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1. Introduction. A classical divisibility sequence is a sequence (Wp,)n>1
of (non-zero) integers having the property

(1) m|n = Wy |W,.

Well-known examples of such sequences include a™ —b", Fibonacci and Lucas
sequences, and elliptic divisibility sequences. See [7] for an overview of the
history and study of divisibility sequences. These and similar sequences are
associated to multiples of points in one-dimensional algebraic groups, specif-
ically in (twisted) multiplicative groups or elliptic curves. They tend to have
a number of important properties, such as those described in Table

It is natural to look for analogous sequences associated to higher-dimen-
sional algebraic groups. An obvious approach (see Section yields sequences
such as

(2) W, =ged(a™ — 1,0™ — 1)
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Table 1. A list of sequence properties

Divisibility Wy, is a divisibility sequence

oo-Growth log |Wo| grows like O(n?) for some d > 1
p-adic Growth | ord,(W,) grows regularly (and slowly)
Recursion W,, satisfies a (possibly non-linear) recursion
Zsigmondy Most Wy, have a primitive prime divisor

for integers a and b that are multiplicatively independent in Q*. Such se-
quences are quite interesting and lead to deep theorems and conjectures, for
example:

THEOREM (Bugeaud, Corvaja, Zannier [3]).
3 1 n T _
nh_)rglo - log ged(a” — 1,0" — 1) = 0.
CONJECTURE (Ailon, Rudnick [2]).

#{n>1: ged(a" — 15" — 1) = ged(a — 1,b— 1)} = oo.

In particular, the sequence , which is associated to the powers of the
point (a,b) in the group G2, (Q), fails to have the co-Growth Property, and
conjecturally fails quite badly.

In this paper we suggest a new way to associate divisibility sequences to
higher-dimensional algebraic groups. These sequences have the Divisibility
Property and (conjecturally) the co-Growth Property. For concreteness, in
this article we concentrate on the N-dimensional torus GY. A formulation
for more general algebraic groups is discussed briefly in Section [11] and will
form the content of a subsequent paper [29]. To define our new sequences,
we replace the point (a,b) € G2, used in with a divisor in GY, or equiv-
alently, with the zero set of a non-zero Laurent polynomial.

DEFINITION (Preliminary). Let p,, C C* denote the group of nth roots
of unity. The Divisor Divisibility sequence, or DD-sequence for short, associ-

ated to a non-zero Laurent polynomial f € Z[X 13:1, R X]“\—Lfl] is the sequence
(3) W)= I G- w)

C1ye AN EMy,

F (¢t CN)#0

For example, taking N = 1 and f(X) = aX — b recovers the classical
divisibility sequence W, (aX — b) = a™ — b".

One easily checks that W, (f) € Z is a divisibility sequence, so DD-
sequences have the Divisibility Property. Further, it is conjectured (and
proven if N = 1 or if f is “atoral” [16]) that log|W,(f)| ~ n" log M(f)
as n — oo, where M(f) is the Mahler measure of f, so DD-sequences
(conjecturally) have the co-Growth Property. See Section [6] for details.
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Computing numerical examples, one quickly notices that higher-dimen-
sional DD-sequences tend to be highly factorizable. We now explain why,
which leads to a generalized definition of the DD-sequences that are the
primary objects of study in this article.

An intrinsic and enlightening way to describe the classical Divisibility
Property is to view the positive integers N as a partially ordered set
(poset), ordered by divisibility. Then a sequence W : N — N satisfies if
and only if it is a morphism of posets, i.e., a map that preserves the partial
ordering.

Next we observe that a 1-dimensional DD-sequence may be viewed as
assigning an integer W, (f) to each finite subgroup p, of C*. Thus a 1-
dimensional DD-sequence may be viewed as a poset morphism

{finite subgroups of C*} - N,  pu, — [W,(f)|,

where we order the subgroups of C* by inclusion and the elements of N
by divisibility. This suggests that for higher-dimensional DD-sequences, we
should define W to be a function on the set of all finite subgroups of (C*),
rather than restricting attention to subgroups of the form u2.

Further, there is no reason to restrict our coefficient ring to be Z. Table
sets some notation that will remain in effect for the rest of this article.

Table 2. Notation

N a positive integer

R an integrally closed integral domain

K the fraction field of R, with fixed separable closure K
R™) " the ring of Laurent polynomials R[Xlil7 . ,Xﬁl}

(¢)  the cyclic subgroup generated by ¢ € GX (K)
[|A]l  the cardinality of a finite subgroup A C G2 (K)

By a slight abuse of terminology, we view R \ {0} as a poset under
divisibility @ We now define the “sequences” that are our primary object
of study.

DEFINITION. Let f € RY) be a non-zero Laurent polynomial. The Di-
visor Divisibility sequence (DD-sequence) associated to f is the map

Wy - {finite subgroups of GN(K)} =R, A H f(Q).

¢eA
f(©)#0

For notational convenience, we may at various times use Wg(A), Wx(f),

(*) Tt is really the non-zero ideals that form a poset, since a |b and b|a only imply
that aR = bR, not that a = b.
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or W(f,A) to denote the DD-sequence map, and when A = p?, we may
write W, (f) or Wy(n) for Wy(pd).

Our first result provides some justification for this definition.

PROPOSITION 1. Let f € R™) be a non-zero Laurent polynomial.

(a) Let A C GY(K) be a finite subgroup. Then W(A) € R.

(b) The map Wy is a poset morphism, i.e.,

A - A = Wf(/l/) | Wf(A)

Proof. See Section [3 =

How large should we expect W;(A) to be as the size of A increases?
We observe that Wr(A) is a product of ||A|| factors, and that the trian-
gle inequality shows that each factor f(¢) is bounded, independently of A.

Thus |[W;(A)| is likely to grow exponentially in [|A|. If we further take a
sequence of subgroups whose points become equidistributed in the torus

TN ;:{Z:(zl,...,ZN)GCN:|21’:"':‘ZN|:1}’

then it is natural to compare the growth rate of W;(A) to the Mahler mea-
sure of f, which we recall is the quantity

M(f) = exp< [ log|f(e1, . 2w)

’]I‘N

7

da  dan
Al ZN

see [15] 22]. For ease of exposition here, we state the growth conjecture only
for the groups A = u2; see Section |§| for a general formulation.

CONJECTURE 2. Let f € QW) ¢ CW™Y) be a non-zero Laurent polynomial
with algebraic coefficients. Then

Tim (W ()] = MUf).

THEOREM 3. Let f € QW) ¢ CWN) be a non-zero Laurent polynomial
with algebraic coefficients.

(a) Conjecture 2| is true if N = 1.
(b) Congecture [2| is true if N > 2 and f is atoral, which may be defined

by the property that the intersection of the zero locus {f = 0} and
the torus TN satisﬁeslﬂ

(4) dim{z e TV : f(z) =0} < N — 2,
where dim is the dimension as a real-analytic subvariety of TN.

(%) The general definition is that an algebraic set X C CV is atoral if there exists a
non-zero regular function f on X that vanishes identically on X N'T. And a polynomial f
is atoral if the hypersurface f = 0 is atoral. See [1].
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The proof of Theorem [3(a), which we sketch in Section [6] uses a strong
estimate for linear forms in logarithms. Theorem (b), which is due to Lind,
Schmidt, and Verbitskiy [16], applies to “almost all” f, since generically
for N > 2, the intersection {f = 0} N TV has real codimension at least 2
in TV. We also mention that Conjectureis false if f is allowed to have arbi-
trary complex coefficients, so any proof will necessarily require an arithmetic
argument; see Remark 20| for details.

As noted earlier, DD-sequences tend to be highly factorizable. This is
true even in the classical 1-dimensional setting, since if n is highly com-
posite, then W,, has many factors coming from W,, for m|n. Classically,
one generically factors W,, as W,, = Hm|n Vi, where the factors are defined
either using the Mobius p-function or using primitive nth roots. For ease
of exposition, we take the latter approach here, but see Section 4| for both
approaches and a proof of their equivalence.

PROPOSITION 4. For each finite subgroup A C G (K), let

Vi(4) = 11 f(<),
¢:{¢)=Aand f(¢)#0
so in particular, if A is not cyclic, then Vi(A) = 1. Then
Vi(A)€R and Wp(A)= [] Vi),
ACA
where the product is over all subgroups A’ of A.

Proposition {4 gives a generic factorization of Wy (A), but it turns out
that V;(A) may generically factor further, depending on A and the non-zero
monomials appearing in f. The main result of Section [4]is Theorem [9 which
describes the complete factorization of W;(A) when f is generic over Q for
a prescribed pattern of non-zero monomials. For such f, we further show
that Wy is a so-called strong divisibility sequence in the sense that there is
an equality of ideals

ged(Wy(Ar), Wy(A2)) = Wy (A1 N Ay).

We next consider p-divisibility and p-adic behavior of the terms in a
DD-sequence. This prompts several definitions, which are generalizations of
the classical 1-dimensional case.

DEFINITION. Let f € R™) be a non-zero Laurent polynomial, let p be
a prime ideal of R, and let A C G (K) be a finite subgroup. Suppose that

Wi(A)ep and Wy(A')¢p forall A’ C A

Then we say that p is a primitive prime divisor of Wy(A) and that A is a
rank of apparition for p. We write

RA¢(p) = {A: Ais arank of apparition for p}.
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It is not hard to prove (Proposition that RA¢(p) consists entirely of
cyclic groups, so we define the Zsigmondy set of the DD-sequence Wy to be

Zsig(f) = {cyclic A : W;(A) has no primitive prime divisors}.

When N = 1, it is not hard to show that Wy has a unique rank of
apparition for p, i.e., there is an integer 7, > 1 with the property that

PIWa(f) < rypln.

But when N > 2, the set R.A¢(p) may be infinite. The following analytic re-
sult, which is the main theorem of Section [6} shows in particular that R.Ay(p)
cannot be too large. Again, for ease of exposition, we restrict here to R = Z.

THEOREM 5. Let f € ZWN) be a non-zero Laurent polynomial. There is
a constant Cy such that for all e > 0,

1 1
Z o8P Z W < (N + 1)6_1 +Cy.
p prime p AERA;(p)

One consequence is the fact that the (cyclic) groups in RAf(p) are
comparatively sparse, since for example the series ) , eyelic | A||* diverges
for Re(s) < N, while Theorem [5| says that if we restrict to 4 € RA(p),
then the sum converges for Re(s) > 0. Theorem [5| also implies that for
any 6 > 0, the (upper logarithmic) Dirichlet density of the set

{p: RA;(p) contains a A with ||A] < p’}

is at most (N + 1)6. See Section [f] for details.

A much-studied classical problem is that of perfect powers, and more re-
cently, powerful numbers, in divisibility sequences. For example, it is known
that the only perfect powers in the Fibonacci sequence are 1, 8, and 144,
a longstanding conjecture recently proven by Bugeaud, Mignotte, and Sik-
sek [4]. The analogous question of classifying powerful Fibonacci numbers is
still open. (We recall that n is powerful if, whenever p|n, then p?|n.) More
generally, combining a result of Shorey and Stewart [25] with Siegel’s theo-
rem on integral points on curves gives an (ineffective) proof that there are
only finitely many perfect powers in any non-degenerate binary recurrent
sequence.

This suggests the general question of describing perfect powers and pow-
erful numbers in higher-dimensional DD-sequences. We do not consider such
questions in this paper, but we note that some care must be taken, because if
the Laurent polynomial f has symmetries, then the associated DD-sequence
is often divisible by large powers. We illustrate this principle in Section [J]
by studying the DD-sequence for the family

PrX,Y)=X+X'4Yy+YtyTezm®,
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so W,(Pr) € Z[T) is a polynomial of degree n?. We prove that W, (Pr) is
almost a perfect 8th power; more precisely, it factors in Z[T| as W,,(Pr) =
A (T) B, (T)® with deg B, (T) = %nz +O(n). We also prove that Wy, (Par44)
and W,,(Pr) have a common factor in Z[T] of degree roughly 2n.

In summary, there are many natural questions and problems associated
to DD-sequences, some of which are direct analogues of the 1-dimensional
situation, and some of which appear only in the higher-dimensional setting.
And while some of these questions have elementary answers, others appear
to lead to deep and interesting conjectures. In this article we give some
elementary results, state some conjectures as motivation for the study of
DD-sequences, and prove two deeper theorems:

o Generic factorization of DD-sequences, covered in Sections 4| and
see especially Theorems [§ and [0] and Proposition

e Distribution of ranks of apparition, covered in Section[7} see especially
Theorem [23] and Corollary

Addendum. Recent preprints by Habegger [10] and Dimitrov [5] in-
clude proofs of Conjecture [2l The two papers use distinct methods, and the
specific estimates that they prove are rather different, but both suffice to
prove Conjecture 2l On the other hand, neither method seems to be strong
enough to prove the growth conjecture for general algebraic subgroups of G
as described in Conjecture

2. Some brief remarks on divisibility sequences. Factorization
and other properties of sequences a” — b"™ and the Fibonacci and Lucas
sequences have been studied for a very long time, so we will not attempt
to give a history. The arithmetic of elliptic divisibility sequences (EDS) was
first seriously studied by Ward [34] and has since attracted considerable
attention. Again, the literature is too vast to survey here.

The first reference of which we are aware for higher degree, but still
one-dimensional, DD-sequences, is the 1916 Ph.D. thesis of T. Pierce [19].
He takes a monic polynomial f(X) € Z[X], factors it (over C) as f(X) =
[1(X — ), and studies elementary arithmetic properties of the associated
1-dimensional DD-sequence W, (f) = ngl(l — o). In particular, he gives
various factorizations of W,,(f) and studies the relationship between divisors
of W,,(f) and roots of f(X) = 0 (mod n), especially when n is prime or a
prime power.

For higher-dimensional divisibility sequences, we have already mentioned
the interesting sequences ged(a™ — 1,0 — 1) investigated in [2, 3], and there
are analogous sequences on abelian varieties, for example the gcd of two
EDS [27], but they do not appear to have the growth property. A general
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“non-growth” theorem for sequences of this sort, conditional on Vojta’s con-
jecture, is given in [28].

Marco Streng [32] has studied an interesting generalization of EDS in the
case that the elliptic curve E has complex multiplication. He associates to a
point P € E(K) a “sequence” indexed by the elements of the endomorphism
ring, « € End(F), more or less by taking the (square root of the) denom-
inator of xz(a(P)). He proves the Divisibility Property and a Zsigmondy
theorem regarding primitive prime divisors.

Although somewhat different, we must also mention Stange’s theory of
elliptic nets [31]. This generalization of classical EDS attaches a “sequence”
indexed by Z" to a collection of linearly independent points Pi,..., P, on
an elliptic curve. She proves, among many results, that the terms in an
elliptic net are generated by a non-linear recursion applied to a finite (but
potentially quite large) set of initial values.

3. Basic properties of DD-sequences. We begin with the elementary
proof of Proposition [I where we note the importance in the proof of our
assumption that R is an integrally closed integral domain.

Proof of Proposition . (a) The finite subgroup A of GY(K) and the
set {z € GY(K) : f(z) = 0} are Gal(K/K) invariant, so W(A) is Galois
invariant, and hence W;(A) € K. On the other hand, every root of unity is
integral over R, so W(A) is integral over R. But by assumption, the ring R
is integrally closed, hence W(A) € R.

(b) From (a) we know that W;(A)/W;(A) is in K. Further, the inclusion
A" C A implies that the quotient

Wi (A)
L= f(¢)
Wi () ceA\(AlIJI{f—on

is integral over R. Again the fact that R is integrally closed tells us that the
quotient is in R. m

We next consider the factorization of a DD-sequence, analogous to the
classical factorization of X™—1 as a product of cyclotomic polynomials. This
latter factorization may be described either using primitive nth roots of unity
or via the classical Mobius function. More generally, we note that there is
a Mobius function attached to any (locally finite) poset [11], Section 8.6],
so in particular there is a Mobius function associated to the set of finite
subgroups of GY (K), ordered by inclusion. We denote this function by

(5) 1 {pairs of finite subgroups A’ C A ¢ GY(K)} — Z.
It is characterized by (A4, A) =1 and the M&bius inversion formula.
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THEOREM 6. Let [ € RW) be a non-zero Laurent polynomial, and
let A C GY(K) be a finite group.
(a) The following formula gives two equivalent ways to define a quan-

tity Vy(A):
viy= [ £ = J[ w2,

CEG (K) AcA
F(QOF#0,(¢)=4

In particular, if A is not cyclic, then Vi(A) = 1.
(b) V¢(A) € R.
(c) Wg(A) factors in R as

=[] vy().
AN CA
(d) Let & € GY(K) have order n. Then
vien=II 7€) ana wye)= 1] £

de(Z/nZ)* deZ/nZ
F(EHF0 f(€H£0

Proof. (a) We start with the formula for V;(A) in terms of the Mobius
function and derive the formula in terms of generators for A. We compute

TT Wy H( 11 HAA)

ACA ACA CGA/\{f 0}
- I (I soen).
CEGN (K )tors\{f=0} A’:(¢)CA'CA
Mobius inversion tells us that for any Ay C Ay, we have

1 if Ay = Ag,
Z H(AQ’A/):{ s . ?

0 otherwise.

MCACA,
Hence
[T wi(ay |1 RG]
A CEGN (K)ors\{f=0} :

which is the desired formula.

(b) We know from Proposition [1fa) that Wy(A) € R, so the formula
for V¢(A) as a product of (positive and negative) powers of Wg(A’) shows
that V¢(A) € K. On the other hand, the formula for V(A) as a product of
values of f(¢) for N-tuples of roots of unity ¢ € GX (K )tors shows that Vy(A)
is integral over R. Hence V¢(A) € R by our assumption that R is integrally
closed.
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(c) This is just Mobius inversion, but we do the calculation. We have

va(A/ H H W, A// (A, A H H W A// u(A A7)

ACA ACAAICA ACAACACA
= Wy(A) from Mébius inversion.

(d) The first formula is immediate from (a) applied to the cyclic group
A = (¢), and then the second formula follows from the first and the factor-
ization of Wy (A) given in (c). m

4. Generic factorization of DD-sequences. Theorem [6fc) gives a
generic factorization of Wy(A) in R that is analogous to the factorization
of X™—1 as a product of cyclotomic polynomials, but it turns out that W (A)
may admit a further generic factorization, depending on the interaction of A
with the non-zero monomials appearing in f. In this section we describe this
factorization and prove that if K NQ = Q and the non-zero coefficients of f
are algebraically independent over Q, then W;(A) does not factor further.
This last result is a DD-sequence analogue of the irreducibility of the cyclo-
tomic polynomials over Q. And in the next section (Proposition [14)) we use
these results to show that a generic DD-sequence satisfies a strong divisibil-
ity property given by an equality of ideals @

ngR(Wf(/ll), Wf(/lz)) = Wf(/ll N AQ)R

We begin with some useful notation. In order to write elements of RY)
succinctly, for N-tuples

m=(mq,...,my) €ZY and X = (X1,...,Xn),

we let
Xm:XianX;N

Then every f € R™Y) can be written as

(X)) = S am(HX™
meZN
with an,(f) € R and all but finitely many am (f) equal to 0. We note that
the unit group of R™N) is exactly the set of monomials with unit coefficients,
ie., {uX™:m eZN, uec R*}. As usual, we say that an element f € RWV)
is irreducible if it is not a unit and has no factorizations f = gh except
with g or h a unit.

EXAMPLE 7. We give an example illustrating the fact that Wy (A) may

admit a further generic factorization beyond its factorization as a product

(3) This generalizes the classical strong divisibility property gcd(Wo, Wy,) = Weecd(m,n)
satisfied, for example, by the Fibonacci and Lucas sequences.
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of V§(A’) values as in Theorem |§|(c) Let f(X) = aX? — b with @ and b
independent indeterminates. Then

Vitu) =TT (e -0 {
C:{O=mn
where @,,(U, V') € Z[U,V] is the homogenized nth cyclotomic polynomial.
Thus if n is even, then V¢(p,,) is generically a square. This is due to the fact
that f(X) is a polynomial in X2.

b, (a,b) if n is odd,

@, /2(a,b)? if n is even,

Our next result generalizes Example [7| to all DD-sequences, but first we
need some additional notation.

DEFINITION. Let f € R™). The set of monomials of f is
M(f)={m e Z" : am(f) #0}.
For any finite subset M C Z" and any & € GY (K )iors, we let
M = (™ . me M}, K(EM) = (the field generated by &£M).

We note that K(¢M) is a Galois extension of K, since even in the case
that K has positive characteristic, adjoining roots of unity gives a separable
extension. Further, Gal(K (¢€)/K) is abelian.

THEOREM 8. For f € RN) and & € GN (K )iors, define
o= II (@),

reGal(K (M) /K)

(a) Cr(§) € R.

(b) Let A C GY(K )iors be a cyclic group, and let &, ..., &, be generators
for A that are representatives for the distinct orbits for Gal(K /K)
acting on the set of all generators of A. Then Vy(A) factors in R as

i’ K (M)
Vi(A) = H Cf(gi)[K(ﬁi)vK(éi )]
i=1

(c) Let A C GY(K) be a finite group. Then Wy (A) factors in R as
W)= ] 11 Cp(g)@HETL,

cyclic sub- generators & for A’ lying
groups A'CA in, distinct Gal(K /K )-orbits
Proof. (a) The quantity f(&) is in K(&M(f)), so the product of all of
the K (&™) /K-conjugates of f(£) is in K, and hence Cy(§) € K. On the
other hand, each 7(f(£)) is integral over R, so C¢(§) is integral over R.
Hence C¢(§) € R from our assumption that R is integrally closed.
(b) The coordinates of any element & € G (K )i are roots of unity,
so for all o € Gal(K/K), we have o(€) = &* for some k = k(o). It follows
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that Gal(K/K) acts on A, and similarly it acts on the set of generators
of A. This justifies our choice of representatives for the orbits. Further, the
action factors through an abelian group, since roots of unity generate abelian
extensions. We now compute (for notational convenience we assume that all
products omit any factors that vanish)

Vi(A) = H (&) from Theorem [6](a)

generators & for A

= H H f(A(g;)) since &4,. .., &, are orbit reps

i=1 A\eGal(K (¢;)/K)

(I o)

=1 secal(K(g,) /K (&M ))

i

reGal(K (eM)/K)
a (K (&):K (€MD)
= | (G | L))
=1 reqal(k (€M )/K)

since Gal(K (¢;)/K (€MY)) fixes f(€,)

= H Cf(fi)[K(E):K(gM(f))] by definition of C'y.
i=1

(c) This follows from (b) and the decomposition of W;(A) as a product
of V¢(A") values in Theorem @(c) .

Theorem [§(c) gives a factorization of W(A) in R that is a product of
powers of C¢(§) values. For particular choices of R, f, and A, it is quite
possible for these C¢(§) to factor further. The main result of this section
says that if the coefficients of f are generic for the given pattern M (f) of
non-zero coefficients, then the C(€) appearing in Theorem [§[c) are irre-
ducible in R. In particular, combining Theorem [ with Corollary gives
a generalization to DD-sequences of the classical result that the complete
factorization of X™ — 1 in Q[X] is as a product of cyclotomic polynomials.

THEOREM 9. Let F be a field, let M C ZN be a finite set with 0 € M,
let R be the polynomial ring

R = F[am]mEMv

where the an, are independent indeterminates, and let fyr € RW) be the
Laurent polynomial

fu(X)=>" amX™e RW).
meM
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Thus fur is the generic Laurent polynomial over F whose non-zero mono-
mials are in the positions specified by M .

(a) For all £ € GY (K )tors, the element
(6) Cry@:= ]I  ~Um@€)er

T€Gal(F(&M)/F)
described in Theorem [ is irreducible in R.
(b) The formula in Theorem (c) is a complete factorization of Wy, (A)
into irreducible elements of R.

REMARK 10. In the setting of Theorem [9} if we drop the condition that
0 € M, then it is possible for Cf,,(§) to be reducible. For example, take
F = Q, let m,n € Z" be exponents with €™ # 41 and £" = 1, and
let M = {m,m + n}. Then &Y = {£€™} consists of a single element, and

Cpy (&) = I ru©) = I )

T€Gal(Q(€M)/Q) TeGal(Q(€™)/Q)
= H T(famr(1)€™)  since M = {m,m + n}
T€Gal(Q(E™)/Q)

= far(1)QE™:Q No(em)/0 €™ = £fu(1 1)[QE™):Q,
Since £™ # +1 by assumption, we have £™ ¢ Q, so Cy,, (&) is reducible.
For an explicit example, we take N = 1, M = {1,5}, f(X) = a1 X + a5X?,
and € =i = /1. Then ¢V = {i,i°} = {i} and
CfM(E) = H T(ali + a5i5) = (a1i + a5i)(—a1i - a5i) = (al + (15)2.
T€Gal(Q(i)/Q)

Proof of Theorem[9. Each factor 7(fa(£)) in the product (6]) that defines

Ct,, (&) is a non-trivial homogeneous linear form in the indeterminates am,

and such linear forms are irreducible in the polynomial ring R @p F(&M),
which is a UFD. Hence any non-constant factor of C'y,, (§) in R has the form

(7) B[ r(fu€) er

TeH
for some 3 € F(eM )* and some non-empty subset
H € Gal(K (€")/K) = Gal(F(€M) /F).

We now use the assumption that 0 € M, which implies that fy;(&) has
an ag term. The elements of H act trivially on ag, so . ) has a monomial of
the form Ba# But (7)) is in R, i.e., its coefficients are in F, so 8 € F*.

Next we apply an arbltrary element o € Gal(F(eM) /IF) to the prod-

uct (7). By assumption, this leaves the product invariant, so again by unique
factorization in R ®p F(£€™) and the fact that the homogeneous linear forms
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far(€) are irreducible, we deduce that for all o € Gal(F(¢M)/F) and all
T € H there is a A\, - € H and a scalar v, € IF(EM)* such that

(8) o(7(fr(§))) = Yor - Ao (frr(§))-

Again using the assumption that 0 € M, we look at the ag monomial on
both sides of . This monomial is unaffected by the action of Galois, which
allows us to conclude that 7, = 1. Expanding gives

Z or(€™)am = Z Ao (§™)am.
meM meM

Keeping in mind that the ay, are indeterminates, we find that
or(€™) = Ao~ (€™) for all m e M,
and then, since 0,7, Ay, € Gal(F(¢£M)/F), we conclude that
oT = Ao 7

The key here is the fact that 7 and A, are in H, while o is an arbitrary
element of Gal(F(¢M)/F). Hence for any g € Gal(F(¢™)/F) and any h € H,
we can take 0 = gh~! and 7 = h to conclude that

g=gh 'h= Xy, € H.

This proves that H = Gal(F(¢)/F), and thus that the product (7)) is equal
to Cy,, (&) up to multiplication by an element of F*. This proves (a), and (b)
is immediate from (a) and Theorem [§fc). =

COROLLARY 11. Assume that char(K) = 0 and that K N Q = Q. Let
feRWMN) and let & € GN(K)tors. Then:

(a) V;((€)) = Cp(&)[Q@:Qe™ ]
) wee) = ]I () QH D)

cyclic sub-

groups (¢)C(§)
Further, if f is generic for its pattern of non-zero coefficients as in The-

orem [9, then (a) and (b) give the complete factorizations of Vi and Wy
in R.

The proof of Corollary [L1] uses Theorem [§ and the following transitivity
result, which is more-or-less equivalent to the irreducibility of the cyclotomic
polynomials over Q.

LEMMA 12. Assume char(K)=0 and KNQ=Q. Let {1,{5 € GY (K)iors-
Then the following are equivalent:

(a) The points ¢y and y generate the same cyclic subgroup of GN(K).
(b) There is a 0 € Gal(K/K) such that (5 = 0({;).
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Proof. Let A C GN(K) be a finite subgroup, let d = #A, let {; € K be
a primitive dth root of unity, and let o € Gal(K/K). Then o((4) = ¢} for
some k = k(o). Since every coordinate of every element & € A is a power
of ¢4, we have o(€) = &*. Since A is a subgroup, it follows that o(A) C A,
and since o is invertible, we see that o(A) = A. Applying this to A = (¢;),
we find that

Ca=0(¢1) = (C2) = (a(¢y)) = a((¢1) = (C)-
This completes the proof that (b) implies (a).
For the reverse implication, we assume that ({y) = ({;). Write
¢, = (C1,...,¢n) with ¢; a primitive 7;th root of unity.
Then
r:=#(¢;) = LCM(r1,...,7N).
By assumption, there are exponents k£ and ¢ such that {5 = C’f and ¢; = Cé
Then C’fz =1, so
k¢ =1 (mod r;) foralll<i<N,
and hence
kl =1 (mod r).

In particular, we have ged(k,r) = 1, so there exists an element

o € Gal(Q(p,)/Q) C Gal(K(p,)/K)
with the property that

a(n) =n* for every n e p,.
(This is where we use the assumption that K N Q = Q and the standard

fact that Gal(Q(u,.)/Q) = (Z/rZ)*.) The coordinates of {; are in p,., so we
find that

a(¢y) = ¢F = ¢
This completes the proof that (a) implies (b). m

Proof of Corollary [11 Lemma [12] tells us that Gal(K/K) acts transi-
tively on the generators of the cyclic subgroup (£), so the formulas in (a)
and (b) are immediate consequences of Theorem §fb) and (c). Then the final
statement follows from Theorem [0 which tells us that, under our genericity
assumption, each C¢(§) is irreducible in R. =

5. Strong divisibility of generic DD-sequences. Classical one-di-
mensional divisibility sequences over Z, such as a™ — b™, Fibonacci and Lu-
cas sequences, and elliptic divisibility sequences, have the strong divisibility
property

ng(Wm7 Wn) = inCd(m,n)v
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and it is an exercise to show that such strong divisibility sequences are
automatically divisibility sequences.

ExaMpPLE 13. It is easy to construct examples showing that higher-
dimensional DD-sequences need not be strong divisibility sequences. For
example, the DD-sequence associated to f(X,Y) = X —Y — 4 satisfies

Wa(f) =21¢.3.5%.132,
Wes(f) =218.36.52.7°.13%.192 . 312,
ged(Wa(f), We(f)) = 2'°-3-5% - 137,
Weea(a)(f) = Wa(f) =2°-3.

Our main result in this section says that generic DD-sequences do have
the strong divisibility property.

PROPOSITION 14. LetF, M, R, and fy; be as in the statement of Theo-
rem[9], so in particular R is a UFD. Assume further that #M > 2, i.e., far
is not a monomial. Let Ay and Ay be finite subgroups of G (K). Then there
s an equality of ideals @

ngR(WfM (A1), Wiy (A2)) = Wiy (A1 N A2)R.
The proof uses the following key result.

LEMMA 15. Continuing the notation from Proposition[14], let Ay and Ay
be finite subgroups of GN(K). Then

A #F Ay = ngR(VfIVI(Al)’ VfM(AQ)) =1,
where this is an equality of ideals in R, which is a UFD.

Proof. If Ay, respectively Ao, is not cyclic, then Theorem @(a) says that
Vi (A1), respectively Vi, (Az), is 1, so the conclusion is automatically true.
We are thus reduced to the case that A; = (€;) and Ay = (&€5). Writing ny
and ny for the orders of £; and &,, respectively, from Theorem |§|(a) we get

Vig(A) =[] ful€) and Vi, (d0)= ] ful&d.
1€(Z/mZ)* JE(Z/n2Z)*
We prove the contrapositive of the desired statement, so we suppose that
the ged is larger than 1 and aim to prove that A; = As. Our assumption is
that Vy,, (A1) and Vy,,(A2) have a common non-trivial factor in R, so they
also have a common non-trivial factor in the UFD R®pF. But the quantities
far(€)) and fpr(€)) are irreducible in R @ F, since they are linear forms in

(*) The quantity gcdy(a,b) denotes the largest ideal dividing both a and b. This is
well-defined for any UFD, but we note that it is not, in general, equal to the ideal generated
by a and b, the latter being a property of PIDs.
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the variables a,,. It follows that there exists an ¢ and a j such that

*

Fur(€) = ufar(€))  for some unit u € (R@pF)* =F .

Keeping in mind that the non-zero coefficients a,,, of fys are independent
indeterminates and that ag # 0, we first find that « = 1 by comparing the
coefficients of ag, and then we find that E’l = £j2 by comparing the coefficients
of ay, for any non-zero m € M(f).

We know that ged(i,n1) = 1, so we can find a k with ik = 1 (mod nq).
Then &, = ¢ = 532% € (&,), and similarly using ged(j, n2) = 1, we find that
&2 € (§1). Hence (§;) = (&5), ie, A1 = A5. m

Proof of Proposition [ We compute

ged(Wy,, (A1), Wy, (42)) = ged ( [T Vi (), T Vi ()
ACA, AN CAy

= H Vi (A)  from Lemma [I5]
ACA; and AC A5

= H Vi (A) =Wy, (AN Az).
ACAI1NAg

6. co-Growth properties of DD-sequences. In this section we con-
sider the growth rate of a DD-sequence W(A) as a function of || A]|. As noted
earlier, intuitively we expect log [W(A)| to grow like a multiple of || A]|, but
there are subtle Diophantine issues at play due to the possibility of an ele-
ment ¢ € A lying very close to a root of f, thereby contributing a very small
factor f(¢) to Wy(A). Before stating our main growth conjecture, we need
a number of definitions.

DEFINITION. Let G C GY be an algebraic subgroup. We let
T(G) :=GC)NTYN ={z € G(C) : |z1| =--- = |an| = 1},

and we let pug denote normalized Haar measure on the real torus T(G).
Let f € CY) be a non-zero Laurent polynomial. Then the G-Mahler measure
of fis

Ma(f) i=exp( | log|f(2)lduc(2)).

T(G)

For example, if G = G, then M¢(f) is the classical Mahler measure. For
each finite subgroup A € GY(C), we define a measure

1
HA = 77 d )
4] 2%

¢eA

where d¢ denotes a point mass at . We then say that a collection £ of
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finite subgroups of GY(C) converges to G if there is a weak convergence
of measures

li = UG-
mepa = pe
Al o0
CONJECTURE 16 (Growth conjecture). Let G C G be an algebraic
subgroup, let L be a collection of finite subgroups of GN(C) that converges
to G, and let f € QN) be a Laurent polynomial with algebraic coefficients

that is not identically zero on G. Then

. 1
A}llené m log [W(A)| = log Ma(f).
—00

THEOREM 17. With the above motation, Conjecture s true in the
following situations:
(a) N=1.
(b) N is arbitrary and f does not vanish on T(G).
(¢) N>2and L= {ul :n>1} and f is atoral, which we recall means
that {z € TV : f(z) = 0} has real codimension at least 2 in TV .

Proof. (a) For the convenience of the reader and to illustrate the use of
the key estimate, which is due to Gel’fond, we briefly sketch the proof; cf.
[16], Section 7]. Factoring f(X) = bX*[[(X — B;) and using the fact that
M(X — ) = log max{|5|, 1}, we find that

d

1 1 18} — 1]

— log |W, —1 = —log —%———.

~log [Wa(f)| = log M(f) = _ ~log (271, 1)
The terms with |5;| # 1 clearly go to 0 as n — oo, and it is not hard to see
that the same is true for the terms with |3;| = 1 provided BJ’-‘ never gets too
close to 1. The key to the proof is thus the following result, which says that
nth roots of unity cannot come too close to the algebraic number 5.

THEOREM 18 (Gel'fond [9]). Let 3 € Q* that is not a root of unity. Then
for every e > 0 there is a constant C(3,¢€) > 0 such that

1" —1| > C(B,e)2"  for alln > 1.

(We mention that linear forms in logarithm estimates such as those in [8]
17] can be used to prove even stronger results of the form |5" —1| > n=¢(#))

(b) This is elementary, and indeed is true even if f has arbitrary com-
plex coefficients. Our non-vanishing assumption implies that the function
log | f(2)| is continuous on the compact set T(G), so the assumed weak con-
vergence of measures 4 — pug implies that

lm | log|f(2)|dua(z) = | log|f(2)|duc(z).
”AH_)OOT(G) (G)

j=1
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But the definition of u4 as a sum of point masses says that the left-hand
integral is exactly the sum

| log|f(2)|dua(z ||A||Z og |£(¢ HAH log Wy (A)],

T(G) ¢eA

which gives the desired result.

(c) This is due to Lind, Schmidt, and Verbitskiy [16, Theorem 1.3]. It is
likely that their proof can be adapted to more general G and L, subject to
the atoral constraint that {z € T(G) : f(z) = 0} has real codimension at
least 2 in T(G). =

REMARK 19. We mention that if the limit in Conjecture [16]is changed
to a limsup, then K. Schmidt [23, Theorem 21.1] has shown that

lim sup NlogIW( )| = log M(f),

n—oo

even if f is allowed arbitrary complex coeflicients.

REMARK 20. On the other hand, it is easy to see that Conjecture [2] is
false if f is allowed to have complex coefficients, and indeed, it is false in this
case even for atoral f. To construct a counterexample for N =1, let a € R
be a real number that is extremely well approximable by rational numbers.
Set a = exp(2micr). Then

Wo(X —a) < min |a—e2™*/m|. 2771 gince |a — ¢| < 2
0<k<n

< 2" min by the Mean Value Theorem.

0<k<n

o — —
n

For an appropriate choice of a, we can find a sequence of k;/n; € Q satisfy-
ing, say, |a — k;/ni| <27, and then

lim n; ' log [W,, (X — a)| = —oo.
1—00

For a counterexample with N = 2, we can take f(X,Y) = (X —a)+ (Y —1),
where now « has rational approximations satisfying |a — k;/n;| < 2,
Further, we observe that a linear polynomial such as f is always atoral
(provided a # 1), since the intersection of the two circles {x —a : 2 € T'}
and {1 —y :y € T'} is a finite set of points. Hence even Theorem (c) is

false if f is allowed to have arbitrary complex coefficients.

REMARK 21. Lind has given f(X,Y) = X+Y +X 1 +Y 1 -3 as a spe-
cific example of a polynomial that is not atoral and for which Conjecture
is currently not known. Here {f = 0} N'T? is an oval containing exactly four
points whose coordinates are roots of unity.
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7. Rank of apparition for DD-sequences. Let f € R®) be a non-
zero Laurent polynomial, let p be a prime ideal of R, and let A ¢ GY (K)
be a finite subgroup. We recall from the introduction that A is said to be a
rank of apparition for p if

We(A)ep and Wp(A')¢p foral A C A

The intuition is that the divisibility of W;(A) by p is not forced by the fact
that Wy is a divisibility sequence. The set of ranks of apparition for p is
denoted RA¢(p).

We start with an elementary, but useful, result.

PROPOSITION 22. Let f € R™N) be a non-zero Laurent polynomial, and
let p be a prime ideal of R.

(a) Let A € RAf(p) Then Vf(/l) €p.
(b) Every A € RA¢(p) is cyclic.

Proof. (a) Theorem [6](c) gives the factorization

9) wia) = IT Ve,
ACA

By definition, our assumption that A € RAf(p) implies that W;(A) € p,
so (9) tells us that V(A’) € p for some A’ C A. It follows that W(A') € p,
since the analogous factorization of Wy(A’) contains Vy(A’) as a factor. By
definition of RA¢(p), we must have A" = A, and hence V¢(A) € p.

(b) Theorem [6f(a) says that Vy(A) = 1 if A is not cyclic, while (a) tells
us that V¢(A) € p, so V§(A) cannot equal 1. Hence A is cyclic. m

Our main result is an analytic estimate which shows that the set of
ranks of apparition is not too large. It is a generalization of a theorem
of Romanoff [20], as quantified in [I§]. Our proof is an adaptation of the
proof in [I8]. For ease of exposition, we take R = Z, but everything easily
generalizes to rings of integers in number fields.

THEOREM 23. Let f € ZN) be a non-zero Laurent polynomial. There is
a constant Cy such that for all e > 0,

1 1
Yy %Py S (N +1)e ' +Cy.
)

p prime p AERA;(p

The proof requires an estimate for the number of groups of GY(C) of
given size. The following result is undoubtedly well-known, but for lack of a
suitable reference, we sketch the proof.

LEMMA 24. For N> 1 andn > 1, let
vn(n) = #{A CGN(C) : || A = n}.
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Then for all k > —(N — 1) we have
XN+k

anVN(n)NN—i—k as X — oo.
n<X

Proof sketch. Finite subgroups of GY(C) of order n are dual to sublat-
tices of ZV of index n. The number of the latter is the degree of the Hecke
operator T'(n). Formal expansions for the generating function 3 T'(p*)X*
and the Dirichlet series > T'(n)n~* are given in [24, Theorem 3.21]. Replac-
ing each T'(n) in these formulas by its degree, which is vy (n), gives (after
some manipulation) the beautiful formula

00 N—-1
S uw(mn~ = I ¢(s - ),
n=1 7=0

where ((s) is the Riemann (-function. Now a standard Tauberian theorem
such as in [14, Chapter VI, Section 3] gives "y vn(n)n~ V=Y ~ X, from
which it is an exercise to derive the more general estimate stated in the
lemma. =

Proof of Theorem [23 We set the following useful notation:

M@ = [ W), dy= 3 1°§p, Di@) = 3 dyA

ACGN (C) pprime ACGN(C)

m

IAll<z AERAf(p) A<z

We note that if A € RA¢(p) for a lattice with [|A]| < z, then p|A¢(x),
since p divides the factor W(A) appearing in A¢(x). We use this observation
to estimate

Z dg(A by definition of D (x)

ACGE (C)
4]<z

1
= Y Y B2 by definition of dj(4)
p

ACGN(C) pprime
A<z AERA;(p)

_ Z log p

p prime p
A€ RAS(p)
with [|A]] <z

1
< Z o8P from the above observation
p
plA(z)
<loglog |A(z)| + O(1).

The last inequality is a standard estimate; see for example [18] Section 2].
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We define a constant C}, depending only on f, by

Ch = sup log |f(z1,...,2N)]
(21,...,ZN)€(CN
|z1|="=[2n]=1

We use C’} to estimate the size of A¢(x) as follows:

log|Ag(z)| = > log|Ws(A)| by definition of Ay(x)
ACG (C)
1Al <e
Z Z log|f(¢)| by definition of Wy(A)
ACGY(C)CeA
1Al <e
< Y c4) by definition of C
ACGX/(C)
Al <e
=C Z nvn(n) by definition of vy (n)
n<x

, JJN+1

=Cpy7(1+o(1)  from LemmaRd with & =1

(10) < C}’xNH for a new constant.

We next use a telescoping sum argument (or in fancier terms, Abel sum-
mation) to compute

log p 1 1 log p
2 p 2 ||/1H 2 G 2 P

p prime AERA( ACGY(C) p prime
AGR.Af(p)
1
= Z Tdf(/l) definition of dy(A)
ACG%(C) 1Al
1 1
= a =Y X dw- Y i)
k=1"" ACGN(C) k=1"" ACGN(C) ACGN (C)
All=k lAll<k Al <k—1

=" L(Dy(k) — Dy(k—1)) defimition of Dy(x)

ke
k=1
=1 1
- @ D5 - (Z )
<> (5 15 ) ool A1) + O(1)
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IN

Z(; - (;€+11)) (N +1)log(k) + O(1))  from

k=1

g <kf+6 + o<k21+6>> ((N + 1) log(k) + O(1))

2 logk =€ . logk
< (N + 1)6 klte + O(Z k1+€> + O<Z k2+e>

k=1 k=1 k=1
=(N+1et4+0(1),

where the O(1) depends on f, but is independent of e. This completes the
proof of Theorem .

IA

An immediate corollary of Theorem [23|is an upper bound for the Dirich-
let density of the set of primes p such that RAf(p) contains a “small” group.
We recall that the upper logarithmic Dirichlet density of a set P of primes
is the quantity

_ 1
O(P) =limsup (s — 1) Z Ogsp'
s—1+ peP p

COROLLARY 25. Let f € Z™N) be a non-zero Laurent polynomial. For
6 > 0, define

Pr(0) = {p: there exists a A € RA;(p) with || A] < p°}.
Then

d(Pr(0)) < (N +1)6.
Proof. We set s =1 + ¢ and compute

Z logip: Z lozgj;p_l

ver;0) P peps0) P
log p . 1 .
< Z - min  ——— by definition of P¢(6)
€/0
PP (0) D A€RA;(p) || A
log p 1 .
< . - >
< Z » Z A7 by adding more A’s
peP;(0) AERA;(p)
log p 1 . :
< Z b Z W by adding more primes
P AER A (p)
< N +1)f +0(1) from Theorem 23]
€

Multiplying by s — 1 = € and letting s — 11 (so € — 07) gives the desired
result. m
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8. Zsigmondy sets of DD-sequences. We recall that the Zsigmondy

set of the DD-sequence Wy is

Zsig(f) := {cyclic A: Wy(A) has no primitive prime divisors},

where p is a primitive prime divisor for A if A € RA¢(p). Classical results say
that the Zsigmondy set is finite for 1-dimensional sequences such as a™ — b,
Fibonacci and Lucas sequences, and elliptic divisibility sequences provided
that the sequence has an appropriate growth property. We conjecture a sim-
ilar statement for higher-dimensional DD-sequences, but the growth condi-
tion is more subtle. Roughly speaking, we want to exclude those A for which
the size of Wy(A) is not exponential in || A]|.

We recall from Section |§| that there is a Mahler measure M¢(f) associ-
ated to every algebraic subgroup G C GY. Further, we say that a collection £
of finite subgroups of GY (C) converges to G if there is a weak convergence
of measures 4 — pg as A is chosen in £ with ||A|| — oco. (Here pg is nor-
malized Haar measure on G(C)NT" and p, is normalized uniform discrete
measure on A.)

CONJECTURE 26. Let f € QW) be a non-zero Laurent polynomial, let
G C GY be an algebraic subgroup, and let L be a collection of finite cyclic
subgroups of GN(C) that converges to G. Then

Mea(f) > 1 = Zsig(f) N L is finite.

As in the classical cases, we expect that a proof of Conjecture [26] will
require some version of the growth conjecture (Conjecture , a reasonable
description of the sets of ranks of apparition RA(p), and an estimate show-
ing slow p-adic growth of W¢(A) for A containing a fixed element of RA¢(p).

9. DD-sequences for highly symmetric polynomials. If a Laurent
polynomial has symmetries given by inversions and/or permutations of its
coordinates, then its associated DD-sequence tends to be powerful, i.e., have
many factors that are powers. In this section we illustrate this principle for
a prototypical highly symmetric family of polynomials.

PROPOSITION 27. Let

PrX,Y)=X+X 14y +ytyTezm®.
Then the associated DD-sequence of polynomials Wy, (Pr) € Z[T] factors
in Z[T)| as Wp(Pr) = Ap(T) B, (T)® with
1 . .
s(n—=1)(n—3) ifn is odd,
deg B, (T) = §( (n=8) n
s(n—=2)(n—4) ifn is even.
Thus Wy,(Pr), which has degree n?, is almost an 8th power @

(°) One can say even more. If n is odd, respectively even, then A, (T)/W1(Pr), re-
spectively A, (T)/W2(Pr), is a perfect 4th power in Z[T.
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REMARK 28. The equation Pr(X,Y) = 0, which defines a family of el-
liptic curves over Q(T'), has been much studied @ For t € Z, the Mahler
measure M(P;) is conjecturally related to the value of L'(F},0), and a num-
ber of deep relations between various M(P;) values have been proven, for
example M(Pg) = M(Py)* and M(P5) = M(P;)5 (see [12, [13]). Tt is thus
natural to ask whether W, (Ps) and W,,(P)*, or W, (P5) and W,,(Py)%, are
similarly related. This was the original, albeit as yet unsuccessful, moti-
vation for studying the DD-sequences associated to the family Pr(X,Y).
However, we can prove that W, (Pary4) and W, (Pr) have a common factor
in Z[T) of degree roughly 2n, so in particular W,,(Ps) and W, (P) tend to
have a fairly large common factor.

PROPOSITION 29. The DD-sequence of polynomials Wy (Pr) € Z[T] as-
sociated to the Laurent polynomial Pp(X,Y") satisfies

deg gedz ) (Wi (Paria), Wa(Pr)) > {;n ' Z.fn e o
n—2 ifn is even.

Proof of Proposition[27. The maps
(X,Y)— (Y,X) and (X,Y)— (Y71 X)
generate a group of automorphisms of the ring R? = R[X*!,Y*!] that is
isomorphic to the dihedral group Dy. Further, the polynomial Pr(X,Y) €
Z[T](Q) is fixed by D;. These maps also induce automorphisms of 2. For
each ¢ € p2, we write Dy - ¢ for the orbit. We are particularly interested

in those ¢ whose orbit is maximal, and we write this set of ¢ as a disjoint
union of orbits, say

(11) {¢epp: #(Ds-¢) =8 =(Ds-¢)U(Dy- o) U+ U (Da- Cimy)s

where later we will give the value of k(n). We compute

k(n)
[T 7r©=TII (I]Prle(c))) from
¢eu? ceDy =1
#(D4-¢)=8
k(n) 8
= (H PT(C2)> since Pr(X,Y) is Dy-invariant.
i=1

On the other hand, the action of D4 on p?2 commutes with the action
of Gal(Q/Q), so the set of ¢ satisfying #(Ds - () = 8 is Galois invari-
ant, and hence (since Pr(X,Y) is Dy-invariant), we see that the product

Hfg) Pr(¢;) is Gal(Q/Q)-invariant. It is thus in Q[T], and its coefficients

(5) The transformation z = —1/XY, y = (Y — X)(1 + XY)/2X?Y? maps it to the
Weierstrass equation y* = z® + (T%/4 — 2)z? + =.
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are clearly integral over Z, so it is in Z[T']. This proves that W, (T) is divis-
ible by B(T)® for a polynomial B(T) € Z[T] of degree k(n). It remains to
compute k(n).

Checking the effect of the eight elements of D4 on p?, we find that ¢ € p2
has a non-trivial stabilizer if and only if

¢e [JAELO, ¢+, (¢0): (¢¢H}

CER,

When n is odd, this set is the disjoint union of (1,1) and the sets

{(1,0,(¢,1),(¢,€), (¢.¢7H}

with ¢ € w,, \ 1, so there are 1 +4(n — 1) = 4n — 3 points in the set. This
gives k(n) = n? — 4n 4+ 3. When n is even, a similar computation, which we
leave to the reader, leads to the formula k(n) = n? —6n + 8. =

Proof of Proposition [29. The key fact is the following identity in the
Laurent ring Z[Z*!]:

Porys(Z,2) =202+ Z V)42 +4=2Z+Z ' +T+2)=2Pr(1,2).
Further, by exploiting the symmetry of Pp, we obtain
Por 4(Z,7Z) = Popyus(Z74,Z) = 2Pp(1, Z) = 2Pr(Z,1).
Suppose first that n is odd. Then W;,(Par4) has a factor of the form

Poria(1,1) H Pori4(¢, Q) Parsa(CTH Q)

1#Cep,
=2Pp(1,1) ] 2Pr(1,0)2Pr(¢,1)
1#Cep,
=221 pp( H Pr(1,0)Pr(¢,1).
1#6%

Without the 227~ this last quantity is also a factor of W,(Pr). Hence

Wi (Pary4) and Wy, (Pr) have a common factor in Z[T] of degree 2n — 1.
We obtain a similar result if n is even, but now we need to keep track of

duplicated factors when ¢ = £1. Thus W,,(Pary4) has a factor of the form

Porya(1, 1) Porya(=1,-1) [ Pora(C O Persa(¢TH0)
+1#£(ep,
=22"?Pp(1,)Pr(1,-1) [ Pr(1,OPr(C 1),
+1#CEpy,

and everything except the 22772 is a factor of W,,(Pr). Thus W, (Psr44)
and W, (Pr) have a common factor in Z[T] of degree 2n — 2. m
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10. Further questions. In this section we suggest directions for further
research on higher dimensional DD-sequences. For ease of exposition, we fix
a non-zero Laurent polynomial f € Z(Y) and consider the DD-sequence Wy
associated to f.

QUESTION 30 (Zsigmondy). Is the intersection of the Zsigmondy set of f
with a set of cyclic subgroups converging to a group G for which M¢g(f) > 1
finite? See Conjecture [26] in Section [§] for details.

QUESTION 31 (Powers and powerful numbers).

a) For a fixed £ > 2, when can contain infinitely many powers?
For a fixed k > 2, wh Wy contain infinitel kth ?
(b) When can Wy contain infinitely many perfect powers?
c en can contain infinitely many powerful numbers?

Wh Wy contain infinitel ful bers?

(The referee has pointed out that (a) is related to results of Dvornicich and
Zannier [6], and that since Siegel’s theorem can be used for N = 1, it is
possible that Vojta’s conjecture might give some light in higher dimension.)

QUESTION 32 (Growth and Mahler measure). Is it true that
1
_— _ o
Jim g log [Wy(n)| = log M(f)
See Conjecture [I6] in Section [6] for details and a more general version.
QUESTION 33 (Order £ ranks of apparition). Let
RAf(p,£) :={A € RAs(p) : | Al = £}

denote the ranks of apparition for p of order £. Assume that N > 2 and
M(f) = 2.

(a) Is it true that for all but finitely many primes p, the set
{€:RAs(p,£) # 0} is infinite?
(b) Fix a prime p. Does there exist an € > 0 such that the set
{€:#RAf(p,0) > (1 — e)#vn(£)} has density 07
(¢) Fix a prime p. Might it even be true that for all € > 0, the set
{€:#RAs(p,¢) > e##vn(€)} has density 07

QUESTION 34 (Ranks of apparition for varying f). Fix a prime ¢ and
a finite set M C ZY of indices with 0 € M. Is there a finite set of primes
Py such for all f € ZWN) with shape M(f) = M, we have

{p: #RAf(p,0) > #M} C PyasU{p: M(f mod p) # M(f)}?

NB. The essential content of this question is that Py s depends only on the
set M, and not on the specific polynomial f.
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REMARK 35. We are able to answer Question [34] affirmatively for
M = {(1,0),(0,1),(0,0)}, i.e., for polynomials of the form f(X,Y) =
AX + BY + C. We omit the rather lengthy case-by-case proof.

QUESTION 36 (Recursion). Classical divisibility sequences satisfy recur-
sion formulas, which may be linear (e.g., Fibonacci) or non-linear (e.g.,
EDS). For 1-dimensional DD-sequences, it is not hard to prove that W(n)
satisfies a linear recursion of order at most 2987, If the DD-sequence W;e
has true dimension N > 2, is it possible for Wy to satisfy a finite order
linear recurrence or an EDS-like non-linear recurrence? This could apply to
either the partial sequence Wy(n), or to the full sequences W¢(A), where
for the latter one would first need to formulate a suitable definition of finite
order linear recurrence. We note that if the growth estimate in Question [32]
is valid, then for N > 2 we cannot have Wy(n) = L(n) for a linear recur-
rence L, since log |L(n)| < n. However, we might ask if it is possible to have
(say) Wy(n) = L(n). More generally, how closely can one approximate the
sequence Wy (n) using a subsequence of a linear recursion of the form L(n?)?

QUESTION 37 (Signs and characters). The divisibility property of a DD-
sequence is a property of the ideals generated by the various Wy (A), but the
sign of W(A) is also of interest. More generally, one can look at character
values.

(a) What can one say about the distribution of the sequence of signs
{sign Wy(n)}? Ditto for {sign W;(A)}? (See [30] for the analogous
question for EDS.)

(b) Fix a modulus ¢. What can one say about the distribution of the
mod ¢ reduction {Wy(n) mod ¢)}? Ditto for {WW;(A) mod ¢)}?

(c) More generally, let x : (Z/qZ)* — C* be a Dirichlet character.
What can one say about the distribution of {x(W¢(n))}? Ditto for

Ix(Wy(A))}?

11. DD-sequences for other groups. We briefly indicate how the
notion of DD-sequence naturally generalizes to arbitrary commutative al-
gebraic groups. More precisely, let G/R be a group scheme over R, let O
denote the image of the zero section, and let D be an effective R-divisor
on G. Then a preliminary definition of the associated DD-sequence Wp is

Wp(n) = (n.D) - O,

(") Roughly, this means that no change of variables expresses f as a monomial times a
Laurent polynomial in fewer variables. The referee has suggested that the true dimension
is linked to the stabilizer of the divisor of f in GLY, and in particular, if this stabilizer is
finite, then the true dimension is maximal.
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where n : G — G is the nth power map, the intersection is arithmetic
intersection on G, and the resulting intersection Wp(n) is naturally identified
with an ideal of R via the map 7, coming from 7 : G — Spec(R). More
generally, analogously to what we have done for G = G, we can define

Wp : { R-isogenies ¢ : G — G’} — (ideals of R)
by setting
(12) Wn(6) = (6.D) - 0.

(Here G’ may be any R-group scheme that admits a finite R-homomorphism
from G, and @’ is the image of the identity section of G'.)

For example, if G is an elliptic curve E over R and D = (P), then Wp(n)
is the classical elliptic divisibility sequence associated to (E, P), and if E
has complex multiplication, then the more general sequence Wp(¢) is a
reformulation of the CM EDS studied by Streng [32].

We conjecture that generalized DD-sequences exhibit the fast growth
property if their associated Mahler measures are greater than 1. We re-
mark that if instead of the divisor D we used a point P, then the se-
quences Wp(n) = (nP) - O are also quite interesting (an example be-
ing ged(a™ — 1,0™ — 1)), but they do not appear to satisfy the growth
property. Similarly, it is not unnatural to consider sequences of the form
Wpp(n) = (n«P) - D. These sequences probably do have the growth prop-
erty, but unless D is of a very special form, they will not be divisibility
sequences. These two observations may help to justify our use of to
define higher-dimensional DD-sequences.
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