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Families of periodic Jacobi—Perron algorithms in any
dimension with period lengths going to infinity
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1. Introduction. Let o = (ay,...,a,) be a vector in R™ (n > 1). The
Jacobi—Perron Algorithm (JPA) expansion [6] of « is given by two sequences:
e (a™),>g in Z" where a¥) = ( gy), e ,ag’)),
e (a),5g in R” where a*) = (agy), e ,ag)),
defined by:
a(o) = O[’
al(y) = [agy)] forv>0and 1<1¢<n,
v+1 1 . v v
(1) RO 1fa§)7éa1),

- agy) —a
(v+1) az(:—)l - az(i)1
g ) (v)

for1 <i<mn,

al”
where [z] is the integer part of z.

The JPA expansion is periodic if there exist integers kK > 0 and [ > 0
such that a§k+u) = aEkJFVH) forallv > 0and 0 < ¢ <n.If k and [ are the
least integers satisfying this equality then k is the preperiod length and [ is
the period length. If kK = 0, the expansion is purely periodic.

If the JPA expansion of a = (a1, ..., ay,) is purely periodic with period
length [, then

-1
= T[o
v=0
is a unit K = Q[ay, ..., ay]. This is a unit found by Hasse and Bernstein [3].
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2. A family of expansions. For all fixed integers ¢ > 2, m,n > 1 and
1<t<n,let
t—1 ‘
fX) = X" — X" — (- 1)XT =) (M= D)X =™,
i=1
LEMMA 1. fi(X) has only one real root a such that
M+cec—1l<a<d+c fort=n,
AMM<a<cd™+1 for1<t<n-1.

Proof. We use the rule of signs of Descartes [5]: the possible number of
positive roots of a polynomial is equal to the number of sign changes in the
coeflicients of the polynomial or less than that number by a multiple of 2.

It follows that f;(X) has only one positive real root. Moreover,

{ft(cm+c—1)<0and fld™+e)>0 ift=n,
fit(@™) <0 and fi(c™+1) >0 if1<t<n-1

So, the result is proved. =

Write f,(X) = X" — 37 b\ X We define

On = @,
{ai:a(am—bf“)) for1<i<n-—1.

2.1. Main theorem. The main result of this paper is

THEOREM 2. The JPA expansion of (aq,...,ay) is purely periodic with
period length | = (n+t)m + 1. Moreover ¢ = a(af‘izm)m is a unit of Q(«v).

REMARK. If n =2 for t =1 and t = 2 we obtain the two families given
by C. Levesque and G. Rhin [4]. These results are also explained in my
thesis [1J.

2.2. Proof of the theorem

(1) The case n =t =1 (continued fraction). Writing « for the real root
of f(X)=X?2—(c"+c—1)X —c™suchthat (" +c—1<a<c”+ec, we
have to prove that the continued fraction expansion of « is purely periodic
with period length [ = 2m + 1 and that € = a(ﬁ)m is a unit of Q(«).

We will use the following formulas:

Cm

— (™ te—1)=— — "= .
a—("+c—-1) — a—c¢ g

The algorithm starts with

ozgo) = aq, ago) =c"+c—1.



Periodic Jacobi—Perron algorithms 295

Next,
(1) 1 a (1)
= = — =1
“ a—(cm+c—-1) ™’ I ’
o _ 1 _ cm
! afcm—1  a—cm’
~1
_ cM(a+1) _em1 gy cm ’ CL§2) — o1
ca «

Now, by induction, it is easy to prove the following formulas (for 0 < s <
m—1):

25+1 _ 25+1

ozg s+l ac™s, ag s+l c*,

25+2 e e 25+2 e
ags‘f‘)zcms1_‘_Cmsl/oé7 a§3+):0m31.
So, when s = m — 1 we have

(2m) _

a?m) =1+4+1/a, a 1,

and finally we obtain
2m+1) _ (0)
oy =a=q ,

which leads to [ = 2m + 1.
The Hasse—Bernstein formula produces in Q(«) the unit

-1 m
v «
=l =a( ) -

(2) The casen # 1. In the course of the proof, the equality 1+ o+ a? +
a4 o = 220 will be useful.

Assume t # 1. For the first vectors, we easily obtain

Oé(o)—a a(O)_{Cm+C_1 if t =n,
n — &, n. = m .
c if<t<n-—1,;
fort <i<mn,
ozgo) = oz”_i(oz —c™)
t -1 m t—r m
«a (™ -1 c (0) .
A A
ozgo) =a" Ha—c™m)
T m
c"—-1 ¢ 0
:(C—l)JrZ o of ap:c—lé
r=1
for 1 <i<t,
i1 m
0 _\ -1 c © _
@; _Z ar +§’ a; =c" =1
\ r=0
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Now, we show by induction on s that, for 0 < s <m —1,

for 2 <i <n,
(2.1) o (m+D3) _(0) L (D9 _ (0),
ag(n""t)S) — (Cmfs _ 1) + CmiS/Oé, ag(”+t) s) _ = cMms _ 1,

These formulas hold for s = 0. Assume they hold for all 0 < s < m — 1.
Then

([ QPO+ _ o jom—s gl s+l _ s
fort <1i<n,
al(("'f‘t)s'f‘l) — an—i(a o Cm)/cm—s7 ag(”+t)5+1) =0;
for 1 <i<t,
i m S
(n+t)s+1) @ " =1 ¢
@; T om—s Z a’ + J
r=1
((n+t)s+1) .
_cm sal( +ZC¥ ) a’i _CS_L
and
m—s
agL(n+t)s+2) _ ac a%(n+t)s+2) — 1.

a(em=s —1) 4+ cm™’
fort—1<1i<n,

al((n+t)s+2) _ anii(a - Cm) a((n+t)5+2) =0;

a(cm=s —1) + ¢’ ’
forl1 <i<t-—1,

al((n+t)s+2) _ ai+1(cm—s — 1) + M4 Zizl Of(cm — 1) a(-(n+t)s+2) —o.

at(a(cm=s — 1) +cm) T
Then it is easy to prove, by induction on v with 3 < v <t, that
Gtsty) _ a7 (M = 1) 4 cMa A Syosal(e — 1)

" B av~Hem=s — 1)+ cm+ >0 1a”(cm—l)
glntt)stv) _
fort+1—-v<i<n, in ’
o ((ntt)stv) a" o —c™)
Z avI(em=s — 1) 4+ ¢m+ 3T ar(em — 1)

aZ( (n+t)s+v) _ 0;

for1<i<t+1-—v,
a((n+t)s+u)_ H—u 1( m— S_l)+C +Zz+u 2 r(

-1
) az(au l(cm s_1>+cm+z 1arcm_1))v
(n+t)s+v) —0.

a
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As can be verified, all the formulas hold for v = 3. If we assume that they
hold for v, it is again easy to prove them for v + 1.

Next,

;

Qs 1) o ) Y an (e - 1)
" a" (o —cm) ’
a%(”+t)5+t+1) — Cm—s—l.

7

for 1 <i < n,
Q,E(n+t)8+t+1) _ 1/041'7 ag(n—l—t)s—&—t—i—l) —0.

Indeed, let us give the details for a&(”“)”t*” = ™ 5~1. We have

-1 _ t—1 —1
al(ntt)s+t+1) _ a7l —(a =) 30 a”
" a1 —cm)

—g— t—1
cm—s 1 COzt 1
- an o — cm - Z an—Tr’

r=1

that is,

m—s—1
1
O[1(1(7L+t)s+t+1) — c o (1 +a+ a2 + ...+ a1

or

a%(n-&-t)s-&-t—i—l) :Cm—s—1+%< m—s—1 Za 4 s 1)

and finally, using the fact that 0 < (¢™5~! — 1) Zt 1104 + sl <y,
we obtain a%nﬂ)sﬂﬂ) = ¢m—s—1

By induction on v with 2 < v < n — ¢+ 1, it is still easy to prove the
following formula:

forn—v+2<i<n,

t t 0 t t 0
N O} QO HOSHER) _ (0)
cm—s— 1 _ 1 t—1 cm— s—1
((n+t)s+t+v) ((n+t)s+t+v)
= a” a =0;
n—v+1 Can—vHl an v+17 Tn—v+l ’
r=1

forl1<i<n-—v,

ag(n-l—t)s—&-t—ku) _ 1/Oti, ag(n+t)s+t+u) —0.

All the formulas hold for ¥ = 2 and if we assume they hold for v, it is again
easy to prove them for v + 1.
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Then, always by induction on v with 2 < v <t we have
fort—v+2<i<n,

t 0 t 0
N NN} Q0 n ) _ 0
1 t—v+1 1
((n+t)s+n+v) M o M
t—v+1 - at— T t—uv+1 2 : Oét t—v+10
((n+t)s+n+v) _ m—s—1 —1:
t—v+1 =cC ’

for1<i<t—v,
\ ag(n+t)s+n+u) _ 1/0[2" ag(n+t)s+n+u) —0.

In the special case of v = ¢,

for 2 <i<n,
a((n-{—t)s—‘rn—&-t) _ 051(0)7

azl(n+t)s+n+t) — (cm—s—l _ 1) 4 Cm—s—l/a’

(n+t)s+n+t) _ (0) .

(
(s 4nt0) Cfn_s_l 1

a;

a

Therefore, (2.1)) holds for s + 1, and so all the previous formulas follow by
induction.
For t =1, it is again easy to prove that, for 0 < s < m,

Oé((nth)s)

i

:ago) for 2 <i<n,
" if 1 <s<m,
{c—l—i—cm/a if s =0.
So, for all ¢ such that 1 <t <n,
for2<i<mn,
Qlnttym) _ () ((nttym) _ (0),

[ 2 1 )

ag(n-‘y—t)m) _ 1/0&, ag(n-&-t)m) —0.

A{H09) _

Finally, we obtain

QO _ 0 (nkim)) _ ) g <<y

leading to [ = (n +t)m + 1.
We deduce that the Hasse—Bernstein formula provides the unit

-1 Ozt m
= (V) g
€ HOdn Oé(a —Cm> . m

v=0
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