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REPRESENTATIONS AND COHOMOLOGIES OF
HOM-LIE-YAMAGUTI ALGEBRAS WITH APPLICATIONS

BY

TAO ZHANG and JUAN LI (Xinxiang)

Abstract. The representation and cohomology theory of Hom-Lie-Yamaguti alge-
bras are introduced. As an application, we study deformation and extension of Hom-
Lie-Yamaguti algebras. It is proved that a l-parameter infinitesimal deformation of a
Hom-Lie-Yamaguti algebra T corresponds to a Hom-Lie-Yamaguti algebra of deforma-
tion type and a (2,3)-cocycle of T with coefficients in the adjoint representation. We
also prove that abelian extensions of Hom-Lie—Yamaguti algebras are classified by the
(2, 3)-cohomology group.

1. Introduction. In recent years, Hom-type algebras were studied by
many researchers. The first examples coming from g-deformations of Witt
and Virasoro algebras are Hom-Lie algebras (see [HLS| for definition). Other
types include Hom-associative algebras, Hom-Nambu—Lie algebras, Hom-
Hopf algebras, etc. (see [ArMS, [AtMs, [AMM,, [CGL S, [Y3l [Y4] and the refer-
ences therein). In [J], the general representation and cohomology theory of
Hom-Lie algebras was developed.

The concept of Hom-Lie-Yamaguti algebra was introduced in [GNI]. It
is a Hom-type generalization of a Lie—Yamaguti algebra of [KW| [BEM],
a general Lie triple system of [Y1, [Y2] and a Lie triple algebra of [K]. In
[MCL], the authors studied formal deformations of Hom-Lie-Yamaguti al-
gebras, where only low dimensional deformation cohomology was defined
without the help of any representation. So it is of interest to make a sys-
tematic study of Hom-Lie—Yamaguti algebras in order to give their general
representation and cohomology theory. This is the aim of the present paper.

The paper is based on our recent work [Z, [ZL]. In [Z], we give a new
characterization of the representation and cohomology theory of Lie triple
systems. In [ZL], we make a detailed study of the (2, 3)-cohomology group
associated to a representation of a Lie-Yamaguti algebra. As an applica-
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tion, we study the deformation and extension theory of Lie—Yamaguti alge-
bras.

In this paper, we define the representation and cohomology theory of
Hom-Lie-Yamaguti algebras. Then we study the deformation and extension
theory of those algebras, as in [ZL]. We will see that they are classified by
the (2, 3)-cohomology groups. The difficulty in this case is that we have a
morphism « : T — T and more conditions on « to be compatible with
the structure of Hom-Lie—Yamaguti algebras. Fortunately, we overcome this
difficulty by using an equivalent characterization of a representation and a
careful analysis of the coboundary operator. The results in this paper gen-
eralize Yamaguti’s representation and cohomology theory for Lie—Yamaguti
algebras in [Y1], [Y2].

The paper is organized as follows. In Section 2, we introduce the con-
cept of representations of a Hom-Lie—Yamaguti algebra. Then we define the
coboundary operator on the cochain complex of a Hom-Lie-Yamaguti al-
gebra with coefficients in a representation V' to produce the cohomology
group. We pay special attention to the (2, 3)-cohomology group since it will
be used latter. In Section 3, we study the infinitesimal deformation theory of
Hom-Lie-Yamaguti algebras. We prove that there is a Hom-Lie—Yamaguti
algebra of deformation type and a (2, 3)-cocycle of T with coefficients in the
adjoint representation associated to a deformation. We also introduce the
notion of Nijenhuis operators to describe trivial deformations. In Section 4,
we study abelian extensions of Hom-Lie-Yamaguti algebras. We prove that
there is a one-to-one correspondence between equivalence classes of abelian
extensions of the Hom-Lie—Yamaguti algebra 1" by V and elements of the
(2, 3)-cohomology group.

Throughout this paper, we work over an algebraically closed field K of
characteristic different from 2 and 3.

2. Representations and cohomologies. In this section, we first re-
call some basic definitions regarding Hom-Lie—Yamaguti algebras. Then we
define the representation and cohomology theory of Hom-Lie—Yamaguti al-
gebras.

A Hom-vector space is a pair (V,«) in which V is a vector space and
a:V — V is a linear map. A morphism (V,a) — (W, ) of Hom-vector
space is a linear map f : V — W such that S o f = f o a. We will often
abbreviate a Hom-vector space (V,«) to V. Note that the category of Hom-
vector K-spaces, where K is a field, can be identified with the category of
modules over the polynomial K-algebra K[t]

DEFINITION 2.1. A Hom-Lie—Yamaguti algebra (or HLYA for short) con-
sists of a vector space T together with a linear map a : T" — T, a bilinear
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map [,:] : T'xT — T and a trilinear map [-,-,-] : T'x T x T" — T such that,
for all z;,y; € T, the following conditions are satisfied:

(HLYO01) «f[z1,z2]) = [a(z1), ax2)];

(HLY02) «f[z1,x2,23]) = [a(x1), a(z2), afx3)];
(HLY1)  [z1,z2] + [x2,21] = 0;

(HLY2)  [z1,x2,x3] + [z2, 21, 23] = 0;

(HLY3)  [[x1,x2], a(x3)] + c.p. + [x1, z2, 23] + c.p. = 0;
(HLY4)  [[z1, wo], a(w3), aly)] + [[w2, 23], a(@1), ()]

+ [[2s, 21], alz2), a(y1)] = 0;

(HLY5)  [a(x1), a(a), [y, voll = [[#1, 22, 1], & (y2)] + [0 (1), [w1, 2, o] ;
(HLY6) [0 (21), o*(22), [y1, Y2, y3]] = [[21, 22, y1], & (y2), & (y3)]

+ [P (1), [21, 22, y2), @2 (y3)] + [P (1), @° (1), [21, w2, y3]],

where c.p. means cyclic permutations with respect to x1,x2, z3. We denote
a HLYA by (Tv ['7 ']7 ['7 ) ']7 Oé) or simply by T

A linear map « satisfying (HLY01) and (HLY02) is called an algebraic
homomorphism. When a = id, conditions (HLYO01) and (HLY02) are trivial
and the other conditions (HLY1)—-(HLY6) reduce to conditions (LY1)—(LY®6)
for a Lie-Yamaguti algebra (LYA for short), given in [ZL]. Note that condi-
tions (HLY1) and (HLY?2) are equivalent to [z1,21] = 0 and [x1, 21, 23] = 0
respectively.

A homomorphism between two HLYAs T and T” is a linear map ¢ :
T — T’ satisfying ¢ oo = o’ o p and

(2.1) o([z1,22]) = [p(21), p(22)],
(2.2) p([z1, 22, 23]) = [p(x1), p(22), p(23)]"

DEFINITION 2.2. A HLYA of deformation type consists of a vector space
T together with a linear map « : T'— T, a bilinear map v : T'x T — T and

a trilinear map w : T'x T' x T' — T satisfying all conditions in Definition
except that (HLY3) is replaced by

(HLY3') v(v(z1,z2), a(x3)) + c.p. = 0.
Now we give the definition of a representation of a HLYA.

DEFINITION 2.3. Let (7', &) be a HLYA and (V, 8) be a Hom-vector space.
A representation of (T, «) on (V, 3) consists of a linear map p : T — End (V)
and bilinear maps D, 0 : T x T'— End (V') such that the following conditions
are satisfied:
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(HRO1)  p(a(z1)) o B = Bop(x1);

(HR02) D(a(x1),a(z2)) o= o D(x1,z2);
(HR03)  O(a(z1), ax2)) 0 B = B o O(x1, x2);
(HR31) D(x1,x9) — O(x9,21) + 9(.731,1‘2)

+ p([z1,22]) 0 B — plafz1))p(22) + pa(z2))p(z1) = 0;
( ) D([z1, 22,z ))+D([»”C2»l“3} a(z1)) + D([z3, 21], a(z2)) = 0;
( ) O([z1,z ]())OﬁZ(()(1))(2)—(()())()
(HR51)  D(c(z1), e(2))p(y2) = p(a®(y2)) D(w1, w2) + p([a1, 22, y2]) © B
( ) Oa(zr )v[ylva]) B =ple?(y ))9(961ay2) p(a?(y2))0(x1, y1);
( ) D(a®(x1), 0% (22))0(y1, y2) = 0(c® (1), &> (y2)) D(1, x2)
Y1), [z1, 22, 2]) 0 5%
0(x1, yl)
y1), 0% (y2))0(x1, y3).-

+ 0([z1, 2, 11], @2 (y2)) 0 B2 + 0(a?(
(HR62)  6(a*(z1), [y1, y2, y3]) 0 B7 = 0(a”(y2), > (y3))
—0(c®(y1), &®(y3))0(z1, y2) + D(e*(

In this case, we also call V' a T-module.

For example, given a HLYA T, there is a natural adjoint representation
on itself. The corresponding representation maps p, D and 6 are given by

p(x1)(x2) = [1,22], D(x1,22)3:=[21,22,23], 6O(21,22)73:=[23, 21, %2].

The next proposition gives an equivalent characterization of a represen-
tation. The proof is omitted since it is analogous to the proof of Lemma [4.5]
in Section [4

PROPOSITION 2.4. Let (T,«) be a HLYA and (V,[3) be a Hom-vector
space. Assume we have a map p from T to End(V) and maps D,0 from
T xT to End(V). Then (p, D, ) is a representation of T on V if and only
if T®V is a HLYA under the following maps:

(2.3) (a+ B)(z1 +ur) = a(zr) + Blur),
(2.4) [0+ ur, w2+ ug] 2 [w1, 22] + pla1)(u2) — pla2)(w1),
(2.5) [$1 + U1,T2 + u9,x3 + U3] [:L‘l, T2, xg] + D(wl, :L'Q)(u;g)

— 9(.%‘1, .%'3)('&2) + 9(1’2, $3)(U1).

In this case, the HLYA T ®V is called a semidirect product of T and V,
denoted by T x V.

Motivated by Yamaguti’s cohomology for Lie—Yamaguti algebras, we de-
fine cohomology for HLYAs as follows.

Let V' be a representation of HLYA T. Let us define the cohomology
groups of T" with coefficients in V. Let f: 7T x --- xT — V be an n-linear
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map such that
(2.6) fla(@r), ... alzn)) = B(f(x1, .. 20)),
(27) f(xl,...,ﬂfgi_l,ﬂfgi,...,In) =0 if To;—1 — L4

The vector space spanned by such linear maps is called the space of
n-cochains of T', denoted by C™(T, V') for n > 1.

DEFINITION 2.5. For any (f,g) € C*(T,V) x C*"*1(T, V) the cobound-
ary operator § : (f,g) — (01f,011g) is a map from C?*(T,V) x C*" (T, V)
into C?"2(T, V) x C*3(T, V) defined as follows:

(5If)(l“1, - ,932n+2)

= p(®(22041))9(T1, - -, Ton, Topt2) — p(@®™ (T2n12))9(T1, - - ., Tont1)
- 9(04(361), cee 7a($2n>7 [$2n+17 $2n+2])
n
+ (_1)n+k+1D(a2n—1($2k_1)7a2n—1($2k))
k=1 . .
flx, ., Top—1, Tak, - - Tony2)
n 2n-+2
Y, D,
k=1 j=2k+1
(@ (21), . Boko1, Boks - - -y [Tok—1, Tok, Tj], - - o, @2 (Tang2)),
(0r1g)(x1, 22, ..., Tony3)
= 0(a®(zan+2), @*"(22043))9(71, - - -, Tant1)
— 0(®(w2n+1), " (T2043))g(T1, - - -, Ton, Tont2)
n+1
+Z D" D (0 (2op—1), & (29x)) g (21, - -+ s Tok—1, B2k - - - T2t 3)
n+1 43
55
k=1 j=2kt1
' g(aZ(ajl), cee 7'%2]6—17 ija ceey [$2k—17 L2k, x]]v cee 7a2(x2n+3))-

When o = id, one recovers Yamaguti’s cohomology for LYA defined
in [Y2].

LEMMA 2.6. With the above notation, for any (f,g) € C*(T,V) x
C? (T, V), we have

(2.8) orf(a(@r) ..., @an+2)) = BOLf (21, ..., Tan+2)),
(2.9) ong(a(zy) ... ,a(xants)) = BOng(z1, ..., Tant3)).
Thus we obtain a well-defined map
6 = (61,0n1) : C*™(T, V) x C*" (T, V) = C*" (T, V) x C*"3(T, V).
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Proof. We only prove ({2.8]), since (2.9)) can be verified similarly. By Def-
inition [2.5 we have

(Orf)(a(z1), ..., a(zanr2)) = p(@® (2o i1))g(a(zr), . .., (T2n12))
— p(a®™ (z2n42))g(a(z1), .. ., a(zani1))
- g(()cz(:(}l), <o 7a2($2n)7 a([x2n+17 x2n+2]))

+ (_1)n+k+1D(a2n(x2k_1)7a2n(x2k))
k=1

- fla(zr), .., Bogp—1, Lok, - - - (T2012))
+ Z Z (_1)n+k
k=1 j=2k+1
: f(OéS(aTl), s 7‘%2]6—17 i‘Qk‘a B a([$2k—17 L2k, ZL']]), s ,043($‘2n+2))
= p(a® (2n41)) 0 B(g(21, - .-, Tan42))
- p a2n+1(x2n+2)) o B(g(.’lfl, ey $2n+1))
- ,8(9(0[(1'1), s 7a(x2n>7 [x2n+17 x?n—l—?]))
+ (—1)n+k+1D(O[2n($2k_1),Oé2n($2k))
h=l oB(f(x1y- -+, Tok—1,T2k; - -, T2n+2))
n  2n+2
+ Z Z (_1)n+k
k=1j=2k+1
: /B(f(a2($1), s 7i'2k—17j:2k7 ey [xﬂk—lal?kaxj]a oo ,a2(x2n+2)))
= Blp(@® (z2n11))g(x1, - ., Ton, T2nt2)))
= B(p(*(want2))g(21, - - -, T2nt1))
= Bg(a(x1),...,a(z2n), [T2nt1, T2nt2]))
+ = (_1)n+k+1
e B(D(a® Nwar-1), 0™ (@) (@1, . . ., ok—1, B2k - -, T2nt2))
n  2n+2
oS
k=1j=2k+1
: /B(f(az(xl)a e 7'®2k—17 i‘Qka ceey [:B2k‘—1>x2k7 xj]a O ,042(332n+2)))

= B((orf) (w1, 22,. .., T2n42)),

where in the second equality we use condition ({2.6)) and in the third equality
we use (HRO1)-(HRO3). m

PROPOSITION 2.7. The coboundary operator defined above satisfies § o §
=0, that is, o001 = 0 and 0 o = 0.
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Proposition [2.7] can be proved by tedious computations. We will check a
special case in Proposition [2.11

Let Z2"(T, V) x Z?"*1(T, V) be the subspace of C?"(T, V) x C*"*(T,V)
spanned by (f, g) such that 6(f, g) = 0, which is called the space of cocycles,
and let B?"(T, V) x BT, V) = §(C*" (T, V) x C*"~Y(T,V)), the space
of coboundaries.

DEFINITION 2.8. For n > 2, the (2n,2n + 1)-cohomology group of a
HLYA T with coefficients in V' is defined to be the quotient space

H*(T,V) x H*"*(T,V)

£ (2T, V) x 22T, V) /(B2 (T, V) x BT, V).

In conclusion, we obtain a cochain complex whose cohomology group is
called the cohomology group of a HLYA T with coefficients in V.

Note that in Definition [2.8| we assume n > 2. For n = 1, we define the
(2, 3)-cohomology group of a HLYA T with coefficients in V' as follows.

Let C%(T, V) be the space of maps v : T x T — V such that v(z1,22) =
—v(x9,21) and
(CCo1) via(zy),a(xe)) = B ov(xy,x2).

Let C3(T, V) be the space of maps w : T x T xT — V such that w(z1, 2, z3)
= —w(x2, 21, 23) and
(CC02) w(a(z1), a(w2), (w3)) = B ow(wy, x2, 3).

DEFINITION 2.9. Let (T, «) be a HLYA and (V, ) a T-module. Then
(v,w) € CHT,V)xC3(T, V) is called a (2, 3)-cocycle if for all x1, 2, Y1, Y2, y3
€ T, we have
(CCL1)  w(w1,2,23) +c.p. — pla(zr))v(z2, x3)

—¢.p. + v([x1, 22, a(x3)) + c.p. = 0;
(CC2)  O(a(zr),a(yr))v(x2, x3) +c.p. +w([z1, x2], a(z3), a(y1)) +c.p. = 0;
(CC3)  wlalz1),a(w2), [y1,y2]) + D(a(z1), a(z2))w(y1, y2)
= v([z1, w2, y1], 042(2/2)) + V(Oéz(?h% (21, 22, y2])
+ p(e?(y1))w(z1, 22, 32) — p(a®(y2))w (@1, 22, y1);
(CC4)  w(a?(z1),*(x2), [y1, y2, y3]) + D(0?(21), @ (2))w(y1, Y2, y3)
= w([z1, 22, 31], 042(1/2)7 042(2/3)) + W(Oé2(y1), (21, 22, y2], 02(?43))
+w(e?(y1), o®(ya), [w1, 22, y3]) + 0(a*(y2), o (y3))w (@1, 2, Y1)
— 0(a®(y1), &*(y3))w(1, 22, y2) + D(a® (1), 0° (yo) Jw (@1, 2, y3).
The space of (2, 3)-cocycles is denoted by Z2(T,V) x Z3(T, V).
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We remark that conditions (CC3) and (CC4) are equivalent to d;(v) = 0
and orr(w) = 0 respectively. Why we add conditions (CC1) and (CC2) can
be seen from the following context.

Let f be a linear map of T into a representation space V. Then f is
called a derivation of T into V if

(2.10) f([z1,22]) = p(21) f(22) — p(x2) f(21),
(2.11) f([z1, 22, 23]) = 0(22, 23) f(21) — O(21, 23) f(22)
+ D(x1,x2) f(x3).
DEFINITION 2.10. Let (7, ) be a HLYA and (V,3) a T-module. Then

(v,w) € C3}(T,V) x C3(T,V) is called a (2, 3)-coboundary if there exists a
map f : T — V such that

(BBO1) foa=fof;
(BB1) v(z1,x2) = p(z1) f(22) — p(x2) f(21) — f([21, 22]);
(BB2) w(xy, e, x3) = O(x2,x3) f(x1) — O(21, 23) f(22)

+ D(z1,22) f(23) — f([z1, 22, T3]).
The space of (2, 3)-coboundaries is denoted by B2(T,V) x B3(T, V).
PROPOSITION 2.11. The space of (2,3)-coboundaries is contained in the
space of (2,3)-cocycles.

Proof. We verify that if (v,w) satisfies (BB01), (BB1) and (BB2), then
it must satisfy (CCO01), (CC02) and (CC1)—(CC4).
By definition, for (CC01), we have

v(a(rr), a(r2)) — Bov(ry, z2)
= pla(z1)) f(a(r2) — pla(z2)) f(a(r1)) — f([a(r1), a(w2)])
— Bo{p(x1)f(x2) — p(x2) f(21) — f([x1,22])}
= p(a(z1)) o Bo f(x2) — pla(x2)) 0 Bo f(z1) — foa(fr1,za])
— Bop(x1) o f(w2) + Bop(xa) o f(x1) + B o f([w1,22]) =0,

where in the last equality we have used (HRO01) and (BBO1).
For (CC02), we have

w(a(zy), a(xz), a(xs)) — B ow(wr, z2,3)
= 0(a(x2), a(x3)) f(a(z1)) — O(a(z1), a(x3)) f(u(x2))
D(a(z1), o(x2)) f(a(ws)) — f([a(z1), az2), a(z3)])
- Bo{0(w2, w3)f(21) — O(z1, 23) f(22) + D(w1, 2) f(23) — f([21, 32, 23])}
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= 0(a(z2), a(w3)) o Bo f(x1) — O(a(x1), a(x3)) 0 B o f(z2)
+ D(a(z1), a(x2)) 0 Bo f(w3) — f o a[z1, z2, 3])
- Bob(xe,x3)o0 f(x1) — fob(x1,x3) 0 f(xa) + B o D(x1,x2) 0 f(x3)

— Bo f([x1, 22, 23]) = 0.

where in the last equality we have used (HR02), (HR03) and (BBO1).
For (CC1), we have

w(x1, x9,x3) + c.p. — plalzy))v(z2, x3) — c.p. + v([z1, 2], @(x3)) + c.p.
= (O(w2, x3) f(x1) = O(21, 23) f (w2) + D(21, 2) f (23) — f([71, T2, 23])) +C.D.
— pla(@1)) (p(x2) f(23) — plas) f(22) — f([w2,23])) + c.p.
+ (p([z1, z2]) f(e(zs)) — pla(@s)) f([21, 22]) — f([[z1, 22], a(23)])) + c.p.
= (D(z1,22) — (22, 1) + O(1, 22) + plz1,22] 0 B
— pla(z1))p(z2) + pla(@2))p(21)) f(23) + c.p.
- f([ml,:L"Q,xg] + c.p. + [[x1, x2], a(z3)] + c.p.) =0.

(
The last equality follows from (HR31) and (HLY3).
)

By direct computations, for (CC2), we get

0(a(x1), a(yr))v(za, x3) + c.p. + w([z1, x2], a(x3), a(y1)) + ¢.p.

= 0(a(z1), alyr)) (pl2) f(23) — p(x3) f(w2) — f([z2,73])) + c.p.
+ (0(a(zs), a(y1)) f([z1, 22]) = O([z1, 22], () f(eu(23))
+ D([w1, 2], al@3)) fla(yr)) — f([[z1, 22, a(z3), a(y1)])) + c.p.

= (D([z1,%2], a(w3)) + D([x2, 23], (1)) + D([w3, 21], a(z2))) f(ex(y1))
= (0([z1, w2], y1) 0 B—0(a(21), a(yn)) p(x2) +0(x(22), 1)) p(a1)) f (3)
— c.p. — f([[z1, 22], a(w3), a(y1)] + c.p.) = 0.

The last equality uses (HR41), (HR42) and (HLY4).

The other cases can checked as follows: (CC3) follows from conditions

(HR51), (HR52) and (HLY5); (CC4) is a consequence of (HR61), (HR62)
and (HLY6). Therefore the space of (2, 3)-coboundaries is contained in the
space of (2,3)-cocycles. u

DEFINITION 2.12. The (2, 3)-cohomology group of a HLYA T with coef-
ficients in V' is defined as the quotient space

H*(T,V) x H3T,V) £ Z*(T,V) x Z3(T,V)/B*(T,V) x B3(T,V).
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3. Infinitesimal deformations. Let T'be a HLYA and v : T xT — T
and w: T x T xT — T be bilinear and trilinear maps. Consider a \-para-
metrized family of bilinear maps and trilinear maps

[21, 2] £ [21, 22] + Av(z1, 22),
(21, 2, 23], £ [21, T2, 23] + Aw(21, T2, T3).

If [-,-]x and [-,-,-]x endow T with a HLYA structure which is denoted
by T, then we say that (v,w) generates a A-parameter infinitesimal defor-
mation of the HLYA T.

THEOREM 3.1. With the above notation, (v,w) generates a A-parameter
infinitesimal deformation of a HLYA T if and only if:

(i) (v,w) defines a HLYA of deformation type on T';
(ii) (v,w) is a (2,3)-cocycle of T with coefficients in the adjoint repre-
sentation.

Proof. Assume (v,w) generates a A-parameter infinitesimal deformation
of the HLYA T'. Then the maps [z1, 2]y and [z1,x2, 23], defined above
satisfy (HLY1)-(HLY6). From these conditions, we will deduce that (v,w)
is a (2, 3)-cocycle and (v,w) defines a HLYA of deformation type on T'.

From (HLYO01), we have

o[z, z2x) — [a(z1), alz2)]A
= afry, 2] — [a(z1), a(x2)] + Maov(zy, z2) — v(a(z1), a(xe))} = 0.
thus we get
(3.1) aov(xy,xe) = v(a(zy), a(x)).
From (HLY02), we have

o[z, m2, 3])) — [o(@1), a@2), ae(3)] A
= alry, 32, w3] — [a(21), a(22), a(23)]
+ Maov(zy,xa,x3) — v(a(z1), a(xs), a(zs))} =0,
thus we obtain
(3.2) aov(xy,xe, x3) = v(a(xy), a(re), a(xs)).
From (HLY3), we have

[x1, 22, x3]) + c.p. + [[x1, T2]A, @(z3)]x + C.D.
= [z1, 22, x3] + c.p. + [[x1, x2], a(z3)] + c.p.
+ Mw(x1, 22, 23) + c.p. + v([x1, 2], a(x3)) + C.Dp.
+ [v(21,22), a(3)] + c.p.}
+ A {w(v(@1, 22), aw3)) + cp.} =0,
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thus we get
(3.3)  w(z1,z2,23) + c.p. + v([z1, 22], a(x3)) + c.p.
+ [v(z1,x2), a(x3)] + c.p. = 0,
(3.4) v(v(zy,22),a(x3)) + c.p. = 0.
From (HLY4), we have

[[z1, w2]x, a@3), a(yr) ]\ + c.p.
= [[xl,l?]v (:L‘g) (yl)] + c.p.
+ Mw([z1, 2], a(23), a(y1)) + ¢.p. + [v(21, 22), alx3), a(y1)] + c.p.}
+ A {w(v(z1, 22), alzs), a(y1)) +c.p.} =0,
thus we get
(35) w([xlﬂ x2]7 a(l'g), a(yl)) +c.p.+ [V(xlv xQ)? CK({L'3), a(yl)] +c.p. =0,
(3.6)  w(v(zy,z2),a(xs3),a(y1)) + c.p. = 0.
From (HLY5), we have

[a(21), a(x2), [y1, yalalx = [[#1, 22, y1]a, @2 (y2)]x + [0 (1), [71, 22, Y2 A]A;
the left hand side is equal to

[a(z1), a(2), [y1, ya] + Av(y1, y2)]
= [a(z1), a(x2), [y1, y2]]
+ Mw(a(z1), al@2), [y1,y2]) + [a(21), a(z2), v(y1, y2)]}
+ Nw(a(z1), alwe), v(y1, v2)),

and the right hand side is equal to

[[z1, 22, y1]x, &*(y2)]x + [@® (11), [21, 22, y2]A]x
= [[z1, z2, y1], &*(y2)] + [@*(w1), [x1, 72, 2]
+ Mw(@r, 2,31), 0% (y2)] + v([z1, 22, 1], &° (12))
+ [0 (1), w(@1, w2, y2] + v(y1, [21, 22, 92])}
+ X v (w(zr, 22, 91), 0% (y2)) + v(® (1), w(@1, T2, 2)) }-

Hence we obtain

(3.7)  wla(z), a(x2), [y1,92]) + [a(z1), a(@2), v(Y1, y2)]
= [w(a(zr), a(za), 1), o*(y2)] + v(fx1, 22, y1], &2 (y2))
=+ [az(y1)7w<xlax27y2)] + V(a2(y1)7 [$17$27y2])
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and

(3.8)  w(a(z1), w2), v(y1,2))
= V(w($1,$2,y1), a2(y2)) + V(a2(y1),w(x1, x2, yQ))
From (HLY6), we have

[042(951)7 042(902)7 [Y1, Y2, y3]a]x
= [[z1, 22, 1], 0% (y2), * (y3)]x + [ (1), [1, 72, 2] x, @7 (y3) A
+ [0®(y1), @2 (y2), [w1, 2, Y3l x;
the left hand side is equal to

[0?(21), &®(x2), [y1, y2, y3] + Mw(y1, y2, y3)]a
= [042(~Tl)a 042(1”2)» [y1, Y2, ys]] + Aw(ﬂf(fﬂl), 042(1‘2)7 [Y1, Y2, y3])
+ [0 (1), @ (22), A (y1, 92, y3)] + Aw(@?(21), 0 (2), Aw(y1, 42, 3))
= [a?(z1), @®(2), [y1, y2, ys]]
+ Mw(a?(z1), 0*(x2), [y1, 92, 43]) + [0 (21), & (22), w(y1, Y2, 43)]}
+ Nw(a®(21),0* (), w (1, Y2, Y3)),
and the right hand side is equal to

1, 22, 1] + Aw (@1, 22, 1), &% (y2), &2 (y3)]n
+ [@2 (1), [21, 22, yo] + Aw (1, 22, y2), a*(y3)]a
+ [®(y1), *(y2), [21, 22, y3] + Aw (@1, T2, Y3)]
= [[z1, 22, 31], 0% (y2), & (y3)] + w1, [21, 22, y2), 3]
+ [0* (1), & (y2), [z1, 72, y3]]
+ Mw([z1, 22, 11], 02 (12), 0* (y3)) + [w(w1, 32, 11), 0* (y2), & (y3)]
+w(a2(y1),[xl,w2,y2],a2(y3) o

)+ [0 (1), w(@r, 22, y2), & (y3)]
w(@?(y1), @2 (y2), [21, 22, 43]) + [@?(y1), @*(y2), w(@1, 22, y3)]}
+)\2{W(W(~T1 22,41), & (y2), 0% (y3)) + w(yr, w(1, 2, 92), y3)
w(@?(y1), @2 (y2), w(w1, 22, y3))}-
Thus we get

(3.9)  w(a?(z1),0*(22), [y1, Y2, y3]) + [ (x1), & (w2), w(y1, Y2, Y3)]
= w([z1, z2, y1], @*(y2), & (y3)) + w(a®(y1), [1, 22, y2, &> (y3))
+w(@?(y1), *(ya), [21, 22, 43]) + [w(@1, 22, 91), & (y2), &% (y3)]
+ [0 (y1), w1, w2, y2), @2 (y3)] + [P (y1), & (y2), w(1, T2, y3)]
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and

(3.10)  w(a®(x1),a”(x2),w(y1,y2,93))
= w(w(w1, 22, 91), & (y2), & (y3)) + w(a? (Y1), w(@1, T2, ¥2), & (y3))
+ w(a®(y1), &*(y2), w(21, 22, y3)).-

Therefore by (3-1), (82), (B-4), (:6), (38) and (B.10), (v, ) defines a HLYA

of deformation type on 7. Furthermore, by (3.1), (3.2), (3.3), (3.5)), (3.7)
and (3.9), we conclude that (v,w) is a (2, 3)-cocycle of T' with coefficients in

the adjoint representation. m

A deformation is said to be trivial if there exists a linear map N : T — T
such that for ¢y =id + AN : T, = T we have

(3.11) ealz1, m2ly = [paz1, a2,

(3.12) palr1, 2, 23]\ = [Paz1, PAT2, PAT3].

It follows from and that N must satisfy

(3.13) N[Nzy,z9] + N[z1, Noo] — N2[x1, 20] = [Nzy, Nao],
and

(3.14) N[le,xg,xg] -+ N[l‘l, ng,xg] + N[xl,wg, ng] — NQ[wl,wg,l'g]
= [N$1,N$2,$3] + [le,xg,ng] + [$1,N332,N$3].
DEFINITION 3.2. A linear operator N : T — T is called a Nijenhuis

operator of a HLYA T if (3.13) and (3.14)) hold.

An important property of a Nijenhuis operator is that it gives a trivial
deformation.

THEOREM 3.3. Let N be a Nijenhuis operator forT. Then a deformation
of T can be obtained by setting

(3.15) v(zy,x2) = [Nx1,29] + [21, Nag] — N1, 22,
(3.16) w(xy, e, x3) = [Nx1, 29, 23] + [21, NX2, 3] + [21, T2, N3]
— N[IL‘l,l‘g,fL‘g].

Furthermore, this deformation is trivial.

4. Abelian extensions. In this section, we study abelian extensions of
HLYAs. It is showed that abelian extensions are classified by the
(2, 3)-cohomology group. We will build a bijection map from the set Ext(7', V)
of equivalence classes of abelian extensions to H(T, V) x H3(T,V).

DEFINITION 4.1. Let (T, [-, ], [, -, -], @), (V, [, -]v, [+, -]v, B) and (T, [ 145
[+, ], &) be HLYAs, and let i : V' — T and p : T — T be homomorphisms.
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If the diagram
p

(4.1) 0 Vs T 0
|
0 | N 0

commutes and its horizontal lines (denoted by E.;) are short exact sequences,
then we call T' an extension of T by V. It is called an abelian extension if V is
an abelian ideal of T i.e. [u, v]; = 0and [u,v, |7 = [u,,v]4 = [, u,v]3 =0,
for all u,v € V.

From the left square in the diagram we deduce that if we choose an
element u € V, then

(4.2) doi(u) =10 ay(u).
Since i is injective, we can identify V with its image in 7', and thus
(4.3) a(u) = aly(u) = B(u).

A section o : T — T of p: T — T is a linear map such that
(4.4) poo =idr and &Goo=ocoa.
DEFINITION 4.2. Two extensions of HLYAs E; : 0 — V ST RT 50

and E; : 0=V B 4T 5 0 are called equivalent if there exists a HLYA
homomorphism F' : T — T such that the following diagram commutes:

(4.5) 0 V—sT-LtsT 0
idl F\L id
0—=vV-2o7 2.7 g

The set of equivalence classes of extensions of T' by V' is denoted by Ext(T, V).

Let 7' be an abelian extension of T by V. Define maps p from T to
End(V) and D, 0 from T x T to End(V) by

(4.6) p(z1)(u) = [o(x1), ulp,
(4.7) D(z1,22)(u) = [o(21),0(2), ul,
(4.8) 0(x1, 22) () £ [u,0(21), 0(22)]5-

LEMMA 4.3. With the above notation, (p,D,0) is a representation of
T on V and does not depend on the choice of the section o. Moreover,
equivalent abelian extensions give the same representation.

Proof. First, the fact that p, D, 6 are independent of the choice of o is
easy to check. For details, see [ZL].
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Second, we show that (p, D, ) is a representation of 7" on V.
By the equality

pla(zr)) o f(u)

[o(a(z1)), B(u)lj = [@ o o (1), &(u)]
a(lo(z1),ulp) = B([lo(z1),ul4) = B o p(z1)(u),

R)

we obtain (HRO1):
(4.9) pla(z1)) o B = Bop(x1).
By the equality
D(a(z1), az2)) o B(u) = [o(a(z1)),
=ladoo(xy),&oo(
= B([o(21),0(x2),ul;) = B o D(z1, 22)(u),
we obtain (HR02):
(4.10) D(a(z1), a(x2)) 0 B(u) = B o D(z1, x2)(w).
By the equality

we obtain (HR31):
(4.11)  D(x1,x2) — 0(x2,21) + 0(x1,22) + p([x1,22]) 0 B
— plaz1))p(x2) + pla(z2))p(21) = 0.
By the equality
[lo(z1), 0(22)] 5, &0 0 (23), B(w)]7 + [[o(22), 0(23)] 7, & 0 o(21), B(u)]7
+ [[o(z3), 0(21)]7, & 0 o(x2), B(u)l7 = 0,
we have (HR41):
(4.12)  D([z1,x2], a(x3)) + D([xe, z3], a(x1)) + D([x3, 21], a(2)) = 0.
By the equality
[lo(z1), 0(22)] 3, B(u), &0 o(y1)ly + [[o(z2), ulj, & 0 o(21), & 0 0 (y1)]
+ [[u, U(xl)]fﬂ Qo U<m2)7 ao U(Z/l)]j“ =0,

we have (HR42):

(4.13)  O([x1, m2], a(y1)) 0 B = O(a(1), a(y1)) p(w2) — O(a(2), a(y1)) p(x1).
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By the equality
(@ 0a(x1), & 00 (@), [u,0(y2)l ]y = [lo(x1), o(x2), ul 7, 6% 0 0 (y2)] 7
+[8%(w), [o(21), 0 (2), 7 (y2)] ]34
we have (HR51):
(4.14)  D(a(z1), a(w2))p(y2) = p(a®(y2)) D(x1, x2) + p([w1, 22, y2]) © .
By the equality
[0 a(z1), B(u), [o0(y1), o (y2)l 3)7 = [lo(@1),u,0(y1)] 3, &% 0 0 (y2)] 7
+ [072 ° U(yl)’ [0(551)7 u, U(yg)]T]T,
we have (HR52):

(4.15)  O(a(z1), [y1,y2]) 0 B = p(a®(y1))B(x1,y2) — p(a®(y2))0 (w1, y1)-
By the equality

[6% 0 0(21), 4% 0 o (22), [u, 0 (y1), 0 (y2) 13
= [[o(x1), 0(22), ul7, 6% 0 0(y1), 4% 0 o (y2)] 5
+[B2(w), [o(21), 0 (22), 0 (31)] 3, & 0 0 (y2)]
+ [8%(u),&” 0 a(y1), [o(21), 0 (2), 0 (y2)| ] 35

we have (HR61):

(4.16)  D(a®(z1), a®(22))0(y1,y2) = 0(c*(y1), &*(y2)) D (w1, x2)
+0([21, 22, 11), @2 (y2)) 0 B2 + 0(e®(y1), [21, 22, y2]) 0 2.
By the equality

]

Dl 6% 0 0(ya), 6% 0 0(y3)] 7
fu, o (1), 0(y2)] 4 6% 0 0 (y3)] 7
Ao J(?J?)’ [u7 0'(1‘1), U(y3)]T]T7
we have (HR62):

(4.17)  0(a®(21), [y1, y2, y3]) © B2 = 0(a?(y2), &®(y3))0(z1, 1)

—0(a”(y1), a®(y3))0(w1, y2) + D(@* (1), &* (y2))0 (21, y3)-
Therefore we see that (p, D, 6) is a representation of 7" on V.

Finally, suppose that E; and E; are equivalent abelian extensions, and
F:T — TisaHLYA homomorphism satisfying F'oi = j, go F' = p. Choose
linear sections o and ¢’ of p and q. We get ¢Fo(z;) = po(z;) = x; = qo’(x),
so Fo(x;) — o'(x;) € Ker(q) 2 V. Thus, we have

[u,0(z1),0(22)] 4 = [u, Fo(x1), Fo(xa)|s = [u,a'(xl),a'(mg)]f.
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Therefore, equivalent abelian extensions give the same . Similarly, one can
prove that equivalent abelian extensions give the same D and p. =

Let o : T — T be a section of an abelian extension. Define
(4.18) v(z1,22) £ [0(21),0(22)]5 — o([x1,72]),
(4.19) w(z1,z2,3) £ [0(21), 0(22), 0(w3)] 5 — o ([21, 22, 23]).

LEMMA 4.4. Let 0 »V — T — T — 0 be an abelian extension of T
by V. Then (v,w) defined by (4.18) and (4.19) is a (2, 3)-cocycle of T with
coefficients in V.

Proof. First, we claim that the image of v is contained in V, that is,
pov(xy,xz) = 0. In fact, since p is an algebraic homomorphism, we have

pov(xy,x2) = [poo(x1),poo(x2)ly —poo([zr,xa]) =0.

Next, one checks that v and w defined above satisfy (CC01) and (CC02).
For example

via(r), a(z2)) = [o(a(z1)), o(a(z2))l7 — o([alzr), az2)])
= [ooa(z1),0 0 a(z2)]j — 00 aflzr, z2])
= ([@oo(x1),&oo(x2)lp) — doo([z1,z2])
= &([o(z1),0(x2)l7) — o([z1, 22]))
= B(lo(x1), 0(z2)]5 — o([z1,22])) = B(v (21, 22)).
Finally, we verify that v and w satisfy (CC1)—(CC4).
By the equality
[ox1, 029, 023] 4 + €.p. + [[021, 022 11, G(0(23))] 7+ + c.p. = O,

we obtain

{w([z1, 22, 23) + olr1, 22, 23] 7.} + €.p. + {[V(21, 22), 0 (a(3))] 7
+ v([z1, 2], a(x3)) + o ([[z1, z2], a(z3)])} + c.p. = 0.
Thus we have (CC1):

(4.20)  w(xy,z9,23) + c.p. — pla(zs))v(z1, x2) — C.p.
+ v([x1, 2], a(z3)) + c.p. = 0.
By the equality
[[ox1, 029) 4, &(0x3), &(0oy1)] 4 + c.p. =0,
we get
{[V(Il’ 32‘2), Ua(IS)v Ua(yl)]j‘ + W([l‘l, 1:2]7 a($3)7 a(yl))
+ of[z1, z2], alxs), a(y1)]} + c.p. = 0.
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Thus we have (CC2):
(4.21)  O(a(xs), a(yr))v(z1,x2) + c.p. +w([x1, 22, a(x3), a(yr)) + c.p. = 0.
We have the equality
[a(0w1), &(ow2), oY1, oy2l7] 7
= [lox1, 012, oY1) 7, &2(0y2)]T + [&% (o), [ox1, 00, ayal il
The left hand side is equal to
[oca(z1), 0a(w2), [oy1, oy2, |7]4
= [oa(z1), oa(x2), v(y1,y2) + o([y1, y2]7)] 7
= D(a(@1), @2))v(y1, y2) + [oa(z1), oa(@2), o ([y1, y2])] 7
= D(a(z), ale2))(y1,10) + wla(z), alza), [y, o)
+ o([a(zy), a(@2), [y1, v2])),
and similarly the right hand side is equal to
lo@1, o2, 091] 5, 002 (12))7 + [00? (1), [0, 002, 02 1 3
= [w(®1, 22, y1) +olz1, 22, 1], 0yl + v([T1, T2, 1], ¥2) + o [[21, 22, 11], Y2
= —p(a®(y2))w(wr, x2,y1) +v([z1, 22, y1), 0% (y2)) + 0 ([[21, 22, 51], 02 (2)])
+ p(e(h))w (@1, 22, y2) +v(a® (1), [£1, 22, y2)) + o ([0 (1), [21, 22, y2]])-
Thus we obtain (CC3):
(422)  w(a(@1), az2), [y1,2]) + D(a(z1), a(@2))w(y1, y2)
= v([z1, 22, y1), * (42)) + v(@®(n1), [21, 22, 2]))
+ p(a® (y1))w (@1, 22, 32) — p(a®(y2))w (@1, 22, 31).
We have the equality
(6% (ox1), & (022), [oy1, Y2, 0Y3) )7
= [[0’%’1,U$2,Uy1]T,@2(Uy2),d2(0'y3)]T
+ [d2(0y1), lox1, 022, 0Y2] 7, dQ(Uyg)]T
+ [6%(oy1), &% (o), [ox1, o2, oy3) -
The left hand side is equal to
[0042(-701), 0042(!132), loy1, oy2, 03/3]f]f
= [oa?(z1), 00*(z2), w(y1, Y2, y3) + o ([y1, Y2, y3))] 7
= D(a® (1), a®(22))w(y1, Y2, 43) + [00* (1), 0% (22), o ([y1, 92, 43])] 5
= D(a®(z1), o (z2))w(y1, Y2, y3) + w(a®(x1), o (z2), [y1, Y2, y3])
+o([a®(21), & (w2), [y1, 2, ys])-
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Similarly, the right hand side is equal to

0(a”(y2), 0*(ys))w(w1, 22, y1) + w(lz1, T2, 1], * (y2), &> (y3))
+o([[z1, 22, 91], 0* (y2), @*(y3)]) — 0(? (1), @*(y3))w(1, 2, y2)
+w(@® (), [21, @2, y2), @2 (y3)) + ([P (y1), [21, 22, ya2], 2% (y3)])
+ D(a?(y1), o (y2) w (@1, 22, y3) + w(a®(y1), *(y2), [21, 72, y3))
+o([0* (1), (ya), [21, 22, 3])).-
Thus we obtain (CC4):

(4.23) w(oﬂ(xl) a®(@2), [y1, 92, ys]) + D(a*(21), a®(2))w(y1, y2, y3)
w(lz1,z2,31], 02 (y2), &2 (y3)) + w(@? (1), [x1, 22, 92], 0% (y3))
+w(04 (11), @*(y2), [£1, 22, y3]) + 0(a®(y2), 0® (y3))w (1, 72, 1)
— 0(a*(y1), @*(y3))w (w1, 2, y2) + D(a*(y1), 0% (y2) )w (w1, 72, y3)-
Therefore we get all the (2, 3)-cocycle conditions of Definition n
From Lemmas [£.3] and [£.4] we see that an abelian extensiona of HLYA
T by V gives rise to a representation of 7" on V' and (2, 3)-cocycle of T with

coefficients in V. Conversely, given a representation and a (2, 3)-cocycle, we
can obtain a HLYA structure on the space T & V.

LEMMA 4.5. Let T be a HLYA, (p,D,0) a representation of T on V,
and (v,w) a (2,3)-cocycle of T with coefficients in V. Then T @V is a
HLYA under the following bilinear and trilinear maps:

(4.24) (a+B)(z1 +u1) = alr) + Blur),

(4.25) (21 + w1, 2 + ug], £ [21, 2] + v(21, 22) + p(21) (U2)
— pla2)(u1),

(4.26) (21 + w1, T2 + ug, x5 + us), £ (71, 2, 73] + (21, T2, T3)

+ D(21, x2) (uz) — 021, 23) (u2)
+ (9(1’2, x3)(u1)a
This HLYA is denoted by E(, ) =T S V-
Proof. We will verify that conditions (HLY01)-(HLY02) and (HLY1)-

(HLY®6) hold for maps defined on 7' V by (4.24)—(4.26]).
Now condition (HLYO01) becomes

(4.27)  (a+ B)([x1 + u1, x2 + u2))
= [(a+ B)(x1 +u1,), (a+ 8)(x2 + u2)].
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The left hand is equal to

(a+ B)([x1, 22] + v(21, 22) + p(z1)(u2) — p(22)(U1))
= a([z1,z2]) + Bov(w1,m2) + B o p(x1)(uz) — B o p(w2)(u1),

and the right hand is equal to

[a(z1) + B(u1), a(z2) + B(uz)]
= [a(z1), a(z2)] + v(a(r1), a(z2)) + pla(z1)) 0 Bluz) — p(a(x2)) o Bu1).

Since « is an algebraic homomorphism, and by conditions (HR01), (CC01),
we obtain (4.27)).

Condition (HLY02) becomes

(4.28) (a+ﬁ)([$1+U1,$2+u2,l‘3+U3])
= [(a+ B)(z1 + u1), (a + B) (w2 + uz), (o + B) (w3 + u3)].

The left hand is equal to

(o + B)([1, w2, x3] + D(21, 22) (U3) — O(71, 73)(U2) + O(22, ¥3)(U1))
= a([z1, 2, x3)) + B ow(x1,x2,23) + B o D(x1,22)(us) — o 0(x1,x3)(u2)
+ B0 0(x2, x3)(u1),

and the right hand is equal to

(1) + Bur), al@2) + B(uz), alxs) + H(us)]
= [a(@1), al@2), alw3)] + w(a(z1), @), alw3)) + Dla(z1), alx2)) o Bus)
— 0(a(z1), a(es)) o Buz) + 0(a(xa), a(x3)) o f(ur).
Since « is an algebraic homomorphism, and by conditions (HR02), (CC02),

we obtain (4.28)).
For (HLY1) and (HLY2), by definition we have
[21 + w1, 21 +w] = [21, 21] + p(21)(w1) — p(w1)(u1) = 0,
(1 + w1, 1 + ui, 23 + uz] = [x1, 21, 23] + D(21, 21)(u3) — 0(x1, 3)(u1)
+ 9(.7)1, xg)(ul) = 0.
For (HLY3), we have

[x1 + w1, x2 + ug, T3 + usly, + c.p.
= {[z1, 22, 23] + w(w1, w2, 23) + D (21, 22)(u3) — (1, x3)(u2)
+ 0(z2,73)(u1)} + c.p.
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and

[[x1 + u1, 22 + uz)y, a(z3) + B(us)], + c.p.
= [[@1, m2] + p(z1)(u2) — p(22)(u1), (@3) + B(us)]y + c.p.
= {{[z1, m2], aws)] + v([z1, ma], w3) + p([z1, 22]) 0 B(us)
—pla(zs))v(z1, 22) — plalzs))p(z1)(u2) + pla(xs))p(x2)(u1)} + c.p.
Thus by (HR31) and (CC1) we obtain

(4.29)  [x1 + w1,z + ug, 23 + usl, + C.p.
+ [z1 + u1, 22 + w2y, a(x3) + B(u3z)], + c.p. = 0.
For (HLY4), we have

[[21 + w1, 22 + ualy, a(w3) + B(us), a(yr) + B(v1)lw + c.p.
= {[lz1, z2], a(x3), a(y1)] + w((z1, z2], a(x3), a(y1))
+ D([z1, z2], a(w3))(B(v1)) — O([z1, 2], (1)) (B(us))
+ 0(a(zs), a(y1))(v(@1, 22) + p(x1)(uz) — p(z2)(w1))} + c.p. =0,

where the last equality follows from (CC2), (HR41) and (HR42).
For (HLY5), we have

[a(z1) + B(u1), a(@2) + B(uz), [y1 + v1,y2 + vl
= la(z1), a(z2), [y1, y2]] + wle(z1), a(z2), [y1, y2])
+ D(a(x1), a(x2)) (v(y1, y2) + p(y1) (v2) — p(y2)(v1))
= 0(21, [y1, y2]) (u2) + 6(22, [y1, y2]) (w1)

)
);

and
[[z1 + w1, 22 + u2, y1 + vi]w, & (y2) + 5% (v2)]y
+ [0®(y1) + B*(v1), [21 + ur, w2 + u2, Y2 + voluly
= [[z1, z2, 1], & (2)] + v([z1, 22, 1], @* (92)) + p([x1, B2, 31]) (v2)
—p(y2) (w(z1, w2, 91) + D(@1, x2)(v1) — O(x1,y1) (u2) + (22, y1)(u1))
+ [ (1), [21, 22, 92)] + v(@® (Y1), [1, 22, y2))
+ p(y1) (w1, 2, 92) + D(w1, 22) (v2) — O(x1,y2) (u2) + 0(22, y2) (u1))

— p([z1, 22, y2]) (v1).
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Thus by (CC3), (HR51) and (HR52) we obtain

[a(z1) + B(ur), al@2) + B(uz), [y1 +v1, 92 + volu]
= [[z1 + w1, @2 + u2, Y1 + vilw, &2 (y2) + 5 (v2)]y
+ [0 (y1) + B2 (v1), [21 + ur, w2 + u2, Y2 + voluly
Therefore (HLY5) is valid.
Now it remains to verify (HLY6). By definition,
[0 (1) + 8% (w1), & (2) + B2 (u2), [yr + v1, Y2 + v, Y3 + 3]
= [a?(x1), @®(x2), [y1, 2, y3]] + w(a?(21), o®(22), [y1. Y2, y5])
“(
2

— 0(a®(1), [y1, Y2, y3]) (B2 (u2)) + 0(®(22), [y1, y2, y3]) (8% (w1))
+ D(a* (1), 0® (2)) (W (y1, y2, y3)
+ D(y1,y2)(v3) — O(y1, y3) (v2) + 0(y2, y3) (v1)),
([21 + w1, @2 + ug, y1 + v1], &% (y2) + % (v2), &% (y3) + B (v3)]
= [[w1, 22, 91], (), &® (y3)]] + w([21, 22, 1], & (32), @*(y3)])
= D([1, 22,51, 0®(y2)) (6% (v3)) + (1, 2, y1], @2 (y3)) (8% ()
+ 0(a(y2), &*(y3)) (w(z1, T2, Y1)

+ D(z1,x2)(v1) — O(z1,y1) (u2) + (22, y1)(u1)),

[ (y1) + B2 (v1), [21 + wr, T2 + w2, Y2 + va], a?(y3) + B2 (v3)]
= [0®(n), [21, 22, 90), &* (y3)] + w(@® (1), [21, 2, y2], @2 (13))
+ D(a?(y1), [1, 22, 4a]) (B2 (v3)) + O([21, 22, o], * (y3)) (57 (v1))
—0(a®(11), 0 (y3)) (w(@1, 22, 2)
+ D(x1,22)(v2) — 0(21,y2) (u2) + (2, y2) (u1)),
[0?(y1) + B2(v1), @2 (y2) + B2 (v2), [11 + w1, w2 + ug, o (y3) + B (v3)]]
= [y1+v1, Y2 +v2, [71, 22, y3] + D(21, 22) (v3) — O(21,y3) (u2) +0(72, Y3) (U1)]

= [0*(y1) + a®(y2), [21, 22, ys]] + w(a®(y1) + & (y2), [w1, 22, 3])
- 9(042@1)7 [z1, 72, y3])(52(v2)) + ‘9(042(3/2% [551,962,?;3])(52(”1))
+ D(e*(y1), & (y2)) (w(21, 22, y3)
+ D(x1,22)(v3) — 0(x1, y3)(u2) + 0(x2, yg)(ul))
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It follows that

[0?(21) + B2 (u1), & (22) + % (u2), [y1 + v1, Y2 + v2, Y3 + v3]]
= [[o1 + w1, @2+ ug, y1 + 1], 0% (y2) + B2 (v2), a®(y3) + 57 (v3)]
+ [0?(y1) + B2 (v1), [w1 + w1, @2 + u2, Y2 + va], y3 + v3]
+[?(11) + B2 (01), @2 (y2) + B%(va), [w1 + w1, w2 + ug, @*(y3) + B7(v3)]]

by (CC4), (HR61) and (HR62). Therefore we obtain a HLYA on T'@®V under
the maps (4.24)—(4.26]). The proof is complete. m

LEMMA 4.6. Two abelian extensions of HLYAs 0 — V=T @&, ) V—
T —0and 0= V=T® V=T — 0 are equivalent if and only if (v,w)
and (V',w') are in the same cohomology class.

Proof. Assume the two extensions are equivalent, and let F': T' D, ., V
— T @) V be the corresponding homomorphism. Then

(4.30) Flzy,z2], = [F(21), F(22)],
(4.31) Flz1,x2, 23w = [F(21), F(x2), F(23)]w.
Since F' is an equivalence of extensions, there exists f : T"— V such that
F(xi+u) =z + f(x;) +u, Va; €T.
Now equality reads
(1, x2] + f([x1,22]) + v(21, 22)
= [z1, 2] + V' (21, 22) + p(x1) f(22) — p(a2) f(21).
Thus
(4.32) (v — ') (x1,22) = p(z1) f(x2) — pla2) f(21) — f([21, 22]).
Equality is equivalent to

(21, 22, 3] + w(x1, T2, 23) + f([71, T2, 23])
= [z1, w2, x3] + W' (21, 22, T3)
+ D(x1,22) f(x3) — 0(x1, x3) f(22) + 0(x2, 23) f(21).
Thus
(4.33) (w— ') (21,29, 23) = D(21,22) f(23) — O(21,23) f(22)
+ (22, 23) f(21) — f([z1, 22, 23]).

Therefore (v,w) and (V/,w’) are in the same cohomology class. Conversely,
if (v,w) and (V/,w’) are in the same cohomology class, then we can show
that I’ is an equivalence. We omit the details. =

Finally, we obtain the main result of this section:
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THEOREM 4.7. Let T be a HLYA and V a T-module. Then there is a
one-to-one correspondence between the set of equivalence classes of abelian
extensions of the HLYA and the (2,3)-cohomology group. More precisely,
there is a bijection

Ext(T,V) — H*(T,V) x H3(T,V).

Therefore, the abelian extensions of T by V are classified by the (2,3)-
cohomology group.
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