APPLICATIONES MATHEMATICAE
44,1 (2017), pp. 85-104

ZBIGNIEW S. KowaLSKI (Wroctaw)

STABILITY OF SMOOTH EXTENSIONS OF
BERNOULLI SHIFTS

Abstract. Let S;, i = 0,1, be homeomorphisms of I = [0, 1] such that
SN z) = (1 — &)z + €g(z), i = 0,1, for some reals ¢y < 0 and e > 0.
Here g is a C*(0,1) homeomorphism and g(z) < z for x € (0,1). Let
(£2,B, iy, o) be the one-sided Bernoulli shift where 2 = {0,1}" and p,
is the (p,q) measure for some p € I. In the space {2 x I we define the
skew product S(w,r) = (0(w), Su(0)(x)). For some class of distribution func-
tions F € C%(0,1) of probability measures and all ¢¢ < 0, ¢; > 0, and
p € (e1/(e1 — €9), 1), we give sufficient conditions for existence of exactly one
pair of homeomorphisms as above such that i, x pp is S-invariant. Here pup
is the measure determined by F. For example, as a consequence of the above,
we show that if Sy '(z) = 1.307z — 0.30722 and S; '(z) = 0.262 + 0.7422,
then for every p € [0.706781,v/2/2), S possesses ergodic invariant measure
Hp X pic, Which is a kind of Sinai-Ruelle-Bowen measure. We apply the above
results to the quantum harmonic oscillator and a binomial model for asset
prices.

1. Introduction. Let us consider two increasing homeomorphisms Sy, 51
of the interval I = [0, 1] into itself such that So(z) < x and Si(z) > x for z €
(0,1) and let (p, g) be a probability vector. They determine a random walk on
I as follows: = goes to Sp(x) with probability p and to S (x) with probability g.

Random walks on I may be realized as transformations of a larger space.
Let {2 be the space {0,1}Y, N = {0,1,2,...}, with the (p, ¢)-Bernoulli mea-
sure pu, on ({2, B), where B is the Borel product o-algebra. We denote by A
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the Borel o-algebra of subsets of I, and by A the Lebesgue measure on I.
Let o be the one-sided shift on (2. In the space {2 x I we define the skew
product

(1) S(w, ) = (0(w), Suo)())

and call it the random walk (S, p). Let us assume for the moment that Sy and
S1 commute and p, X v is an S-invariant measure for every p € (0, 1), where
v is o-finite and equivalent to A. Then by [I, Corollary 8.15] there exists
exactly one py € (0, 1) such that (S, up, X v) is conservative and (S, p, X )
is totally dissipative for p # pg (for example see [8, Theorem 4]).

DEFINITION 1.1. We say that a property P of random walk (S,pp) is
physically essential if there exists an interval J C I with A(J) > 0 and
po € J such that the random walk (S, p) has the property P for every p € J.

We see that conservativity is not physically essential for commuting
So0,S51. Now, let S;, ¢ = 0,1 be as in the abstract. At the beginning of
Section 3, without loss of generality we assume that ¢g = —1 and ¢; = 1.
Then pgs X A is S-invariant. We show that the property of having an in-
variant Sinai-Ruelle-Bowen measure p, x v for p # 1/2 can be physically
essential (see Theorem 3.1). As an example, we construct a family of skew
products such that if S is from this family then pg5 x A is S-invariant and
simultaneously g« X v+ is S-invariant for some p* > 1/2 and vp-. Here
vp+ is a probability measure equivalent to A. The construction is presented
in Sections 3 and 6. Moreover, it appears (see Theorem 3.1) that for every
p € [1/2,p*] there exists a continuous measure v, on I such the p, X v is
S-invariant and ergodic. Additionally

n—1

1

- Z 15x7(S*(w, ) = pp(B)vy(J)  asn — oo
k=0

for p,-almost every w € (2, every x € (0,1), any cylinder set B C (2 and
any interval J C I. So the last property is physically essential for the above
walk. Moreover the walk S is uniquely determined by v,«.

Let S be a random walk as in the abstract and let M, (S) denote the set
of S-invariant probability measures m on 2 x I such that m|B x {0, I} = p,,.
In Section 2 we present more general conditions describing M, (.S) than those
in |7, Theorem 1], and as a consequence we get asymptotic properties of
random walks. For S as in Section 3 we show that (.5, 105 X A), (S, pip= X Vp+)
have natural extensions to K-automorphisms. In Section 4 we interpret our
construction in terms of a quantum simple harmonic oscillator. The solution
of the Schrédinger equation contains a distribution function which charac-
terizes the motion of a particle in n-quantum state. If we assume that the
random walk of a particle on R comes from a physically essential random
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walk on I then it is partially determined by two successive distributions for
n — 1- and n-quantum states, n > 1. We apply the above to describe the
motion of the particle in 0-, 1- and 2-quantum state. Section 5 is devoted to
a binomial model for asset prices. We conclude that circumstances when the
asset prices change in chaotic way may be persistent. In Section 7 we present
a numerical construction of S and apply it to obtain an explicit, given by
parabolic maps, skew product for which the property of having an invariant
Sinai-Ruelle-Bowen measure is physically essential.

2. Ergodic properties. Let us denote by D the set of distribution func-
tions of probability measures on I. Let v denote the measure determined
by G € D. We also add new assumptions about 5;, ¢ = 0, 1. Namely

St (@) = (1 —e)w+eg(x), =01,
for some reals ¢y < 0 and ¢; > 0. Here g is a C*(0, 1) homeomorphism of I
and g(z) < z for z € (0, 1).

[7, Theorem 1] has the following extension.

THEOREM 2.1. If pipx € Mp(S) with pn({0}) = p({1}) = 0 then p = pa
where G is a homeomorphism of I. Moreover y, X ug is ergodic and

Mp(S) = COHV{,LLp X 5{0},,up X 5{1},,up X ,ug}.

Proof. By ergodic decomposition [5, Theorem 1.1, p. 193] of y,, X p there

exists G € D such that p, x vg is ergodic and
vg ¢ COHV{(S{O}, 5{1}}

Therefore by [8, Lemma 3|, G is continuous and increasing. An application
of [7, Theorem 1| completes the proof. m

We also have
n—1
1
- Z 15y (9" (w,2)) = pp(B)u(J)  asn — oo
k=0

for py-almost every w € 2, every « € (0, 1), any cylinder set B C {2 and any
interval J C I, by repeating the reasoning in [10, proof of Theorem 2|. So
fp X pis a kind of Sinai-Ruelle-Bowen measure. In particular

n—1

1

EZMp{w : Sy © 0 Sy (@) €T = p(J)  asn— oo
k=0

for every € (0,1) and any interval J C 1.

COROLLARY 2.2. If p, x A € M,(S), i.e.
€1

S a—c
then (S, py x A) is ergodic.
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To obtain the ergodicity of (5, 11, X A) in previous papers, we have assumed
that Sy € C?(I) and there exists exactly one x¢ € I such that S(zo) = 1.

In the current mathematical literature, j1,, x A is the only known product
measure p, X i € M,(S) such that p is absolutely continuous with respect
to A. Theorem 6.6 below changes this situation and that is why we have to
present the results such as the following.

Let us denote by (S, 1, X p) the natural extension of (S, pu, X p) to an
automorphism.

DEFINITION 2.3. (S, y1p X 1) is said to have the K-property if (S, iy X 1)
is a K-automorphism, i.e. there exists a sub-o-algebra D of B x A such that

o) B B o (e} 3 B B
\/ S"D)=BxA and J\ S*D)=R,
n=-—00 n=-—o0o
where R is trivial in the sense that it contains only sets of measure 0 or 1.
THEOREM 2.4. If pu, x p € My(S) and p = A then (S, pp, X p) has the
K-property.
Proof. If

€1

b =Dpo =
€1 — €

then by ergodicity of (S, pp,, x A) and by using the reasoning from the proof of
[6l, Theorem 2| we get the K-property of (.S, jup, x A). Now, let pu, x o1 € My, (.S)
and p = A. To get prove the K-property of 11, x p it is enough to prove the
total ergodicity of (S, p, x 1) by [6L Theorem 1|. Let foS = af p, x p-a.e. for
f € Li(ppxp)and |a| = 1. Then f(w,z) = f(x) pp X p a.e. by [I12, Theorem
3.2]. Therefore f o S; = af for i = 0,1 p-a.e. or A-a.e. Hence fo S = af
tpo X A a.e. The K-property of ju,, X A implies f = const A-a.e., which yields
f =const p, x p-a.c. m

Let us consider the random walk Xo = xo, X1 = S,,0)(0), X2 = S1)©
Su(0) (o), - - -, inductively

Xnt1 = Sw(n) (Xn) :

We apply the dual skew product method for (S, i, x pt), where pp = A, much
as for (S, pip, X A) in [9]. As a consequence we get

[ty X, ) € A} — pu(A)| du(r) = 0
asn — oo for A € A.

3. Construction. Assume for simplicity that ¢ = —1 and ¢; = 1. Let
g be a homeomorphism of I such that g € C*(0,1), g(x) < x for x € (0,1),
and 2z — g(z) is a homeomorphism too. Then g determines S where

Sy'(z) =22 —g(x) and S;'(z)=g(x).
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We also introduce the operator A, : D — D for p € (0, 1) such that
ApF(x) = pF (S5 () + (1 = p) F (S (2))-

It is easy to see that the measure y, X pp is S-invariant if and only if A,F
= F. Obviously pg.5 X A is S-invariant. Assume that F' is a homeomorphism
of I, x < F(zx) for x € (0,1) and A,«F = F for some p* € (1/2,1).

THEOREM 3.1. For every p € [1/2,p*] there exists an S-invariant mea-

sure fu, X pg such that (S, pp X pa) is ergodic and G is a homeomorphism
of I.

Proof. Let
Fp(z,y) = pF(2x —y) + (1 —p)F(y) — F(x)

for (x,y) € I x I such that 2z —1 <y <. Then

Fy(z,y) < Fpe(z,y) forp<p®and (z,y) eI xI,2z-1<y<uz.
Therefore
A F(z) — F(x) = Fy(z,9(x)) < Fp«(z,9(z)) =0 for p < p* and z € (0, 1).
Simultaneously Z < F, where 7 denotes the identity function. Hence

I<AI<AFLSF forpe(1/2,p).
Therefore
I<AT<F,
and the sequence AJZ(x) is non-decreasing for x € I, n=1,2,.... Let
— 1i n
G(z) = TLILH;O Ay Z(x)

and_@(@ = G(z7) for every x € (0,1). Then pp X pg is S-invariant since
A,G = G. Moreover 1uz(0) = pa(1) = 0 since T < G < F. Now we are in a
position to use Theorem 2.1. m

Taking into consideration the results of Section 2 we see that the Sinai-

Ruelle-Bowen measure p,- x pp for (S,p*) is physically essential.
As in Section 2 we consider

T;l(l‘) =1 —-¢)x+e€h(z), =01,
for some reals ¢¢ < 0 and € > 0. It is known that Z < A,T for p >
€1/(e1 — €). Here A, is determined by T'. Therefore we can apply the rea-

soning from the proof of Theorem 3.1 to get:
COROLLARY 3.2. If Ty H(x) < 22— g(x) and Ty '(z) < g(z) for x € [0,1]
then for every
p € le/(er —€),p]
there exists a T-invariant measure p, X pg such that (T, p, X pa) is ergodic
and G is a homeomorphism of 1.
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Set
£l = sup{|f(2)| : x € I}

and let G, be the distribution function G given by Theorem 3.1 for p € [% , P
PROPOSITION 3.3. Let pg € [1/2,p*]. Then
lim ||Gp — Gp, || = 0.
lim /Gy~ G|
Proof. Let us consider G,, = G, such that lim, o p, = po. Then by
Helly’s Theorem there exists a subsequence G, and a non-decreasing func-
tion G such that

klim |Gn,(z) — G(x)] =0 for every z € I.
—00

It is easy to see that A, G = G. Moreover Z < G < F by the proof of
Theorem 3.1. Let G(z) = G(27) for every x € (0,1). Then G € D and
G = Gp, by Theorem 2.1. Continuity of G, implies uniform convergence of
Gnk to GPO' [

Let I € C%(0,1) with F(0) =0, F(1) =1, F'(0%) = oo, F/(1) = 0 and
F"(z) < 0 for z € (0,1). We will find g as above such that A,F = F for
some p € (0,1). In other words, we will find the implicit function given by
F,(x,y) = 0 where

Fp(z,y) = pF 2z —y) + (1 - p)F(y) — F(x),
or we solve the equivalent differential equation. The detailed description and
examples are contained in Section 6. Let S be the skew product determined
by g which is given by Theorem 6.6 for some p* € (1/2,1). Then the conclu-
sions of Theorem 3.1 and Proposition 3.3 hold for (S, p*).

There is another way to obtain S which possesses two invariant proba-
bility measures, namely, such that p, x A € My(S) for some p # 1/2 and
v* € Mo5(S), where v is non-trivial, i.e. v* & conv{po.5 X dvyoy, Ho.5 X 541} }
by using results of [3] and [2] (see also [4]). To get this we consider

St(x)=(1—e)r+ea?, i=0,1,
where eg + €1 # 0, (1 —¢)(1 —€1) < 1 and (1 4 €)(1 +€1) < 1. Then S
has a non-trivial measure v* € My 5(S) by [3, Theorem 5.1|. Moreover v*
is a product measure by [2, Theorem 4.2|, i.e. v* = g5 X v, where v is a
probability measure on (0, 1). Therefore S has invariant measures g, x A for
p=¢€1/(e1 —€) and po5 X v for p = 1/2. But we do not know when v is an

absolutely continuous measure.

4. Quantum harmonic oscillator. Results of the Appendix (Sec-
tion 6) show that the shape of the distribution function uniquely determines
a random walk which is physically essential. This is the justification for ap-
plying the above to the quantum harmonic oscillator. A one-dimensional
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quantum harmonic oscillator ¥ satisfies the Schrodinger equation

o
h— = HY
"ot
where H = £(P? + Q?) is the Hamiltonian. Here P = —i% and @ is multi-
plication by x. Let us consider the ground state solution

1 ? 22
WO(LU,TS) = Tﬁ exXp <_2ht> exXp (—2> .
The quantum interpretation of |Wo(z,t)* = % exp(—22) is the following:

The probability that a particle is in the set A C R at time ¢ is
\/17? S exp(—z?) dz.
A
We construct a discrete time random walk Xn(w, x) on R which asymptoti-
cally imitates the motion of a particle in the ground state.

Let S be the skew product determined by g(x) given by Theorem 6.6
for some p* € (1/2,1). By using the map = : 2 x R — 2 x I where
Z(w,x) = (w, ¢o(z)) and
x
S exp(—t?) dt,

—00

po(z) =

Si-

we define . .

S(”) l’) = (U(w)a Sw(O) (l’)),
a skew product on £2 x R. Here S;(z) = ¢ ' (Si(¢o(2))) for i = 0, 1. The map
S preserves the measures pos X fig and py+ X fip where fis has the normal
distribution with density ﬁ exp(—z?) and fir has distribution F(¢q(z)).
Moreover S preserves the ergodic measures u, x fig, for p € (1/2,p%)
where fig, has distribution Gy(¢o()). The distributions G, are provided

by Theorem 3.1. Denote by )Ngn (w, z) the random walk determined by S, i.e.
Xo(w, 7o) = 0, X1(W, Z0) = Sy(0)(T0), - - -, inductively

Xny1(w, 20) = Sy (Xn(w, 0)).

Here X, (w,z) = ¢61(Xn(w,¢g(x))).~The real p* and the distribution F'
uniquely determine the random walk X,, by Theorem 6.6. The convergences
pos{Xn(w,z) € A} — A(A) in Ly1(A)

and
iy { Xn(w,2) € A} = pp(A)  in Ly (ur)
for A € A, as has been observed in Section 2, imply
pos{Xn(w, ) € BY = fia(B)  in Ly(fia)
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and 3
pp{ Xn(w,z) € B} = fip(B)  in Ly1(jir)
for B € B(R).

The random walk for the nth quantum state solution where n > 0 is
more complicated. Let us consider the case n = 1. The 1-state solution

2 3i 2
Uy (z,t) = \4/[7? exp <—2;t> T exp <_x2>
gives the distribution function
2 xT
o1(z) = 7 | 2 exp(—t%)dt.
We obtain a physically essential random walk S on I determined by ¢ as
follows. By the equality

—00

¢1(x) = ¢o(z) — im exp(—z?) forz € R

N3
we get
F(g) =2 - \}%qsol(x) exp(—lo5 @)?) forze L.

Here FM(¢g(z)) = ¢1(z) for z € R. The function F(M is an increasing
homeomorphism of I, F()(1/2) = 1/2, F(V is concave on [0, 1/2] and convex
on [1/2,1]. Moreover (FM")(0) = (FM')(1) = oo and (FM')(1/2) = 0 as
(FDY(z) = 2[5 (2)]% In fact FM(z) = 1 — FO(1 — ) for = € [0,1].
Moreover F(1) satisfies the assumptions of Hypothesis 6.11 for the interval
[0,1/2] instead of [0,1]. By hypothesis we can modify F() to F(!) for every
e > 0 such that |F) — FM|| < e. The equality F;*l)(a:,y) =0, where

) (y) = p FOQa = y) + (1= p) FO(y) - FO()
and p* € (1/2,1/+/4), determines an increasing homeomorphism h(z) of I

such that . (@) for x € 10,1/2],
(z) = {1_9(1 —z) forze (1/2,1].

Here g(z) is given by Theorem 6.8 for F'(1) restricted to [0, 1/2]. The random
walk S determined by h(x) has the following properties: 1o x A € My 5(S)
and fups X L1y € M= (). It is easy to see that S is not ergodic. There are two
ergodic components, 2 x [0,1/2] and 2 x [1/2,1]. Set S = |2 x [0,1/2]
and S@ = S| x [1/2,1]. The walks S and S move in the opposite
directions, i.e. S(l))(:v) — z has opposite sign to S(z&])(y) —y for z € (0,1/2)

w(0 w

and y € (1/2,1). Moreover, S®, i = 1,2, have the properties given by
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Theorems 2.4 and 3.1. Hence the property that

n—1

Dty {Xk(w, ) € T} = 2500 (TN [0,1/2)) 110 1y ()
k=0

1
n
+ 2/,513'(1) (J N [1/2, 1])1[1/271] (IE)
as n — oo for every x € (0,1) and any interval J C [0,1] is physically

essential. By using the map =7 : 2 xR — 2 x I where =1 (w, z) = (w, ¢o(x))
we define

S(w7 :L') - (U(w)7 gw(O) (1‘))7
a skew product on {2 x R. Then S preserves the measures g5 X ji A and pip ¥
fip) where fia has distribution ¢o(x) and fizqy has distribution F()(¢g(z)).
Since F(¢po(z)) = ¢1(x), we have

b1(x) = p*d1(So(z)) + (1 — p*)p1(S1(x)) for z € R.
The process X,, determined by S has the property

pp{ Xn(w, ) € B} = 2fi0) (B N (=00, 0])1 (o ] ()

+ Qﬂﬁ’(l) (B n [07 OO))l[O,oo) (LL‘)
as n — 0o in Ly (fijpa)) for B € B(R).
The above suggests the physical interpretation of the 1-quantum state

as existence of two particles which move in the opposite directions towards

each other or one particle which consists of two components as above.
For n = 2 the distribution function

1
S 2ym

§ (2t> — 1)% exp(—t?) dt

[e.e]

¢2(x)
satisfies the equation

1 1
P2(x) = ¢1(x) — NG <x3 — 2x) exp(—x?) for z € R.

Hence

FO (@) = — j%qsll(x)(w(x)]? —1/2)exp(—[¢y ' (@)) forzel
and F®) (¢ (x)) = ¢o(x). Here FP)(x1) = 21, F®(1/2) =1/2 and F® (1 —
1) = 1—z1 where ¢ ' (21) = —/2/2. Equivalently ¢1(—v/2/2) = ¢2(—v/2/2)
=1, $1(0) = ¢2(0) = 1/2 and ¢1(v/2/2) = ¢2(v2/2) = 1 — 1.

We repeat the reasoning similar to the case n = 1 and finish with the
interpretation via the existence of four particles or two particles which consist
of two opposite components. Here we use Z2(w, ) = (w, ¢1(x)).
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Let us consider the general case. Here
1
nl2ny/m

where H,, is the nth Hermite polynomial, i.e.
o d" 2
x %e x ,
and FOMD () = ¢, (6, () for n =0,1,.... Let
Cn ={: ¢u(x) = dnia(2)}.
THEOREM 4.1. The cardinality of Cy, is 2n+ 1 and ¢, (Cy,) is the set of
inflexion points of FY forn =0,1,....

Proof. We start with the identity (see [13])

min(m,n)
m n
HyH,= > (z > (l>21l!Hm+n_21.

=0

| H2(t)e " at

—00

on(x) =

Hy(z) = (—1)"

Hence
n

2
2 _ n !
HS = g <l> QZ!HQ(n_l).
1=0
Therefore

an(x) = ¢n+1(x>
= g ntl 22ll‘H n () =2(n+1) " 22ll‘H n
I . 2( l)+1 l . 2( l) 1

=0 =0
< Hp1(x)Hy(z) = 0.

Hence the cardinality of C,, is 2n + 1. The second part of the conclusion

follows by calculating %F(”“) and using Turan’s inequality
H? - H, Hy,,1>0.u

To end this section we present some ideas which lead to this example.
The set C), determines a partition of R into 2(n+ 1) intervals with measures
given by ¢,,+1 the same as those given by ¢,,. We postulate that every interval
is occupied by a particle or every pair of neighboring intervals is occupied
by a compound particle. The dynamics of these particles is determined by
intervals of convexity and concavity of F("*1) and by the shape of Ont1-
Moreover the direction of motion of a particle depends on probability. If p*
is less than 1/2 then the direction is reversed (see Remark 6.7).

5. Binomial model for asset prices. The existence of a random walk
described in Section 3 indicates a new property of a one-asset binomial model
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considered in [9]. For the convenience of the reader we recall the description
of the model.

At each time there are two possibilities: the security price may go up by
a factor of u(z) or it may go down by a factor of d(x). The factors v and d
are functions of the prices, u : (0,1) — (1,00) and d : (0,1) — (0,1). Given
the functions u(x),d(x) and the probabilities p = pg,q = py = 1 — pg, we
can construct a random map .S which consists of the transformations Sy, Sy,
given by

Sg(x) =d(z)xr and S,(z) = u(z)z.
Here Sg, Sy : [0,1] — [0, 1] are continuous maps with
Vaelo,1) Sa(r) < x and Sy(z) > z.

We will assume that Sy and S, are homeomorphisms, so S is given by (1).
The subscript v of 5, indicates that S, is the law which moves the price
up, and similarly S; moves the price down. The process determined by the
random walk S and starting from z¢ € (0,1) can be written as X, (w, ). If
Sy and Sy commute, then there exists exactly one p € (0, 1) such that X, has
chaotic behavior (see [9, Example 1]). By uniqueness of p this behavior is not
physically essential, and so is not observed in practice. If the random walk
S is determined by g given by Theorems 6.6 and 6.8 then X, has chaotic
behavior for p € [1/2,1/+v/4]. See also Corollary 3.2.

COROLLARY 5.1. The state when asset prices behave chaotically can be
persistent.

6. Appendix. Let F € C%(0,1) N C[0,1] with F(0) = 0, F(1) = 1,
F'(0%) = 0o, F'(17) = 0 and F"(z) < 0 for 2 € (0,1). Here F’ denotes L F.
We will consider the implicit equation Fj,(z,y) = 0 where

Fp(z,y) = pF(2x —y) + (1 —p)F(y) — F(a).
We are looking for solutions y = g(x) in the set
D={(zx,y):0<y<zforze(0,1/2 and 2z — 1 <y<zifzxe(1/2,1)}
and for p € (1/2,1) by concavity of F. Simultaneously h(x) = 2z — g(x) is
the implicit function for 1 — p and its graph lies in
{(z,y) e <y<2zforze (0,1/2 andx <y<1lifze (1/2,1)}.

From now on we assume that p is fixed and denote F,(z,y) by F(z,y). We
will write

oF oF
F,=2 and F, =2
ox ol Y oy
Then

F, =2pF' (22 —y) — F'(2), Fy, = —pF' 2z —y)+ (1 —p)F'(y).
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Hence
1 1 _,4(1=p
F,=0 & ox=1y(y) = ~y+-F 1 —=F(y)).
2 2 P
Here F'~! is the inverse function to F’. We will denote ,(y) by ¥(y)
throughout this section. By the definition of 1 we see that v is increasing,

¥(0) =0, (1) =1, and (¥(y),y) € D for y € (0,1). Next,
1
Fo,=0 & y=gyx)= 2:UF'_1<2F’(33)>.
p
In this section we will also denote ¢, (z) by ¢(x). Here p(0) =0, ¢(1) =1,
and (z,p(z)) € D for z € (1/2,1). It remains to check that ¢(x) > 0 for
x € (0,1/2), which is true when ¢ is an increasing function. If we change p
to 1 — p then we need to check p1_p(z) < 1 for z € (1/2,1). Denote
yile) = minfp(), 6 (@)}, xo(z) = max{0,20 — 1} for z € (0,1).

LEMMA 6.1. Assume that ¢ and p1—p, are increasing functions. Then
F(x,9 1 (2)) >0 and F(z, xo(x)) <0 for x € (0,1).

Proof. Observe that F(z,¢~1(z)) > 0 for z € (0,1) since F(z,z) = 0
and Fy(x,y) < 0 for v~ }(z) < y < z. Simultaneously F(z,xo(z)) < 0
became 2pF’(2x) < F'(x) for z € (0,1/2) and by 2(1—p)F'(2x—1) > F'(x)
for x € (1/2,1), which follows from the assumptions about ¢ and ¢1_,. =

REMARK 6.2. The conclusion of Lemma 6.1 is true when we replace p
by 1 — p. Here

yi(@) = max{pr_p(@), 97 (@)}, xol@) = min{1, 22} for z € (0,1).
LEMMA 6.3.
Fy(xz,y) <0 for 1/1_1(56) <y<z, Fylr,y)>0 for0<y< w_l(m).
Similarly
Fy(w,y) >0 for p(x) <y <z, Fylz,y) <0 for0<y<p(z).
Proof. This is easy to see from Fy(z,z) > 0, Fy(x,z) < 0, and
Fyy(z,y) < 0and Fpy(z,y) >0 for0<y<z. m

LEMMA 6.4. For every x € (0,1) there exists exactly one y such that
F(x,y) = 0. Here xo(x) <y < ¥ ~1(x). Moreover there exists (xo,yo) such
that F(xo,y0) = 0 and xo(x0) < yo < x1(x0)-

Proof. Fix z € (0,1). Since F(z,z) = 0 and Fy(z,y) < 0 for v~ }(z) <
y < x with z € (0,1), we see that F(x,y) > 0 for "1 (x) <y < 2. Moreover
F(x,x0(x)) < 0. So there exists y € (xo(x), ¥ !(x)) such that F(x,y) = 0.
The uniqueness of y follows from Lemma 6.3.

To prove the “moreover” part, it is enough to show that there exists xy €
(0, 1) such that p(zg) = ¥~ (zq). Observe that F(0,p(0)) = F(1,¢(1)) = 0.
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Therefore there exists z¢ € (0,1) such that d%F(x,cp(x))b:xo = 0. Let us
compute

& P, p(@)) = Fala, p()) + Fy(o, () 52 () = Fy (o, 0(2)) 5 (),

Hence Fy(z, p(x)) = 0 at some point zg since fl () >0 for x € (0,1). m

REMARK 6.5. The conclusion of Lemma 6.4 is true when we replace p
by 1—p

THEOREM 6.6. Let FF € C?(0,1) N C[0,1] with F(0) = 0, F(1) = 1,
F'(0") = oo, F/(17) = 0 and F"(x) < 0 for x € (0,1). Moreover, let
p* € (1/2,1) be such that ¢ and p1_p= are increasing functions. Then there
exists exactly one implicit function y = g(x) solving F(x,y) = 0 such that
g(x) < x for x € (0,1). The function g is a homeomorphism of I and
g € CY0,1). Moreover 2z — g(x) is a homeomorphism too.

Proof. Let Fu(z,y)
fa) = —F o o a £ ()

To determine the implicit function given by F(x,y) = 0 let us take (zg, yo)
given by Lemma 6.4 and solve the differential equation

2) W faw) ulao) =0

Let (a,b) denote the maxunal interval in which the function y(z) is defined.
We show that (a,b) = (0, 1). Firstly we prove that a = 0. We consider three
cases.

(I) There exist § > 0 and x such that y(s) € (¢(s),"1(s)) for s €
(r,xz 4+ 0) C (a,b) and y(x) = p(x). Then y(s) is decreasing on (z,x + 0)
by Lemma 6.3 (here f(s,y(s)) < 0). This contradicts ¢(s) being strictly
increasing.

(I1) 4(5) € (9(s),~1(s)) Jor s € (& — 6,2) C (a,b) and y(x) = p(x).
Then by (1), y(s) € (¢(s),v~1(s)) for s € (a,z). Therefore y(s) is decreasing
on (a,x).

(III) xo(z) < y(z) < xi(x) for every x € (a,b). Then y(z) is strictly
increasing on (a,b) as f(x,y) > 0 for xo(z) < y < xi1(z) (by Lemma 6.3)
and since o(z) is strictly increasing.

Hence lim,_,,+ y(z) = y(a™) exists. We have F'(a,y(at)) = 0 and xo(a) <
y(at) < v~ 1(a) as F(a,xo(a)) < 0 and F(a,v~*(a)) > 0. Therefore there
exists a solution of % = f(z,y) with y(a) = y(a™) on the interval (a—4, a+4)
for some 6 > 0. This contradicts the maximality of (a,b). Therefore a = 0.
The case b = 1 is similar. We extend the definition of y(z) on [0, 1] by setting

y(1) = lim y(z) and y(0)= lm y(x).
Then y(0) =0 as F(0,y(0)) =0, and y(1) = 1 because F(1,y(1)) = 0.
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We see that case (II) does not hold, as y(0) = ¢(0) = 0. Hence by (III)
g(z) = y(x) is homeomorphism, g € C*(0,1) and g(x) < z. Moreover g is a
unique implicit function by Lemma 6.4. We next show that h(z) = 2z — g(z)
is increasing. As h is an implicit function given by Fi_p+(z,y) = 0, by using
Remarks 6.2 and 6.5 we can apply the reasoning as for p*. =

If we consider the symmetrical case with respect to the diagonal then
y = 1 —g(1 — z) satisfies Hy,(xz,1 — g(1 — z)) = 0 for z € [0,1] where
H(zx)=1-F(1 —=x).

The assumptions of Theorem 6.6 are not satisfied for F' = F(1) (see
Section 4 for the definition of F(1)). Namely p1—p is increasing for every
p € (1/2,7/8) but ¢ is not 1 — 1 for any p € (1/2,1). Here we consider the
interval [0, 1/2] instead of [0, 1].

REMARK 6.7. Assume that G is an increasing homeomorphism of I.
Moreover, suppose G(zg) = xo for some 2o € (0,1) and G is concave on
(0,x0) and convex on (zp,1). If y = g(x) is an increasing homeomorphism
such that g(z) # z for x ¢ {0, 0,1} and

pG(2x —g(x)) + (1 —p)G(g(x)) — G(x) =0

for some p # 1/2 and every x € I then g(zg) = zo. Moreover g(z) < z for
z € (0,20) and g(x) > x for x € (x9,1) if p € (1/2,1).

Proof. Let p € (1/2,1) and z € (0, x9). We have

G(x) — Gg(x))

V2<P= G — go) - Glo@)

<1

If x < g(x) < o then
G(z) < 1/2G(2z — g(x)) + 1/2G(9(x)) < G(z)

as G is concave on (0,xp). But this is impossible. Let 1 = sup{z < zo :
g(x) < z}. Then zyp = z1 under our assumptions. Hence g(z) < x for
x € (0,z¢). Similarly we show that g(z) > x for x € (z¢,1). This implies
that g(xo) = zo. For p € (0,1/2) the reasoning is analogous. =

ExAMPLE. We apply Theorem 6.6 to F(z) = (1 — (1 — x)®)"/®, where
a > 1. We have F'(z) = ((1 — z)~* — )=/ and F'~Yz) = 1 —
(1+4z/(=a))y=1/e for o € (0,1). Obviously F' € C%(0,1), F(0) =0, F(1) = 1,
F'(0%) = 0o, F'(1) =0 and F"(x) <0 for x € (0,1). To show that

p(x) =22 — P (b7 F'(x))
=2r—1+ (1 + ba/(afl)((l _ l,)fa _ 1))—1/a

is increasing for b = 2p and b = 2(1 — p), we check the inequality ¢'(x) > 0
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for € (0,1). By simple computation we get
271 < p<min{l —27%,27} = (z) >0

for z € (0,1). For example if o = 2 then 1/2 < p < v/2/2.

It appears that regularity of F” at 0 and 1 ensures that the assumptions
of Theorem 6.6 hold.

THEOREM 6.8. Let F € C?(0,1) N C[0,1] with F(0) = 0, F(1) = 1,
F'(0%) = oo, F'(17) = 0 and F"(z) < 0 for z € (0,1). If F" is strictly
increasing on (0,1), F"(17) < 0, 0 < (F71)"(0%) < oo then there exists
p* € (1/2,1/V/4) such that ¢ and @1, are strictly increasing on [0,1] for
pe(1/2,p7).

The proof is preceded by two lemmas.

LEMMA 6.9. If F” is strictly increasing on (0,1) then @i, is strictly
increasing on [0,1] for p € (1/2,3/4).
Proof. The strict increasing of ¢1_), is equivalent to

1
41—pF”(F'_1<F’m>><F"a¢ for x € (0,1).
(1) P @)) <P 0.1
An analogous condition holds for ¢ = ¢,. Note that F'(z) < 57— F'(z)

2(1-p)
implies F’*l(z(ll_p) F'(z)) < z. Hence

1
F" (F’—1<F’ T )) < F'(x),
and consequently

4(1 — p)F" <F’—1 (2(11_29)F’(x)>> < F"(z) forp<3/4. u

LEMMA 6.10. If F" is strictly increasing on (0,1) and F"(17) < 0 then
(1 1
Vee0.1) Fnoc(1/21) Ype(1/2p0) Yaeler) £ (F ' 1<2pF '(ff)>> < SF'(@).

Proof. Fix € € (0,1). If we define F”(1) = F”(17) then F” € Cle, 1].
Observe that

p—(1/2)* 2p

lim F'! <1F’(x)> =

uniformly as F’ _1(%}?’ (z)) is strictly increasing. Therefore

1
1- F// F/—l 7F, — F//
po (1)) ( (229 ($)> ) )
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uniformly too. Hence there exists pg € (1/2,1) such that
1 1 1
Vaoele1) F <F’ ! <2pF’(x))> < F'(w) = 5F"(1) < SF(2).
Hence the inequality above holds for every p € (1/2,pp) and = € [¢,1). m
Proof of Theorem 6.8. Let (F~1)”(07) = a. Then

. —1\/ — lim _FV/(F—W— im — F”(u) =
R (1) A T 10
Hence
i D) L PETGEPE) P
O [P (GE @) e @ () P
Therefore F”(F’_l(LF/( )))
lim - 0 = . :
x—07F F”(l’) (2p)3

Here 1/(2p)® > 1/2 & p < 1/V/4. Let py € (1/2,1//4). We take € € (0,1)

such that . .
-1
VIE(O,G} F” <F/ <2pF,($)>> < §F//(IB)

Hence the above inequality holds for every p € (1/2,p1). Let p* = min{p1,po}
where pg is given by Lemma 6.10 for €. Then

4pF" <F’_1 <21pF’(m)>) < 2pF"(z) < F"(x)

for p € (1/2,p*) and every z € (0, 1). By Lemma 6.9 this finishes the proof. =
It seems that the following hypothesis is true.

HyYPOTHESIS 6.11. Let F' € C2(0,1) N C[0,1] with F(0) =0, F(1) = 1,
F'(0") =00, F/(17) =0, F"(z) < 0 for z € (0,1) and F" strictly increasing
on (0,1). Then for every e > 0 there exists a function H satisfying the
assumptions of Theorem 6.8 such that [|[F — H| < e.

The last hypothesis is valid for F' = F(!) in the case of the interval [0,1/2)]
instead of [0, 1] (see Section 4 for the definition of F(1).

By using the Example it is easy to see that the assumptions: F"” is strictly
increasing on (0,1), F”(17) < 0and 0 < (F~1)”(0T) < oo, are not necessary.
To see this, set Fj,(z) = (1—(1—2)*)"* for & > 1. Then F is not monotonic
forl<a <2 F/(17) =0 for a > 2 and (F;1)"(0%) =00 for 1 < a < 2.

To end this section we present some necessary conditions for F' to deter-
mine g such as in Theorem 6.6 for some p € (1/2,1).

LEMMA 6.12. Let F € C1(0,1)NCJ0, 1] with F(0) = 0 and F(1) = 1, and
suppose F'(0%) and F'(17) exist and F'(z) > 0 for z € (0,1). If A,F = F
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for some p € (1/2,1) and some homeomorphism g such that g(x) < x for
x € (0,1) and g € C*0,1] then F'(0T) = oo, F'(17) = 0 and F(z) > x for
xz € (0,1).

Proof. Let P be the Frobenius-Perron operator for (S, p, x A). Here S is

determined by g. The measure p, x vp = p, X A is S-invariant and ergodic
(see Theorem 2.1). Therefore

n—1

: 1 ke _ 1
ML P =T

with L' convergence for every 0 < f € L'(A) and S(l)fd:v = 1 (see [11J,
Theorem 5.2.2]). In particular

1n71
o4 ki _ ! s 1
nlbrgonkZOPl F in L.

From the equality {j P"1dz = A?Z(z) and the inequality Z(z) < ApZ(x)
for x € (0,1) we get

lim AZ(x) = F(x) for x € [0,1].

n—oo

Therefore z < F(z) for z € (0,1). Hence F'(0") > 0. We also have 0 <
g'(0) < 1. Since PF'(z) = F'(x) for z € [0,1] we get F'(07) = (2p +
(1 —2p)g’(0))F’(0"), which implies F'(0") = oo. Similarly, we prove that
F/(lf) =0. =

In view of Corollary 3.2 we consider more general random walks:
(3) Sol(x) =1+ ez —eg(z), S;'(x)=glx) fore>D0.
It is easy to see that the pair of homeomorphisms

T, Y z) = (1 — &)z +eh(z), i=0,1,

(2

where €y < 0,¢; > 0 can be written as in (3) for € = —€p/e; and g = Ty *.
For p > 1_1“ we consider
Fy(z,y) = pF((1+€)z —ey) + (1 = p)F(y) — F(x)
for

(z,y) € {(x,y):0<y<wf°”€ (0117%”

1 1 1
ﬂ{ +6x—<y<xfora:6<,l>},
€ € 1+e

Fipte) = =P (P 1) 4P () - Flo)

and
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for

(z.4) € {(x,y)233<y< (1+ )z for z € <0,1H

1+e€
N <y<l1f € ! 1
X or xr S .
y 1+¢€’

" Y35 dFf
The conditions 52 =0, 81:): £ = ( determine the functions

() = 1:% - 1F"1< ! F’(m))

€ (L+¢€)p

and
€

€ _ /—1 /
Pl_p(@) =1+ ez — €l <(1 o= p)F (a:))
By using much the same reasoning as in the proofs of Theorems 6.6 and 6.8
we get
THEOREM 6.13. Let F € C2(0,1) N C[0,1] with F(0) = 0, F(1) = 1

F'(0T) = oo, F/(17) = 0 and F"(z) < 0 for x € (0,1). Moreover, let
p*e(1/(1+ 6), 1) be such that y,. and @f_,. are increasing functions. Then
there exists exactly one implicit function y = g(x) such that g(x) < z for

€ (0,1). The function g is a homeomorphism of I and g € C'(0,1). More-
over (1 + €)x — eg(x) is a homeomorphism too.

THEOREM 6.14. Let F € C%(0,1) N C[0,1] with F(0) = 0, F(1) = 1,
F'(07) = oo, F'(17) = 0 and F"(z) < 0 for x € (0,1). If F" 1s strictly
increasing on (0,1), F"(17) < 0, and 0 < (F~1)"(07) < oo then there

exists p* where
L<p <m1n{ 1 1+2€}
1+e (1+€)2/3 (14 ¢)?
such that @, and ¢f_, are strictly increasing on [0,1] for p € (%ﬁ,p*).

7. Numerical solution. We apply the Runge-Kutta method of rank 4
to solve (2) for F(z) = (1 — (1 — z)®)Y/2. Let p = 0.6, 29 = 0.01 and
yo € (y1,y2) where y; = 0.00297, yo = 0.002975. Here F(xg,y1) < 0 and
F(xo,y2) > 0. We start at (zg,y1) and next at (zg,y2) respectively. After
990 steps with step h = 0.001 we get two sequences of points (z,,.) and
(2, y2). It appears that F(z,,y.) < 0 and F(x,,y2) > 0 forn=0,...,989
and

max{y> —yl :n=0,...,990} = 0.007282.

The solution y = g(z) of (2) satisfies y} < g(x,) < y2 for n =0,...,989 by
Theorem 6.6. Below we present the point graphs of (z,,, ) and (wn, 2xn—y,1l)
which approximate g(z) and 2x — g(x) respectively.
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1.2

Sequence 1

Yy = g(m) ........ Sequence 2

0.8

0.6

0.4

0.2

o
K
s
s

0 0.2 0.4 0.6 0.8 1 1.2

Now we are in a position to apply Corollary 3.2. Let S be given by

Sy t(z) = 1.3072 — 0.3072® and S;'(z) = 0.26z 4 0.7427.

Then S;(0.01) < 0.00297 < g(0.01) and Fyg(z, Sy (z)) < 0 for z € (0,1).
Therefore S;*(x) < g(z) for every = € (0,1). Similarly Sy '(0.01) < 0.02 —
0.002975 < 0.02 — ¢(0.01) and Fy4(z, Sy (z)) > 0 for z € (0,1). Hence
Sy (z) < 2z —g(z) for every x € (0,1). Then for every p € [0.706781,+/2/2),
S possesses ergodic invariant measure i, X pg by Corollary 3.2.
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