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ON LECH’S LIMIT FORMULA FOR MODULES

BY

R. CALLEJAS-BEDREGAL (João Pessoa) and V. H. JORGE PÉREZ (São Carlos)

Abstract. Let R =
⊕∞

n=0 Rn be a standard graded algebra and M =
⊕∞

n=0 Mn

a graded Noetherian R-module. The main objective of this work is to derive a Lech
type formula for a sequence of homogeneous elements a1, . . . , am of degree one which
form a g-multiplicity system of R. We also extend to this context the well known Serre
Theorem, that is, we prove that for t � 0 the g-multiplicity symbol et(a1, . . . , am;R),
introduced by Kirby (1987), coincides with the Buchsbaum–Rim multiplicity eBR(I;R) of
the R0-module I generated by a1, . . . , am.

1. Introduction. Let (R,m) be a d-dimensional Noetherian local ring
and I be an m-primary ideal of R. Historically the modern theory of multi-
plicities began with the study of the asymptotic behavior of powers of ide-
als. This part of the theory centers around two expressions for the Hilbert–
Samuel multiplicity as a limit. One of these limit formulae is due to P. Samuel
[S] and the other to C. Lech [L]. P. Samuel has shown that, for n sufficiently
large, `(R/In) is a polynomial in n of degree d (see [S, pp. 24–28], or [N]).
P. Samuel defines the multiplicity e(I;R) of I as d! times the leading coeffi-
cient of this polynomial. From this definition it can easily be concluded that
e(I;R) is a positive integer. On the other hand, it is plain that we can write

e(I;R) = lim
n→∞

d!`(R/In)

nd
.

C. Lech [L] and D. G. Northcott [N] take this expression as the starting
point to obtain another limit formula for multiplicity. More specifically, let
M be a finitely generated R-module and x a sequence x1, . . . , xs of elements
of m which is a multiplicity system of M , that is, `(M/(x)M) is finite (see [N,
p. 295]) and so is `(M/

∑s
i=1 x

ni
i M) for all non-negative integers n1, . . . , ns

(see [N, p. 296, Proposition 2]).
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Consider first the case in which I = (x) is an m-primary ideal of R.
Then, because

(0 :M x) ⊆ (0 :M x2) ⊆ (0 :M x3) ⊆ · · ·

is an ascending sequence of submodules of M , there exists an integer m such
that (0 :M xn) = (0 :M xm) for all n ≥ m. Accordingly, when n ≥ m,

e(xn;M) = `(M/xnM)− `((0 :M xn)) = `(M/xnM)− `((0 :M xm)).

Now, by [N, Cor. 1, p. 311], e(xn;M) = ne(x;M). It follows that

`(M/xnM) = ne(x;M) + C

for all n ≥ m, where C is independent of n. In particular we see that

lim
n→∞

`(M/xnM)

n
= e(x;M).

This is the simplest case of Lech’s formula. The general limit formula for
multiplicities due to C. Lech [L, Theorem 2] can be generalized as in [N,
p. 314] to give

lim
n1,...,ns→∞

`(M/(xn1
1 , . . . , xns

s )M)

n1 · · ·ns
= e(x1, . . . , xs;M),

where e(x1, . . . , xs;M) is the multiplicity symbol of x1, . . . , xs on M (see [N,
p. 299]).

Let R =
⊕∞

n=0Rn be a standard graded algebra and M =
⊕∞

n=0Mn a
graded Noetherian R-module. The main aim of this work is to derive a Lech
type formula for a sequence a of homogeneous elements a1, . . . , am of degree
one which form a g-multiplicity system of R. Precisely, we have

lim
r1,...,rm→∞

`
(
(M/(ar11 , . . . , a

rm
m )M)t+

∑
(ri−1)ki

)
r1 · · · rm

= et(a1, . . . , am;M)

for t� 0, where et(a1, . . . , am;M) is the g-multiplicity symbol of a.

We also extend to this context the well known Serre Theorem, that is, we
prove that for t� 0 the g-multiplicity symbol et(a1, . . . , am;R) introduced
by D. Kirby [Ki] coincides with the Buchsbaum–Rim multiplicity eBR(I;R)
of the R0-module I generated by a1, . . . , am.

2. Multiplicity system and the Koszul complex. Throughout the
rest of the paper, R =

⊕∞
n=0Rn will be a Noetherian graded commutative

ring with identity, and M =
⊕∞

n=0Mn a graded Noetherian R-module.
Our basic tool in this section will be the Koszul complex K•(a1, . . . , am;M)
with respect to a set of homogeneous elements a1, . . . , am of R, ai having
degree ki.
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We recall the definition and some basic properties of K•(a1, . . . , am;M).
It is constructed as follows. Let F =

⊕m
i=1R(−ki) be a free R-module

with basis e1, . . . , em. We consider the homogeneous morphism of graded
modules φ : F → R defined by φ(ei) = ai. Then the Koszul complex
K•(a1, . . . , am;R) is the homological complex such that the nth graded piece
is

Kn(a1, . . . , am;R) =
∧n

F

and the differential dn :
∧nF →

∧n−1F is defined by

dn(x1 ∧ · · · ∧ xn) =
n∑

i=1

(−1)i+1φ(xi)x1 ∧ · · · ∧ x̂i ∧ · · · ∧ xn.

Notice that each differential is a homogeneous morphism. In fact, considering
the basis {ei1 ∧ · · · ∧ ein | 1 ≤ i1 < · · · < in ≤ m} of

∧n F , we have

dn(ei1 ∧ · · · ∧ ein) =
n∑

j=1

(−1)j+1φ(eij )ei1 ∧ · · · ∧ êij ∧ · · · ∧ ein

=
n∑

j=1

(−1)j+1aijei1 ∧ · · · ∧ êij ∧ · · · ∧ ein .

Now, identifying ei1 ∧ · · · ∧ ein with ei1,...,in for each element of the basis of∧n F , we can identify

Kn(a1, . . . , am;R) =
⊕

1≤i1<···<in≤m
R(−(ki1 + · · ·+ kin))

=
⊕

1≤i1<···<in≤m
Rei1,...,in ,

where deg(ei1,...,in) = ki1 + · · ·+ kin .

From this presentation the graded structure of Kn(a1, . . . , am;R) be-
comes clear, since [Kn(a1, . . . am;R)]t =

⊕
1≤i1<···<in≤m[Rei1,...,in ]t and

clearly

Rk[Kn(a1, . . . , am;R)]t ⊂ [Kn(a1, . . . , am;R)]k+t.

So Kn(a1, . . . , am;R) is a graded free R-module of rank
(
m
n

)
and with dif-

ferential

dn(ei1,...,in) =

n∑
j=1

(−1)j+1aijei1,...,îj ,...,in .

The Koszul homology modules Hn(a1, . . . , am;R) are defined as the homol-
ogy modules of the Koszul complex, that is, for n ≥ 0,

Hn(a1, . . . , am;R) := Hn(K•(a1, . . . , am;R)) = Ker(dn)/Im(dn+1).
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For a graded R-module M , we define the homological Koszul complex
K•(a1, . . . , am;M) with respect to a1, . . . , am to be the complex given by

Kn(a1, . . . , am;M) = Kn(a1, . . . , am;R)⊗R M

with differentials dn⊗ idM . It is clear that Kn(a1, . . . , am;M) has the struc-
ture of a graded R-module in which the component [K•(a1, . . . , am;M)]t of
degree t is the complex of R0-modules

0→Mt−
∑m

i=1 ki
→ · · · →

m⊕
i=1

Mt−ki →Mt → 0,

where ai has degree ki for i = 1, . . . ,m. In the same way, define the Koszul
homology modules of M as

Hn(a1, . . . , am;M) = Ker(dn ⊗ idM )/Im(dn+1 ⊗ idM )

for n ≥ 0. The modules H•(a1, . . . , am;M) are finitely generated graded
R-modules. We denote by HiKt(a1, . . . , am;M) the ith homology module
of the component [K•(a1, . . . , am;M)]t of degree t of the Koszul complex
K•(a1, . . . , am;M).

Recall that a set of homogeneous elements a1, . . . , am of R is said to form
a g-multiplicity system for the graded R-module M when the component
(M/

∑m
i=1 aiM)t of degree t in M/

∑m
i=1 aiM has finite R0-length for all t

large (see [Ki]). When a1, . . . , am is a g-multiplicity system for M , then, for
t� 0,HiKt(a1, . . . , am;M) has finiteR0-length (see [Ki, Proposition 2]) and
hence D. Kirby (loc. cit.) defined the multiplicity symbol et(a1, . . . , an;M)
by

et(a1, . . . , am;M) :=
m∑
i=0

(−1)i`R0(HiKt(a1, . . . , am;M)) for t� 0.

Remark 2.1. D. Kirby [Ki, Proposition 3] proved the following basic
properties of the multiplicity symbol et(a1, . . . , am;M).

(i) If 0 → M ′ → M → M ′′ → 0 is an exact sequence of graded
R-modules and a1, . . . , am form a g-multiplicity system for M , then

et(a1, . . . , am;M) = et(a1, . . . , am;M ′) + et(a1, . . . , am;M ′′)

for t� 0.
(ii) If a1, . . . , am form a g-multiplicity system for M then a1, . . . , am−1

form a g-multiplicity system for both 0 :M am and M/amM , and
for t� 0,

et(a1, . . . , am;M) = et(a1, . . . , am−1;M/amM)

− et−e(a1, . . . , am−1; 0 :M am),

where am is a form of degree e.
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(iii) For elements a1, . . . , am, a
′
m where am, a

′
m have degree e, e′ respec-

tively, a1, . . . , am−1, ama
′
m form a g-multiplicity system for M if and

only if both a1, . . . , am−1, am and a1, . . . , am−1, a
′
m form g-multiplic-

ity systems for M , and then for t� 0,

et(a1, . . . , am−1, ama
′
m;M) = et(a1, . . . , am;M) + et−e(a1, . . . , a

′
m;M)

= et(a1, . . . , a
′
m;M) + et−e′(a1, . . . , am;M).

Lemma 2.2. Let K• := K•(a1, . . . , am;M) be the Koszul complex, let
I = (a1, . . . , am) be an R0-submodule of R1 of finite colength, and for each

integer n, let K
(n)
• be the subcomplex

K
(n)
• : 0→ InKm → In+1Km−1 → · · · → In+mK0 → 0

of K•. Then

Hi(K•) = Hi(K•/K
(n)
• ) for n� 0.

Proof. Since the short exact sequence of graded complexes of R-modules

0→ K
(n)
• → K• → K•/K

(n)
• → 0

gives a long exact sequence of Koszul homologies

· · · → Hi+1(K•/K
(n)
• )→ Hi(K

(n)
• )→ Hi(K•)→ Hi(K•/K

(n)
• )→ · · · ,

it is enough to prove that for n� 0 and for every i ≥ 0 we have

Hi(K
(n)
• ) = 0,

i.e. the Koszul complex

(2.1) K
(n)
• : 0→ InKm → In+1Km−1 → · · · → In+mK0 → 0

is exact. Consider the ith cycle module

Zi(K
(n)
• ) = Zi(K•) ∩ In+m−iKi.

By the Artin–Rees Lemma, we have

(2.2) Zi(K•) ∩ In+m−iKi = I(Zi(K•) ∩ In+m−i−1Ki)

for n� 0. Choose n0 > 0 such that this equality holds for all i and n ≥ n0.

Now, let n ≥ n0 and let z ∈ Zi(K
(n)
• ). Then, by (2.2),

z =
∑
i

aizi with zi ∈ Zi(K•) ∩ In+m−i−1Ki and ai ∈ I.

Let e1, . . . , em be a basis of K1(a;R) such that da(ei) = ai, where da denotes
the differential of K•(a;R). Set

w :=

m∑
i=1

eizi ∈ In+m−i−1Ki+1.
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Now

da(w) =
m∑
i=1

da(eizi) =
m∑
i=1

da((ei)zi + eida(zi))

=
m∑
i=1

da(ei)zi (because zi ∈ Zi(K
(n)
• ))

=
m∑
i=1

eizi = z.

This implies that Zi(K
(n)
• ) ⊆ Bi(K

(n)
• ) for i ≥ 0 and m ≥ m0. Hence the

complex (2.1) is exact.

Lemma 2.3. Let

F• : 0→ Fn → Fn−1 → · · · → F0 → 0

be a complex of finitely generated modules over a Noetherian local ring R
such that each Fi is of finite length. Then

∑
i(−1)i`(Hi(F•))=

∑
i(−1)i`(Fi).

Proof. Let φi : Fi → Fi−1 be the complex maps, for all i = 0, . . . , n.
The conclusion follows from the exact sequences 0 → Ker(φi) → Fi →
Im(φi)→ 0 and 0→ Im(φi+1)→ Ker(φi)→ Ker(φi)/Im(φi+1)→ 0.

Remark 2.4. D. Kirby [Ki, Theorem 5] shows that the multiplicity sym-
bol et(a1, . . . , am;M) has a polynomial expression for t � 0. This also en-
sures that et(a1, . . . , am;M) is positive, and it is independent of t for t� 0
if m = dimR(M)− 1.

Lemma 2.5. Assume that a = a1, . . . , am is a sequence of homogeneous
elements of positive degree which form a g-multiplicity system for M , and
amM = 0. If m = dimR(M)− 1, then

et(a;M) = 0.

Proof. This follows directly from Remarks 2.1(ii) and 2.4.

Lemma 2.6. If a = a1, . . . , am is a g-multiplicity system for M , with ai
of degree ki, then

et(a;M) ≤ `((M/(a)M)t)

for all t� 0.

Proof. We use induction on m. If m = 1 then

et(a1;M) = `R0(H0Kt(a1;M))− `R0(H1Kt(a1, . . . , am;M))

≤ `R0(H0Kt(a1;M)) = `((M/a1M)t).

Hence, we may assume that m > 1. Now, by Remark 2.1 we know that
a′ = a2, . . . , am is a g-multiplicity system for both (0 :M a1) and M/a1M ,
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and for t� 0 we have

et(a;M) = et(a
′;M/a1M)− et−k1(a′; (0 :M a1))

≤ et(a′;M/a1M) ≤ `((M/(a)M)t),

where the last inequality follows by induction hypothesis.

Lemma 2.7. If a = a1, . . . , am is a g-multiplicity system for M , with ai
of degree ki and m = dimR(M)− 1, then for t� 0:

(i) et+
∑

(ri−1)ki(a
r1
1 , . . . , a

rm
m ;M) = r1 · · · rmet(a1, . . . , am;M) for all

ri ≥ 1, i = 1, . . . ,m;

(ii) 0 ≤ et(a1, . . . , am;M) ≤
`
(
(M/(ar11 , . . . , a

rm
m )M)t+

∑
(ri−1)ki

)
r1 · · · rm

.

Proof. Since m = dimR(M) − 1, we know from Remark 2.4 that
et(a1, . . . , am;M) is independent of t for t � 0. Hence, by Remark 2.1(iii),
item (i) follows readily.

We now prove (ii). By (i) we have

r1 · · · rm et(a1, . . . , am;M) = et+
∑

(ri−1)ki(a
r1
1 , . . . , a

rm
m ;M),

and by Lemma 2.6,

et+
∑

(ri−1)ki(a
r1
1 , . . . , a

rm
m ;M) ≤ `

(
(M/(ar11 , . . . , a

rm
m )M)t+

∑
(ri−1)ki

)
.

3. Lech’s formula. In this section we prove Lech’s formula for a
g-multiplicity system of a graded R-module M.

Theorem 3.1. Assume that a = a1, . . . , am is a sequence of homoge-
neous elements, with ai of degree ki, which form a g-multiplicity system
for M , and m = dimR(M)− 1. Then, for t� 0,

lim
r1,...,rm→∞

`
(
(M/(ar11 , . . . , a

rm
m )M)t+

∑
(ri−1)ki

)
r1 · · · rm

= et(a1, . . . , am;M).

Proof. We use induction on m. If m = 1 then, by Remark 2.1(ii),

et+(r1−1)k1(ar11 ;M) = `((M/ar11 M)t+(r1−1)k1)− et−k1((0 :M ar11 )).

We have an ascending sequence of submodules of M ,

(0 :M a1) ⊆ (0 :M a2
1) ⊆ (0 :M a3

1) ⊆ · · · .

Since M is Noetherian, there exists an integer s such that (0 :M ar11 ) =
(0 :M as1) for all r1 ≥ s. Hence, for t � 0, et−k1((0 :M ar11 )) is independent
of r1, and so depends possibly only on t. Thus,

lim
r1→∞

et−k1(0 :M ar11 )

r1
= 0.
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Now, by Remark 2.1(iii) we have et+(r1−1)k1(ar11 ;M) = r1et(a1;M). It fol-
lows that

`

((
M

ar11 M

)
t+(r1−1)k1

)
= r1et(a1;M) + et−k1((0 :M ar11 ))

for all t� 0 and r1 � 0. In particular, we see that

lim
r1→∞

`((M/ar11 M)t+(r1−1)k1)

r1
= et(a1;M).

Hence, we may assume that m > 1. By Lemma 2.7, for all positive integers
r1, . . . , rm and t� 0,

et(a1, . . . , am;M) ≤ lim
r1,...,rm→∞

`
(
(M/(ar11 , . . . , a

rm
m )M)t+

∑
(ri−1)ki

)
r1 · · · rm

.

Let I = (ar11 , . . . , a
rm
m ) ⊆ R. If 0 → K → M → N → 0 is a short exact

sequence of finitely generated graded R-modules, then K/IK →M/IM →
N/IN → 0 is another such sequence, and hence `((M/IM)t) ≤ `((N/IN)t)
+ `((K/IK)t). Thus if 0 ⊆ M0 ⊆ M1 ⊆ · · · ⊆ Mk = M is a homogeneous

prime filtration of M , then `((M/IM)t) ≤
∑k

i=1 `((M
i/IM i + M i−1)t). If

we know that the conclusion holds for cyclic graded modules R/P where P
is a homogeneous prime ideal of R, then by Remark 2.1(i), we have

lim
r1,...,rm→∞

`((M/IM)t+
∑

(ri−1)ki)

r1 · · · rm
≤

k∑
i=1

et(a
r1
1 , . . . , a

rm
m ;M i/M i−1)

= et(a1, . . . , am;M),

which proves the conclusion for M . Hence we may assume that M = R is a
domain. Set R′ = R/a1R. By induction hypotheses, we have

lim
r2,...,rm→∞

`
(
(R′/(ar22 , . . . , a

rm
m )R′)t+

∑
i≥2(ri−1)ki

)
r2 · · · rm

= et(a2, . . . , am;R′).

By Remark 2.1(ii), and since R is a domain, we have et(a2, . . . , am;R′) =
et(a1, . . . , am;R). From the exact sequence

R

(a1, a
r2
2 , . . . , a

rm
m )R

→ R

(ar11 , a
r2
2 , . . . , a

rm
m )R

→ R

(ar1−1
1 , ar22 , . . . , a

rm
m )R

→ 0,

where the leftmost map is multiplication by ar1−1
1 , we see that the length of(

R
(a

r1
1 ,a

r2
2 ,...,armm )R

)
t+

∑
(ri−1)ki

is at most r1`
((

R
(a1,a

r2
2 ,...,armm )R

)
t+

∑
i≥2(ri−1)ki

)
.

Hence
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lim
r1,...,rm→∞

`((R/IR)t+
∑

(ri−1)ki)

r1 · · · rm

≤ lim
r1,...,rm→∞

r1`
(
(R/(a1, a

r2
2 , . . . , a

rm
m )R)t+

∑
i≥2(ri−1)ki

)
r1 · · · rm

= lim
r2,...,rm→∞

`
(
(R′/(ar22 , . . . , a

rm
m )R′)t+

∑
i≥2(ri−1)ki

)
r2 · · · rm

= et(a2, . . . , am;R′) = et(a1, . . . , am;R).

4. Buchsbaum–Rim multiplicity and multiplicity symbol

Setup. Fix an arbitrary Noetherian local ring (A,m); fix a graded
A-algebra R =

⊕
Rn, generated as an A-algebra by finitely many elements

of degree one, and fix a finitely generated graded R-module M . Let I be an
A-submodule of R1 such that `(R1/I) < ∞. Let r := dim(Proj(R)). The
Hilbert–Samuel function of n is defined by

HI(n;M) := `(Mn/I
nM0).

As a function of n, it is eventually a polynomial, called the Hilbert–Samuel
polynomial and denoted by PI(n;M), of total degree dim(Supp(M)), which
is at most r (see [KT1, Theorem 5.7]), and the coefficient of nr/r! is denoted
by eBR(I;M) and called the Buchsbaum–Rim multiplicity of I with respect
to M.

Notice that eBR(I;M) = 0 if dim(Supp(M)) < r. The notion of Buchs-
baum–Rim multiplicity for modules goes back to [BR] and it was consid-
ered in the above generality in [Ki], [KR1], [KT1], [KR2], [KT2], [Ka], [CJ]
and [SUV].

We now generalize Serre’s theorem [AB] relating the multiplicity symbol
et(a;M) to the Euler characteristic of the Koszul complex.

Theorem 4.1. Assume that a = a1, . . . , am is a sequence of homoge-
neous elements of degree one which form a g-multiplicity system for M ,
where m = dim(M) − 1. Let I be the R0-submodule of R1 generated by a.
Then for t� 0,

et(a;M) = eBR(I;M).

Proof. Notice that

et(a;M) =
∑
i∈Z

(−1)i`R0(Hi(Kt(a;M)))

=
∑
i∈Z

(−1)i`R0

(
Hi(Kt(a;M)/K

(n)
t (a;M))

)
=
∑
i∈Z

(−1)i`R0

(
(Ki(a;M))t/(K

(n)
i (a;M))t

)
,
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where the second equality follows from Lemma 2.2 and the last one from

Lemma 2.3, since Kt(a;M)/K
(n)
t (a;M) is of finite length. Therefore, for

n� 0,

et(a;M) =
∑
i∈Z

(−1)i`R0

(
(Ki(a;M))t/(K

(n)
i (a;M))t

)
=
∑
i∈Z

(−1)i`R0

(
(Ki(a;M)/In+m−iK

(n)
i (a;M))t

)
=
∑
i∈Z

(−1)i
(
m

i

)
`R0(Mt/I

n+m−iMt−m−n+i),

and setting t = n+m we obtain

et(a;M) =
∑
i∈Z

(−1)i
(
m

i

)
`R0(Mn+m/I

n+m−iMi)

=
∑
i∈Z

(−1)i
(
m

i

)
PI(n+m− i;M)

= 4mPI(n;M) = eBR(I;M).
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