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HOMOGENEOUS ROTA-BAXTER OPERATORS ON THE
3-LIEF ALGEBRA A,

BY

RUIPU BAI and YINGHUA ZHANG (Baoding)

Abstract. We study homogeneous Rota—Baxter operators with weight zero on an
infinite-dimensional simple 3-Lie algebra A, over a field F' (ch F' = 0), which is constructed
from an associative commutative algebra A with a derivation A and an involution w
(Lemma . A homogeneous Rota—Baxter operator on A, is a linear map R of A,
satisfying R(Lm) = f(m)L., for all generators of A,,, where f :Z — F is a function. We
prove that R is a homogeneous Rota—Baxter operator on A, if and only if R is one of the
five possibilities Ro,, Ro,, Ros, Ro, and Roy, described in Theorems @,
and Using the operators Ry, , we construct new 3-Lie algebras (A4, [, , |;) for 1 < i <5,
such that Ro, is a homogeneous Rota—Baxter operator on the 3-Lie algebra (A4, [, , ]:).

1. Introduction. Rota—Baxter operators were originally defined on as-
sociative algebras by G. Baxter to solve an analytic problem in probabi-
lity [Bt], and popularized by the work of Cartier and Rota |Cal, Roll Ro2].
They have been closely related to many fields in mathematics and mathe-
matical physics. Rota—Baxter algebras have played an important role in the
Hopf algebra approach to renormalization of perturbative quantum field the-
ory of Connes and Kreimer [CK| [EGK| [EGM], as well as in the application
of the renormalization method in solving divergence problems in number
theory [GZl, MP].

Rota—Baxter operators on a Lie algebra are an operator form of the
classical Yang-Baxter equations, and contribute to the study of integrable
systems [Bai, BGN1, BGN2]. Semenov-Tian-Shansky’s fundamental work
[STS] shows that a Rota—Baxter operator of weight 0 on a Lie algebra is
exactly the operator form of the classical Yang—Baxter equation (CYBE),
which was regarded as a classical limit of the quantum Yang—Baxter equation
[Bv]. The latter is an important topic in many fields such as symplectic
geometry, integrable systems, quantum groups and quantum field theory [Al

BBGN, [ECGK, [G1, (G2, [GKT, [GK2, [LHB, [GZ, Roll, Ro2].
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Rota—Baxter n-algebras and differential n-algebras were first introduced
in [BGL]. They are the generalization of Rota—Baxter algebras to multiple
algebraic systems. We know that n-Lie algebras [F] are a type of multiple
algebraic systems, appearing in many fields of mathematics and mathemat-
ical physics [N [T, [BL, [HHM, HIM) HCK| |Gl [P]. Especially, 3-Lie algebras
and metric 3-Lie algebras are applied to the study of supersymmetry and
gauge symmetry transformations of the world-volume theory of multiple co-
incident M 2-branes; the Bagger-Lambert theory has a novel local gauge
symmetry which is based on a metric 3-Lie algebra. The n-Jacobi iden-
tity in n-Lie algebras can be regarded as a generalized Pliicker relation in
the physics literature. The theory of n-Lie algebras has been widely stud-
ied [K| L, BSZ1, BSZ2, BBW, BHBI [AI]. Recently, some researchers are
interested in the structure of n-Lie algebras constructed from well-known
algebras, for example, from Lie algebras, associative algebras, commutative
associative algebras, cubic matrices, etc. [BBW, BW. BLZ, Dzhul [Pozll
Poz2).

The authors of [BGL] investigate Rota—Baxter operators on n-Lie al-
gebras and study the structure of Rota—Baxter 3-Lie algebras, and they
also give a method to construct Rota—Baxter 3-Lie algebras from other
Rota—Baxter 3-Lie algebras, Rota—Baxter Lie algebras, Rota—Baxter pre-
Lie algebras and Rota—-Baxter commutative associative algebras and deriva-
tions.

In this paper we investigate a class of Rota—Baxter operators with weight
zero on the simple 3-Lie algebra A,,, which is constructed from a commu-
tative associative algebra A with a derivation A and an involution w which
satisfies Aw+wA = 0 [BW]. This construction not only allows us to further
study the structure of the simple Rota—Baxter 3-Lie algebra, but it is also
a rich source of examples for Rota—Baxter 3-Lie algebras.

The paper is organized as follows. Section 2 describes the concepts of
Rota—Baxter operators with weights for general n-ary algebras and some
basic results used in the paper. Section 3 is devoted to homogeneous Rota—
Baxter operators on A, with weight zero. In Section 4, new 3-Lie algebras
are constructed from homogeneous Rota—Baxter operators on A,.

In this paper, we suppose that F is a field of characteristic zero, and Z
is the set of integers.

2. Preliminaries. An n-Lie algebra [F] is a vector space A over a field
F endowed with an n-ary multilinear skew-symmetric operation [x1, ..., =]
satisfying the n-Jacobi identity
n

(21) [[‘Tla"wxn])y%"')yn] :Z[!Tla”'7[$i7y27"'7yn]""’$n]'
=1
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In particular, a 3-Lie algebra is a vector space A endowed with a ternary

multilinear skew-symmetric operation satisfying, for all z,y, z,u,v € A,

(22) [[l‘, Y, Z]v u, U] = [[CC, u, U]vya Z] + [I‘, [y7 u, U], Z] + [fL‘, Y, [Z, u, UH .
DEFINITION 2.1. Let A € F be fixed.

(1) A (nonassociative) n-algebra over a field F is a pair (4, (,...,))
consisting of a vector space A over F' and a multilinear multiplication

(o)) AP" 5 AL

(2) A derivation of weight A on an n-algebra (A, (,..., )) is a linear map
d: A — A such that for all z1,...,2, € A,

(2.3) d((zy,..zn)) = > NNd(@), .. d(@s), .. d(@n)),
0£IC[n]

where i), icl

7 1 i), &€l
d(a:z) = d[(wl) = { i
Zi, 1 & 1.

An n-algebra equipped with such a derivation is called a differential
n-algebra of weight A. In particular, a differential 3-algebra of weight
A is a 3-algebra (A, (, , )) with a linear map d : A — A such that
(24)  d({z1, 22, 73)) = (d(21), 22, 23) + (21, d(22), T3) + (T1, T2, d(3))
+ )\(d(.%j), d(xg), 1‘3> + )\<d(.%'1), 9, d(a:;;)) + )\<1‘1, d(afg), Cl((l?g»
+ X2 {d(z1), d(z2), d(z3)).
(3) A Rota—Baxter operator of weight A on an n-algebra (A, (,...,)) is
an F-linear map R : A — A such that for all z4,...,z, € A,

(2.5) R( 3 A'I‘*l(f%(xl),...,R(mi),...,R(azn») — (R(z1), ..., R(xn)),
BAIC)

where .
R i, 1e€1,

R(.%Z) = R[(ajz) = {R(:C,) ; Q I

An n-algebra equipped with such an operator is called a Rota—Baxter
n-algebra of weight . In particular, a Rota—Baxter 3-algebra is a
3-algebra (A, (, , )) with a linear map P : A — A such that

(2.6)  (R(21), R(x2), R(x3)) = R((R(x1), R(x2), x3) 4+ (R(21), 2, R(x3))
+ (z1, R(x2), R(x3)) + A(R(x1), 2, x3) + A(z1, R(x2), x3)
+ )\<$1, x9, R(x3)> + )\2<£L’1, T9, l‘3>)

LEMMA 2.2 ([BGL]). Let (A,(,...,)) be an n-algebra over F. An in-
vertible linear mapping P : A — A is a Rota—Bazter operator of weight A
on A if and only if P~ is a derivation of weight X\ on A.
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LEMMA 2.3. Let (A, (,..., ), R) be a Rota—Baxter n-algebra over F with
weight 0. Then for all A € F\ {0}, (A,(,...,),AR) is a Rota—Baxzter
n-algebra with weight 0.

Proof. This follows directly from (2.5)). m

LEMMA 2.4 ([BW]). Let A be a vector space with a basis {L, | n € Z}
over F. Then A is a simple 3-Lie algebra under the multiplication, for
l,m,n € Z,

D" =™ (=n"
(2.7) [Li, Ly, L) = | 1 1 1| Ligmgn—1-

l m n

In the following, the 3-Lie algebra A of Lemma is denoted by A,
_1\ (1 \ym (_1\n
and the determinant ( 11) ( P ( 11) is denoted by D(l,m,n).

l m n
LEMMA 2.5. D(l,m,n) = 0 if and only if either (I—m)(l—n)(m—n) =0,
orl=2k4+1,m=2s+1,n=2t+1, orl =2k,m = 2s,n = 2t, for some
k,s,t € Z.

Proof. This follows by direct computation. m

3. Homogeneous Rota—Baxter operators with weight 0 on A,.
In this section we discuss Rota—Baxter operators with weight 0 on the 3-Lie
algebra A,. By Definition if (A,[,, ], R) is a Rota-—Baxter 3-Lie alge-
bra of weight A\ = 0, then the F-linear map R : A — A satisfies, for all
xr1,x2,x3 € A,

(3.1)  [R(z1), R(x2), R(x3)]
= R([R(21), R(w2), x3] + [R(21), 22, R(3)] + [21, R(22), R(w3)])-
A homogeneous Rota—Baxter operator R on the 3-Lie algebra A, is a

Rota—Baxter operator such that there exists a Z-linear function f :7Z — F
satisfying

(3.2) R(Ly,) = f(m)Ly,, VYme€Z.

THEOREM 3.1. Let R : A, — A, be a linear map defined as in (3.2)).

Then R is a homogeneous Rota—Baxter operator of weight 0 on A, if and
only if, for all I,m,n € Z,

(3.3)  (FO)F () + f(m)f(n) + f(1)f(m)) f(L +m+n—1)D(l,m,n)
= f()f(m)f(n)D(l,m,n).
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Proof. By (2.7), (3.1) and (3.2)), we have

[R(L1), R(Lm), R(Ln)] = f(1)f(m) f(n)D(l,m, 1) Litmin-

and
R([R(Ly), R(Ly), Ln] + [R(Ly), Lin, R(Ln)] + [Li, R(Lum), R(Ly)])
= (f(O)f(m) + F(O) f(n) + f(m)f(n)) f(L+m+n—1)D(l,m,n)Litmin-1.

Therefore, R is a homogeneous Rota—Baxter operator on A, if and only if

(3-3) holds. m

3.1. Homogeneous Rota—Baxter operators with f(0) + f(1) # 0.
In this section, we discuss the homogeneous Rota—Baxter operators with
weight 0 defined by (3.2)) with f(0) + f(1) # 0.

THEOREM 3.2. Let R : A, — A, be a linear map defined as in (3.2))
with f(0) + f(1) # 0. Then R is a homogeneous Rota—Baxter operator on
Ay if and only if

f(m)=0 forallme Z\{0,1}.

Proof. If f(m) =0 for all m € Z\ {0, 1}, then by a direct computation

R is a homogeneous Rota—Baxter operator.

Conversely, if R is a homogeneous Rota—Baxter operator with f(0)+ f(1)
# 0, then (3.1)) in the case [ = 0, n = 1 becomes

FO)f(m)f(1) = {f(0)f(1) + f(m)f(1) + f(0)f(m)} f(m), Vm € Z\{0,1}.
Since £(0) + f(1) # 0, we have f(m)? =0 for all m € Z\ {0,1}. =

3.2. Homogeneous Rota—Baxter operators with f(0)+ f(1) =

LEMMA 3.3. Let R: A, — A, be a linear map of A defined as in (3.2))
with f(0)+ f(1) = 0. Then R is a homogeneous Rota—Bazter operator if and
only if for all l,m,n € Z,

(34)  fERI+DfCm+1)f(2n) = (f2L+1)f(2m+1)+ f(2L+1)f(2n)
+f2m+1)f2n))f2L+2m+2n+1) if m#]L,
1)f

(3.5)  fR+DfEm)f(2n) = (FL+1)f(2m) + f(2L+ 1) f(2n)
+f(2m)f(2n)) f(2L+2m +2n)  if m #n.

Proof. For all I,m,n € Z with | # m and m # n, WehaveD2l+1
2m + 1,2n) # 0 and D(20 + 1,2m,2n) # 0. Thanks to ( and ( ., we

obtain (3.4) and (3.5)). =

3.2.1. Homogeneous Rota—Bazter operators with f(0) = —f(1) # 0
Now we discuss the case f(0) + f(1) =0, but f(0) # 0. By Lemma we

can suppose f(0) =1, so f(1) = —1.
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COROLLARY 3.4. Let R be a homogeneous Rota—Bazter operator with
f(0) =—f(1) =1. Then, for alll,m,n € Z, we have

(1) fRI+1D)fCm+1)=(fRL+1)+ fCm+1)+ f(2l+1)f(2m + 1))
~fRL+2m+1) if l #m,

(2) fRI+1)f2m) = (f2l+1)+ f(2m) + f(2L+ 1) f(2m)) f(2l + 2m)
if m#£0,

(3) f(2l7:r Df2n)=(fRI+1)+ f(2n) — f(2L+1)f(2n)) f(2L +2n + 1)
if 1 #0,

(4) f(2m)f(2n) = (f(2m) + f(2n) — f(2m)f(2n)) f(2m + 2n) if m # n.

Proof. This follows from Lemma [3.3|and f(0) = —f(—1)=1. =
THEOREM 3.5. Let R be a homogeneous Rota—Baxter operator with
f(0)=—f(1)=1. Then
(3.6) faA—=m)+ f(m)=0 for allm € Z.
Proof. According to Corollary for all n € Z \ {0}, we have

f@m+1)(f(2m+2n) — f(2m + 2n + 1))
+ f(2n)(f(2m + 2n) — f(2m + 2n + 1))
+ f2m+1)f(2n)(f(2m + 2n) + f(2m + 2n+ 1)) = 0.
Then if m = —n # 0, we have f(2m + 1) + f(—2m) =0 and
fCm+1)+ f(1-(2m+1))=0.
Similarly, f(1—-2(—m))+ f(2(—m)) = 0 for all m € Z. Hence follows. m

COROLLARY 3.6. If R is a homogeneous Rota—Baxter operator on A,
satisfying f(0) = —f(1) = 1, and there exist k,l,m,n € Z such that
(k = U)(m — n)klmn # 0 and f(2k) # 0, f(2) # 0, f(2m + 1) # 0,
f(2n+1) #0, then

) FE+20)£0, (2) f(2k+2m) #£0, (3) f(2k+2m+1) £ 0,
4) (2m+2n+1)7é0 (5) f(L—=2k+2m) #0if k # —m,

) f(4k) # (7) fCm+2n+2k+1) #0,

) f(2m+2k+2l)7é0 (9) f(2k —2m) #0 if k # —m,

(10) f(1—2k—2m)#0, (11) f(1—4k) #0.

Proof. (1)-(6) follow from Corollary 3.4 and f(0) = —f(1) = 1; (7)—~(8)
follow from Lemma and (9)-(11) come from Theorem n

LEMMA 3.7. Let R : A, — A, be a linear map defined by (3.2). If

(1
(
(6
(8

f(0) = —f(1) = 1 and there exist finitely many distinct integers m; #
0,1 (i = 1,...,t) such that f(m;) # 0 for all i and f(m) = 0 for m €
Z\ {mi,...,m,0,1}, then R is not a homogeneous Rota—Baxter operator

on A,.
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Proof. If R were a homogeneous Rota—Baxter operator, then thanks to
Theorem [3.5] f(1 —m;) = —f(m;) # 0 for 1 < i < t. We obtain ¢ > 2.
Without loss of generality, suppose mq is odd; then mo = 1 — my is even
and f(mg2) # 0. By Corollary [3.6(6), we have f(2nmsy) # 0 for all n € Z.
This contradicts t < co. =

LEMMA 3.8. Let R: A, — Ay, be a linear map defined by (3.2)). If f(0) =
—f(1) = 1 and there exist finitely many distinct integers m; (i = 1,...,t)
such that f(m;) =0 for all i and f(m) # 0 form € Z\ {m,...,m}, then

R is not a homogeneous Rota—Bazxter operator on A, .

Proof. Suppose R is a homogeneous Rota—Baxter operator. Thanks to
Theorem f(d=m;) = —f(m;) =0 for 1 < i < ¢, and for all n # m;,
f(n) =—f(1—mn) #0. It follows that there exist infinitely many ! € Z such
that f(2] 4+ 1) # 0. Without loss of generality, suppose m; is even; then by
Corollary there exist infinitely many [ € Z such that f(20 + 2m;) = 0.
This contradicts ¢ < co. =

THEOREM 3.9. Let R: A, — Ay, be a linear map defined by . If R
is a homogeneous Rota—Baxter operator on A, with f(0) = —f(1) =1 and
there exists m € 7\ {0,1} such that f(m) # 0, then there exists mgy € Zg
such that for any m € Z, f(m) # 0 if and only if

m € Wiy = {2mok | k € Z} U {1 — 2mok | k € Z}.
We then say that Wy, is the supporter of R.

Proof. From Theorem there exists W = {2z, | k € Z} U {1 — 2z, |
k € Z} C 7Z such that f(m) # 0 if and only if m € W. Thanks to Lemmas
and W is infinite. From Corollary we can suppose that for all
k,s € Z, 2xp < 2z, if and only if k < s, and z_1 < 0 < x1.

By Corollary [3.6/(2) and since 2z2, —2z1+1 € W, we have 2(zo—z1) € W.
Thanks to 0 < x9 — x1 < x2, we obtain xo = 2z1.

Now suppose that xp — xp_1 = x1 for some k& > 0, that is, zp = kx1.
Since 2xg11,20k_1, —2x+1 € W, from Corollary 8) we have 2(zg1 — 2k
+2k_1) = 2(xpy1 —x1) € W. Since 211 — 21 < Tgy1 and xp_1 =z — 21 <
Tk4+1 — X1, we obtain ;1 < 41 — 21 < Tp41. Therefore, xp11 — 21 = x4,
that is, zx11 = 2 + 1 = (K + 1)z.

By a completely similar discussion, we find that zp = —kz_q for all
k <0.

Since 2x_1,2x, € W, from Corollary 1) we have 2(x_1 + 1) € W.
Fromx_ 1 <0< x;and x_1 < xz_1 4+ 21 < x1, we obtain x_; +x1 = 0, that
is, z_1 = —x1. Denote mg = x1. Then 2z, = 2mgk for all 2z, € W. u
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COROLLARY 3.10. Let R be a homogeneous Rota—Baxter operator with
f(0) = —f(1) = 1. If there exists k € Z such that f(2k) # 0, then f(—2k)
# 0 and f(1+ 2k) #0.

Proof. This follows from Theorems and directly. m

LEMMA 3.11. Let R be a homogeneous Rota—Baxter operator with f(0) =
—f(1) =1, and let Wy, be its support. Then f(2mo) # 1/2, and for all
k, k1, ko, ks € Z with ko 7& ks,

1 1 1 1
(37) 37 mok) 2 (—2mok) 0 2f@mok)  2F (% 2mok)
1 1 1 1

(3.8) + =

f(2moka) — f(2moks)  f(2moky) * f(=2moki+2moka+2moks)
Proof. By Corollary [3.4(4), for all k € Z \ {0},
f(2mok) f(—=2mok) = f(2mok) + f(—2mok) — f(2mok) f(—2mok).

Hence (3.7) follows, and f(2mg) # 1/2.
According to Lemma and Theorem for all distinct m,n € Z,

{f20)f(2m) + f(20) f(2n) — f(2m) f(2n)}f (=20 + 2m + 2n)
= f(20) f(2m)[f(2n).
For | = mgky1, m = moks, n = moks, we obtain . "

THEOREM 3.12. Let R : A, — Ay be a linear map defined as in
with f(0) = —f(1) = 1. Then R is a homogeneous Rota—Baxter operator
on Ay if and only if either f(m) = 0 for all m € Z\ {0,1}, or there exist
mo € Zso and a € F, a # (k—1)/k for k € Z\ {0}, such that W, is the
support of R and

(39)  f(2mok) = —f(1 — 2mok) — k:a—(lkr—l) vk € Z.

Furthermore, if mg = 1, then R is an invertible Rota—Baxter operator
on Ay, so R~ is an invertible derivation of A, and

R Y(Log) = (ka—(k—1))Lox, R Y(L1_o) = (—ka+(k—1))Ly_o, Vk € Z.

Proof. If R is a homogeneous Rota—Baxter operator on A, and there
exists m € Z\ {0, 1} such that f(m) # 0, then by Theorem there exists
mo € Zso, such that W, is the supporter of R. Suppose f(2mg) = 1/a.

Then by Lemma a # 2.
Now suppose k € Z~ satisfies f(2mok) = m By Lemma

ka— (k—1)+a, that is, f(2mo(k+1))

1 _ 1 1 _
FamoGiD) T = F@mon T 7@me) =

= m, anda;ﬁ (k'—l)/k
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Now

Since f(21no) + f(f;mo) = 2, we have f(—2mg) = 5 L

—a ~ “a—(—1-1)"
suppose that for some k € Z.o we have f(2mok) = ﬁ From

1 1 1
Fmoth 1) 1T F@mok) T amg) R kD2
we obtain
1 k—2

This yields (3.9).

Conversely, since for all 21,2m, 2n ¢ W, with [ # m,
F(£20) = f(£2m) = f(£2n) =0, F(1+20) = f(1+2m)= f(1+2n) =0,
identity (3.3) holds. So we only need to prove (3.3) in the following cases:

(1) If 2[,2m ¢ Wi, 2n € Wy, | # m, by Theorems and we
have

F(£20) = f(£2m) = f(1 £ 20) = f(1+2m) =0,
F(#£2m £ 2n £ 20) = f(+2m £ 2n+ 20+ 1) = 0.

Thus holds.

(2) If 21 ¢ Wiy, 2m, 2n € Wy, and m # n, we have f(£2]) = f(1£21)
=0, f(£20 £ 2m =+ 2n) = f(1 + 20 + 2m + 2n) = 0. Thus holds.

(3) If 21,2m,2n € Wy, | # m,n and m # n, suppose 2l = 2moky,
2m = 2mgks, 2n = 2myks. From

-1 1 1
fA=20)f(2m)f(2n) = kia— (ki —1) kea— (k2 — 1) kza— (k3 — 1)’

(F(L=20)f(2m)+ f(1—20)f(2n) + f(2m) f(2n)) f(2(m +n — 1))

-1 1 -1 1
B (kla—(k‘l—l) koa — (ka2 —1) * kia— (k1 —1) kza— (k3 —1)

1 1
= (= 1) k‘gd—(k:g—l))
1
X
(—k1+k2+k3)a—(—k1 —l—kz—l—kg—l)
- -1 1 1
- kla—(kl—l) k‘ga—(kg—l) k3a—(k3—1)’

-1 -1 1
FA=20)F(=2m) f(2n) = o 1) Toa— (e — 1) Faa— (ha— 1)’
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(F(1—20)£(1 = 2m) + F(1 — 20) £(2n) + (1 — 2m) £(2n)) (1 — 21 +m —n))

-1 -1 -1 1
a <k1a (kﬁl — 1) I{ZQCL* (k‘g — 1) + kla* (1{21 — 1) k‘gaf (k?g — 1)

-1 1 -1
+
koa — (k’g—l) ksa — (kg— 1)) (k1+k2—k3)a— (kl—i-kz—kg—l)
B 1 1 1
N kla— (kl — 1) kga— (k)g — 1) kgCL— (kg — 1)
identity (3.3)) follows.
Altogether, we obtain the desired result. m
Let mop =1 and a = 3. By Theorem [3.12] the linear map R : A, — A,
defined by setting, for all k € Z,
1 1 1
— L —L R(Li_o1) = —
is a homogeneous Rota—Baxter operator on A, and it is invertible. There-
fore, D = R~': A, — A, satisfying
D(Lax) = (2k + 1) Lo, D(Li-9x) = —(2k+1)L1-2k, k€Z,
is an invertible derivation of A,,.
Let mo = 3 and @ = v/2. Then the linear map R : A, — A, defined by

1 1
R(L¢y) = —=————Ler, R(Li—¢k)

2k — (k—1) T Tk — (k- 1)

and setting the other R(L,,) to zero, is a homogeneous Rota—Baxter operator
on A,. But R is degenerate.

3.2.2. Homogeneous Rota—Baxter operators with f(0) = f(1) = 0. In
this section we discuss the case f(0) = f(1) = 0.

LEMMA 3.13. Let R: A, — A, be a homogeneous Rota—Baxter operator
on A, with f(0) = f(1) =0. Then for alll,m,n € Z:

(1) fL+1)f2m+1)f(21+2m+1) =0 if | # m.
)
)

R(Lax) =

Li_o

L176k7 ke Za

(2) fCm+1)f2n)f2m+2n+1) =0 if m #0.

(3) f2l+1)f(2m)f (2l +2m) =0 if m # 0.

(4) f(2m)f(2n)f(2m +2n) =0 if m # n.

Proof. The result follows from D(21+41,2m+1,0) # 0, D(1,2m+1,2n)
#0, D(2l 4+ 1,2m,0) # 0, D(1,2m,2n) # 0, and Lemma[3.3] =

COROLLARY 3.14. Let R : A, — A, be a homogeneous Rota—Bazxter
operator with f(0) = f(1) = 0, and suppose there exist k,l,m,n € Z such

that (k — 1)(m — n)klmn # 0, f(2k) # 0, f(20) # 0, f(2m + 1) # 0,
f(2n+1)#0. Then

(1) Fk+20) =0, (2) f(2k+2m) =0, (3) f(2k+2m+1) =0,
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(4) f@m+2n+1)=0, (5) f(2m+2n+2k+1) #0,
(6) F(2m+2k+21) #£0, (7) f(2k—2m) =0,k # —m, (8) f(4k) = 0.

Proof. (1), (2), (3) and (4) follow from (4), (3), (2) and (1) of Lem-

ma respectively. (5) and (6) follow from (3.4) and (3.5)), respectively.
(7) and (8) follow from (4) and (3) of Lemma [3.13] respectively. u

THEOREM 3.15. Let R : A, — A, be a homogeneous Rota—Baxter op-

erator with f(0) = f(1) = 0, and suppose there exist my,...,ms € Z such
that f(m;) # 0 for all i and f(m) =0 for all m # m;. Then either

(1) s = 1, and then we can suppose f(mq) = 1 and f(m) = 0 for all
m € Z\{m1}, or

(2) s = 2 and m1 + mg = 1, so we can suppose that f(my) = 1,
f(1—=my)=b#0, and f(m) =0 for allm € Z\ {m1,1 —my}.

Proof. First, if there exists m; € Z such that f(m;) # 0 and f(m) =0
for all m € Z \ {m1}, then by Lemma [3.3| and a direct computation, R is a
homogeneous Rota—Baxter operator. Thanks to Lemma we can suppose
f(ml) =1.

Second, if there exist distinct mq, mo € Z satisfying m1 + meo = 1 such
that f(m1), f(m2) # 0 and f(m) = 0 for all m € Z \ {mi,ma}, then
D(my,ma,m) # 0 for all m € Z. By a direct computation, f(I), f(m) and
f(n) satisty and for all [, m,n € Z. Therefore, R is a homogeneous
Rota-Baxter operator. By Lemma[2.3] we can suppose f(m1) =1, f(mg) =
f(1=m1) =0b#0.

Third, if R is a homogeneous Rota—Baxter operator such that there exist
distinct mq,mge € Z with f(m;) # 0 and f(m) = 0 for all m € Z\ {m1, ma},
then there exists m € Z such that D(mq, m2, m) # 0. Thanks to Lemma[3.3]

f(mi+ma+m—1)=0.

Then m1+mo+m—1 % m; and mi;+mo+m—1 £ me, that is, m # 1 —my
and m # 1 — mo. It follows that 1 — mj; = mo.

Lastly, suppose R is a homogeneous Rota—Baxter operator satisfying
flm;) #0for 1 <i<s,s>3, and f(m) = 0 for all m # m;; then for every
1 <i<s, we have f(1 —m;) #0.

In fact, suppose f(1 —my) = 0. From D(my,ma,1 —mq) # 0, and
(3-5), we have the contradiction f(mi +mg + (1 —mq) — 1) = f(mg) = 0.
Therefore, f(1 —m;) # 0. From s > 3 and a similar discussion, we find that
f(l—m;) #0for1 <i<s.

Therefore, s is even and s > 4, and we can suppose m; < --- < M.
Then there exists m € Z\ {0, 1} such that f(m) =0 and D(mq, ma, m) # 0.
Thanks to and , fmy+ma+m—1)=0. Thus my +mog+m—1
# myg, that is, m # ms; — m; — mo + 1. By the above discussion and s > 4,
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there exists ¢ > 3 such that my — my — msy + 1 = 1 — m;. We obtain the
contradiction mq + mo = m; + ms.
Altogether, we obtain the desired result. m

LEMMA 3.16. Let R: A, — A, be a homogeneous Rota—Baxter operator
with f(0) = f(1) = 0, and suppose there ezist infinitely many m € Z such
that f(m) # 0. Then there exist infinitely many n € Z such that f(n) = 0,
and for allm € Z, if f(m) # 0, then f(1 —m) # 0 and

f(m) + f(1 —m)=0.

Proof. If there exists m € Z such that f(m) # 0, but f(1—m) = 0, then
forall n € Z\ {m,1 —m}, by , and D(m,n,1 —m) # 0, we have
the contradiction f(m+mn+1—m—1) = f(n) = 0. Therefore, if f(m) # 0,
then f(1—m) # 0. Thanks to Corollary [3.14](8), there exist infinitely many
n € Z such that f(n) = 0.

Now for distinct 2m, 2n € Z with f(2m) # 0, f(2n) # 0, by (3.5),
F(1 = 2m) f(2m) f(2n)
= (f(1=2m)f(2m)+ f(1—2m) f(2n)+ f(2m) f(2n)) f(1—2m+2n+2m—1).
It follows that f(1 —2m)+ f(2m) =0forallme Z. m

THEOREM 3.17. Let R: A, — A, be a homogeneous Rota—Baxter oper-
ator with f(0) = f(1) = 0, and suppose there exist infinitely many m € 7Z
such that f(m) # 0. Then there exist positive integers mg and so satisfying
1 < sp < mg such that f(m) # 0 if and only if

m € Wing.so := {2mok + 2s0 | k € Z} U{1 — 2mok — 2s¢ | k € Z},
50 Wings, 15 the supporter of R.
Proof. By Lemma [3.16] we can suppose that
W= {2xp | k€ ZYU{l — 2z | k € Z}

is the set of integers such that f(m) # 0 if and only if m € W. By Lemma
and Corollary we can suppose that for 2z, 2z, € W, 22;, < 2w, if
and only if £ < s, and 2x_1 < 0, 229 > 0.

Denote x1 —xg = mg and z9—x1 = my. Then mg, mq > 0. From 2z5 € W,
—2z1 + 1 € W, 225 € W and Corollary [3.14(6), we have

2(33‘2—1‘1—|—$0):2(m0+3§‘0—$0+1‘0—m1):2(1‘2—m0)EW

Since Tg = x1 — mg < X2 — Mgy < To, we have xo — mg = x1, that is,
mi = my.

Now suppose x — rp—1 = mg for some k > 0. Denote xpy1 — xp = my.
According to Corollary [3.14[6), we have

2(2pp1 — T + 1) = 2(Mp + 28 — 2 + TR — M0) = 2(TR11 — Mo) € W.
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Thanks to xx_1 = 2 —mo < Tp1 —Mo < Tk41, We obtain x4 —mo = x,
that is, my = myg. Therefore, 22, = 2kmg + 2x¢ for k € Z~g.

By a similar discussion we have 2x; = 2kmg + 2z¢ for all k € Z .

Therefore, W = {2kmg + 2z¢ | k € Z,z¢ > 0}, where mg > 0.

By Lemma and Corollary (1), 211 4+ 221 = 2x0 + 229 € W,
that is, mg is not a factor of xy. So there exist integers sg and g such that
1 < sg < mg and xzg = gmg + So.

Therefore, 2z, = 2(k + q)mo + 2s¢ for all k € Z, and the result follows. =

By Lemma if Wing,so is the supporter of R, we can suppose that
f(2s9) = 1.

LEMMA 3.18. Let R: A, — Ay, be a homogeneous Rota—Baxter operator
with supporter Wy, s, and f(0) = f(1) = 0. Then for all k; € Z, and
ki #k;, 1 <i# 35 <3, we have

1 1
3.10 + +
(3.10) f(2moky +2s0)  f(2moka +2s0)  f(2moks + 2s0)
1 1
= +
F@2mo(ky + ko — k3) +2s9)  f(2mo(k1 — k2 + k3) + 2s0)
n 1
f(2m0(—k1 + ko + kg) + 280).
Therefore,
1 1

(3.11) + =2

f(2m0k + 280) f(—2m0k + 280)

and f(2mok + 2s0) # 1/2 for all k € Z.

Proof. By Lemmas and for all k1, ko, ks € Z with ki # ko we
have
f(2m0k‘1 + 250)f(2m0k:2 + 250)f(2m0k‘3 + 280)

= (—f(2m0k1 + 280)f<2m0k2 + 230) + f(2m0k:1 + 230)f(2m0k3 + 280)

+ f(2m0k2 + 250)f(2m0k‘3 + 250))f(2m0(k:1 + ko — ]433) + 280) 75 0.

Therefore,

1 1 1

+
f(lemo + 280) f(2k2m0 + 280) f(2k3m0 + 250)
1

f2(k1 + k2 — k3)mo + 2s0)
For k1 = —ky and k3 = 0, we obtain (3.11)).
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Similarly, for ki # ks,
1 1 1

+
J(2kimo +2s0)  f(2ksmo +2s0)  f(2kamo + 250)
1
- f(2(k1 + kg — k‘Q)m() + 280)’

and for ko # ks,
1 1 1

+
f(QkQTTLO + 280) f(2]€377’bo + 280) f(2]€1m0 + 280)
1
o f(Q(kQ + kg — kl)mo + 230) '

This yields (3.10]). =

THEOREM 3.19. Let R : A, — Ay, be a linear map defined as in (3.2))
with the property that there exist infinitely many m € Z such that f(m) =
f(0) = f(1) = 0. Then R is a homogeneous Rota—Baxter operator on A,
if and only if there exist mo,so € Zo and a € F' such that Wy, s, is the
supporter of R, and

1
A2 2mok + 2s9) = —f(1 — 2mok — 259) = ——+——— keZ
(3.12)  f(2mok + 2s0) f( mo 50) ka—(k—l)’ Vk € Z,
where 1 < so < mg and a # (k—1)/k for all k € Z and k # 0.

Proof. The proof is similar to that of Theorem [3.12] =

Let mg = 7, a = 2 and sg = 2. By Theorem the linear map
R: A, — A, defined by

1 1
R(L = L R(L_143-3) = ———
(L14k+4) g Lk (L-14k-3) )
for all k£ € Z, and with all other R(L,,) zero, is a homogeneous Rota—Baxter
operator of weight 0 with supporter

Wio = {14k +4 | k€ Z} U{—14k — 3 | k € Z}.

L_145—3,

If mp =4, so = 3 and a = 3/5, then the linear map R : A, — A, defined
by, for all k € Z,

5) 5)
R(Lsk+6) = g —opLsers,  R(Losi—s) = — o L-si—s,

and with all other R(L,) zero, is a homogeneous Rota-Baxter operator of
weight 0 with supporter

Wiz ={8k+6|kecZ}U{-8k—5|keZ}
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3.3. 3-Lie algebras constructed from A, and homogeneous
Rota—Baxter operators. Constructing 3-Lie algebras from known al-
gebras is always of interest. In this section, we construct some 3-Lie algebras
from the 3-Lie algebra A, and homogeneous Rota-Baxter operators.

Let (A, [, ,]) be a 3-Lie algebra and R be a Rota—Baxter operator with
weight A. Using the notation of , we define a ternary operation [, , |g
on A by setting, for all x,y,z € A,

(3.13)  [wnaz.aslr= Y ATUR(R(x1)), Ri(R(x2)), Ri(R(x3))].
0AIC[3

Thus, in the case A = 0 we have, for all z,y,z € A,
(314—) [.Tl, €2, .733]]{ = [R(ﬂ?), R(y)7 Z] =+ [R(ZL‘), Y, R(Z)] + [I‘, R(y)u R(Z)]

THEOREM 3.20 ([BGL]). Let (A,[,,]) be a 3-Lie algebra and R be a
Rota—Bazter operator on A of weight \. Then (A, [, , |r) is a 3-Lie algebra
under the multiplication defined in (3.13|), and R is a Rota—Baxter operator
on .

So, if R is a homogeneous Rota—Baxter operator on the 3-Lie algebra A,
of weight 0, then (A, [, , ]r) is a 3-Lie algebra under the multiplication de-
fined in , where A = A, as vector spaces, and R is also a homogeneous
Rota—Baxter operator on (A, [, , |r)-

THEOREM 3.21. Let R: A, — A, be a linear map defined in (3.2). Then
R is a homogeneous Rota—Baxter operator of weight 0 on the 3-Lie algebra
Ay, if and only if R is one of the following:

RO1 (L()) = Ly, R01 (Ll) =bl, R01 (Lm) =0 forallmeZ \ {O, 1};

LO? m = O,
—Ly, m=1,
ROQ (Lm) = mLQTnoka m = 2m0k: S Wm07
—leﬂ‘moka m=1—=2mok € Wy,
L 0, otherwise;
mLzmomst, m = 2mok 4+ 2s¢ € Wm6,307
Ro,(Lm) = _le—Qmok—Qsoa m=1—2mgok — 2sg € ng,soa
0’ m gé Wm{),so;

Lmla m=may,

07 m#mlv
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Ly, m=myq,
ROS (Lm) = bLl—m17 m = 1 —my,
0, m # mq,1 —mq.

Here my,mo,mf,s0 € Z, m1 # 0,1; mg > 0; 1 < s9 < my; a,b € F,
a# (k=1)/k b #0, Wag = {2mok | k € Z} U {1l — 2mok | k € Z},
W oo = {2mpk + 25 | k € Z} U {1 — 2m{k — 2s0 | k € Z}.

/
0150

Proof. This follows from Theorems 3.12], [3.15] and [3.19] =

For convenience, denote A\, = ka — (k — 1) for all k € Z, a # (k — 1) /k,
and denote the multiplication [, , | Ro, defined as in (3.14) by [,,]i, 1 <1
< 5. Then we obtain 3-Lie algebras (A, [, , ];) with the homogeneous Rota—
Baxter operators Ry, for 1 <7 <5, where A = A,, as vector spaces. Below,
we omit the zero products of basis vectors in the multiplication of the 3-Lie
algebras [A4, [, , ];]) for 1 <14 <5.

(1) (A, [, , ]1) with the multiplication, for all m € Z, m # 0, 1,
[Lo, L1, L)y = b(2m — 1+ (=1)™)L,,, b€ F, b#0.
(2) (A, ], , ]2) with the multiplication

[Lo, L1, Lam]y = —4m Loy,
[Lo, L1, Lamy1]y = —4m Loy,

—4
[L07 L172m0k1 ) L2m]2 = )\kT L2m72m0k17

Admok
[L07 L2m0k‘1 ’ L2m+l]2 = - )\;31 L L2m+2m0k1a
4dmoki—4
[Lla L2m0k17L2m]2 = - mo)\;l mL2m+2m0k17

4
(L1, Lomgky > Lam+1]s = ﬁLszrzmole,

(L1, L1—2mgky » Lom]y = _%Iamfﬁngkﬁrl?
(Lo, Lamoky » L1—2moks)o = _4m0ki\(lik,\2;\kl_1)L2m0(k17k2)7
[LOv L1*2m0k1 ) L1*2m0k2]2 = 4m0(k17kf\2c(1;\2];27>\k1+1)L_Qmo(kl-i-kz)-i-l’
[Lo, L1—2moky» Lama1]y = _%[ﬁm—mnokﬁ-h
(L1, Lamoky > Li—2moks ] = 4m0k25\1];1>\;:k2_1)L2m0(k17k2)+17
(L1, Lamoky s Lamokslo = 4m0(k1_k§l(l_,\222_/\k1 ) Lo (k1 +2)>
_ __4dm—4moky

[L2m0k‘1 ) L1—2m()k‘2a L2m]2 - )‘kl )\k2 L2m+2m0(k1—k2)a
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_ __4Am+4+4Amok
[L2m0k17L1—2’m0k27 L2m+l]2 = - Akl)\kg 2L2m+2m0(k1—k2)+17
4m0(k:1—k‘2)(>\k — ko —Akq)
[LQmokleQmokw L1—2m0k3]2 = >‘k1’\k23>‘k3 2 ! L2m0(k1+k2—k3)’
4m()(k:2—k‘3)(>\k — Ao —Aks)
[L2m0k17L1—2m0k2u L1—2m0k3]2 = )\kl/\k;)\ks 2 3 L2m0(k17k27k3)+17
4m0(k1 — kQ)
[L2m0k:1 ) L2m0k’27 L2m+1]2 - )\ )\ L2m+2m0(k‘1+k2)7
k1 \ka
_ 4m0(k‘1 - k‘Q)L
[L1—2m0k1 3 L1—2m0k25 L2m]2 — )\ )\ 2m—2m0(k1+k2)+17
k1 Nko

for all 2m +1,2m € Z and 2m,2m + 1 ¢ Wy,,, where mqo € Z, mg > 0.
(2) ([A,[,,]3) with the multiplication, for all 2m + 1,2m € Z and
2m,2m + 1 & Wiy sos

[L2m0/<:1+2507 LQmokg—i—QSoa L1—2m0k3—250]3
. 4m0(k17k2)()\k37/\k27/\k1)[/
- Ay Mg Mg 2mo (k1+ka—k3)+2s0>

[L2m0k1+25()7 Ll—Zmosz—QSoa L1—2m0k3—280]3
N 4m0(k27k3)()\k17/\k27)\k3)

Ay Ak Akg L2m0(k1—k2—k3)—250+1a
[Lomoki+250 L1-2moks—250 Lom41]5 = _WLZm—i—Qmo(h—kQH—l,
[L2moki+250: L1—2moka—250> Lomls = Wlﬂmmmo(kl—kz),
[Lamoks-+2s0) Lamoks-+2s0, Lom+1l3 = %Iﬂm'f‘%no(h—kkz)%—%m
[L1—2m0k1—250, L1—2mok2—250a L2m]3 = WI’QW—QWO(M-HCQ)—%O—&-D

where mg, sg € Z, 1 < 59 < my.
(4) ([A,[, , ]a) is an abelian 3-Lie algebra.
(6) ([A,[, , ]5) with the multiplication, for all m € Z, m # my,
[Lm17L1—m17 Lm]5 - bD(m17 1 —my, m)Lm7
where my € Z, m1 #0,1, b€ F, b# 0.
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