ACTA ARITHMETICA
178.1 (2017)

Non-real poles on the axis of absolute convergence of the
zeta functions associated to Pascal’s triangle modulo a prime

by

TOMOHIRO IKKAI (Nagoya)

1. Introduction. Let N={1,2,...} and Ny = NU {0}. The set
Tng = {(m,n) € Ng x Ng; m > n}

can be regarded as Pascal’s triangle in the sense that each point (m,n) € Ty,
corresponds to the binomial coefficient (') = m!/(n!(m—n)!). In this paper,
we prefer to use 7y, instead of the familiar form of Pascal’s triangle.

For a prime number p, we consider the set

Pas(p) = {(m, n) € Tng ; (7:) # 0 (mod p)};

the distribution of its points has been studied for a long time. It is classi-
cally known that Pas(p) has a certain “self-similarity” as seen in Figures 1
and 2, where each filled-in point belongs to Pas(p). Kummer [7] gave a
criterion for a power of p to divide a binomial coefficient in terms of the
expansion of non-negative integers in base p. We can determine which point
(m,n) € Ty, belongs to Pas(p) by Kummer’s criterion, or by Lucas’ formula
for binomial coefficients appearing in Section [4) which makes the argument
simpler. In fact, such an arithmetic property causes Pas(p) to have “self-
similarity.”
Essouabri [I] defines a zeta function associated to Pas(p) by

(L.1) 2P = Y o emn

P s/deg P’
(mayeras(p) T ™)
P(m,n)#£0

where s = o +it € C with sufficiently large real part o and imaginary part t,
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Fig. 1. 0 < m < 16 in Pas(2) Fig. 2. 0 < m < 27 in Pas(3)

and P, @) are two-variable polynomials with real coefficients. Moreover, P is
required to be “T-elliptic” to ensure the convergence of ; P e R[X,Y]
is said to be T-elliptic if the highest degree part P, of P (which means that
P, is homogeneous and deg(P — P,) < deg P) satisfies Pi(x,y) > 0 for all
(z,y) € R? with >y > 0 and (z,y) # (0,0).

Essouabri proved several analytic properties of Z,(P, Q); s) including me-
romorphic continuation, the location of possible poles and the abscissa of
absolute convergence. In particular, for P(X,Y) = X, he proved the follow-
ing intriguing fact.

THEOREM 1.1 (Essouabri, 2005 [1]). Let 6, = log %/logp. Then the
function Zy(X, 1;s), meromorphic on the whole complex plane, has at least
two non-real poles on its azxis of absolute convergence, {o = 6,} (the vertical
line through the abscissa of absolute convergence).

Indeed, we only have to verify that Z,(X,1;s) has one such pole since
the other can be obtained by using the Schwarz reflection principle.

A key point in Essouabri’s proof of Theorem [I.1]is to estimate how fast
the points in Pas(p) multiply. More precisely, he uses certain estimates for
the arithmetic function Nj(u) = #{(m,n) € Pas(p); m < u} defined for
u € N. Actually,

o
Zp(X,1;5) = | ™ dN;([u])
-
for s € C at which Z,(X, 1; s) converges absolutely, and the Wiener—Ikehara
theorem (see [6, Chapter 5, Corollary 1] for example) would give the exis-
tence of limy, ;00 N;(u)/u(’f' if Z,(X,1; s) had no non-real poles on the line in
question. But this contradicts the known results on limsup,,_, ., N, (u)/ ufv
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and liminf, N;j(u)/ugp, due to Harborth [4], Stolarsky [11], Stein [10]
and Wilson [I2]. (Details will appear in Section [2])

The purpose of this article is to show results parallel to Theorem for
P(X,)Y)=X+Y and for P(X,Y)=X+2Y,p=2:

THEOREM 1.2.

(a) For any prime p, the meromorphic function Z,(X +Y,1;s) has a
non-real pole (hence at least two non-real poles) on its axis of absolute
convergence {o = 6,}.

(b) The meromorphic function Za(X +2Y,1;s) has a non-real pole
(hence at least two non-real poles) on its axis of absolute conver-
gence {o = 0s}.

It is significant to consider Z,(P, 1; s) in the context of fractal geometry. It
can be realized as the geometric zeta function of a certain fractal string with
a scale transformation of s. Such a zeta function contains some geometric
information of the fractal string in its poles, which are called the complex
dimensions. In particular, of importance is the relationship between the
existence of non-real poles on the axis of absolute convergence of the geometric
zeta function and the Minkowski measurability of the corresponding fractal
string, which has some connection with the zeros of the Riemann zeta function
in the critical strip via spectrum theory. (Minkowski measurability is one of
the geometric properties of fractal strings. For details, see [§] for example.)

We will prove Theorem by imitating Essouabri’s argument. We in-
vestigate the behavior of two functions connected with the desired poles of
Zp(P,1;s):

Np(P;u) = #{(m,n) € Pas(p); P(m,n) < u},
Up(P;u) = Np(Pyu)/u’?,

where P € Z[X,Y] is a T-elliptic polynomial of degree d > 1 and u € N.
Of course the former is an analog of N, (u) and the latter corresponds to
Ny (u)/u appearing above.

The following theorem shows why we consider the function ,(P;u).

THEOREM 1.3. Let P € R[X,Y] be a T-elliptic polynomial of degree
d > 1. Moreover, assume that P is T -positive in the sense that P(x,y) >0
for every (x,y) € R? with >y > 0. Then Ny(P;u) < u’/? as u — oo.

We give some necessary estimates for 1, (P;u) to deduce Theorem [1.2
THEOREM 1.4.

a) For every prime the function X +Y:u) fails to converge as
(a) Yy p 2 p ; g

U — 00.
(b) The function ¥o(X + 2Y;u) fails to converge as u — 0o.
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We will prove that Theorem [T.4] implies Theorem at the end of Sec-
tion [2 and Theorems and will be established in Sections [3] and
respectively.

In fact, one can verify statements similar to Theorem for some other
linear cases, like 19 (X +3Y;u) and ¥2(2X+Y'; u), with the same method (see
Section . We omit the details. On the other hand, there are no established
methods that work for a polynomial of degree two or more, and the author
believes that a new method will be needed to handle higher degree cases.

To prove Theorem (b), we actually observe some arithmetic properties
of Np(X +pY;u). There appears an algebraic difficulty when p > 3, so that
we obtain the result only for p = 2. It is mentioned again in Section [d why we
have to restrict p. Theorem [I.4]is derived from some elementary calculations
and the Gel’fond—Schneider theorem, which gives an affirmative answer to
Hilbert’s seventh problem: “Does o’ become transcendental when a and j
are algebraic over Q with o # 0,1 and 8 ¢ Q7” Our calculations are free of
analytic estimates, unlike the former studies [10] and [12].

In our proof of Theorem we obtain bounds for lim sup,,_, . ¥, (P;u)
and liminf, ;. ¥p(P;u). Those bounds are cruder than those in [4], [11],
[10] and [12], but sufficient for our purposes. It seems difficult to improve
the bounds since no effective formula expressing N,(P;u) is known apart
from the case P(X,Y) = X.

2. Preliminaries. First, we give some notation.

e Let ||| denote the Euclidean norm on R?, i.e. ||(z,y)|| = /22 + 2
for (z,y) € R2.

e Let f(x) and g(x) be functions defined on a subset of R which is un-
bounded from above, e.g. (0,00) or N. We write f(z) < g(x) (x — o0)
if there exists a positive constant C such that |f(z)| < Cg(z) for
any sufficiently large z, and f(z) < g(z)(z — o0) if both f(z) <
g(x) (xr — 00) and g(x) < f(z) (z — o0).

o Let T ={(z,y) eR?; 2>y >0}, Ty, =T N(Ng x Ng) and T(R) =
{(59) €T Iz, p)]l > R} for R > 0.

e For a prime number p, let I, = {0,1,...,p — 1}, Pas(p) = {(m,n) €
Tnos (') # 0 (mod p)}, and 6, = log @/logp, or equivalently
P =pp+1)/2 |

e We shall allow that the expansion of a € Ny in base p, a = Z?:o a;p’
with a; € I,, may have its top digits an,an—1,...,as—j zero for some
0<k<h.

We will introduce three functions which play leading roles in this article.
We define them using some properties of polynomials.
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DEFINITION 2.1. Let P € R[X,Y] be a polynomial of degree d and let
P; € R[X,Y] be the d-degree part of P, that is, the homogeneous polynomial
uniquely determined by deg(P — P;) < deg P with the convention deg(0) =
—00.

(a) P is said to be T -elliptic if Py(x,y) > 0 for all (z,y) € T \ {(0,0)}.
(b) P is said to be T -positive if P(x,y) > 0 for all (z,y) € T.

REMARK. Being T-elliptic does not necessarily imply being 7T -positive
and vice versa. Indeed, for example, the polynomial Y is not T-elliptic but it
is T-positive, and X — 1 satisfies the contrary. However, in fact, a T-elliptic
polynomial P can be shifted by some ¢ > 0 so that P + ¢ also becomes
T-positive. This actually follows from Lemma [3.1] below.

Now we define three functions of importance in this article.

DEFINITION 2.2. Assume that P € Z[X,Y] is a T-elliptic and T-positive
polynomial of degree d > 1. For ¢ € Ny and v € N define

Pp(P;q) = #{(m,n) € Pas(p); P(m,n) = q},

N,(P;u) = #{(m,n) € Pas(p); P(m,n) <u}= Y ¢p(P;q),
0<g<u
Pp(P;u) = Ny(P;u)/ub/?,
We note that v, (P;u) is a bounded function by Theorem

REMARK. If P € R[X,Y] is T-elliptic, the region {P(z,y) <u}NT
is bounded. Hence ¢,(P;q) and N,(P;u) are well-defined. However, 7T-el-
lipticity is not necessary for well-definedness of ¢,(P;q) and Np(P;u): for
example, consider the polynomial XY + X, not T-elliptic.

The number of points in the first u columns of Pas(p) is expressed by
Ny (u) = Np(X;u) in the above notation. The asymptotic behavior of N, (u)
was often considered in former studies.

Clearly Nj(u) = O(u?) (u — o0); the first non-trivial estimate Ny (u) =
o(u?) (u — oo) was given by Fine [3]. At present it is known that Ny (u) is
of the order of u’». For p = 2, this was proved earlier by Stolarsky [11], who
showed that u?2/3 < Nj(u) < 3u?2.

Evaluations of

ap = lium_>85p Yp(X;u) and B, = liun_1>i£f p(X;u)
for p = 2 also appeared in [I1]: 1 < as < 1.052 and 0.72 < 3y < 3%2/7
(< 0.815). Sharper evaluations of ay and f2 were given by Harborth [4]:
ay =1 (optimal) and 0.812556 < (9 < 0.812557 (the exact value computed
to the sixth decimal place). The upper limit «a, for general p’s was explicitly
computed by Stein [I0] to be a;, = 1. On the other hand, it is too difficult
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at present to compute (3, exactly. A general evaluation
3—-0,
2(2 —0,)2%’
given by Wilson [12], is useful because it ensures that £, < 1 for p > 3.

We conclude this section with a generalization of Theorem The proof
is based on Essouabri’s method. We emphasize that the above results yield
ap # By for any prime p.

THEOREM 2.3. Let P € Z[X,Y] be a T-elliptic and T -positive poly-
nomial of degree d > 1, and assume that ¢,(P;u) fails to converge as
u — oo. Then Z,(P,1;s) has a non-real pole on its axis of absolute con-
vergence {o = 0)}.

Proof. First, we remark that Landau’s theorem (see [5, Theorem 10] for
example) implies that s = 6, is a singularity of Z,(P,1;s). We recall that
Essouabri [1] mentioned that all singularities of Z,(P, 1;s) including s = 6,
must be simple poles.

Now assume that Z, (P, 1; s) has no non-real poles on its axis of absolute
convergence.

Let f(u) = Np(P; [u®%]) for u > 0. Then

o0
Zp(P,1;60ps) = | u™" df (u).
-
Apply the Wiener—Ikehara theorem (see [0, Chapter 5, Corollary 1] for ex-
ample) to deduce that f(u)/u converges as u — oo. This implies that
N, (P; [u])/u/¢ converges as u — oo, contrary to the assumption that
Yp(P;u) fails to converge. m

This theorem combined with Theorem [1.4] gives Theorem [1.2] so it re-
mains to prove Theorems and

3. Proof of Theorem We need the following lemma from Es-
souabri’s article [1J.

LEMMA 3.1 ([IL Lemma 2]). Let P € R[X,Y] be a T -elliptic polynomial
of degree d > 1. Then there exist positive real numbers c1, co and R such that

all(@,y)lI! < P(a,y) < eoll(@,p)|* for all (z,y) € T(R).

Now we begin the proof of Theorem First of all, the desired estimate
can be easily obtained when P(X,Y) = X from the above evaluations of «,,
and [, in [], [11], [10] and [12]: for example,

(3.1) %uef’ < Ny(X;5u) < 2apu’

for any sufficiently large u € N.
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Let us consider the general case. By Lemma [3.I] we can find positive
numbers ¢, c2 and R such that c;]|(z,y)||¢ < P(z,y) < ef|(z,y)|| for all
(x,y) € T(R). Since any (z,y) € T satisfies < |[(z,y)|| < 2z, we have

(3.2) 3(P(z,y)/e2)/? <@ < (P(z,y)/er) '/

whenever (z,y) € T(R). By (3.2), all points (z,y) on the curve segment
{P(z,y) = u} N T(R) satisfy

(3.3) Ju/e) ' < w < (ufer)?.

If v € N is sufficiently large, the same curve segment must be contained
in T(R), and (3.3)) holds for any (x,y) € T with P(z,y) = u. This implies
that

Np(X; [5(u/e2)'V]) < Np(Pyu) < Ny (X [(u/en) ),

and we can conclude by (3.1]) that, for example,

0,+1
0p/d p
2- 491062” ¢y

as desired. (Note that |u] > u/2 and [u]| < 2u when u > 2.)

4. Proof of Theorem[1.4} The theorem states that none of ¢, (X +Y; u)
and (X + 2Y;u) converges as u — 0o. To prove this, we are going to find
two distinct accumulation points of ¢, (P;u) for each of the polynomials P
in question.

The following proposition plays a key role in our proof.

PROPOSITION 4.1. Suppose that (m,n) € Ty, with

h R
m:ijpj and n:anpj.
§=0 §=0
Then (m,n) € Pas(p) if and only if mj > n; for j = 0,1,..., h, with the
convention that a < b implies (Z) = 0.

Proof. This is an immediate corollary of Lucas’ formula (introduced in
his textbook [9 Section 228])

()11 )

j=0
(Note that m;’s and n;’s belong to I,.) m

To prove Theorem for simplicity, we abbreviate ¢,(X + Y;q),
Np(X 4+ Y;u) and ¢p(X 4+ Yiu) to ¢p(q), Np(u) and tp(u), respectively.
In addition, we extend the domain of ¢, to Z by letting ¢,(q) = 0 for ¢ < 0.
We first prove the following lemma.
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LEMMA 4.2. Let g € Ng and r € I,,. Then

an  abern=[5+e@+ |25 aw-,
Proof. First, we remark that

¢p(q) = #{n € No; (¢ — n,n) € Pas(p)}.

In order to use Proposition we express ¢, n and ¢ — n in base p:

h h h
¢=> gy, n=Y_np), q-n=> mp
§=0 §=0 §=0
(We may assume that ¢ —n > 0.) Consider

va(q) = #{n € No; no = a, (¢ — n,n) € Pas(p)}

for a € I,. Then it is clear that ¢,(q) = z 0 va(q)
To get the desired identity we should calculate v4(g). We note that

{QO_nD (go > no),
mo =
g —no+p (g <no),

so that, by Proposition va(q) =01if go/2 <a < qyor (qo+p)/2<a<
p — 1. Otherwise, by Proposition we have

va(q) =#{neNg;np=a,mj >n; (j=1,...,h)}

:#{H;GENO; (q—n—m07n—a> EPas(p)}

p p
_ J#{n e No; (52 —n',n) €Pas(p) } (0<a<q/2),
| #{ eNo; (52 —1—-n/,n))€Pas(p)}  (q0<a < (90 +p)/2)
_ | en(52) (0<a<q/2),
(52 -1) (90 <a<(q+p)/2)

where n’ = (n — a)/p. Hence

[90/2] q— L(go+p)/2]
Fa () (5
a=0 p

a=qo+1 p >
q0 q—4qo P —q q —qo
= —_ 1 — 1 .
{2+J¢p< p )jﬂ J%( p )
Replacing ¢ with pg + r, we obtain the conclusion. =

LEMMA 4.3. Let g € N and k € Ng. Then

k
(4.2 b1 = |5 | apla =)
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Proof. We use induction on k and (.1, noting that p*q—1 = p(p*~1g—1)
+ (p - 1). ]
We now evaluate N, by using (4.2)).
LEMMA 4.4. Let u € N and k € Ny. Then
2k02 N, (1) — 3L (u — 1 =2
(43) Np(pku) = kO 2( ) pk2_]_d)2(p+1 k) (p
PP Np(u) = 5= (B) " dp(u— 1) (p=3).
Proof. By (4.1)), we can calculate as follows:

u—1p—1
YD dplpa+r
q=0 r=0
u—1 p—1 . u—1 p—1 p—r
=S e 541 + X aa- 03 |15
q=0 r=0 q=0 r=0
p! r p—r ! p—r
- N (I5+1] +%57]) ) =l
We can check that Zf, (s +1 + |5 = p’ and Zf;é |1557] = Gy,
where
o1 (p=2),
8 (p—D+1)/4 (p=3),
so that
(4.4) Np(pu) = ngNp(U) — Cpop(u —1).
Hence
Np(pku) k:GPN C Zplepd) k—I1— 1 1)

by induction on k. Then we use ) to ﬁnlsh the proof. m
The equality below gives some accumulation points of ¥, (u).

LEMMA 4.5. Let uw € N. Then

1
(4.5) klg{)lo wp(pku) = p(u) — @;(2?;01)).
Proof. Dividing both sides of . 4.3) by (p*u)%, we obtain
1— 3 k
| P10~ =) =)
Yp(p u) = 1 _
Pp(u) — 2u‘9p ¢p( ) (p=3),

which yields the conclusion. =
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Now we complete the proof of Theorem 1.4. Our aim is to find two dis-
tinct accumulation points of 1, (u). Substituting u = 1 into , we obtain
limp oo wp(pk) = 1/2. Next we substitute u = 2 to get limy_, o wp(2pk) =
3/2%*1. Since 6, > 63 for p > 3, we obtain 3/2%+! < 3/202+1 = 1/2_ which
gives the second accumulation point 3/2%%1 of v, (u).

For p = 2 we need a more sophisticated argument. Substituting v = 3
into ([4.5), we obtain limy_,o ¢2(3 - 2F) = 31702 If 317%2 = 1/2, we would
find that 62(1 — #2) = —1, contrary to the Gel’fond-Schneider theorem (see
[2, Theorems 3.1-3.2] for example), which yields the transcendence of 6s;
hence 31?2 is the second accumulation point of 1y (u). This completes the
proof of Theorem [1.4fa).

REMARK. Numerical calculations show that limy,_,. 9o (3-2F) = 31702 =
0.525898 ... and limy_ o 12(17 - 2F) = 0.487836.... Thus we expect that
liminf, o0 ¥2(u) < 1/2 < limsup,,_, . ¥2(u).

To prove Theorem b), we use the same method although calcula-
tions slightly differ from those above. Thus we often omit the details of the
proofs of the following lemmas. We only need to calculate ¢2(X + 2Y7;q),
No(X +2Y;u) and 92(X + 2Y;u), but some of the lemmas could be easily
generalized to ¢,(X + pY;q).

Here we change the meaning of our symbols: from now on, we abbrevi-
ate ¢p(X +pY;q), Np(X +pY;u) and 9,(X + pY;u) to ¢p(q), Np(u) and
Yp(u), respectively. In addition, we again define ¢,(q) = 0 for every negative
integer q.

First, we prove a formula corresponding to .

LEMMA 4.6. Let q € Ng and r € I,. Then

(4.6) (pg+r) = Zgbpq—a

Proof. The proof will proceed similarly to that of Lemma First,

¢p(q) = #{n € No; (¢ — pn,n) € Pas(p)}
p—1

= Z(#{n € No; ng =a, (¢ —pn,n) € Pas(p)}),

a=0

where
¢=> ap', n=> np, q-pn=> mp
i=0 i=0 i=0
in base p. We should calculate

Ua(Q) = #{TL € NO; nog = a, (q —pn,n) € Pas(p)}
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for every a € I,. Noting that my = qo, we find that

= #] = (7 1) )

p p

= #{n’ € Np; <q —p(JO - a—pn',n') € Pas(p)} = ¢p<q —p(JO - a>

if go > a, where n’ = (n — a)/p, and ve(q) = 0 otherwise. We conclude the
proof by replacing ¢ with pg+ r. =

LEMMA 4.7. Let ¢ € N and k € Ny. Set v = (1 ++/5)/2 and v_ =
(1—-+5)/2= —’y;l. Then

4.7 $a(2Pq—1) = (A =" alg — 1) + (F = 1")dalq — 2)
| Y+ — V- ’

Proof. From (4.6) we get the “Fibonacci-like” recurrence formula

$2(28q — 1) = ¢2(2" g — 1) + $2(2 ¢ — 1),

and then we obtain the conclusion by easy calculations. =

What we have to do next is to sum the ¢,(q)’s.
LEMMA 4.8. Let u € N and k € Ny. Then

(4.8)  Np(p*u)

(p—b)(p—b+1)
=N () - 3 3 P IEZEED o, )
=0 b=1
In particular,
k—1
(4.9) No(2Fu) = 28 Ny (u) — >~ 22,2 1u — 1),
=0
Proof. First, we transform the summatory function Np(pu) using (4.6):
u—1p—1 r p—1 u—1
=222 Hla-a) =2 =) dla—a)
q=0r=0a a=0 q=0
p—1 a
=Y (=) (Ny(w) = " 6, (u—1b)
a=0 b=1

p—1
=Ny = 3 LI ED )

b=1 2
We obtain the desired identities by induction on k.
We combine (4.7)) with (4.9)) to obtain the following formula for 19 (u).
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LEMMA 4.9. Let u € N. Then

(4.10) lim Do (2F0) = o (u) — 3p2(u— 1) + ¢ga(u — 2)

5uf2 '
Proof. By (4.7) and (4.8]), we have
1
o (2%u) = ho(u) — ——————
() ®) (74 = 7-)u>
k—1 — — = -
O e 1 U ) e S 1 Ul
2 o(k—1)0 :

Hence we immediately obtain the desired formula by noting that 22 = 3 >
Y-

We can now complete the proof of Theorem 1.4(b). Substituting v = 1
and n = 9 into , we obtain limg_, o 12(2F) = 2/5 and limy,_, o0 12(9-2%)
= 64/(5 - 9%2). If they were equal, we would have 203 — 5 = 0, contradicting
the Gel’fond—Schneider theorem again. Thus we have found two distinct
accumulation points of ¥9(u).

REMARK. Numerical calculations show that 64/(5 - 9%2) = 0.393342.. .,
thus we expect that liminf, o 2(u) < 2/5 < limsup,,_,. Y2 (u).

REMARK. We would obtain results analogous to Theorem [L.4(b) for gen-
eral p if we could find explicit forms of ¢, (pFu —b) for b € I, like (£.7)). The
sequences {¢p,(p"u—1b)}32, for b € I, are determined by a system of p linear
relations. Although, in fact, it can be solved explicitly when p = 3, the form
of the solution is very complicated.
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