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Abstract. Given a finite commutative semigroup S (written multiplicatively), denote
by D(S) the Davenport constant of S, the least positive integer ¢ such that for any
x1,...,2¢ € S there exists a set I C [1,£] for which [[,.; z: = Hle xi, the equality being
interpreted in the conditional unitization of & to make sense of the left-hand side also in
the case when I = () and S is not unitary.

Then, let R be the quotient ring of F2[z] by the principal ideal generated by a non-
constant polynomial f € Fa[x]. Moreover, let Sg be the multiplicative semigroup of the
cosets in R, and U(Sg) the group of units of Sg.

We prove that

D(U(Sr)) < D(Sr) < D(U(Sr)) + 6y,
where
0 lfng(x*(x+1F2)af):1]F27
6 ={ 1 ifged(wx (¢ +1e,), f) € {w2 + e, ),
2 if ged(z * (z+ 1r,), f) =z * (z + 1r,).

This gives a partial answer to an open problem of G. Q. Wang.

1. Introduction. The additive properties of sequences in abelian groups
have been widely studied within zero-sum theory (see [2] for a survey), since
K. Rogers |4] in 1963 pioneered the investigation of a combinatorial invariant
associated with an arbitrary finite abelian group G, here denoted by D(G)
and called the Davenport constant of G, which can be defined as the smallest
¢ € N such that every sequence T of elements of G of length at least ¢
contains a nonempty subsequence 7" the sum of whose terms is equal to the
identity element of the group G. (Note that neither the term ‘Davenport
constant’ nor the notation D(G) appear in Rogers’ paper.) The Davenport
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constant is a central concept of zero-sum theory and has been investigated
by many researchers in the scope of finite abelian groups.

In 2008, Gao and Wang [§] extended the definition of the Davenport
constant to commutative semigroups, and subsequently obtained several re-
lated additive results (see |1, [5H7]). As for the case of finite commutative
semigroups, in which we are interested in the present work, their definition
can be phrased as follows:

DEFINITION A ([6, 8]). Let S be a finite commutative semigroup. Let T
be a sequence of elements of S. We call T' reducible if T" contains a proper
subsequence T" (T" # T') such that the sum of all terms of 7" equals the
sum of all terms of T'. Define the Davenport constant of the semigroup S,
denoted D(S), to be the smallest ¢ € N such that every sequence T in S of
length at least ¢ is reducible.

In 2006, A. Geroldinger and F. Halter-Koch introduced another combi-
natorial invariant, which they denoted by d(S) (see |3, Definition 2.8.12])
and which is now called the small Davenport constant of S after [1]; this is
closely related to the Davenport constant of S, as it is known from [1, Propo-
sition 1.2] that D(S) = d(S) + 1 for any finite commutative semigroup S.

For any unitary finite ring R, we shall always denote by Sp the mul-
tiplicative semigroup of the ring R (that is, the ground set of R equipped
with the operation of multiplication of the ring), and by U(Sg) the group
of units of the semigroup Sg.

Very recently, Wang obtained the following result on the Davenport con-
stant of Sg, where R is a quotient ring of the polynomial ring [Fy[x].

PropoSITION B ([5]). Let ¢ > 2 be a prime power, and let R be a quo-
tient ring of Fylx] with 0 # R # F[z]. Then D(Sg) = D(U(SR)).

As for the case ¢ = 2, Wang proposed the following:

PrROBLEM C (see [5, concluding remarks]). Let R be a quotient ring of
Folz] with 0 # R # Fa[z]. Determine D(Sg) — D(U(SR)).

In this paper, we considered this open problem. By refining Wang’s meth-
ods, we obtain the following result, which is a partial solution of Problem C.

THEOREM 1.1. Let R = Fy[x]/(f), where f € Fa[z] and 0 # R # Fa[z].
Then

D(U(Sr)) < D(Sr) < D(U(SR)) + 45,

where
0 Zf ng(x*($+1F2)7f):1F27
dp=<¢1 if ged(x*x (v 4 1r,), f) € {z,z + 1p, },
2 if ged(x* (v + 1p,), f) = x % (v + 1p,).
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2. Preliminaries. Notation and terminology used in this section are
consistent with the ones used in [1}, |5H7], but for the reader’s convenience
we recall some necessary definitions.

e Throughout, S is a unitary finite commutative semigroup.

The operation on S is denoted by +. The identity element of S, de-
noted Og, is the unique element e of S such that e + a = a for every a € S.
Let US) ={a € S:a+d = 0s for some o’ € S} be the group of units
of §. For any c € S, let St(c) = {a € U(S) : a + ¢ = ¢} denote the stabilizer
of ¢ in the group U(S). Green’s preorder on the semigroup S, denoted <4,
is defined by

a<yb & a=>b+cfor someceS.
Green’s congruence on S, denoted H, is defined by:
aHb < a<yband b<ya.

We write a < b to mean that a <4 b but a H b does not hold.
A sequence T in S is denoted by

T=ay - ap = [ @),
aeS

where [v,(T')] means that the element a occurs vq(7') times in the se-
quence T'. We denote by - the operation of concatenation in the free abelian
monoid over S. We let |T'| denote the length of the sequence, i.e., |T| =
Y acs Va(T) = L. Let T1,T3 be sequences in S. We call T a subsequence
of Ty, written Ty | Ty, if v4(T2) < vo(T1) for every a € S. In particular, if
Ty # T1, we call Ty a proper subsequence of T, and write T3 = T1T2[71] for
the unique subsequence of T} with T -T5 = T7. If T is a nonempty sequence
of S, then we let o(T) = > cs[va(T)]a. We also define o(e) = Os, where
e is the empty word. We say that T is reducible if o(T") = o(T') for some
proper subsequence T” of T.

In what follows, we shall always assume that R = Fa[z|/(f) is the quo-
tient of Fo[z] by some fized nonconstant polynomial f € Fo[x]. For notational
convenience, we write

(2.1) f= 52w x fi,

where f1,..., f, are pairwise nonassociate irreducible polynomials in Fa|z]

with r > 2, fi =z, fo =2+ 1p,, n1 > 0 and ny > 0, and n; > 1 for ¢ > 2.
For any a € Sg, we let 6, be the unique polynomial in Fy[z]| such that

a = 0, + (f) with deg(f,) < deg(f). We denote by gcd(6,, f) the great-

est common divisor of 0, and f in Fa[z]. For any polynomial g and any

irreducible polynomial h of Fa[z], let pot;(g) be the largest integer k such
that h¥ | g.
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By the previous definitions, it is immediate that for any a,b € Sg, a <y b
if and only if there exists h € Fa[z] such that 8, + (f) = (6p+ (f)) *x (h+(f))
in R, or equivalently 8, = 0, * h (mod f).

To prove Theorem we need some lemmas.

LeMMA 2.1 ([3, Lemma 6.1. 3]) Let G be a finite abelian group, and let
H be a subgroup of G. Then D(G) > D(G/H)+ D(H) —

LEMMA 2.2 (see [8] Proposmon 1.2]). Let S be a finite unitary commu-
tative semigroup. Then D(U(S)) < D(S).

LEMMA 2.3. Let a,b € Sg with a <3, b. Let a; = poty, (ged(0a, f)) and
Bi = pot, (ged(0, f)) for each i € [1,7]. Then:

(i) St(b) C St(a) and B; < «; for each i € [1,r]; in particular, if a H b
then St(b) = St(a) and B; = oy for each i € [1,r];
(i) of Bi = oy for each i € [1,r], then a H b;
(iii) if a <y b and

(2.2) (a0 = p1)(2n1 —1—a1 = f1)
+ (a2 — B2)(2n2 — 1 —ap — B2) + Y (o — B;) > 0,

then St(b) C St(a).

Proof of Lemma . (i) Note that a <3 b implies a = b + ¢ for some
¢ € Sg, or equivalently 6, = 6, %0, (mod f). Then (i) follows from a routine
verification.

(ii) Assume §; = «; for each i € [1,r], that is, ged(6p, f) = ged(bq, f).
Then there exist h,h’ € Fa[z] such that 6, x h = 0 (mod f) and 6, x ' =
0, (mod f), and (ii) follows readily.

(iii) Now assume a <7 b and holds. It is sufficient to find d € U(Sg)
such that d € St(a) \ St(b). Let

X, — { (i — Bi)(2ni —1— 0y — B;) ifi € {1,2},

—Bi if i € [3,7].
By , we have X; > 0 for some ¢ € [1,r]. Trivially,
(2.3) ar — B > 0.
Let
(2.4) h= /.
We show that
(2.5) ged(h + 1p,, f) = 1§
or

(2.6) ged(z * h+ 1p,, f) = 1r,
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Ift € {1,2}, we have oy > By and n; > f;+1, and holds immediately.
Hence, we suppose t € [3,7] and to the contrary that ged(h + 1p,, f) # 1r,
and ged(x x h + 1p,, f) # lp,. Since oy > [y, it follows from and
that f; 1 ged(h + 1p,, f) and f; t ged(x % h + 1p,, f) for each i in
[1,7] \ {t}. This implies that f;|(h + 1p,) and f;|(z * h + 1p,), and thus
filxx(h+1p,) — (z* h+ 1p,) = x + 1F,, which is absurd. This proves that

(2.5)) or (2.6) holds.
Take d € Sg with 6 = h + 1p, (mod f) or 3 = x * h + 1, (mod f)
according to whether (2.5 or (2.6 holds. It follows that d € U(Sg), and

(2.3) and imply that 6, x 03 = 0, (mod f) and 0y x 05 Z 0, (mod f).
That is, d € St(a) \ St(b), as desired. m

3. The proof of Theorem By Lemma [2.2] it suffices to show that
D(Sg) < D(U(SR)) + 6. Let T = ay - - - as be an arbitrary sequence in Sg
of length

(3.1) ¢ =D(U(SR)) + d;.

We shall prove that T contains a proper subsequence 7" with o(T") = o(T).
Take a shortest subsequence V of T' such that

(3.2) o(V)H o(T).
We may assume without loss of generality that
V=ay---a wherete]l0,/].

If t =0, then V = ¢ and o(V) = Os,, which implies o(T") € U(Sg) by (3.2).
It follows that T is a sequence in U(Sgr) and of length |T'| > D(U(Sg)), and
thus T is reducible. Hence, we can assume that

t>0.
By the minimality of |V|, we derive that

t
Osp >x a1 >y a1 +ag >3 - >y Za’i'
i=1

Recall that an empty sum of elements of Sg is taken equal to Os,. Denote
K; = St(35_, a;) for each i € [0,t]. Note that K; is a subgroup of U(Sg)
for each i € [0,¢]. It follows from Lemma [2.3{i) that

Ko C Ky C--- C K.
Moreover, we have the following:

ASSERTION A. There exists a subset M C [0,t — 1] with |M| >t — &
such that K; C K41 for each i € M.

Proof. Let v € [0,t — 1] with K, = Kyy1. Set a = Zfill a; and b =
> oi_ ai. Since a <y b, it follows from Lemma (i)&(ii) that n; > a; > f;
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for each j € [1,r], and moveover (a1 — f1) + (g — B2) + > i_5(a; — ;) > 0.
Since K, = Ky41, from Lemma [2.3[(iii) we now have

,

(a1 =B1)(2m —1—a1=B1) + (a2 —B2) (2na—1—as —a) + Y _(a; = ;) = 0.
i=3

Hence, either oy = ny and 51 =ny — 1, or as = n9 and Py = ny — 1. By the

arbitrariness of v, this completes the proof of Assertion A. m

For i € M, since
U(Sgr) ~ U(Sgr)/K;
Ki1 Kii1/K;
it follows from Lemma [2.1] that
o U(Sr)/K;
33 DU/ K =D GO
< D(U(Sr)/K;) — (D(Kit1/K;) — 1)
< D(U(Sr)/K;) — 1.
Combining , and Assertion A, we conclude that
(34) 1<D(U(Sr)/K:) < D(U(Sg)/Ko) — |[M| < D(U(Sg)) — (t = &y)
=(0—0p)—(t—0p)=L—t=|TVI7H]
By Lemma [2.3(i) and (B.2), we have
(3.5) poty, (ged(0y(vy, f)) = poty, (ged(0y(7), f))
for each i € [1,r]. Let

and D(Kz+1/Kz) 2 2,

T ={j el £ 10},
By (3.5),
(3.6) fitta for each term a of TV and each i € [1,7]\ 7,
(3.7) f;j |0,y for each j € J.
For each term a of TV[_”, let @ be the element of Sk such that

(3.8) 0a =0, (mod f")  foreachie [1,r]\ T,
(3.9) 0; = 1p, (mod f;j) for each j € J.

By (3.6), and (3.9), we conclude that ged(6a, f) = 1w, i.e.,
(3.10) a€U(Sg) for each term a of TV,

By and , we conclude that

(3.11) o(V)+a=o0(V)+a for each term a of TV~

From (3.4) and (3.10), we see that J[,/;y(-1 @ is a nonempty sequence of
elements in U(Sg) of length |[],ry1-ual = ITVIEU| > D(U(SR)/Ky). Tt
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follows that there exists a nonempty subsequence W | TV such that
o([l,w @) € K¢, which implies

(3.12) o(V) + a(]_[ a) = a(V).

a|lW

By (3.11) and (3.12)), we conclude that

o(T) = o(TWIEIVED) 4 (6(V) + o(W))
—o(rwEIVE) 4 (o(v) +o( [T a))

a|W
= o(TWIEUVIE) 4 o(V) = o(TWITY),

and T = TWI=1 is the desired proper subsequence of T. This completes
the proof of the theorem.
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