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Some real quadratic number fields whose Hilbert
2-class fields have class number congruent to 2 modulo 4

by

ErrLior BENJAMIN (Rindge, NH) and C. SNYDER (Orono, ME)

1. Introduction. Let k£ be a real quadratic number field. It is well
known that &k has infinite 2-class field tower when the rank of its 2-class group
Cla(k) is greater than 5, thanks to Golod and Shafarevich [6]. However,
if the rank is between 2 and 5, there is no known decision procedure for
determining whether or not k£ has infinite 2-class field tower. It is known,
though, by group theory [3], that when the 2-rank of the class group of the
Hilbert 2-class field k' of a number field & is < 2, the 2-class field tower of
k is finite (of length at most 3).

If we are interested in developing a decision procedure for determining
precisely when the 2-class field tower of a number field k is infinite, then
we could start by sieving out some of those fields where we know the tower
is finite, namely, number fields k with rank Cly(k') < 2. In the case of real
quadratic number fields we have already started this project in [2], in a fairly
modest way, by determining all real quadratic fields k for which k! has odd
class number, (and hence the 2-class field tower has length < 1).

In this note, we determine when a real quadratic field k£ with discriminant
dj. a sum of two squares has 2-class number of k!, ho(k'), equal to 2.

For imaginary quadratic number fields &, in [1] we have already determined
when Cly(k!) is cyclic. This is now our first major goal for real quadratic
fields k. If Cly(k) is cyclic, then group theory tells us that ho(k!) = 1.
Moreover, if the rank of Cla(k) is > 4, then the theory of central class fields
implies that the rank of Cly(k') is > 2 (hence Cly(k!) is not cyclic)—see,
e.g., [1]. This leaves only the rank 2 and 3 cases. When the rank is 2, we have re-
duced the problem to a purely group-theoretical result about finite metabelian
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2-groups G with two generators. For our applications, G = Gal(k?/k), where
k? is the 2-class field of k!. The characterization of cyclic Cly (k') is equivalent
to determining when the commutator subgroup G’ of G is cyclic. This natu-
rally splits into two cases (assuming G’ is non-trivial): when the order of G’
is 2, and when it is > 2. In the first case, we only need to consider at worst the
order of the abelianization of the Frattini subgroup of G. This translates into
determining the 2-class number of the genus class field, kgen, of k. The second
case, however, may involve the order of the abelianization of other normal
subgroups of index 4 in GG as well. In terms of number fields, it requires knowing
the 2-class number of certain Dy-extensions of QQ, as well as that of kgey,. This is
why we are starting with the determination of when ho (k') = 2, as a first step.

Our restriction to discriminants that are a sum of two squares simplifies
our proofs in some nontrivial ways. We leave the remaining case open for now.

2. Some properties of finite metabelian 2-groups. Let G be a
finite metabelian 2-group generated by two or three elements. We will be
interested in coming up with useful conditions which imply that the com-
mutator subgroup G’ of G has order 1 or 2.

We will start by recalling some “commutator calculus” and other relevant
facts. Assume for the moment G is an arbitrary group written multiplica-
tively. If z,y € G, then define as usual [z,y] = 2~y '2y, the commutator
of = with y. More generally, since [*, *] is not associative, we define (induc-
tively on n) [z1,...,2,] = [[21,...,Zn—1],2y] for all z; € Gand n > 2. If A
and B are nonempty subsets of G, then [A, B] = ({[a,b] :a € A,b € B}). In
particular the commutator subgroup G’ is defined as [G, GJ; also G” = (G')".
Recall, too, that a group G is metabelian if G” = 1, i.e., G’ is abelian.

Of particular use is the lower central series {Gy} of G, which is defined
inductively as

Gl =G and Ge+1 = [G, Gg] for all ¢ > 1.

In particular, Go = G’. The lower central series is especially useful when
the group G is nilpotent, i.e., the lower central series terminates in finitely
many steps at the identity subgroup 1. As is well known, all finite p-groups
(groups of p-power order) are nilpotent, for p any prime.

Now recall the following commutator identities [4]: for any x,y, z € G,

[vy, 2] = [z, 2w, 2, 9lly, 2], [, y2] = [, 2, [, v, 2]

Of course when G is metabelian, the order of the factors above is immaterial;
in addition if z € G’, then

[zv T, y] = [z,y,x],

again when G” = 1.
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Now assume G is a finite metabelian p-group (p prime) and generated
by two elements, say a and b. We introduce some more notation (cf. [4]):
Let

Y1 =711 = [a, b],

Yrs = Vrs = |a,b,x1,...,xy]  forr,s €N,
with x; = a or b, n = r + s — 2, and where r, resp. s, is the number of
occurrences of a, resp. b, in the commutator. By the previous identity, ;s
is independent of the order of the z1,...,x,. For example,

Y11 = [a, b],
Y12 = [av b7 b]7 Y21 = [av b7 a]a
Y13 = [G,b, b7 b]? Y22 = [a7 ba a, b] - [a7b7 b? a]a Y31 = [a’a bv a, a]'
It is known [4, Lemma 1.1] that for any n > 2,
Gn = <{’YTS 'r,s € N7 r+s= n}a Gn+1>;

in particular,

G =Gy = (11,G3), G3=(712,721,G4).

Now we will consider the case where the 2-group G has two generators.
Let G be a metabelian 2-group with G = G/G’ ~ (2™, 2") with m,n > 1.
Let G = (a,b) be such that a®" = b?" = 1 mod G’. (These elements exist
by the Burnside Basis Theorem [8].) Moreover, we let

Hy = (a,b*,G"), Hy=(ab,b*,G"), Hs={(a*bG"),
which are the three maximal subgroups of G. Finally, let J be the Frattini
subgroup of G, i.e., the intersection of the maximal subgroups. Then
J = (a®,b*,G).
Now, by the commutator identities above we see that
[a,b?] = [ab, b?] = [a®,b] = 3, mod Gi;
therefore
HG3 = (7f,G3) = G5Gs.

Similarly, we find that J'G4 = G§G§G4. (Here G™ denotes the subgroup of
G generated by the mth powers of the elements of G.)

PROPOSITION 1. Let G be a finite noncyclic metabelian 2-group with
two generators, say a and b, and let Hj for j =1,2,3 and J be as presented
above. Then

(i) |G| = 1 if and only if (G" : H}) = 1 for some (equivalently, all)
J€{1,2,3};
(i) |G'| =2 if and only if (G':J")=2.
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Proof. Consider (i). If G' = 1, then clearly (G’ : H}) = 1 for each j.
Conversely, if |G'| > 1, then by nilpotency Gy # G35, and hence Gy =
<’)/11,G3> 7& <")/%1,G3> = G%G;; Notice that H]/ - G%Gg Hence (GI : HJI) 7& 1
for each j [2, Proposition 7].

For (ii), notice that if |G| = 2, then clearly (G’ : J') = 2, since in this
case J' C G3 = 1. Conversely, suppose |G'| # 2. If G’ = 1 then all is clear.
Hence suppose that |G’| > 4. Then we consider two cases.

CASE 1: (Go : G3) > 4. Notice that J' C G3G3, and hence (G : J') >
(GQ . G%Gg,) =4.

CASE 2: (G2 : G3) = 2. This time J' C G4. Now if (G3 : G4) = 1, then
G3 = G4, which implies Gj is trivial; but then |Ga| = 2, contrary to our
assumption. Hence (G3 : G4) > 2, which in turn implies that

(G, : J,) (Gg G4) (GQ : G3)(G3 : G4) Z 4. m

We now convert Proposition [I]into statements about number fields. First
recall a little notation, some of which we have seen already: If k is a number
field, then Cly(k) is its 2-class group in the ordinary sense, ho(k) is the
order of Cly(k), k' denotes the Hilbert 2-class field of k, and k? the 2-class
field of k'. If G = Gal(k?/k), then as is well known by class field theory,
G’ = Gal(k?/k') ~ Cla(k') and G* = G/G’ ~ Gal(k'/k) ~ Cla(k). Also,
let (m,n) denote the direct sum of two cyclic groups of orders m and n.
Finally, (2"™)* will denote any power of 2 divisible by 2.

Suppose that Cly(k) ~ (2*,2*). Then we let ki, ko, ks be the three
quadratic extensions of k in k'. Also let K, = kikoks be the composite
of the k;.

THEOREM 1. Let k be a number field with 2-class group of rank 2 and
let K4 be the mazximal elementary abelian unramified 2-extension of k. Then
the following four statements are equivalent:

(a1) ho(k') =1;
(a2) at least one of the three unramified quadratic extensions kj of k

satisfies ha(k;) = ha(k)/2;
(a3) all three extensions kj of k satisfy ho(k;) = ho(k)/2;

(ag) ha(Kg) = ha(k)/4.

Moreover, the following two statements, (b1), (b2), are equivalent:
(b1) ho(kY) =2;
(b2) ho(Kg) = ha(k)/2.

Finally, if ho(Ky) = ha(k)/2, then ho(k;) = ho(k) for all j =1,2,3.

The content of Theorem I 1{(a;)—(ag) can be found in [2, Proposition 7].
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Now we consider our 2-group G generated by three elements. Then we
have the following simple result.

PROPOSITION 2. Let G be a finite 2-group with three generators such that
its commutator subgroup has order 2. Then there exists a mazimal subgroup

H in G such that H = G', and therefore (H : H') = (G : G) /2.

Proof. Let G = (aj,as,as). Furthermore, G' = (c12, c13, c23, G3) with
cij = ai, aj]. Now by assumption, G’ has order 2. Without loss of generality,
assume G’ = (c12). Then the maximal subgroup H = (a1, as,a?,G') has
H' = G'. Therefore, (H: H')=(G:G")/2. »

Converting this to number fields, we get

COROLLARY 1. Let k be a number field with Cly(k) of rank 3 and suppose

that ho(k') = 2. Then there exists an unramified quadratic extension K of
k such that ho(K) = ha(k)/2.

3. Applications to some real quadratic fields. In this section we
will apply our group-theoretic results, namely Theorem (1| and Corollary
to certain real quadratic fields.

Before starting, however, we isolate some results in the form of proposi-
tions that we will make use of.

ProPOSITION 3 (Kuroda’s class number formula, [I0]). Let K/k be a
normal quartic extension of number fields with Galois group of type (2,2),
and let k; (j = 1,2,3) denote the quadratic subextensions. Then the class
number of K satisfies

h(E) = 27 57270q(K /k)h(ky ) h(ka) h(ks) /h(K)?,

where q(K/k) = (Ex : E1E2E3) denotes the unit index of K/k (with Ej =
Ey; the unit group of kj), d is the number of infinite primes in k that ramify
in K/k, K is the Z-rank of the unit group Ey of k, and v = 0 except when
K C k(VEY), in which case v = 1.

We may replace h(-) by ha(-) in the proposition, since the unit index is
a power of 2 (see [9]).

PROPOSITION 4. Let k = Q(y/m) be a real quadratic number field with
m a square-free integer. Suppose that the fundamental unit, ¢ = e, of k
has norm +1. Then there exists a principal ideal a = («) different from the
ideals (1) and (\/m ) which is a product of distinct ramified prime ideals.

Moreover, k(y/2) = k(V/§) for 6 = () = N(ag) = Nijglao), where
a(l]_" = ¢ with o denoting the nontrivial automorphism on k. (By cancelling
all rational factors in (ag) we get (a).) Notice that we may take ag =1+ ¢
and thus also may take § to be the square-free kernel of N(1 + €). Finally,
X;(8) = +1 for all genus characters x; of k.
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See [2, Proposition 3 and its proof].

The following lemma and a special case of the subsequent proposition
along with their proofs were shown to us by Franz Lemmermeyer in private
communication for the case of odd discriminant.

LEMMA 1. Let k be a real quadratic number field with discriminant dy,
and fundamental unit €. Suppose Nep = —1 and hence d = 8'p1---py
for primes pj = 1mod4 and v = 0 or 1. Then there exist py € 7Zli],
po = 1 mod (2), Nug = p1---pr and m = 141 or 1 —i such that if p = 7o,
then uey is a square in k(i).

Proof. First suppose v = 1. Let m = 2mg with mg = p1 - - - pt. We have
ex = & + y/m for some integers z,y. Since Nep = —1, we see —1 = Ngj =

z? — my?, and therefore

(%) my? =x? +1 = (z+14)(x —1).

Notice that since m is even, x is odd; moreover, since m = 2 mod 8, y is
odd. Next, observe that

2Z[i] = (2) € (¢ +i,x i) C (1),

and so (z+14,z—14) = (1+41) or (1). But since m is even, (1+1) | (z+1), and
hence (z+i,x—i) = (141i). By (*) we have 2 +i = muga? and x—i = 7 fip &2,
where m = 1 + 4, pottyg = mo, and aa = y. We choose the sign of 1 ++¢ as
follows: If z = 1 mod 4, let # =1 — 4. For x = 3 mod 4, let 7 = 1 + 4. The
reason for choosing 7 thus is that in both cases (z+1)/m =i mod (2). Since
a? = 1 mod (2), we see pg =i mod (2). Now let = 7o and set

1 _ =

= 1o (eviE+aVE)

(where we take the principal branch of the square root). Hence in? = &j.
Multiplying this last equality by p yields pey = i(\/p n)2. But now

Ui

Vi = T+ avin) € k)

Replacing @ by ¢ then yields the desired result.

Now suppose v = 0. Then by replacing e by si if necessary, we have a
unit ¢ in Z[/mg| with Ne = —1. Now the proof proceeds in the same way
as before (but a little more easily, as ged(x + i,z — i) = 1 this time) and is
left to the reader. =

PROPOSITION 5. Let k be a real quadratic number field with discriminant
di and fundamental unit e. Suppose Nep, = —1 and thus d = dy - - - d; for
positive prime discriminants d;. Further suppose that d = D1 --- Dy where
the Dj; are coprime discriminants such that the fundamental units €; of the
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fields Q(+/Dj ) all have norm —1. Then

VEIEY - EgEk € kgen, where  kgen = Q(y/d1,. .., \/d7t)

Proof. By Lemma [1| we have pg,...,ue and ug in Z[i] satisfying the
congruence conditions of the lemma such that pje; and pyey are squares in
Q(i,+/Dj ), resp., k(i). Therefore

M1 [ UEEL -t EYEE
is a square in k(i,n/D1,...,v/Dy). But then pj---pppur is a product of
squares in Z[i] and primes dividing dj,. Thus p; - - - prepey is a square in kgen (),
and therefore €1 - - - g4¢y, is a square in kgep. =

A special case of Propositions [4] and [f] is the following, which is used
throughout some of the material below:

COROLLARY 2. Let di and do be distinct positive prime discriminants
and denote by €1, €2, and 12 the fundamental units of Q(v/dy ), Q(\/dz ),
Q(V/didy ), respectively. If Neig = +1, then /12 € Q(\/di,+/d2); and if
Nepg = —1, then \/m S Q(\/CTl,\/@)

Let k be a real quadratic number field with discriminant d = dj a sum
of two integral squares. As noted above, ho(k') = 2 only when the rank
of Cly(k) is 2 or 3. We consider these two cases separately. Since di is a
sum of two squares, we have dj, = dj - - - d;, where the d; are positive prime
discriminants. Moreover, recall that for dj a sum of two squares, Cly(k) and
Cl (k), the narrow 2-class group of k, both have the same rank which is
equal to t — 1.

Cly(k) of rank 2. Then d = dj, = didad3, where each d; is > 0 and is
a prime discriminant. (Thus either d; is a prime = 1 mod 4, or d; = 8.) Let
p; denote the prime dividing d;.

We consider further subcases:

Clf (k) ~ (2,2), CIf(k)~(2,4%), ClIf(k)~ (4*,4%).

First consider Clj (k) ~ (2,2). In this case Gal(k?/k) is completely
known [5], [2], and consequently so is Cla(k'). Since the ranks of Cly(k)
and Cl (k) are equal, we must have Cly(k) ~ (2,2) and Ney = —1, where
¢r is the fundamental unit of k.

Here is some notation first. Let, for example, ho(d1d2) and €12 = €4, 4,
denote the 2-class number and fundamental unit of the field Q(v/did2 );
(d1/d2) = (d1/p2) denotes the Kronecker symbol; (dy/d2)4 is the rational
biquadratic residue symbol; and (d/8), is defined as +1 for discriminants
d =1 mod 16, and —1 for d = 9 mod 16.

THEOREM 2. Let k be a real quadratic number field with discriminant
d = d = dydad3, where the d; > 0 are prime discriminants. Furthermore
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suppose Cla(k) ~ Clj (k) ~ (2,2). Then we have the following two possibili-
ties: either

(i) (di/dg) = (d2/d3) = (d3/dy) = —1, or
(ii) (without loss of generality) (d1/d2) = +1 and (d1/ds) = (da/d3) =
—1.

Then ho(k') = 2 if and only if
e in case (1), (dida/ds)s(deds/d1)a(dsdy/d2)y = —1, or equivalently

VEiEajaer € QW dj \/ddj)  for j=1,2,3

(here Gal(k?/k) ~ Hg, the quaternion group of order 8),
e in case (ii), either

(a) (dl/d2)4 = (dg/d1)4 = -1 and \/E3E12EL Q Q(\/CT, vV d1d2 ), or
(b) (dl/d2)4 = (dg/d1)4 = +1 and hz(dldg) =4

(this time Gal(k?/k) ~ Dy, the dihedral group of order 8).

Proof. First, notice that ClJ (k) ~ (2,2) iff there are no Cy-splittings
(splittings of the second kind) of dj (see [12]). But this is true iff either
(i) (d1/d2) = (d2/ds) = (ds3/d1) = —1, or (ii) after possible reordering
of the dj, (di/d2) = +1 and (d1/d3) = (d2/d3) = —1. Now, there are three
unramified quadratic extensions of k, namely k; = k:(\/aTJ) for j =1,2,3. By
group theory [7], Gal(k?/k) is either (2,2), dihedral, quaternion, generalized
quaternion, or semi-dihedral, and consequently ho(k') = max{ha(k;)/2 :
j =1,2,3}, and for ha(k') # 1, we have hy(k;) > 4 for j = 1,2, 3. Hence we
obtain the following criterion:

ho(k') =2 & ho(k;) =4 (j =1,2,3).

We will compute ho(k;) using Kuroda’s class number formula:

ha(kj) = 1a(k; /Q)ha(d;)ha(d/dj)ha(k) = q(k; /Q)ha(d/dy),
where q(k;/Q) = (Ej : eq;eq/4,€k), where Ej and eg; etc. are the unit groups
of k; and Q(,/d; ) etc.

First consider (i) above. Consider ky; since (da/d3) = —1 and so ha(dads)
= 2, we have hQ(k’l) = hg(dgd:g)(](/ﬂ/@) = 4 iff q(kl/(@) = 2 iff E1E93€k €
ki (see [9]), and similarly for k;, j = 2,3. [5, Théoreme 2] implies that
Gal(k?/k) ~ Hg or (2,2). By [2, Proposition 2], we then see that Gal(k?/k)
~ Hg iff (dldg/d3)4(dgdg/d1)4(d3d1/d2)4 =—1.

Now consider (ii). First suppose (d1/d2)4 # (d2/d1)4. Then ho(dids) = 2
and Nejg = +1 (see [13], [I1]). Hence ¢(k3/Q) = 1, since /€12 is the only
candidate for a nontrivial square root in Ej3, but this cannot happen [9].
Hence hg(k3) = 2, which implies ho(k') = 1. Next, suppose (di/d2)s =



Some real quadratic fields 383

(d2/d1)s = —1; then ha(didz) = 4 and Neja = —1 again [13], [11]. We have
4 if \/e3e10e) & ks,
halhe) = dalha/@) = {1 VEEEEL R

8 otherwise.

Moreover, one can easily see that ha(k1) = ha(ke) = 4. Hence ha(k') = 2
if and only if \/€3€126) & k3. Finally, suppose (di/d2)s = (d2/d1)s = +1.
Then hj (did2) > 8 (see [13], [11]). Now if Neja = —1, then ha(dids) > 8,
and so hg(ks) > 8. On the other hand, if Nejy = +1, then ho(dida) > 4,
and so ha(ks) > 4. Also notice that ha(k1) = ha(ke) = 4. But in this case
hao(k') = 2 if and only if ho(k3) = 4 if and only if ha(dids) = 4, since
Nejg =41 and q(k3/Q)=1. m

Next, we consider the case where Clj (k) ~ (2*,4*) and Neg = —1 (and
thus Cly(k) ~ (2%, 4%)).

THEOREM 3. Let k be a real quadratic number field with discriminant
d = dj, = dydads, where the d; are positive prime discriminants, and suppose

that Cla(k) ~ (2*,4*). Further suppose Ne = —1. Then ha(k') # 2.

Proof. Assume to the contrary that ho(k') = 2. Since C13 (k) ~ (2*,4%),
we see by [12] that either (i) (dy/d2) = (d2/d3) = (ds/d1) = +1 (in which
case Cly (k) ~ (4*,4%)), or (ii) after possible reordering of the d;, (dy/da) =
—1 and (dy/d3) = (d2/d3) = +1 (in which case Clj (k) ~ (2,4%)).

First consider (i). Let k; = k(y/d;) for j = 1,2,3, and K, = kikaks.
Notice that K, = Q(v/d1,v/d2,v/d3 ) = kgen. By Theorem |1} we have

ho(k') =2 iff ho(K,) = ha(k)/2, ha(k;) = ha(k) (j = 1,2,3).
By Proposition [3, we see that
ha(kj) = a(k;/Q)ha(k)ha(d/dj)ha(d;) (= 1,2,3),
ha(Kg) = §a(Kg/k)h2(k1)ha(ka)ha(ks) /ha (k).

Putting all these together we see that ho(k!) = 2 if and only if

q(kj/Q)ha(d/d;) =4 (j =1,2,3) and ¢q(K,z/k)=4.

Since (d;/dj) = +1 for all i # j, we have h3 (d/d;) > 4. Also notice that
ha(d/dj) > 2, and thus when ho(d/d;) = 2 we have Neg/q, = +1. Hence
q(kj/Q)ha(d/d;) = 4 if and only if either ¢(k;/Q) = 1 and ho(d/d;) = 4, or
q(k;/Q) = 2 and ha(d/dj) = 2, in which case Neg/q, = +1.

We claim that ¢(k;/Q) = 1 for each j. Suppose not; without loss of
generality suppose q(k1/Q) = 2. Hence ha(dads) = 2 and Negg = +1. But
then we must have /223 € ki (see [9]), which is impossible by Proposition [4
hence the claim. Therefore ho(d/d;) = 4 and q(k;/Q) =1 for j =1,2,3.

Hence q(Ky/k) = (Ek, : (—1,e1,€2,€3,€12,€13,€23, €k) ). By our assump-
tion the only possible units with positive norm are among €19, €13, €23. First
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suppose all three have positive norms: Ne;; = +1. Then all | /&;; are in Ky,
implying that ¢(K,/k) > 8.

Now suppose exactly two of these units have positive norms: say Nejo =
—1and Nej3 = Negg = +1. Hence \/%, \/673 S Kg. Let K = @(\/a, \/672)7
then /g162612 € K by Proposition [5l But then ,/e162¢12 € Ky, and once
again we see q(K,/k) > 8.

Next, suppose Nejo = Nejg = —1 and Negg = +1. Then the argument
above shows /€23, \/€1€2€12, /€1€3613 € K, implying again q(K,/k) > 8.

Finally, suppose Ne;; = —1 for all 4, j. Then ,/g;g;&;; € Ky, and once
again ¢(K,/k) > 8.

All of this contradicts the assumption that ho(k!) = 2.

Now assume (ii) holds. As in the case of (i), we have ¢(K,/k) = 4 and
q(kJ/Q)hQ(d/dj) =4 (j = 1, 2, 3) Since (dl/dg) = —1, we have hg(dldz) =2
and Nejp = —1. Hence q(k3/Q) = 2, and so E3 = (—1,¢e3,€12, /E36126k )-
Now we consider cases depending on the size of ha(dids) and ha(dads).

CASE 1: ho(dids) or ha(dads) is 2, say ha(dids) = 2. This implies from
the above that q(k2/Q) = 2. Since (d1/d3) = +1, we have hj (dids3) > 4
and so Nejs = +1. But By = (—1,e9,e13,¢k ), a contradiction. Therefore,
Case 1 cannot occur (given that ho(kl) = 2).

CASE 2: ha(dids) = ha(dads) = 4. Thus q(k2/Q) = q(k1/Q) = 1, and so
EyEyE3 = (—1,¢61,¢€2,€3,€12, €13, €23, \/E3E12Ek )-
But then Eg, 2 <\/5T, \/%, VEi1€2e12, E1EaE3 ), where
. Eij it Nejj = +1,
S {Eiajeij if Nejj = —1.

Therefore q(K4/k) > 8, and so this case cannot occur either. m
Now we consider what happens when Neg = 1.

THEOREM 4. Let k be a real quadratic number field with discriminant
d = dy, = didad3, where the d; are positive prime discriminants. Further
suppose Nep = +1 and that either

(i) (dl/dg) = (dz/dg) = (dg/dl) =41 (hence Cl;(/{t) ~ (4*,4*)), or
(ii) (after possible reordering of the dj;) (di/d2) = —1 and (di/d3) =
(da/d3) = +1 (thus Cl (k) ~ (2,4%)).
Then ho(k') = 2 if and only if either
(a) ha(didz) = ha(did3) = ha(dads) =2, or
(b) (after possible reordering of the d;) ha(dida)=ha(d1d3) =2, ha(dads)
=4, Negz = —1, and when (i) holds, §(ey,) is not a square in k(+/dy).

Proof. First assume (i) holds.
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Suppose ha (k') = 2. We have q(K,/k) = 4 and either q(k;/Q) = 1 and
ha(d/d;) = 4, or q(k;/Q) = 2 and ha(d/d;) = 2, for j = 1,2, 3. Since Nej, =
+1 we see k(y/gx )/k is unramified by Proposition [5, and hence without loss
of generality k(\/ey ) = ks = Q(\/d3,+/d1d2 ). Hence 6(ex) € {p3,p1p2} and
E3 == Ek3 == <*1,€3,€12,\/67k>. Consequently, q(kig/Q) = 2 and hg(dldg)
= 2, and thus Nejo = +1. We now consider three cases depending on the
signs of Nejs and Neos.

CASE 1: Nejg = Negg = —1. Then ¢(k1/Q) = q(k2/Q) = 1; more
precisely, E1 = (—1,e1,e23,6%) and Fy = (—1, 9,13, k). Hence

E\EyEs = (—1,¢e1,€2,€3,€12,€13, €23, V/Ek) -

But since /212, \/21€3€13, /2263623 € K, (by Propositions [4] and , we see
q(Kg4/k) > 8. Therefore, this case cannot occur.

CASE 2: Neyg # Negs, say Nejg = +1, Negg = —1. Hence q(k1/Q) =1
and so ha(dads) = 4. Moreover, since d(e13) € {p1,p3}, we have d(13)d(ex)
in k3, the squares of ks, and therefore VE13€r € FEa. This implies that
q(k2/Q) = 2, and so hz(d1ds) = 2. Also notice that &(ex) & k3.

CASE 3: Nejg = Negs = +1. Then arguing as in the previous case we see

VE13Ek € ko and /e93¢) € k1, and thus q(k1/Q) = q(k2/Q) = 2. Therefore,
ho(dyds) = ha(dads) = 2 (along with hgo(dids) = 2 from the above).

Conversely, assume (a), i.e., ha(d;d;) = 2 for each i # j. By Theorem
if we can show ho(K,) = ha(k)/2, then we can conclude that ho(k') = 2
in this case. We will start by showing ho(k;) = ho(k) for each j, and then
use this to get a handle on hy(K,) by Kuroda’s class number formula, i.e.,
Proposition [3] Toward this end, first notice that since (d;/d;) = +1 for all
i # j, and ha(d;d;) = 2, we must have hj (d;d;) = 4, and so Ne;; = +1 for
all i #£ j. Now since Nep = +1, we see as before, without loss of generality,
that k(\/e ) = k3. Hence ¢(k3/Q) = 2, since E3 = (—1,€3,€12, \/€k). By the
Kuroda class number formula we thus have

ha(ks) = 1q(k3/Q)ha(ds)ha(drd2)ha(k) = ha(k).

Also notice that, as argued above, E; = (—1,e1,€93,/E236k) and FEy =

(—1,e9,€13,/€13€k), which gives ¢(k1/Q) = q(k2/Q) = 2. Therefore by
Kuroda’s class number formula we have ha(k1) = ha(k2) = ha(k).
From this we see

ha(Kg) = §a(Kg/k)ha(ki)ha(ka)ha(ks) /ha(k)* = ga(Eg/k)ha(k).
We will be done with this case if we can show ¢(K,/k) = 4. First notice
that by Theorem |1} since ho(k') # 1, we have ho(K,) > ha(k)/2, which

implies that ¢(K,/k) > 4. We will actually construct the unit group of K,
explicitly.
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Since
E1E2E3 = <—1,€1,82,€3,812,\/€1 sV E2 ,@)

and any unit in K, must be a square root of an element of £y EsE3 (see [14]),
for example, we will use this observation to reduce the work required to
determine Ff,. We are reduced to considering units of K, that are square
roots of units 7 of the form n = " e5?e5%e73\/e15e55¢)" for some a; € {0, 1}.
But if 7 is a square in F,, then the norm N, /k;7 Must be a square in Ej
for each j = 1,2, 3. This means we will need to see how the Galois group G =
Gal(K,/Q) acts on all the units ¢, | /&, \/ex- Notice that G = (01,02, 03)
where 0;(v/d;) = —V/d; and 0;(\/d;) = +/d; for j # i. Thus the fields
ki, ko, k3 are fixed fields of the subgroups generated by o903,0103,0109,
respectively. Here is a table of these units and some of their conjugates and
relative norms, where v; € {0,1}.

. o o e plteiee  plteios ltezos
€1 —1/51 €1 €1 -1 -1 5?
€2 €2 —1/es €2 -1 €3 -1
€3 €3 €3 —1/es3 €3 -1 -1
€12 1/e12 1/e12 €12 €2, 1 1

Ve (=1)7/ Ve VEs (D=t /yEs (=17 —eis (-
Ve Ve (1) /yEs ()T e (1) (=)W e
Ver (=DM /VEe (DM Ve (DT Ve ek —e —ek

To see how the table is constructed, we will look at the units €1, /213,
and /g;. Notice that e]' = ¢} (the conjugate of £1 over Q) and since —1 =
Nep = €1€), we have €] = —1/e;. Clearly €7 = €7 = 1. Also e2,¢3 are
handled in the same way.

Next notice that Q(y/213) = Q(v/d1,/d3 ), which is the fixed field of os.
Hence /1372 = y/€13. On the other hand, €73 = i3 = 1/e13 = €73. Hence
in particular /137" = £1/,/e13. Set /e137" = (—1)"?/\/e13. But then
we must have /137 = —,/2137", since otherwise 003 fixes Q(v/d1,/d3 ),
which is clearly not the case. The unit /23 behaves in a similar way.

Finally, notice that Q(y/2x) = k3 = Q(v/d3,v/didz ), which is fixed by

o102 but not by any of the ;. Hence for j = 1,2, 3, szj = ¢} = 1/ey, and
so in particular (/g7 = (=1)"*/\/e} for vy = 0 or 1. Since o107 restricts
to the identity on k3, we see \/e,“? = /e 7". On the other hand, we must
have /e, 7® = —/e; 7", since otherwise 0103 would fix k3, which is not the
case.

The last three columns give the norm of 7 from K, to k3, k2, k1, respec-

tively.



Some real quadratic fields 387

Now consider once again 1 = €]"e5%e5%73/e15e55¢) ", and assume that
n is a square in Ex,. Then
n1+0102 — (_1)a1+a2€§a38%214(_1)1/2a5+1/3a6527
must be a square in E3 = (—1,e3,€12,+/€k). Hence, as n > 0 (being a
square), we must have
a1 + as + veas + v3ag = 0 mod 2.
Next notice that

n1+0103 — (—1)a1+a3€%a2(—613)a5(—1)(V3+1)a6(—5k)a7
is a square in Fy = (—1, 9,13, \/2136%). Hence
as = ar,
which we assume from now on. Also notice that

a1 + as + (v3 + 1)ag = 0 mod 2.
Finally,
n1+0203 _ €%a1 (_1)a2+a3+(u2+1)a5 (_823)a6(_€k)a5
is a square in Ey = (—1,¢e1,€23, /€236). Hence
ag = as, and as+ a3+ (v2+ 1)as =0 mod 2.
Summarizing, we see that if n € K 3, then in particular
n = ey'ey’es’elsV/Erseaser
with some a1, az, a3, as,a € {0, 1}. Since we already know that /212 € Ef,,
we will assume a4 = 0. Notice that if a = 0, then n = 1, for otherwise some a;

equals 1, in which case % < 0, which cannot happen. Thus if  # 1, we have
a = 1. In this case we get the following congruences mod 2 among the a;:

a1 +ag = ve + 3,
ay +az =v3+1,
as +ag = vy + 1,
which reduces to the two solutions
(a1,a2,a3) = (0,v2 +v3,v3 + 1) + (1, p, p) mod 2,  p=0,1.
Hence
n= (515253)”552+"35§3H 13693, mod (F1EyF3)?,  pu=0,1.

Note that both solutions cannot be in Kg, for otherwise €193 would be a
square in K, which is not the case as we have just seen above. However, one
of these n’s is in Kg since q(K4/k) > 4. Hence q(K4/k) = 4 and we even have

vo+rvs _v3+1
Er, = <—1,€1,€2,€3, VE12, VE13, VED ,\/(516263)“622 Se® T \/e13€23¢8) >,

for exactly one value of u € {0,1}.
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Therefore hg(kl) = 2 when hg(dldg) = hg(dldg) = hg(dgdg) = 2.

Now assume (b), i.e., h2(d1d2) = hg(dldg) = 2, h2(d2d3) = 4, N€23 =
—1, and 6(ex) ¢ k3. Then k(,/Z)) is ko or k3 (it cannot be ki since by
assumption d(gx) is not a square in kp). Without loss of generality assume

Q(y/er) = k3. Then E3 = (—1,€3,€12,/€k), which implies ¢(k3/Q) = 2.
Hence ha(ks) = ha(k) by Kuroda’s class number formula. Next notice that

Ey = (—1,e2,613, \/€13¢k), implying that ¢(k2/Q) = 2, and so ha(k2) =
ho(k). Finally, Ey = (—1,¢e1,€23,¢€k), which implies that ¢(k;/Q) = 1; and
since ho(dads) = 4, we still see that ho(k1) = ha(k).

As before, if we can show ¢(K,/k) = 4, then we will be finished. Toward
this end, notice that

E\EyE3 = (—1,e1,€2,€3,€12, €23, VE13, VEK) -
Moreover, observe that /212, /e2€3¢623 € Ef,, and so q(K,/k) > 4. Hence
we will be finished if we can show
EKg — <_17 €1,€2,€3,4/€12,1 €13,/ E2E3E€23, \/a>

To see this, suppose

__ _a1_a2_a3_a4_as ae ~ar
1 = €1 €9°€3"€13E931/ €138

is a square in K. Then as before we see that its norms from K, to k3, ks, k1
must be squares in the corresponding unit groups E3, Fa, F1. Once again we
need to consider the conjugates of the units as in the table above. All the
rows are the same except that we will replace /23 by simply €23, in which
case we have

140102 140103 140903 _ 2
€23 =1, ey =-1 ey = €23-

Now back to our 7. Assume it is a square in Ef,. Then

,,71+0102 _ (_1)a1+a2+a5€§a3€%;4(_1)’/2@6627

must be a square in E3 = (—1,€3,€12, /). Therefore
a1 + as + as + v9ag = 0 mod 2.

Next

771-&-0103 — (71)a1+a3+a58§a2(7813)%(7%)(17
is a square in Fy = (—1, 2,13, \/€13€k), and so

ag = a7y and a1+ ag+ as; =0 mod 2.

Finally,
7714-0203 _ 5%‘11 (_1>a2+a3€§§5 (_1>(V2+1)a6 (_5k)a6

must be a square in Fy = (—1,¢e1, €93, ¢x). Therefore,

ag =0 and ao = as.
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But notice that as = a1 + a3 mod 2, and thus

n= 6?1 (6263)a2€?§€gé+a2+2£ = (61623)a1 (6263623)(126(114216%.

We can see that e9e3e93 and e19 are totally positive, but (e1€23)?* < 0.
Hence a1 = 0, and therefore

EKg = <_1581752y53) VE12, VE2E3E23, V€13,V Ek >a

as desired.

Now assume (ii).

First suppose ha(k') = 2. Then q(K,/k) = 4 and q(k;/Q)h2(d/d;) = 4
for j = 1,2,3. But we must have ha(didz) = 2 and Nejg = —1, since
(di/d2) = —1. Hence ¢(k3/Q) = 2, and so E3 = (—1,e3,e12, /€% ). Now
the argument is exactly as in (i) above. (The only change is that k( /2y ) is
already determined to be k3.)

Conversely, first assume (a). (Notice that ha(did2) = 2 without any
assumptions.) Again since x;(p3) = +1 for j = 1,2,3, we have k(,/ex ) = k3.
Arguing as in (i) above, we see

EVErEy = (—1,¢e1,€2,€3,€12, /€13, /23, VEk )-
Now, if n € E1F2FE3 has its positive square root in Ek, , then we find
that 1 = (e162e12)% (e16263) (43T eb2 ™! /E138236%)¢. The only change in the

argument above is that now Nejg = —1, and so e13 7172 = £3,, e13 7% = —1

and 530203 = —1. We then obtain

v3+1 o+l
EKg:<—1,€1782,€3,\/81826127\/51 Ve ,\/(818283)“813 €9° \/5135235k>

for exactly one value of p in {0, 1}. Therefore q(K,/k) = 4.
Now assume (b). Once again by considering the genus characters we have
k(\/ex ) = k3. This time we find (as before)

E\EyEs = (—1,¢e1,€2,€3,€12,€23, V€13, VEK )-

We also find

Ex, = (—1,e1,62,€3, /162612, \/€2€3€23, V/€13, V/Ek )

and once again q(K,/k) = 4, as desired.
This completes the proof. m

Cly(k) of rank 3. This time d = dy = djdadsdy for positive prime
discriminants d;, j = 1,2,3,4. We then have the following result.

THEOREM 5. Let k be a real quadratic number field with discriminant
d = dy, = didadsdy for positive prime discriminants dj. Then ha(k') > 2.

Proof. We know by [2] that ho(k!) # 1. Let K be any unramified
quadratic extension of k. Then K/Q is a Vj-extension, with quadratic sub-
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fields Fi, Fy, k. The Kuroda class number formula implies that
ho(K) = 1q(K/Q)ha(F1)ha(Fy)ha(k),
Where ¢(K/Q) = (Ex : Ep ErEy). Then either (i) Fi = Q(y/d;) and
Q(y/d/d; ), in which case hao(F2) > 4, or (ii) Fi = Q(y/d;d;) and

F2 = (\/d/d d ), in which case both ho(F1), ho(F>) > 2. In both cases,
ho(K) > ha(k), and therefore by Corollaryl, ho(k') # 2. m

Summary of the main results. We now consolidate into one theorem
most of the results (or equivalent versions) that we have established.

THEOREM 6 (Main Theorem). Let k be a real quadratic number field
whose discriminant is a sum of two rational integral squares. Then ho(k') =
2 if and only if d, = didads for dj positive prime discriminants satisfying
one of the following conditions:

(d1) (g—g) (3—?) Additional conditions

-1 =1 =1 (B)a( B )a( B )a = 1
-1 -1 “+1 (%)42(%‘)4 =41, hz(d1d3)24
or

(d)s = (8)s = 1, yEzEneer € Q(/dz, Vdids )

=1 41 41| (8)a(P)a = ($)a($)1=—1, Nep = +1
or
(Z)a(F)a=—1,(32)a=(§)a=—1,Nex = +1
+1 41+ | (§)a(F)a= 1 (i #5), New=+1

or
(F)a(F)a = =1 G # 1), (#)s = ()= -1,
0(ex) is not a square m@(\/T, Vdads ), Nep = +1

Examples. We now give two examples of fields satisfying conditions (a)
and (b) of Theorem

ExXAMPLE 1. Let k£ = Q(\/ 19669). Then dp = didsds, where di =
89, d2 = 17, d3 == 13, (dl/dg) == (dz/dg) = —(dl/dg) = —|-]., hg(dldg) =
ha(dids) = ha(dads) = 2, and Nep = +1 where g, = 37025 4 2641/19669.
(We also have Cly(k) ~ (2,4) and thus CIJ (k) ~ (2,8).) By Theorem a),
we conclude that ho(k') = 2.

ExAMPLE 2. Let k& = Q(+v/4520953). This time dp = djdads, where
di = 197, dy = 433, d3 = 53, (d;/d;) = +1 for all i # j, Nep = +1,
hg(dldg) = hg(dldg) = 2, hg(d2d3) =4, and Negg = —1. (We will not write
out the fundamental unit ¢, this time as its integer coefficients have over
120 digits.) (Also we have Cly(k) =~ (2,4) and thus CIj (k) ~ (4,4).) In order
to conclude that ho(k') = 2, we need to show that §(ex) is not a square in
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k1 = k(V/dy) = Q(v/197,4/433 - 53 ). But 6(ex) = 53, which is not a square
in k1. Therefore ho(k') = 2 by Theorem (b)
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