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A note on rational points near planar curves
by

SaMm CHOw (York)

1. Introduction. Let f be a real-valued function defined on a compact
interval I = [p,&] C R. For positive real numbers § < 1/2 and @ > 1, define

(a,b,q) €Z*:1<q<Q,a/q€ I, ged(a,b,q) = 1,}
|f(a/q) —b/ql <6/Q '

Roughly speaking, this counts the number of rational points with denomi-
nator at most @ that lie within Q! of the curve Cy = {(z, f(x)) : © € I}.
Huang [3, Theorem 2| estimated this quantity. As discussed in [3], such es-
timates are readily applied to the Lebesgue theory of metric diophantine
approximation.

N1(Q.6) = #{

THEOREM 1.1 (Huang). Let 0 < ¢1 < co. Assume that f: 1 — R is a
C? function satisfying

a<l|f'@)<e (zel),
with Lipschitz second derivative. Assume further that
(1.1) 1/2>6> Q!
for some € € (0,1). Then

(1.2) ﬁ_i_O(Qfs/Q) < Nf(Q,(s) < 1

9¢(3) [116Q* — ¢(3)

The implied constant depends on I,c1,co,e and the Lipschitz constant; it is
independent of f, d and Q.

+0(Q~¢/?).
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Theorem sharpened the upper bounds obtained by Huxley [4] and
Vaughan—Velani [5], as well as the lower bounds obtained by Beresnevich—
Dickinson—Velani [I] and Beresnevich—Zorin [2].

The purpose of this note is to squeeze together the constants in , SO
as to confirm Huang’s conjectured asymptotic formula

- 2 )
(13) Np(Q.8) ~ 371160 (@ = o),
within the range . The asymptotic formula follows straightfor-
wardly from our theorem, which we state below and establish in the next
section.

THEOREM 1.2. Assume the hypotheses of Theorem[L1]. Let n > 0 and
0<71<e/2
Then

2 . N#(Q,0)
3 1T S s < xE)

The implied constant depends on I,cy,ca,e,m and the Lipschitz constant.

+n+0(Q).

We use Landau and Vinogradov notation: for functions f and positive-
valued functions g, we write f < g or f = O(g) if there exists a constant C
such that |f(z)| < Cg(z) for all z. If S is a set, we denote the cardinality of
S by #5.

2. The count. In this section, we prove Theorem [I.2] For positive real
numbers § < 1/2 and @ > 1, define the auxiliary counting function

(a,b,q) €Z°:1<q<Q, a/qel, ged(a,b,q) = 1,}
|f(a/q) —b/q|l <d/q '

With the same assumptions as in Theorem Huang [3, Corollary 1]
showed that

(2.1) Np(Q.0) = (C(3)™" +0(Q/%)) - |115Q*.
Let te N, 1/2 << 1 and
av=a (0<i<t).

We will have t <, 1, so the hypothesis (1.1)) is satisfied with 27 in place
of ¢ and («;Q, a;0) in place of (Q,¢), whenever @ is large and 0 <4, j < t.
In particular (2.1)) holds with these adjustments, so

N/(Q,6) = #{

a2
(22)  Ny(eiQ,a;0) = (5(3)] + o<@f>) NIQ* (< <.
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Employing ([2.2)), we have
N#(Q.9)

#{ (aubv(Z) € Z3 : aiQ <q < ai—lQ’ a/q € Ia ng(CL,b,Q) = 17}

|f(a/q) —b/q| < aid/q

M-

1

]

(Nf(Oéi_lQ, alé) — Nf(aiQ, 062(5))

Il
.M“

=1

2 3
(2 0@ ) b,

I
'M“

2\ ")
Now
23) 5,00 (42 + 0ua) - e
where
X(a) =D (o 10i = af).
We compute -
o, 3 (a—a®)(1-a®
X(a) = (a—a®) Y (@) =

1—a3

J_
—(1—a™(1-(1+a+a?)7).
Choosing « close to 1, and then choosing ¢ <, 1 large, gives
X(a) =2 2/3-¢(3)n.
Substituting this into (2.3)) yields the desired lower bound.

We attack the upper bound in a similar fashion, but there is an extra
term to consider. By (2.2)), we have

N#(Q,8) = Ny(ewQ, 040)
<Z#{ abq €Z aiQ<qgai1Q7a/q€Iang(avb7q):1)}
[f(a/q) = b/ql < ai-1d/q

—Z Np(i-1Q, ai—18) — N(iQ, ai—16))

L rad . — o jal
=3 (Mg 0@ ) e
i=1

Now
Ny (Q,6) = Np(ewQ, o) < (YE;) + O(tQT)) I16Q2,
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where

Notice that

1 —a? 14+«
.f et _155 < et .
(@) =a" X(@) < 73 l+a+a?

Choosing « close to 1 gives Y (a) < 2/3 + ((3)n/2, and so
24 N5(Q.0) < NylarQuaid) + 3055 + 5 +00@ ) ) - 6@
For the first term on the right hand side of , we bootstrap Huang’s
upper bound . This gives
Nylanuad) < (S +0Q) - 115"
Choosing t <, 1 large, so that o < ((3)n/2, we now have

Nf(atQ,Oét(S) < <;7 + O(Q_T)> . |I|(5Q2

Substituting this into (2.4) provides the sought upper bound, completing
the proof of the theorem.
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