™, ASR"™*", and
SOR™*™ be the sets of all m x n complex matrices, all m x n real ma-
trices, all n X n real orthogonal matrices, all n X n real symmetric matrices,
all n xn real antisymmetric matrices, and all n xn real symmetric orthogonal
matrices, respectively.

The symbols AT, A* r(A), and tr(A) denote the transpose, conjugate
transpose, rank, and trace of the matrix A € R™*", respectively. I,, repre-
sents the identity matrix of order n. [A, B] denotes a row block matrix.

Given two matrices A, B € R™*" their inner product is defined by
(A, B) = tr(BTA). In this way R™*" is a complete inner product space.
Typically, the matrix norm considered in this study is the Frobenius norm,
ie., ||A|l = /tr(ATA)).

A space V' C R™*™ is the orthogonal direct sum of subspaces Vi, V, C
R™ " written V = Vi @ Va, if (1) for each A € V there are A; € V; and
Ag € Vy such that A = A; 4+ A9, (2) ViNVy =0, and (3) for all A € V; and
Be Vs, (A, B)=0.

The Moore—Penrose generalized inverse A’ of the matrix A € R™*" ig
defined as the unique solution X € R™*™ of the following system of four
matrix equations:

AXA=A, XAX =X, (AX)'=AX, (XA)*=XA
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Furthermore, Q4 and Py are the orthogonal projectors Q4 = I,,, — AA" and
Py=1,— ATA. Let

Sy = (en €n—1 61)7
where e; is the ith column of the identity matrix I,,.

DEFINITION 1.1. An n x n real matrix A is symmetric if A = AT, and
antipersymmetric if A = —S,AS,,.

DEFINITION 1.2. An n x n real matrix A is bisymmetric if A = AT and
A=S5,AS,.

The set of all n x n symmetric and antipersymmetric matrices and the
set of all n x n bisymmetric matrices are denoted by SASR™*"™ and BSR"*",
respectively. Bisymmetric, symmetric and antipersymmetric matrices are
useful for addressing engineering problems and have been thoroughly studied
(see [9, (13} 2022}, 27H30]).

Linear matrix equations have been extensively studied. For instance,
Deng, Bai and Gao [3] investigated consistency conditions and general ex-
pressions for Hermitian solutions of the equations

(1.1) AXB=C
and
(1.2) AX=C, XB-=D.

Necessary and sufficient conditions for the existence of solutions of (1.2)
have been established (see e.g. [12]).

By applying the generalized singular value decomposition (GSVD), Liao
and Bai |10, |11] derived general analytic formulas for the least square solu-
tion of (1.1) in terms of the symmetric semidefinite solution of the matrix
equation

(1.3) ATXA=B.
As a special case of (1.1)—(1.3), the well-known linear matrix equation
(1.4) AX =B

has also been examined (see [4-8, (18, |19} 2426, |31]). For example, Wang [21]
investigated bisymmetric solutions of the quaternion matrix equation in the
form (1.4). Zhao et al. [32] obtained (1.4) while searching for bisymmetric
least square solutions under a central principal submatrix constraint.

Solutions with extremal ranks, i.e., with maximal and minimal ranks of
certain matrix expressions, can be applied in statistics, control theory, and
economics (see [1}, 2, 14, |16]).

Motivated by the aforementioned work, we aim to derive symmetric and
antipersymmetric maximal and minimal rank solutions to (1.4).
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Moreover, we consider the matrix nearness problem

1. in | X -X
(1.5) Jin [ IB

€Smin

where X is a given matrix in R™*"™ and Sy, is the minimal rank solution
set of (1.4).

The matrix nearness problem (1.5) is the so-called optimal approxima-
tion problem, which has significant practical applicability. This problem has
been widely discussed (see e.g. |4} 5, |8, 124} 26, |30, 31| and references therein).

The paper is organized as follows. In Section 2, we determine the maximal
and minimal ranks of general solutions to (1.2) through the matrix rank
method. In Section 3, we investigate the maximal and minimal ranks of
symmetric and antipersymmetric solutions to (1.4) via SVD and special
decompositions of symmetric and antipersymmetric matrices. In Section 4,
we prove that Sy, is not just a closed convex cone, but in fact an affine
space, and we give an expression for the solution of the matrix nearness
problem (1.5).

2. Extremal rank solutions to (1.2). To derive the maximal and
minimal ranks of general solutions to (1.2), we will use the following lemmas.

LEMMA 2.1 ([15]). Given A € RP*™ B e R"™4 C € RP*" D € R™*Y,
with r(A) = k and r(B) = t, we can express the SVDs of A and B as follows:

20
(2.1) A:U[ ]VT:U12V1T,
0 0

where U = [Uy,Us] € ORP*P, U} € RP*F, V = [V}, V5] € QR™ ™, 1 €
R™*F 3 = diag(o1,...,0%), 01 > -+ > op > 0; and

I 0
(2.2) B = P[ ]QT =PIQy,
0 0
where P = [Py, P;] € OR™", P, € R™! Q = [Q1,Q2] € ORY?, Q; €

Rt and I' = diag(y1,..., V), 71 > -+ > v > 0. Then a solution X of the
matriz equation (1.2) exists if and only if

(2.3) CB=AD, AA'C=C, DB'B=D.

In this case, the general solution can be expressed as

(2.4) X = DB'+ ATC — ATADB' + P,ZQp
y-tvlfep x-UlcCP

(2.5) -V Lt L2 pr,

Vi D I Xo2

where Z € R™*™ and Xo9 € RM=K)X(=) gre arbitrary.
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LEMMA 2.2 (]23]). Assume that K € R™™ and Y € RP*™ are of full
column rank. In addition, assume that Z € R"*? is of full row rank. Then

r(K)=r(YK)=r(KZ)=r(YKZ).

LEMMA 2.3 ([23]). Suppose that L € R™*™ is a projection matriz, i.e.,
L? = L. Then

r(L) = tr(L).
LeEMMA 2.4 ([23]). Let M € R™*™. Then
r(MMT) = r(M).

LEMMA 2.5 ([17]). Let E € R™" F € R™*k [ € RX™ gnd J € RIXF,
Then

r[E, F] =r(E) + r(Qel),
r [?] =r(E)+r(IPg),
[E F
-
I J
where Iy = IPg and F1 = QgF.

] = rﬁ] +7[E,F]—r(E) +r(Qr,(J — IE'F)Pp],

We suppose that a solution of (1.2) exists and that the general solution
can be written as

X X
(2.6) X = V[ M 12} pT,
Xo1 Xoo

where
Xy =x'vlcp, Xp=x'vlcr, Xy=V,DQI !,

and Xgo € R(M—K)x(n=1) jq arbitrary.
Let G1 = X201 Px,, and H; = Qx,, X12. We assume that the SVDs of G
and Hir are

20
(2.7) Gy = Ug, [ !

0] VE = UnZ Vi,

where Ug, = [Ut1, Us] € QRIVFIX(m=Fk) 11 ¢ ROn=F)xkr Vi = [V, Vig]
€ (D)Rka? Vvll € Rkala kl = T(Gl)a 21 = diag(alv e .7Oé]€1) and ap -2
oy, > 0; and

oo
(2.8) HI:UHI{O O]VIQ = PulQf,
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where UHI = [P11, P1o] € @R(n—t)x(n—t)’ Pe ]R(n—t)xn’ VHI = [Q11,Q12] €

ORM* Qi € RF>*0 ¢ = r(H), I = diag(B,...,05,) and B > - >
Btl > 0.

Subsequently, we apply Lemmas 2.1-2.5 to derive extremal rank solutions
to (1.2).

THEOREM 2.6. Let A € RP*™ B € R4 (C € RP*" gnd D € R™*4.
Moreover, assume that (1.2) is consistent. Suppose the SVDs of the matrices
A, B, Gy, and H}L are given by (2.1), (2.2), (2.7), and (2.8), respectively.
Let 2 be the set of all solutions of (1.2). Then the extreme ranks of X are
determined as follows:

(a) The minimal rank of X is

(2.9) g{nelg r(X)=r(C)+r(D)—-r(CB).

The general expression of X that satisfies (2.9) is
(2.10) X =DB'4+ ATC — ATADB' + P,DB'(ATCBB"ATCQp
+ VWUn UL Y Py PL P
where Y € RM=K)x(—t) 45 qrbitrary.
(b) The mazimal rank of X is determined by
(2.11) r)r(lggl(r(X) =min(m + r(C) — r(A),n+ r(D) — r(B)).

The general expression of X that satisfies (2.11) is

X =DB"+ A'C — ATADB' + P,DB'(ATCBB" A*CQp + VoY PI,
where Y € RM=FIX(n=1) sqtisfies 1(Qa,Y P, ) = r(CB) + min(m — r(A) —
r(D),n—r(C) —r(B)).

Proof. Suppose (1.2) has a solution X. By applying Lemma 2.5 to (2.6),
we obtain

r(X) = T[X“ X”]

Xo1 Xoo
X11 +
=r +r[Xi1, Xig] = 7(X11) + r[Qa, (X22 — X201 X1, X12) P, |,
21

where G1 = X21PX11 and H1 = QX11X12.
Let

X
(2.12) 7“[ 11] +r[X11, X12] — r(X11) = s.
Xo1
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Then

(2.13) m)}nr(X) =s+ ginr[QGI (X9 — XngLXlg)PHl] =s,
22

(2.14) max7(X) = s + maxr(Qc, (Xz2 Xo1 X, X12) Py, ]
22

= s+ min(r(Qa, ), (Pry))-
Applying Lemmas 2.2-2.4, we get
[Xll] {VITDQlf‘l
T =r
Xo1 Vi DQ M1
r(DQ1) = r(DQ1Q7) = r(DB'B) = r(D),

] = r(VIDQ ')

r[X11, X1o] = r[ 27U CP, XU CRy)) = r(27UL ClP, )
= (Wl e) = r(hut'c) = r(AATC) = r(C),
r(Xn) =rZ Uufor) = (UL cPrQT) = r(AATCB) = r(CB),
and

r(Qc,) = t1(Qc,) =m — k —r(G1G}) = m — k — r(G1)

X1

:m—k—r(XglPXn):m—k—r[ }+r(X11)

Xo1
=m—k—r(D)+r(CB)=m+r(CB)—r(A) —r(D),
r(Pg,) = tr(Py,) =n —t —r(H{H,) = n—t — r(H)
=n—t—7r(Qx,X12) =n—t—r[Xi1, X2 + r(X11)
=n—t—r(C)+r(CB)=n+r(CB)—r(C)—r(B).
The substitution of these formulas into (2.12)—(2.14) yields (2.9) and (2.11).
(a) The matrix Xa9, which satisfies (2.9), is the precise general solution

of the consistent linear matrix equation Qg (X2 — XngLXlg)PHI = 0,
which can be written as

Xog = X21X1TlX12 +Y,

where Y € R(m=F)x(n=1) satisfies Qg,Y Py, = 0.
By Lemma 2.1, the general expression of X that satisfies (2.9) can be
written as

(2.15) X = DBT+ ATC — ATADB' + Vo X1 X], X12Pf + VoY P,
where Y € RUM=F)x(n=1) gatisfies Qg,Y Pr, = 0.



LINEAR MATRIX EQUATIONS 19

From (2.1), (2.2) and (2.6), we get AT = VXUl BB' = P PT,
X1 = 2_1U1TCP1, X9 = E_IUlTCPQ, Xo1 = VQTDer_l. Then

vixupPl = AfcBB" « P x|, v = AfcBBH!
s X, = plAfeBBhH.
Thus, we obtain
(2.16) VaXo X], X12P] = WV DQ, I *PL(AfcBBY vix-'Ul cP,P)
= (I - AAYDBT(ATCBB"ATC(I — BBY)
= P,DB*(ATCBBN)ATCQp.
According to (2.7) and (2.8),
GiGl =UnUl,  Qq, =1 —UnUj; = UnoUh,
H{H, = P,Pl, Py, =1-P P =P,PL.
Thus Qg,Y Py, = 0, i.e. U2U{,Y P1o P, = 0, and we obtain
(2.17) Y = UnULY Pu P,

where Y € R(m=F)x(n=1) ig arbitrary.

The substitution of (2.16) and (2.17) into (2.15) yields (2.10).

(b) As in (a), based on Lemma 2.1, the general expression of X that
satisfies (2.11) can be written as follows:

X =DB' + ATC — ATADB' + PADBY(ATCBB" ATCQp + VoY PY,

where Y € RO"=F)*(n=1) gatisfies r(Qg, Y P, ) = r(CB) 4 min(m — r(A) —
r(D),n —r(C) —r(B)). The proof is therefore complete. =

3. Symmetric and antipersymmetric extremal rank solutions to
(1.4). In this section, we first derive formulas for the maximal and minimal
ranks of symmetric and antipersymmetric solutions of (1.4). Subsequently,
we give expressions for symmetric and antipersymmetric maximal and min-
imal rank solutions to (1.4).

Let k = [n/2], where [z] is the maximum integer not greater than x.
Define
1 1
Dnzl[k ’f] if n = 2k,
V2 Sy =Sk
(3.1) [0
D,=—10 2 0 ifn=2k+1.
NG V2
S 0 =S

It is easy to verify that the matrices D,, are orthogonal.
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LeEMMA 3.1 (]28]). Let X € R™™™ and let D = D,, be given by (3.1).
Then X € SASR™ ™ if and only if

0 F
(3.2) X = D[ }DT for some F e ROF)xk,
FT 0
Given A, B € R™*" let
(3.3) AD = [Ay,As), BD = [By, By,

where A; € R™*(=Fk) 4, ¢ Rm*k B, € R™*("=k) and B, € RM*k,
Let the SVDs of A; and Al be

Xy 0

(3.4) Ay = Uy, [ 0 0] vj’l =0, 2,V

I 0 _
(3.5) A7 =Uyr [ 02 0} V}g = P0QT,

where the matrices
Ua, = [0, Us], Va, =[V1,Va], Uar = [Py, Py, Var = [Q1, Q2]

are all orthogonal. Furthermore, the partitions are compatible with the sizes
of

Yo=diag(&1,...,&) >0, Ih=diag(wi,...,wp)>0, [=r(A1), p=r(A2).
Let
Fiy = XU BoP1,  Fio = 20U BoPs,  Foy = Vi BI O T Y,
Gy = I Pp,, Hy=Qp, 12
Let the SVDs of G2 and H;L be

25 0 L
(3.6) Gy = Ug, [ 3 0] Ve = U S5V,

Iy 0 L
(3.7) Hj = Ugj [ 0 O} Vgg = PuI3Q1,

where the matrices
Ug, = [U11,U1a], Ve, = [Vi1, Vi), Upt = [Pr1, Py, Vi = [Q11, Q12]
are all orthogonal. Moreover, the partitions are compatible with the sizes of
Y3 =diag(p1,...,p) >0, Iy =diag(e1,...,¢p) >0,
i =r(Ga), p1= r(H;r)

We can then establish the existence theorem:
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THEOREM 3.2. Let A,B € R"™ ", and let D = D,, be given by (3.1).
Let AD, BD, and the SVDs of Ay, A2T, Go, and Hg follow the partitions of
(3.3)-(3.7). Then (1.4) has a symmetric and antipersymmetric solution X
if and only if
(3.8) AJAIBy = By,  AyAIB, =By, ABI = B,AL.

When these conditions are satisfied, let §21 be the set of all symmetric and
antipersymmetric solutions to (1.4). The extreme ranks of X are then as
follows:

(a) The minimal rank of X is
(3.9) min 7(X) = 2r(By) + 2r(By) — 2r(BsAL).

Xe
The general expression of X that satisfies (3.9) is

(3.10)
X:D s ~O o R ~ Fo—i-VQUnﬁﬂZﬁnPﬂ]%T DT
Fl + PyPy PLZTULUL VY 0 ’

where

Fo = (AB))T + AlB, — Al A, (A}B))T
+ Pa, (A}B1)T (Al By(A}42)") T Al BoQ 1,
and Z € RO=k=0x(k=D) 45 arbitrary.
(b) The mazimal rank of X is

(3.11) max r(X) = min(2n — 2k + 2r(By) — 2r(Ay), 2k + 2r(By) — 2r(As)).

The general expression of X that satisfies (3.11) is
0 Fy +VoZPf DT

3.12 X=D N
(3.12) FI + PzTvy 0

I

where
Fo = (A}B1)" + A} By — Al A1 (A}By)"
+ Pa, (AL B1)T (Al By(A42)") Al BoQ 1,
and Z € R=k=0x(k=p) gatisfies
r(Qa,ZPu,) = (B AT + min(n — k — r(A1) — r(Bi), k — r(Ba) — r(A2)).

Proof. If (1.4) has a solution X that is both symmetric and antipersym-
metric, then by Lemma 3.1 there is F' € R("%)*k that satisfies

0

(3.13) X=D {FT

F
O]DT and AX = B.
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Based on the partitions in (3.3), that is,

0 F
(3.14) (A1, As] [FT 0} = [By, Bs],
we get
(3.15) AF =B, FAT =Bl

Therefore, (3.8) holds in view of Lemma 2.1.

According to (3.13), 7(X) = 2r(F'). On the basis of (3.15) and Theorem
2.6, and the partitions in (3.4)—(3.7), the maximal and minimal ranks of the
solution X € SASR™ ™ to (1.4) can be written as (3.9) and (3.11).

According to the general expression of the solution in Theorem 2.6, the
remaining parts of (a) and (b) are easy to verify. m

4. Expression of the optimal approximation solution to the set
of minimal rank solutions. Let 2; = {X : AX = B, X = X7 X =
—SpXS,} be the solution set and Spin = {X € 21 : 7(X) = min{r(X’) :
X' € £1}} be the set of minimal rank solutions.

REMARK 4.1. It follows from Theorems 2.6 and 3.2 that Smin 1s an affine

space since there are no conditions on the free matrices Y in Theorem 2.6
and Z in Theorem 3.2.

LEMMA 4.2. Let G € R™ ™ and let Q1 € R™" and Q2 € R™ ™ be pro-
jection matrices, i.e., Q3 = Q1, Q3 = Qa. Then the minimization problem

(4.1) IG = Q1FQz| = min |G~ QiFQ:|
FeRnXm

RnXm

has a solution F € , and F' can be expressed as

(4.2) F =G+ (I - QUE(In - Q2),
where E € R™™ js an arbitrary matriz.

Proof. Note that Q1, I, — @1, @2, and I,,, — Q2 are projection matrices,
and Q1(I, — Q1) =0, Q2(I,, — Q2) = 0. When the inner product as defined
in Section 1 is applied, we obtain

IG = QiFQa[* = [I(In = QUGI® + |@1G — Q1 F Qs
= [[(In = QGI? + QG (I — Q2)|I” + [Q1(G — F)Qa|f.
Hence,

min ||G — QlFQQH
FeRnxm

is equivalent to

min |Q1(G — F)Q2|.

FeRnxm
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The matrix ' = G + (I, — Q1)E(I, — Q2) with E € R™ ™ arbitrary is
the solution to the minimization problem described above. Therefore, the
solution of (4.1) can be expressed as in (4.2). m

LEMMA 4.3 (|4]).

(1) R™" = ASR™™" @ BSR™¥" @ SASR™¥".
(2) For any X € R™ ™, there exist unique Xo € ASR™™", X; € BSR™*"
and X9 € SASR™™™ such that

X = Xo —|—X1 —|—X2
and (X;, X;) =0, 1 # j, 4,5 =0,1,2; here

X - XxT X+XT4+8,(X+X1)S,
Xo= X=X g o XFXT S XA X)S
2 4
(4.3) . .
X+ XT -5, (X+ XS,
Xy = 1 .

We can then determine a unique solution to the optimal approximation
problem (1.5) in Spin. For a given matrix X € R™ " unique Xy € ASR™*™,
X, € BSR™" and X, € SASR™™ are obtained based on Lemma 4.3, such
that X = Xy + X1 + Xo. In view of Lemma 3.1, Xo € SASR™ " can be
expressed as

. 0 F
(4.4) Xo=D [ . ]DT.
a

THEOREM 4.4. Assume X € R™" A B € R™" and A, B satisfy the
conditions of Theorem 3.2. Let D = D,, be given by (3.1). Let AD, BD,
and the SVDs of Ay, AL, Ga, and H;r follow the partitions of (3.3)—(3.7).
Suppose that

. i F
(4.5) VI (F— Fo)U,r = [31 12]
2 Fo Fy
Then the matriz nearness problem (1.5) has a unique optimal approzimate
solution which can be represented as

A 0 Fl o
(4.6) X = D[FT O]D ,
where
F = Fy + WU U, (V4 (F — Fo)P) P P Py
Proof. Because A and B satisfy the conditions of Theorem 3.2, the solu-

tion set Smin is nonempty. From Remark 4.1 we know Sy is an affine space.
Hence the corresponding problem (1.5) has a unique optimal approximate
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solution (see [29]). Let X be an arbitrary solution in Spin. Then by (3.10),
X can be expressed as

(4.7)
0 Fy+ vzﬁuﬁﬂzpnpﬂﬁg DT
FT + PP PLZTUL UL VY 0
where Z € R("=k=Dx(k=p) j5 arbitrary.
Applying Lemma 4.3, from (4.4), (4.5), and (4.7) as well as the orthog-
onal invariance of the Frobenius norm we obtain

IX = X|? = | X0+ X1 + X2 — X2
=H{(0H2+H{(1HQ+HXg—XH2 S
= | Xoll” + | X1]|* 4+ 2| F — Fy — VoUn U, Z P Py P |2

X=D

9

2

~ ~ ~ 0 0
= || Xo|* + || X 2+2HF—F ~V [ L ]UT
%ol + 1] N 1
= [ Xoll* + 1X0l* + 2/ F1a |1 + 2| Fual|* + 2[| Fon |12
—|—2HF22 — UHUEZPHPEHQ.
Here UHUE and ]511]51T1 are projection matrices. By the discussion above,
the problem miny¢s_. || X — X|| is equivalent to

i min HFQQ - U1101T121311P171H
ZeR(n—k—l)X(k—p)

min

Based on Lemma 4.2, when
(4.8)  Z=Fyp+ (I-UnUL)Z(I - PyPL), VZeROk-Ux(E=p)
HFQQ - [711017112?11]5171“ is minimized.
Substituting (4.8) into (4.7) yields (4.6), completing the proof. =
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