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The first moment of central values of symmetric square
L-functions of cusp forms

by
MinG-Ho Na (Hong Kong)
1. Introduction. Let f be a primitive holomorphic cusp form of even

weight k, level 1 and trivial central character with Fourier expansion f =
S nk=D/2) 1 (n)e(nz) for z € H. Define, for R(s) > 1,

Lisym? f.5) = ((29) ) A1),
n>1

We also define

() () (151)

Then we have the functional equation, by Shimura [20],

A(sym® f, 5) 1= Yoo (sym?, 5) L(sym?® f, s)

= Yoo (sym?,1 — s)L(sym? f,1 — s)

= A(sym? f,1 — s).
Note that L(sym? f, s) is holomorphic over C. Define the harmonic weight
of f by

2
o1 = G = g He
In view of [5] and [4], we have
k™€ < L(sym? f,1) < k°.

The trivial bound of wy is < ke,
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The moments of L(sym? f, s) in the level aspect have been extensively
studied in [2 [6, 22, 19]. Let Hy be the set of primitive forms of weight k
and level 1. In 2002, Lau [13] (3.13)] proved that

Z wyL(sym? f,1/2) = logk + C + O(k~"%).
fEH)

But he did not try to make the error term as small as possible. Then, in
2007, Khan [7] gave a detailed study of the first moment of L(sym? f,1/2)
in the weight aspect and he got the asymptotic formula

Z (JJfL(Sme f’ 1/2) = logk' —+ C + O(k,—l/QO—l—e)
fEH

where C' is an absolute constant. Later in 2012 Sun [2I] sharpened the error
term to O(k~1/2). However, there was a gap in the proof. To fix the gap,
we shall establish Theorem by following the idea of Lau and Tsang in
[15]. It is worth noting that Khan [§] also got the first mollified harmonic
moment of L(sym? f,1/2) over the average of k. For the natural moment
(i.e. without harmonic weight), Kohnen and Sengupta [10] obtained an upper
bound on the first moment under the condition that L(sym? f,1/2) > 0 for
all f € Hj. Their approach was to use Zagier’s kernel (see [24]). Inspired by
their method, in 2012 Luo [I8] gave an upper bound for the second moment,
while recently Lam [I2] shortened the length of the extra average of k.
Lam’s approach used Petersson’s trace formula. The formula also appeared
in Lau’s paper [14] which gave a mean square estimate in the weight aspect
for symmetric square L-functions on the critical line.

The following result generalizes the results of Khan and Sun.

THEOREM 1.1. For any A>1 and | < k*, we have

> wpAp(I?) L(sym?® f,1/2)

fEH

2 logl 1+ 21/2
(_Og+ 7700(Sym7 /)> +OA,E(]<:_1/2+6Z)-

T\ 2 T TN (sym?2, 1/2)

REMARK 1.2. Since

Vo (sym?,1/2) 3
Yoo (Sym?2, 1/2) 2
1
2

11'(3/4) 1F’(@)
10g7r—|-f (3/4) F(%)
I'(%5)
I k+1

(*5)

~ logk,
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the above result can be restated as: for [ < k4,

> wpAp(I?) L(sym® f,1/2)

feH

2 ( logl 3 1 I7(3/4)
= ﬂ<‘z+”‘41°g”+4 T(3/0)

+ O (k~Y/2%e]),

() 4
P AT ()

Ll
4

REMARK 1.3. The above main terms are dominating when [ < k1/37¢.
REMARK 1.4. When [ = 1, Theorem recovers Sun’s result [21].

REMARK 1.5. The factor k~1/2%€ in the error term of Theorem [1.1lseems
to be the limit of the method. It would be interesting to obtain an omega
result. Also notice that if an extra average on k is introduced, the error term
could be sharpened (see [7]).

REMARK 1.6. Very recently Theorem was improved in [I7] and [1].
An asymptotic formula with an arbitrary power saving error term for the
case | = 1 was established in [I7] and [I] independently, while the error
bound was improved to [3/6t€f/2te for | > 1.

Using the same method as in the proof of Theorem [1.1] we obtain the
remark below.

REMARK 1.7. For any A > 1 and for all non-square natural numbers [
with | < k4, we have

S wpAr () Lisym® £,1/2) <, k22,
feHy

Note that, in the above remark, there is no main term since the diagonal
term (in Petersson’s trace formula) ¢; ,,2 is zero.

In the literature, there are three useful tools to obtain the moment: Pe-
tersson’s trace formula, Selberg’s trace formula and Zagier’s kernel. Inspired
by [11], our key tool in computing the first moment without harmonic weight
is Petersson’s trace formula. Its advantage over Selberg’s trace formula and
Zagier’s kernel is that we can make use of two classical tools: Perron’s for-
mula and the large sieve inequality. Our method here is based on the ap-
plication of Theorem To remove the harmonic weight, we use Perron’s
formula to give an approximation with a Dirichlet polynomial. With the
help of the large sieve inequality, we get an asymptotic formula for the first
moment without harmonic weight.
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COROLLARY 1.8. Suppose that L(sym? f,1/2) > 0 for all f € Hy and
all k. Then

> L(sym® £,1/2)

fE€H
Ck—1(,(3 3 vho(sym?,1/2) (3 159
12 << (2) 2%(2)+%o(sym2,1/2)c<2>>+06(k )

Note that % ~ log k. The corollary improves the result of [10],

in which only the upper bound is obtained.

REMARK 1.9. The condition L(sym? f,1/2) > 0 for all f € Hy follows
from the Generalized Riemann Hypothesis.

Unconditional results similar to the above corollary hold for the first and
second moments of Hecke L-functions:

THEOREM 1.10. For k =0 (mod 4), we have

_ u 59/60-+¢
f;;L(f, 1/2) = =5C(2) + O(k™/07).

THEOREM 1.11. For k =0 (mod 4), we have

> L(f.1/2)°
fE€H
k-1 <g3(2) (F’(k/Q)
3\ <) \I'(k/2)
+ O, (ki%t).

We omit the proofs of Theorems and as they are similar to that
of Corollary

REMARK 1.12. Unlike Corollary [I.8] the above two theorems are uncon-
ditional due to the fact that L(f,1/2) > 0. This fact was proved by using

Waldspurger’s formula, and in [9] a good account of Waldspurger’s formula
can be found.

3¢4(2)¢"(2) — 243(2)€’(4))

+ 75— 10g(27r)) + 0

Throughout this paper, € will always denote an arbitrarily small positive
constant, not necessarily the same one at each occurrence.

2. Preparation. In this section, we prepare several lemmas for the
proof of our theorem. The first lemma applies Perron’s formula to give an
approximation of the harmonic weight by a Dirichlet polynomial. Then we
give some technical lemmas.
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LEMMA 2.1. Let f € Hi andy > 1. For any fized € > 0,
Ar(n? ¢ e/ — _
Lisym? 1) = ¢(2) S MU 40, ey (27 4 w8/ 1/2)),
n<y "
Proof. Employing Perron’s formula [23, Corollary I1.2.1] with B(z) = z¢,
o =3and T = y?/7, we deduce that

1 - 2/7
T Ar(n?) 1 Y Ogysﬂy Lisym® f,1+5) y* |
= 27i o y—ig?/" ¢(2+2s) s
+ O (kY (" +yh).
Moving the line segment of integration to R8s = —1/2 + € and using the

classical convexity bound L(sym? f,s) <. (k + \%s|)gma"{o’1_%5}*‘E

the result. »

yields

The next lemma controls the “tail” part of the Dirichlet polynomial. We

define )
Ar(n
wila,y)= Y
rz<n<ly

LEMMA 2.2 ([I6, Lemma 2.5]). For any A, e > 0 and every natural num-
ber j, we have

D wilmy)¥ aey ke
feH

uniformly for 2|k and k° < 27 < 37 < kA,

The lemma below transforms an integral involving the gamma function
and the exponential function into an integral involving the Bessel functions
and the exponential function, which is easier to control.

LEMMA 2.3. Lety >0 and 0 < Rs < k/2—1. Then
1 S lﬁ(k+57w

) I'w)e(xw/4)y~" dw

21 >

(1/2)

oo
=27 S Jx—1(z) exp(Liyx/2)x® dx.
0
Proof. The two integrals are holomorphic in s for 0 < s < k/2 — 1.
Using the relation F(%)/P(%) = {3 Jr—1(2)(2/2)* dz and moving the
line of integration to Rw = —oo yields the result. =
The following lemma estimates an integral involving Bessel functions and

the exponential function. The proof follows [I5, proof of Lemma 2.4] with
minor modifications.
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LEMMA 2.4. For ®u > 1/2 and any Ay, A2 > 1, we have:
(a) if a > Ay, then

oo
S Jo—1(x) exp(Fiaz)z V2 de < exp(g]%u\>a%“_k+1/2(1 —a %),
0

(b) if a < Ag, then
S Jie_1(x) exp(tiaz)z Y2 de < (|Su| + 1)k 2(log k)2,
0
All the implied constants are absolute.

Proof. (a) For a > 2, by [3, Formula 1 in 6.621], we have

o0

S Je—1(z) exp(tiaz)z™" V2 dx

0

B 1 F(k—u+1/2)F kE—u+1/2 k_u+3/2'ka72
2k 1(Ljg)k-u-1/2 (k) 2 2 7 ’

where F' is the hypergeometric function

F(a”@;f%z): F(V) ZF(Q+T)F(IB+T) 5T

el &  Iy+r) b

Since I'(2)I'(z + 1/2) = 21722 /7 I'(2z), the integral is

k u+1/2 )F(k u+3/2 +T’)} —9p
(k‘ + ) rl

exp ZISul) |I(
2uak u—1/2 Z
r>0

From I'(2)I"(z +1/2) = 21722, /7 I'(2z) again, we have

k—u+1 -
F( u+ /2+T>F(k u+3/2+r>
2 2
= /T2 P (ke — w4 1/2 4 2r),

and Stirling’s estimate gives
I'(k—u+1/2+2r) I'(k+ 2r)
I'k+nr)I'(r+1) I'k+nr)I'(r+1)
(k + 2T)k+2r71/2
(k + r)k+r=172(p 4 1)r+1-1/2

2 k+r k9 r+1k
“(-mrz) (a72)

kE k
< exp<— + > 2k+2r+1 — 2k+2r+1.

<

2 2
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Hence the integral is

< exp(§[Sul) Z Qu—2r—k+1/20k+2r+1 ,~2r

Qugk—u—1/2 i
rZ
exp(5[Sul) §~ o
K iz > a
r>0
exp (5| Sul) —2y-1
< guip dma)

(b) This follows from [I5, proof of Lemma 2.4]. =
We need the following lemma to bound the average of Kloosterman sums.

LEMMA 2.5.

Z 1S(b?,12; ¢)| < /%,
b (mod c)

Proof. Weil’s bound for the Kloosterman sum yields
|S(n,m; ¢)| < d(c)e?(n,m, c)'/>.
Then the following estimate follows readily:

> S Py < M Y (P o)

b(modc) b (mod c)

< /e Z Z d'? < 37 .
dle d|b2,b<c

Note that Lemma|2.5]is not sufficient to control the non-diagonal terms.
However, its proof is much simpler than that of the next lemma. The latter,
which is [2, Corollary 4], applies to the character sum and hence gives a
better estimate.

LEMMA 2.6. Consider the unique factorization
c=2"¢cicac’
where c1, ¢, c3 are odd, p?(c1) =1, ca| c5°, (c1,¢3) = 1. If n = £21, then
Z S(bQ,ZQ;C)t?(:l:Ic)TL)
b (mod ¢)
vanishes unless c is of the form t> for some integer t, in which case

Z S(bz,l2;0)6<ii(21)> < Veg(e).

b (mod c)
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In any case,
b
Z S(bz,l2;c)e<:|:cn> < e (e/er, 4n® — 7).
b (mod c)

The next lemma is the starting point of the proof of the main theorem.

LEMMA 2.7.
Ar(n?)
L(sym? f,1/2) =2 V(n
( /2) ; n (n)
where )
L[ eelym?1/2 4 u) G(u)
= — 142
vin) 2mi S Yoo (sym?,1/2) G+ 2u) ntuy du
(1+e€)
and G(z) = exp(z?).
Proof. We start with
1
Ieym? frs)im o= | Alsym? fys 4w S0
27
R(u)=1+e€
=My o) b o | Alsym? fs ) A
m R(u)=—1—e¢
B 9 1 2,0, . Gudu
- A(Sym f7 S) + 2 S A(Sym f7 1 S u) U
R(u)=—1—¢
B 9 1 9 B G(u)du
- A(Sym fv S) i S A(Sym f7 1 5+ U) U )
R(u)=1+e€

by the functional equation. Then we are done by rearrangement. m

3. Proof of the twisted first moment. We start with

n2
L(sym® f,1/2) =2 Af\ﬁﬁ )V(n)

n>1

from Lemma where
1 S Yoo(sym?,1/2 4 u)
Yoo (sym?,1/2)

G(u)

n%u

C(1+ 2u) du.

(1+e€)

By Petersson’s trace formula

S .
Z wWiAp(m)Af(n) = dpmn + omi~k Z Mjk_l
fEH c>0 ¢

Cc

()
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we have

> waf<z2>L<sym2 £.1/2)

fEH
_22 waAf ®)\f(n?)
n>0 fGHk
12 2. A7l
=2 Z <5l2,n2 + 2mi 7k Z 78( ,%50) Jp—1 <7T n))
n>0 c>0 ¢ ¢

= D42 *ND, say.

3.1. Main terms. The main term here comes from the diagonal term D:

11 - 21/2
pooVl oyl Lo vt 2w G
Vi V1 2mi e Yoo (Sym?2,1/2) 4y
Moving the line of integration to Ru = —1 + ¢, we obtain

b2l Res, (voo<sym2, 2 40) o G(u))

Vi Yoo (sym?,1/2) [t
11 21/2 G
T "9 Yoo (sym?, 1/2) [*u
The residue here is
2 (1 ! 21/2
(_ o8l 1 %o(sym2, / ))
VI 2 Yoo(sym?,1/2)
by computing the following Laurent expansions at u = 0:
1
14+ 92u) = —
C(1+2u) 5y TV
Gu) 1
=~ _logl+---
vy w B o
Toolsym®, 1/2+w) | deo(sym® 1/24w)

Yoo (sym?,1/2) Yoo (sym?, 1/2)
The last integral is < k112, because by Stirling’s estimates,
I(k/2+s) < K™ (k/2),
and the integral converges as the auxiliary function G(u) decays much faster
than the other terms as |Su| — oo.

3.2. Error terms. In this section we shall bound the non-diagonal
term. Using the Mellin transform formula for the J-Bessel function

I v+s —S
h= g § ek () e
dmi O P14+ 457) \2
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and interchanging the sum and integral, we obtain

1 wo(sym?,1/2 +u G(u) I'(k=Lts
0= e § 8 et 10+ 205 s

n l ;¢)  dsdu
X Z Z n1/2+s+ucl s (271‘[)3'
Next we note that

& o &
Z Z nl/zzswcf s Z ' Z fL/2+s+;3

n>1c>1 c>1
— ch—l Z S(bQ,ZQ;C) Z n—l/?—s—u
c>1 1<b<c n=>b (mod c)
b (mod c¢)

— Zc—u—3/2 Z S(b2,l2;c) Z(h + b/C)—l/Q—s—u

c>1 1<b<ce h>0
b (mod c)
=> 2N S 1%0)C(1/2 + s + u,bjo),
c>1 1<b<e
b (mod c)

where ((s,«) for Rs > 1 and 0 < o < 1 is the Hurwitz zeta function defined

as

((s,0) = S (n+a)™.

n>0

The Hurwitz zeta function ((s,«) has only a simple pole at s = 1 with
residue 1. If we move the line of integration to s = —b5, it passes a simple

pole at s = 1/2 — u with residue 1. Then we have
ND = ND; + ND»,

where
k—1/2—u
1 Yoolsym?,1/2 + u) Gu) L (—5—)
ND{ = — 1+2
YT 4 Yoo (sym?,1/2) G+ 2u) u F(W)
2) 2
du
u—3/2 2 12,
SIS e,
c>1 1<b<c
b (mod c)
ND 1 S S vm(sym2,1/2+u)4(1+2 )G u)['( 2+S)
2= 2 2 krl—s
2(2mi) ) (=5) Yoo (sym?,1/2) u (52
xS e N SR % eC(L/2 + 5 + u,bje) ds‘jus.
c>1 1<b<c ( 7'[')

b (mod c)
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3.2.1. Treatment of NDy. From Lemma we know that

Zc—u—3/2 Z S(bQ,ZQ;C)

c>1 1<b<c
b (mod c)

is absolutely convergent. Using Stirling’s estimates, we obtain
NDl <, k_1/2+5l1/2+6-
3.2.2. Treatment of NDy. Letting w = 1/2 — s — u and using the func-
tional equation of the Hurwitz zeta function as follows:
C(s+u+1/2,b/c) =C(1—w,b/c)
I(w)

= (QW)w(e(—wM)F(b/c, w) + e(w/4)F(—b/ec,w)),

where
F(a,s) = Z e(an)n™%,
n>1

we arrive at

Loy Yoo (sym?, 1/2 + u) Glu) I(AE=w)

NDy = 5 B C(1+ 2u) k+1/24utw
2(271) @ /) Yoo (sym?,1/2) u p(ﬂ#)
e I'(w)
u—3/2 2 72, _
x ) e > S %) En) (e(~w/4)F(b/e,w)
c>1 1<b<c
b (mod c)

dw du
(27Tl)1/2—w—u
=: ND; + NDJ,  say.
It suffices to bound NDQIr since the treatment of ND, is similar. With the
help of Lemma [2.3] we have

+e(w/4)F(=b/c,w))

2
NDf = - | Yoo Sy ’;/2+“)g(1+2u)—a(“)
2(2m1) ) Yoo (sym?,1/2) u
b
—u—3/2 2 72, Y \o1/24u
« Y 3 S(b,hc)Ze( Cn>z
e>1 1<b<c n>1
b (mod c)
X OSOJk_l(:U) exp(ina/20) x> dx L
5 (27l)1/2-u

To bound ND;, we split it into two parts, NDJ = ND;L’1 +ND§L’2, according
ton < 4l and n > 41. It follows that, by Lemma [2.4[a) (taking 4; = 2) and
Lemma [2.6
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NDI? <
(2
%ufk+1/2 |21/2+u’d
T n U
e eXp(z'%“') (%) M@y

n>4l+1
X cu3/2 S, 1% ¢ e<bn>‘
; b(n%c) ( \e
<, k1/2+6le(4l)fk+2+6(2l)k7176
KA k=8 for any large B.
The bound here is negligible since | < k4.

Yoo (sym?,1/2 + u) G(u)
‘ Yoo (Sym?2,1/2) C(1+ 2u) U

REMARK 3.1. This is the only place where we use the condition [ < k*.
We now turn to ND;“I. By Lemma (b) (taking Ay = 2), Lemma

and Stirling’s estimates, we infer that
2
sym=,1/2 +u G(u
Yoo Sy 2/ )C(1+2U) (u)
Yoo (sym?,1/2) U

ND3t < |
(2

X Z (|Su| + 1)k~ Ru=1/2+e gy
n<4l

>

c>1

’21/2+u| du
|(2n)1/27]

b
—u—3/2 2 72, 0
c E S(b*,1 ,c)e<cn>’

1<b<c
b (mod c)

<e k_1/2+€l1+€.

By collecting all this information, the following asymptotic formula is es-
tablished: for any A > 1 and [ < k“, we have

D wpAp(1?)L(sym® f,1/2)
feHy )
2 log! 1 75 (sym 1/2)> —1/2+¢;1
= oy o ) O (KT,
A ) o )
REMARK 3.2. By combining the above results, the following bound is
proved:

. V(n) S(12,n%c) 4rin 1
92 k » v 3 /2+e€ I+e
%) En NG E . Jp_1 <k l

&
c>0

Following the same argument, one gets

2. 4
27Ti_k Z V\;Z) Z S(lyz ,C) Jk_1< W\C/ZTL> < k_1/2+6l1/2+€-

c>0
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4. Proof of Corollary We begin with
Z L(sym? f,1/2) = Z wwaTlL(sme f,1/2)

fEH feH

1/2)L(sym* f,1)

fer

2
- Z sttt 1,1/2) (¢ X

<z

+¢2) > Ar () + O (Ky (y 27 +k3/4y1/2)))

l
z<l<y
=: M1 + My + M3, say;

by Lemma M, contributes the main terms, the other two constitute the
error terms.

4.1. Main terms. By using the key Lemma we have

M = k— waL (sym? f,1/2) x ()ZM
12{ feH 1<z l
k-1 Z 7 > wpAr(I®)Lsym® f,1/2)

<z  feH,

— / 2
_ k-1 172 _IOgl+ 1/2%0(sym ,1/2)
12 & 1\Vi Yoo (sym?,1/2)

+ Og(k_1/2+€l3/2+6)>

k=1 2 ( logl +17{>0(sym2,1/2)
T 12 &R\ 2 T T 2y 1/2)

2
k-1 Z 2 (_logl byt 1 45 (sym 71/2)> + O (K232t

12 13/2 2 2 Voo(sym?,1/2)

Ck—1(,(3 3 Al (sym?,1/2) , (3
12 <C <2> +2VC<2> T eoym?,1/2)¢ \2
+ Oe(k}1+€$_1/2+6 + k1/2+6x3/2+6).

Choosing = = k'/*, we get

S () ) HE ) o
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4.2. Error terms. Before estimating the error terms, we take y to be
k99 Then we bound M; first:

k—1
= E wrL(sym? f,1/2) x O (k~200/T+e

3

_ Oe( Z wyL(sym? f,1/2) x k7193/7+e) — O (k~193/7+¢),
feHty
where we have used the assumption that L(sym? f,1/2) > 0 and the key
Lemma (with [ =1).
To bound Ma, we apply Hélder’s inequality, the condition L(sym? f,1/2)
> 0 and Lemma 2.2} to obtain
k-1 A (12)
My = L(sym?® f,1/2) x ¢(2 el
> = Jagay Do wrklvm®[1/2)x @) 30 5
feH <<y

< k:( Z wf(k1/4,k:100)40)1 <Z (wa(sym2 f,1/2))40/39)

feHy feHy

<. k,1+e< Z wiL(sym? f,1/2)(wsL(sym? f, 1/2))1/39>
feHy,

/40 39/40

39/40

Applying the trivial bound of w; < k~! and the convexity estimate of
L(sym? f,1/2) < k%/4+¢ we have

39/40
My < k1+6< Z wyL(sym? J, 1/2)(k—1/4+6)1/39> <, |199/160+¢
fEH

The last estimate is again by Theorem (with [ = 1). Putting everything
together completes the proof.
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