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On the factorization of the discriminant of a classical
modular equation

by

MiTsUSADA NAKATA (Osaka)

1. Introduction. Let j(z) be the elliptic modular function. For a pos-
itive integer N, the set C(N) of matrices is defined by

C(N)={(84)]ad=N,a>0,0<b<d, ged(a,bd) =1}
We will consider the polynomial in X given by

oN(X,j(2) = [ (X —i(o2),

o€C(N)

where (85%)z = (az 4+ b)/d. It is known that ®n(X,j(2)) is the minimal
polynomial of j(Nz) over C(j(z)) and a symmetric polynomial in X and
Jj(z) with integer coefficients. We call the equation @y (X,Y’) = 0 the classi-
cal modular equation of level N, and the polynomial @y (X, X) the classical
modular polynomial of level N. Classical modular equations have been stud-
ied by many mathematicians. For instance, Kaltofen and Yui looked into
explicit forms of modular equations (cf. [§], [3]).

In this paper, we will regard ¢,(X,Y’) = 0 as an equation in terms of Y,
and consider its discriminant discy @,(X,Y") for any odd prime p.

REMARK 1.1. discy @,(X,Y) = discy @,(Y, X).
discy @,(X,Y’) was studied by Weber. His main result is the following,.

PROPOSITION 1.2 (Weber [7, Ch. 119]). For an odd prime p, ¢,(X,Y’)
has a multiple root if and only if X = j(7p), where Tp is a root of a primitive
quadratic form of negative discriminant D on the upper half-plane, D is
coprime to p and there exist integers x,y satisfying x*> — Dy? = 4p?.
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By Proposition 1.2, Weber determined all roots of the discriminant of
the classical modular equation of level p because discy @,(j(7p),Y) = 0 if
and only if @,(j(z),Y) has a multiple root. We point out that he did not
study the multiplicities of those roots.

Let Hp(X) be the minimal polynomial of j(7p) over Q. It is known
that Hp(X) has integer coefficients, and we call Hp(X) the class polyno-
mial for D. Kaltofen—Yui and Gross—Zagier studied the construction of class
polynomials and their discriminants (cf. [4], [2]). It is easy to check that
Hp(X) divides discy @,(X,Y) if and only if @,(j(7p),Y) has a multiple
root. Hence Weber’s result implies that
(1.1) discy @p(X,Y) = constant x [[ Hp(X)* PP,

DeS(p)

where the leading coefficient is a nonzero integer, s(D, p) is a positive integer
and S(p) is the set defined by

{(DeZey|a®—Dy? =4p* 3z,y € Z,y >0, D=1,0(mod 4), pt D}.
REMARK 1.3. —3,—4 € S(p) for every odd prime p.

Our main results are the following theorems; the first one is a sharpened
version of (1.1).

THEOREM 1.4. For any odd prime p,
discy @,(X,Y)

:(_1)<p71>/2pp(H_g(X)[p/31H_4(X)[p/41 11 HD(X)){

DeS(p)
D+#-3,-4

where [-] is the ceiling function.

THEOREM 1.5. For any odd prime p, discy @,(X,Y) and @,2(X, X) have
the same degree and

discy @,(X,Y)

= (_1)(p+1)/2pp—1 H—3(X)Zh(_SPQ)H_4(X)h(_4p2)

H_gpz (X)Qh(_S) H—4p2 (X)h(—4) x QSPQ (X7 X)7

where h(D) is the class number of an imaginary quadratic order of discrim-
inant D.

This paper is organized as follows: In Section 2, we calculate s(D,p)
for all D € S(p), and give a proof of Theorem 1.4. In Section 3, we shall
prove Theorem 1.5 by comparing the factorizations of discy ¢,(X,Y) and
D,2(X, X).
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Throughout this paper, we denote by I the full modular group SL(2,7Z),
and (D/p) denotes the Legendre symbol for a discriminant D and a prime p.

2. Proof of Theorem 1.4. For 7p such that ¢,(j(7p),Y") has multiple
roots, we define a positive integer 7p, to be the multiplicity of the zero of
discy ¢,(X,Y) at j(7p). Then it is obvious that rp , is uniquely determined
independent of the choice of 7p, and it equals s(D,p). Thus it is sufficient
to calculate rp , for

{\/5/2 if D=0 (mod 4),
™D =
(-1++/D)/2 if D=1 (mod 4),
and we suppose (2.1) from now on.
Since C(p) = {(8(1))} U {((1)2) ’0 < b < p} by the definition of C(N),

we let o, = (g (1)) and o = ((1) ’;) for 0 < k < p. Then the discriminant of

@p(j(2),Y) as a polynomial in Y can be written

discy @,(j(2),Y) = ] (jlo;2) — j(o:2))".

0<i<j<p

(2.1)

The first step to calculate 7p, (= s(D,p)) is to determine all factors
j(ojz) — j(osz) that vanish at a point 7p. For this, Weber also gave the
following answer.

PrOPOSITION 2.1 (Weber [0, Ch. 91]). Let p be an odd prime and
D € S(p). Then the following equalities hold, and j(ojz) # j(oiz) in all
other cases.

(1) If D= -3 and p = 3, then
e j(o3mp) = j(ooTp) = j(017D).
(2) If D = —3 and p # 3, then

* j(opmp) = j(007D) = j(017D),

° j(UkTD) = j(Uk/TD) = j(UkHTD) whenever k' = ﬁ, kK =
=E (mod p),

e j(oxp) = j(owTp) whenever k,k' are solutions of (2x — 1)? =
—3 (mod p).

(3) If D = —4, then

e j(op™p) = j(007D),

e j(opmp) = j(owTp) whenever kk' = —1 (mod p),

o j(oxp) = JjlowTp) whenever k,k' are solutions of x*> =

—1 (mod p).
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(4) If D € S(p) \ {—4,—3} and D =0 (mod 4), then
e j(opmp) = j(owTp) whenever k, k' are solutions of 2> — D/4 =
0 (mod p).
(5) If D € S(p) \ {—4,—-3} and D =1 (mod 4), then
e j(oxp) = j(owTD) whenever k, k' are solutions of
2> —x+ (14 D)/4=0 (mod p).
The next step is to calculate the multiplicity of the zero of j(o;2)—j(0i%)

at 7p. We denote by ord,(f) the multiplicity of the zero of a function f at
a point 7.
PROPOSITION 2.2. Let p be an odd prime and D € S(p). Suppose that
jloxtp) — jlopTp) =0 for k £ K'. Then
ordr, (j(ox2) — j(ow 2))
3 if D= -3 and k, k' are solutions of x> —x+1 =0 (mod p),
=192 if D=—4 and k,k' are solutions of x> +1 =0 (mod p),
1 otherwise.
Proof. We will need following two lemmas.
LEmMA 2.3 ([I, Section 11]). For T in the upper half-plane, we have
J'(1) # 0, except in the following cases:
o T =ri,vy €I, where j(1) =0, /(1) # 0,
o T =qw, vy €T, where j'(1) =0, /(1) =0, 7”(r) # 0,

where it = 7_4 and w = T_3.

LEMMA 2.4. Let p be an odd prime and D € S(p). Then
oD~ w & Tp=wand k> —k+1=0 (mod p),
owTp i & Tp=iand K2 +1=0 (mod p),
where &~ means lying in the same orbit of the action of I.

Proof. First it is easily seen that if op7p L w, then 7p = w and k # p.
Hence we suppose that orw = yw for some v = (‘Z g) € I'. This implies p =
[p, w+ k] is an ideal of an imaginary quadratic field K = Q(w). Furthermore
we see that Og 2 p 2 pOgk, where Ok is the ring of integers in K. Hence
k satisfies k2 — k +1 = 0 (mod p) because

pOK = pﬁ = [p’w+ k}[p#:}jL k] = [p27p(k -1 —w),p(k:+w),k2 —k— 1]
Conversely, if 7p = w and k satisfies k> — k +1 = 0 (mod p), then p =

POk + (w+ k)Ok = [p,w + k| is the prime ideal of K such that pOx = pp
(see [I, Section 5]). Since the class number of K equals one, we see that
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p and Ok belong to the same class in the ideal class group Cl(Of). This
o r o o
implies o;x7p ~ w. By a similar argument the second assertion is proved. m
First we prove the assertion of Proposition 2.2 when D = —3 and k, K’
are solutions of 22 — 2 + 1 = 0 (mod p). Then we can take 7y = (‘; cbl)v
v = (‘;,/ g//) € I' such that opw = Yw, opw = 7y opw by Lemma 2.4 and the
assumption. This implies
j,(akw) =0, j"(O'kCU) =0, jm(akw) 7& 0,
j,(O'k/w> = Oa j//(O'k/CU) = 07 j/”(O'k/w> 7& Oa
by Lemma 2.3. Moreover since the third derivative of j(vz) is
§"(v2) = (cz +d)°5" (2) + be(cz + d)° 5" (2) + 6¢*(cz + d) 5 (2),
we see that j"”(opw) = 7" (7 opw) = (dogpw + d')%5" (ogw). Thus it is suffi-
cient to show that 1 # (c'opw + d')% because
lim jlonz) — jlowz) _ lim jloxz) = jloww)  jlowz) — jlopw)
2w (z —w)3 Z—w (z —w)3 (z —w)3
B j”’(akw) j’”(okzw)

6p3 6p3

11
={1 - (dopw + d’)ﬁ}jé;'gfw)

If 1 = (dopw + d')", it is easy to check that 4’ is one of

(jzl irl) (ﬂ:p ;/@) (ﬂgp ¢(1U—k)>'

The first case implies opw = 70w = opw + 7, and r must be zero because
0 < k, k" < p. This contradicts the assumption k # k’. In the second case,
since opw = y'opw = (s + 1 + w)/p, we obtain k' = s+1. Moreover s = k—1
because sk = —1 (mod p). This implies k' = k, a contradiction. In the last
case, since opw = Y'opw = (u+ w)/p and u(k—1) = —1 (mod p), we obtain
k' = u = k, a contradiction. Consequently, 1 # (dopw + d')%, as desired.

The proof of the other assertions is reduced to showing 1 # (c/oyi + d')*
and 1 # (coy7p + d')?, and these are proved in a similar way. =

For D € S(p), Tp is a zero of both j(z) — j(rp) and discy @,(j(2),Y).
Let mp, and np, be the respective multiplicities of these zeros. Note that
22 —z +1 = 0 (mod p) has a solution if and only if (-3/p) = 1, and
2?2 +1 = 0 (mod p) has a solution if and only if (—4/p) = 1. Then the
following assertions follow immediately from Proposition 2.1, Proposition 2.2
and Lemma 2.3:

6 if p=23,

. IfD:—3,thean,p:3anan’p:{2p+3+(_3/p) if p £ 3



82 M. Nakata

o If D= —4, then mp,=2and np, =p+2+ (—4/p).
o If D# —4,-3, then mp, =1 and np, = 2.
Hence rp, = np,/mp, because
) discy @,(X,Y) ) discy @,(j(2),Y)
lim - = ; -
X=j(rp) (X = j(rp))p/me 2= (j(z) = j(rp))mp/me
_ i Sy BGG)Y) (2 7)™ 20
== (z2—71p)"  (j(2) — j(rp))"r/mD
As a consequence, rp,, (= s(D,p)) can be written as

6/3 = 2[p/3] if D=-3and p=3,
Pompy | 22D _orpia] i D = —4,
2 if D # —4,-3.

Finally, we calculate the coefficient of the most negative term of ¢ in the
g-expansion of discy @,(j(z),Y) to calculate the leading coefficient of the
discriminant of ¢,(X,Y’). By the definition of discy @,(j(2),Y),

(2.2) I Glo2) = j(ei2)?

0<i<j<p
= (=12 TT ((oiz) = j(oj2) [[ Giloj2) = j(0i2))
0<i<j<p 0<i<j<p
p+1/2HH _]0'1 ))
J=0 i#j
0<i<p

Furthermore the g-expansion of j(oz) is of the form (see [I, Section 11])
i(012) C;k/ql/p + 2 o CnCﬁn(ql/p)"7 cn €C, 0k <p,
oRz) =
o 1/qP + > 0 g g™, cn € C, if k= p.

Thus the most negative term in the g-expansion of (2.2) is

1 p—1
(-1 (p+1)/2P71 4 ; )(=1)/2 i)
s G- =" T I G-
j=0 i#j J=0 i#j
0<i<p 0<i<p
—1)-1)/2 —1)(p—1)/2
_ (=1 ( _Cz)p_( ) P’
ool 22 v gl
<i<p

This implies that discy ®,(j(2),Y") is a polynomial in j(z) whose degree is
2p? + p — 1 and leading coefficient is (—1)(1’*1)/ 2pP by Hasse’s g-expansion
principle. This completes our proof.
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3. Proof of Theorem 1.5. The basic idea of the proof is to compare
the factorizations of discy @,(X,Y’) and &,2(X, X). We now give the fac-
torization of the latter.

PRroPoOSITION 3.1. For any odd prime p,
B2 (X, X) = —pH 3(X)“H _4(X)"H_3,2(X)*H_y2(X) [ Hp(X)*,

DeS(p)
D#-3,-4
where 0 y 5
yyp=o9,
= ) v=1+(—4/p).
U com drrs )

Proof. Let w(D) denote the number of elements of the unit group of
an imaginary quadratic order O with negative discriminant D. We define a
polynomial Hp(X) by
Hp(X) = [ Hpjpe (X)),
r2|D
Then degx (P,2(X, X)) = 2p* +p— 1 and
Ht2 <4p2 Ht274p2 (X)

3.1 D q(X,X)= tant
(3.1) p2(X, X) = constant x H o (X2H 4(X)

(see [9]). Let Np, denote
#{(z,y) € Z* | 2* — Dy* = 4p*, y > 0}.
Then @,2(X, X) can be written as
constant x H,gpz(X)S*(_3p2’p)H,4pz (X)S*(_4p2’p) H Hp(X)* (PP,
DeS(p)

where
(./\/'D,p —-2)/3 if D= -3,

(D,p) = { Npp—1)/2 if D=1,
Npp otherwise.
It is obvious that s*(—3p?,p) = 2 and s*(—4p?,p) = 1 by (3.1). Moreover
because 22+ 4y? = dp? ¢ (1/2)% +y? = p? and a? + 3y = 4p* & (42)" -
(%ﬂ/)y + y? = p?, we have
Nogp=#{(x,y) € 2% | 2® —zy +y* = p* y > 0}
2 if p=3,
- {5+3<—3/p> if p # 3,
Neap=#{(z,y) € 2% | 2* +y* =p*, y > 0}
=3+42(—4/p)
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(see [B), Section 3]). This implies s*(—3,—-3) =0, s*(—3,p) = 1+ (—3/p) and
s*(—4,p) = 1+ (—4/p) for any prime p > 3.

LEMMA 3.2. For an odd prime p,
deg (H_3(X)S(_37P)H_4(X)S(—47p))
=degy (H_3(X)s*(*S,p)H_ZL(X)S*(*3,p)H_3p2 (X)S*(—Syp)H_épo (X)S*(ig’p))_

Proof. 1t is well known that h(—3) = h(—4) = 1. By the class number
formula, we obtain

P -3\1 9 P —4\1
h(—=3p?) = <1— ()) and h(—4p?) = (1— ( -
(=3p7) =3 > )5 (—4p7) = 3 P
(see [1L Section 7]). Thus the assertion follows immediately from degy Hp(X)
=h(D). n
By using deg(discy @,(X,Y)) = deg(®,2(X, X)) and Lemma 3.1, it fol-
lows that

Y WD)s*(D,p)= > h(D)s(D,p)= Y  2n(D).
DeS(p) DeS(p) DeS(p)
D#-3,—4 D#-3,-4 D#-3,—4

Hence s*(D,p) =2 for all D € S(p) \ {—3, —4} because s*(D,p) >2if D €
S(p) \ {—3,—4}. Finally, we calculate the leading coefficient of @2 (X, X).
By the definition of C'(N), we see that

CE) = {(£ YU 1<k <pyU{(}5)]0<k<r?).

Hence
D,2(j(2),4(2)) 2_q

— (j(2) _j(p2z))pl:[l <j(z) —j(z + Z)) 11 (j(z) —j<2;v>).

u=1 v=0

This implies that the most negative term in the g-expansion of .2 (j(z2), j(2))
equals (—1) Hi:(l — ¢¥) = —p, and this is the leading coefficient of
B2 (X, X). m

Now we have the factorizations of both discy @,(X,Y’) and @,:(X, X)

by Theorem 1.4 and Proposition 3.1. Moreover we see that
* p— -3 p
s(-8.p) — 5"(-8,9) = 223 op( gy,

. p—(—4/p
s(~4,p) — s (—4.p) = LD
for any odd prime p. Thus Theorem 1.5 is proved by comparing two poly-
nomials.

= h(—4p?),
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