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Some real quadratic number fields whose Hilbert
2-class fields have class number congruent to 2 modulo 4

by

Elliot Benjamin (Rindge, NH) and C. Snyder (Orono, ME)

1. Introduction. Let k be a real quadratic number field. It is well
known that k has infinite 2-class field tower when the rank of its 2-class group
Cl2(k) is greater than 5, thanks to Golod and Shafarevich [6]. However,
if the rank is between 2 and 5, there is no known decision procedure for
determining whether or not k has infinite 2-class field tower. It is known,
though, by group theory [3], that when the 2-rank of the class group of the
Hilbert 2-class field k1 of a number field k is ≤ 2, the 2-class field tower of
k is finite (of length at most 3).

If we are interested in developing a decision procedure for determining
precisely when the 2-class field tower of a number field k is infinite, then
we could start by sieving out some of those fields where we know the tower
is finite, namely, number fields k with rank Cl2(k

1) ≤ 2. In the case of real
quadratic number fields we have already started this project in [2], in a fairly
modest way, by determining all real quadratic fields k for which k1 has odd
class number, (and hence the 2-class field tower has length ≤ 1).

In this note, we determine when a real quadratic field k with discriminant
dk a sum of two squares has 2-class number of k1, h2(k

1), equal to 2.

For imaginary quadratic number fields k, in [1] we have already determined
when Cl2(k

1) is cyclic. This is now our first major goal for real quadratic
fields k. If Cl2(k) is cyclic, then group theory tells us that h2(k

1) = 1.
Moreover, if the rank of Cl2(k) is ≥ 4, then the theory of central class fields
implies that the rank of Cl2(k

1) is ≥ 2 (hence Cl2(k
1) is not cyclic)—see,

e.g., [1]. This leaves only the rank 2 and 3 cases. When the rank is 2, we have re-
duced the problem to a purely group-theoretical result about finite metabelian
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2-groups G with two generators. For our applications, G = Gal(k2/k), where
k2 is the 2-class field of k1. The characterization of cyclic Cl2(k

1) is equivalent
to determining when the commutator subgroup G′ of G is cyclic. This natu-
rally splits into two cases (assuming G′ is non-trivial): when the order of G′

is 2, and when it is> 2. In the first case, we only need to consider at worst the
order of the abelianization of the Frattini subgroup of G. This translates into
determining the 2-class number of the genus class field, kgen, of k. The second
case, however, may involve the order of the abelianization of other normal
subgroups of index 4 inG as well. In terms of number fields, it requires knowing
the 2-class number of certainD4-extensions ofQ, as well as that of kgen. This is
why we are starting with the determination of when h2(k

1) = 2, as a first step.

Our restriction to discriminants that are a sum of two squares simplifies
our proofs in some nontrivial ways. We leave the remaining case open for now.

2. Some properties of finite metabelian 2-groups. Let G be a
finite metabelian 2-group generated by two or three elements. We will be
interested in coming up with useful conditions which imply that the com-
mutator subgroup G′ of G has order 1 or 2.

We will start by recalling some “commutator calculus” and other relevant
facts. Assume for the moment G is an arbitrary group written multiplica-
tively. If x, y ∈ G, then define as usual [x, y] = x−1y−1xy, the commutator
of x with y. More generally, since [∗, ∗] is not associative, we define (induc-
tively on n) [x1, . . . , xn] = [[x1, . . . , xn−1], xn] for all xj ∈ G and n > 2. If A
and B are nonempty subsets of G, then [A,B] = 〈{[a, b] : a ∈ A, b ∈ B}〉. In
particular the commutator subgroup G′ is defined as [G,G]; also G′′ = (G′)′.
Recall, too, that a group G is metabelian if G′′ = 1, i.e., G′ is abelian.

Of particular use is the lower central series {G`} of G, which is defined
inductively as

G1 = G and G`+1 = [G,G`] for all ` ≥ 1.

In particular, G2 = G′. The lower central series is especially useful when
the group G is nilpotent, i.e., the lower central series terminates in finitely
many steps at the identity subgroup 1. As is well known, all finite p-groups
(groups of p-power order) are nilpotent, for p any prime.

Now recall the following commutator identities [4]: for any x, y, z ∈ G,

[xy, z] = [x, z][x, z, y][y, z], [x, yz] = [x, z][x, y][x, y, z].

Of course when G is metabelian, the order of the factors above is immaterial;
in addition if z ∈ G′, then

[z, x, y] = [z, y, x],

again when G′′ = 1.
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Now assume G is a finite metabelian p-group (p prime) and generated
by two elements, say a and b. We introduce some more notation (cf. [4]):
Let

γ1,1 = γ11 = [a, b],

γr,s = γrs = [a, b, x1, . . . , xn] for r, s ∈ N,

with xj = a or b, n = r + s − 2, and where r, resp. s, is the number of
occurrences of a, resp. b, in the commutator. By the previous identity, γrs
is independent of the order of the x1, . . . , xn. For example,

γ11 = [a, b],

γ12 = [a, b, b], γ21 = [a, b, a],

γ13 = [a, b, b, b], γ22 = [a, b, a, b] = [a, b, b, a], γ31 = [a, b, a, a].

It is known [4, Lemma 1.1] that for any n ≥ 2,

Gn = 〈{γrs : r, s ∈ N, r + s = n}, Gn+1〉;
in particular,

G′ = G2 = 〈γ11, G3〉, G3 = 〈γ12, γ21, G4〉.
Now we will consider the case where the 2-group G has two generators.

Let G be a metabelian 2-group with Gab = G/G′ ' (2m, 2n) with m,n ≥ 1.
Let G = 〈a, b〉 be such that a2

m ≡ b2
n ≡ 1 mod G′. (These elements exist

by the Burnside Basis Theorem [8].) Moreover, we let

H1 = 〈a, b2, G′〉, H2 = 〈ab, b2, G′〉, H3 = 〈a2, b, G′〉,
which are the three maximal subgroups of G. Finally, let J be the Frattini
subgroup of G, i.e., the intersection of the maximal subgroups. Then

J = 〈a2, b2, G′〉.
Now, by the commutator identities above we see that

[a, b2] ≡ [ab, b2] ≡ [a2, b] ≡ γ211 mod G3;

therefore

H ′jG3 = 〈γ211, G3〉 = G2
2G3.

Similarly, we find that J ′G4 = G4
2G

2
3G4. (Here Gm denotes the subgroup of

G generated by the mth powers of the elements of G.)

Proposition 1. Let G be a finite noncyclic metabelian 2-group with
two generators, say a and b, and let Hj for j = 1, 2, 3 and J be as presented
above. Then

(i) |G′| = 1 if and only if (G′ : H ′j) = 1 for some (equivalently, all)
j ∈ {1, 2, 3};

(ii) |G′| = 2 if and only if (G′ : J ′) = 2.
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Proof. Consider (i). If G′ = 1, then clearly (G′ : H ′j) = 1 for each j.
Conversely, if |G′| > 1, then by nilpotency G2 6= G3, and hence G2 =
〈γ11, G3〉 6= 〈γ211, G3〉 = G2

2G3. Notice that H ′j ⊆ G2
2G3. Hence (G′ : H ′j) 6= 1

for each j [2, Proposition 7].

For (ii), notice that if |G′| = 2, then clearly (G′ : J ′) = 2, since in this
case J ′ ⊆ G3 = 1. Conversely, suppose |G′| 6= 2. If G′ = 1 then all is clear.
Hence suppose that |G′| ≥ 4. Then we consider two cases.

Case 1: (G2 : G3) ≥ 4. Notice that J ′ ⊆ G4
2G3, and hence (G2 : J ′) ≥

(G2 : G4
2G3) = 4.

Case 2: (G2 : G3) = 2. This time J ′ ⊆ G4. Now if (G3 : G4) = 1, then
G3 = G4, which implies G3 is trivial; but then |G2| = 2, contrary to our
assumption. Hence (G3 : G4) ≥ 2, which in turn implies that

(G′ : J ′) ≥ (G2 : G4) = (G2 : G3)(G3 : G4) ≥ 4.

We now convert Proposition 1 into statements about number fields. First
recall a little notation, some of which we have seen already: If k is a number
field, then Cl2(k) is its 2-class group in the ordinary sense, h2(k) is the
order of Cl2(k), k1 denotes the Hilbert 2-class field of k, and k2 the 2-class
field of k1. If G = Gal(k2/k), then as is well known by class field theory,
G′ = Gal(k2/k1) ' Cl2(k

1) and Gab = G/G′ ' Gal(k1/k) ' Cl2(k). Also,
let (m,n) denote the direct sum of two cyclic groups of orders m and n.
Finally, (2m)∗ will denote any power of 2 divisible by 2m.

Suppose that Cl2(k) ' (2∗, 2∗). Then we let k1, k2, k3 be the three
quadratic extensions of k in k1. Also let Kg = k1k2k3 be the composite
of the kj .

Theorem 1. Let k be a number field with 2-class group of rank 2 and
let Kg be the maximal elementary abelian unramified 2-extension of k. Then
the following four statements are equivalent:

(a1) h2(k
1) = 1;

(a2) at least one of the three unramified quadratic extensions kj of k
satisfies h2(kj) = h2(k)/2;

(a3) all three extensions kj of k satisfy h2(kj) = h2(k)/2;
(a4) h2(Kg) = h2(k)/4.

Moreover, the following two statements, (b1), (b2), are equivalent:

(b1) h2(k
1) = 2;

(b2) h2(Kg) = h2(k)/2.

Finally, if h2(Kg) = h2(k)/2, then h2(kj) = h2(k) for all j = 1, 2, 3.

The content of Theorem 1(a1)–(a3) can be found in [2, Proposition 7].
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Now we consider our 2-group G generated by three elements. Then we
have the following simple result.

Proposition 2. Let G be a finite 2-group with three generators such that
its commutator subgroup has order 2. Then there exists a maximal subgroup
H in G such that H ′ = G′, and therefore (H : H ′) = (G : G′)/2.

Proof. Let G = 〈a1, a2, a3〉. Furthermore, G′ = 〈c12, c13, c23, G3〉 with
cij = [ai, aj ]. Now by assumption, G′ has order 2. Without loss of generality,
assume G′ = 〈c12〉. Then the maximal subgroup H = 〈a1, a2, a23, G′〉 has
H ′ = G′. Therefore, (H : H ′) = (G : G′)/2.

Converting this to number fields, we get

Corollary 1. Let k be a number field with Cl2(k) of rank 3 and suppose
that h2(k

1) = 2. Then there exists an unramified quadratic extension K of
k such that h2(K) = h2(k)/2.

3. Applications to some real quadratic fields. In this section we
will apply our group-theoretic results, namely Theorem 1 and Corollary 1,
to certain real quadratic fields.

Before starting, however, we isolate some results in the form of proposi-
tions that we will make use of.

Proposition 3 (Kuroda’s class number formula, [10]). Let K/k be a
normal quartic extension of number fields with Galois group of type (2, 2),
and let kj (j = 1, 2, 3) denote the quadratic subextensions. Then the class
number of K satisfies

h(K) = 2d−κ−2−vq(K/k)h(k1)h(k2)h(k3)/h(k)2,

where q(K/k) = (EK : E1E2E3) denotes the unit index of K/k (with Ej =
Ekj the unit group of kj), d is the number of infinite primes in k that ramify
in K/k, κ is the Z-rank of the unit group Ek of k, and v = 0 except when
K ⊆ k(

√
Ek ), in which case v = 1.

We may replace h(·) by h2(·) in the proposition, since the unit index is
a power of 2 (see [9]).

Proposition 4. Let k = Q(
√
m ) be a real quadratic number field with

m a square-free integer. Suppose that the fundamental unit, ε = εk, of k
has norm +1. Then there exists a principal ideal a = (α) different from the
ideals (1) and (

√
m ) which is a product of distinct ramified prime ideals.

Moreover, k(
√
ε ) = k(

√
δ ) for δ = δ(ε) = N(α0) = Nk/Q(α0), where

α1−σ
0 = ε with σ denoting the nontrivial automorphism on k. (By cancelling

all rational factors in (α0) we get (α).) Notice that we may take α0 = 1 + ε
and thus also may take δ to be the square-free kernel of N(1 + ε). Finally,
χj(δ) = +1 for all genus characters χj of k.
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See [2, Proposition 3 and its proof].

The following lemma and a special case of the subsequent proposition
along with their proofs were shown to us by Franz Lemmermeyer in private
communication for the case of odd discriminant.

Lemma 1. Let k be a real quadratic number field with discriminant dk
and fundamental unit εk. Suppose Nεk = −1 and hence dk = 8νp1 · · · pt
for primes pj ≡ 1 mod 4 and ν = 0 or 1. Then there exist µ0 ∈ Z[i],
µ0 ≡ 1 mod (2), Nµ0 = p1 · · · pt and π = 1+i or 1−i such that if µ = πνµ0,
then µεk is a square in k(i).

Proof. First suppose ν = 1. Let m = 2m0 with m0 = p1 · · · pt. We have
εk = x+ y

√
m for some integers x, y. Since Nεk = −1, we see −1 = Nεk =

x2 −my2, and therefore

(∗) my2 = x2 + 1 = (x+ i)(x− i).

Notice that since m is even, x is odd; moreover, since m ≡ 2 mod 8, y is
odd. Next, observe that

2Z[i] = (2) ( (x+ i, x− i) ⊆ (1),

and so (x+ i, x− i) = (1 + i) or (1). But since m is even, (1 + i) | (x± i), and
hence (x+i, x−i) = (1+i). By (∗) we have x+i = πµ0α

2 and x−i = π µ0 α
2,

where π = 1 ± i, µ0µ0 = m0, and αα = y. We choose the sign of 1 ± i as
follows: If x ≡ 1 mod 4, let π = 1 − i. For x ≡ 3 mod 4, let π = 1 + i. The
reason for choosing π thus is that in both cases (x+ i)/π ≡ i mod (2). Since
α2 ≡ 1 mod (2), we see µ0 ≡ i mod (2). Now let µ = πµ0 and set

η =
1

1 + i
(α
√
µ+ α

√
µ )

(where we take the principal branch of the square root). Hence iη2 = εk.
Multiplying this last equality by µ yields µεk = i(

√
µ η)2. But now

√
µ η =

1

1 + i
(αµ+ α

√
m) ∈ k(i).

Replacing µ by iµ then yields the desired result.

Now suppose ν = 0. Then by replacing εk by ε3k if necessary, we have a
unit ε in Z[

√
m0 ] with Nε = −1. Now the proof proceeds in the same way

as before (but a little more easily, as gcd(x+ i, x− i) = 1 this time) and is
left to the reader.

Proposition 5. Let k be a real quadratic number field with discriminant
dk and fundamental unit εk. Suppose Nεk = −1 and thus dk = d1 · · · dt for
positive prime discriminants dj. Further suppose that dk = D1 · · ·D` where
the Dj are coprime discriminants such that the fundamental units εj of the
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fields Q(
√
Dj ) all have norm −1. Then
√
ε1ε2 · · · ε`εk ∈ kgen, where kgen = Q(

√
d1, . . . ,

√
dt ).

Proof. By Lemma 1 we have µ1, . . . , µ` and µk in Z[i] satisfying the
congruence conditions of the lemma such that µjεj and µkεk are squares in
Q(i,

√
Dj ), resp., k(i). Therefore

µ1 · · ·µ`µkε1 · · · ε`εk
is a square in k(i,

√
D1, . . . ,

√
D` ). But then µ1 · · ·µ`µk is a product of

squares in Z[i] and primes dividing dk. Thus µ1 · · ·µ`µk is a square in kgen(i),
and therefore ε1 · · · ε`εk is a square in kgen.

A special case of Propositions 4 and 5 is the following, which is used
throughout some of the material below:

Corollary 2. Let d1 and d2 be distinct positive prime discriminants
and denote by ε1, ε2, and ε12 the fundamental units of Q(

√
d1 ), Q(

√
d2 ),

Q(
√
d1d2 ), respectively. If Nε12 = +1, then

√
ε12 ∈ Q(

√
d1,
√
d2 ); and if

Nε12 = −1, then
√
ε1ε2ε12 ∈ Q(

√
d1,
√
d2 ).

Let k be a real quadratic number field with discriminant d = dk a sum
of two integral squares. As noted above, h2(k

1) = 2 only when the rank
of Cl2(k) is 2 or 3. We consider these two cases separately. Since dk is a
sum of two squares, we have dk = d1 · · · dt, where the dj are positive prime
discriminants. Moreover, recall that for dk a sum of two squares, Cl2(k) and
Cl+2 (k), the narrow 2-class group of k, both have the same rank which is
equal to t− 1.

Cl2(k) of rank 2. Then d = dk = d1d2d3, where each dj is > 0 and is
a prime discriminant. (Thus either dj is a prime ≡ 1 mod 4, or dj = 8.) Let
pj denote the prime dividing dj .

We consider further subcases:

Cl+2 (k) ' (2, 2), Cl+2 (k) ' (2, 4∗), Cl+2 (k) ' (4∗, 4∗).

First consider Cl+2 (k) ' (2, 2). In this case Gal(k2/k) is completely
known [5], [2], and consequently so is Cl2(k

1). Since the ranks of Cl2(k)
and Cl+2 (k) are equal, we must have Cl2(k) ' (2, 2) and Nεk = −1, where
εk is the fundamental unit of k.

Here is some notation first. Let, for example, h2(d1d2) and ε12 = εd1d2
denote the 2-class number and fundamental unit of the field Q(

√
d1d2 );

(d1/d2) = (d1/p2) denotes the Kronecker symbol; (d1/d2)4 is the rational
biquadratic residue symbol; and (d/8)4 is defined as +1 for discriminants
d ≡ 1 mod 16, and −1 for d ≡ 9 mod 16.

Theorem 2. Let k be a real quadratic number field with discriminant
d = dk = d1d2d3, where the dj > 0 are prime discriminants. Furthermore
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suppose Cl2(k) ' Cl+2 (k) ' (2, 2). Then we have the following two possibili-
ties: either

(i) (d1/d2) = (d2/d3) = (d3/d1) = −1, or
(ii) (without loss of generality) (d1/d2) = +1 and (d1/d3) = (d2/d3) =
−1.

Then h2(k
1) = 2 if and only if

• in case (i), (d1d2/d3)4(d2d3/d1)4(d3d1/d2)4 = −1, or equivalently√
εjεd/djεk ∈ Q(

√
dj ,
√
d/dj ) for j = 1, 2, 3

(here Gal(k2/k) ' H8, the quaternion group of order 8),
• in case (ii), either

(a) (d1/d2)4 = (d2/d1)4 = −1 and
√
ε3ε12εk 6∈ Q(

√
d3,
√
d1d2 ), or

(b) (d1/d2)4 = (d2/d1)4 = +1 and h2(d1d2) = 4

(this time Gal(k2/k) ' D4, the dihedral group of order 8).

Proof. First, notice that Cl+2 (k) ' (2, 2) iff there are no C4-splittings
(splittings of the second kind) of dk (see [12]). But this is true iff either
(i) (d1/d2) = (d2/d3) = (d3/d1) = −1, or (ii) after possible reordering
of the dj , (d1/d2) = +1 and (d1/d3) = (d2/d3) = −1. Now, there are three
unramified quadratic extensions of k, namely kj = k(

√
dj) for j = 1, 2, 3. By

group theory [7], Gal(k2/k) is either (2, 2), dihedral, quaternion, generalized
quaternion, or semi-dihedral, and consequently h2(k

1) = max{h2(kj)/2 :
j = 1, 2, 3}, and for h2(k

1) 6= 1, we have h2(kj) ≥ 4 for j = 1, 2, 3. Hence we
obtain the following criterion:

h2(k
1) = 2 ⇔ h2(kj) = 4 (j = 1, 2, 3).

We will compute h2(kj) using Kuroda’s class number formula:

h2(kj) = 1
4q(kj/Q)h2(dj)h2(d/dj)h2(k) = q(kj/Q)h2(d/dj),

where q(kj/Q) = (Ej : edjed/djek), where Ej and edj etc. are the unit groups

of kj and Q(
√
dj ) etc.

First consider (i) above. Consider k1; since (d2/d3) = −1 and so h2(d2d3)
= 2, we have h2(k1) = h2(d2d3)q(k1/Q) = 4 iff q(k1/Q) = 2 iff

√
ε1ε23εk ∈

k1 (see [9]), and similarly for kj , j = 2, 3. [5, Théorème 2] implies that
Gal(k2/k) ' H8 or (2, 2). By [2, Proposition 2], we then see that Gal(k2/k)
' H8 iff (d1d2/d3)4(d2d3/d1)4(d3d1/d2)4 = −1.

Now consider (ii). First suppose (d1/d2)4 6= (d2/d1)4. Then h2(d1d2) = 2
and Nε12 = +1 (see [13], [11]). Hence q(k3/Q) = 1, since

√
ε12 is the only

candidate for a nontrivial square root in E3, but this cannot happen [9].
Hence h2(k3) = 2, which implies h2(k

1) = 1. Next, suppose (d1/d2)4 =
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(d2/d1)4 = −1; then h2(d1d2) = 4 and Nε12 = −1 again [13], [11]. We have

h2(k3) = 4q(k3/Q) =

{
4 if

√
ε3ε12εk 6∈ k3,

8 otherwise.

Moreover, one can easily see that h2(k1) = h2(k2) = 4. Hence h2(k
1) = 2

if and only if
√
ε3ε12εk 6∈ k3. Finally, suppose (d1/d2)4 = (d2/d1)4 = +1.

Then h+2 (d1d2) ≥ 8 (see [13], [11]). Now if Nε12 = −1, then h2(d1d2) ≥ 8,
and so h2(k3) ≥ 8. On the other hand, if Nε12 = +1, then h2(d1d2) ≥ 4,
and so h2(k3) ≥ 4. Also notice that h2(k1) = h2(k2) = 4. But in this case
h2(k

1) = 2 if and only if h2(k3) = 4 if and only if h2(d1d2) = 4, since
Nε12 = +1 and q(k3/Q) = 1.

Next, we consider the case where Cl+2 (k) ' (2∗, 4∗) and Nεk = −1 (and
thus Cl2(k) ' (2∗, 4∗)).

Theorem 3. Let k be a real quadratic number field with discriminant
d = dk = d1d2d3, where the dj are positive prime discriminants, and suppose
that Cl2(k) ' (2∗, 4∗). Further suppose Nεk = −1. Then h2(k

1) 6= 2.

Proof. Assume to the contrary that h2(k
1) = 2. Since Cl+2 (k) ' (2∗, 4∗),

we see by [12] that either (i) (d1/d2) = (d2/d3) = (d3/d1) = +1 (in which
case Cl+2 (k) ' (4∗, 4∗)), or (ii) after possible reordering of the dj , (d1/d2) =
−1 and (d1/d3) = (d2/d3) = +1 (in which case Cl+2 (k) ' (2, 4∗)).

First consider (i). Let kj = k(
√
dj ) for j = 1, 2, 3, and Kg = k1k2k3.

Notice that Kg = Q(
√
d1,
√
d2,
√
d3 ) = kgen. By Theorem 1, we have

h2(k
1) = 2 iff h2(Kg) = h2(k)/2, h2(kj) = h2(k) (j = 1, 2, 3).

By Proposition 3, we see that

h2(kj) = 1
4q(kj/Q)h2(k)h2(d/dj)h2(dj) (j = 1, 2, 3),

h2(Kg) = 1
8q(Kg/k)h2(k1)h2(k2)h2(k3)/h2(k)2.

Putting all these together we see that h2(k
1) = 2 if and only if

q(kj/Q)h2(d/dj) = 4 (j = 1, 2, 3) and q(Kg/k) = 4.

Since (di/dj) = +1 for all i 6= j, we have h+2 (d/dj) ≥ 4. Also notice that
h2(d/dj) ≥ 2, and thus when h2(d/dj) = 2 we have Nεd/dj = +1. Hence
q(kj/Q)h2(d/dj) = 4 if and only if either q(kj/Q) = 1 and h2(d/dj) = 4, or
q(kj/Q) = 2 and h2(d/dj) = 2, in which case Nεd/dj = +1.

We claim that q(kj/Q) = 1 for each j. Suppose not; without loss of
generality suppose q(k1/Q) = 2. Hence h2(d2d3) = 2 and Nε23 = +1. But
then we must have

√
ε23 ∈ k1 (see [9]), which is impossible by Proposition 4,

hence the claim. Therefore h2(d/dj) = 4 and q(kj/Q) = 1 for j = 1, 2, 3.

Hence q(Kg/k) = (EKg : 〈−1, ε1, ε2, ε3, ε12, ε13, ε23, εk〉). By our assump-
tion the only possible units with positive norm are among ε12, ε13, ε23. First
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suppose all three have positive norms: Nεij = +1. Then all
√
εij are in Kg,

implying that q(Kg/k) ≥ 8.
Now suppose exactly two of these units have positive norms: say Nε12 =

−1 and Nε13 = Nε23 = +1. Hence
√
ε13,
√
ε23 ∈ Kg. Let K = Q(

√
d1,
√
d2 );

then
√
ε1ε2ε12 ∈ K by Proposition 5. But then

√
ε1ε2ε12 ∈ Kg, and once

again we see q(Kg/k) ≥ 8.
Next, suppose Nε12 = Nε13 = −1 and Nε23 = +1. Then the argument

above shows
√
ε23,
√
ε1ε2ε12,

√
ε1ε3ε13 ∈ Kg, implying again q(Kg/k) ≥ 8.

Finally, suppose Nεij = −1 for all i, j. Then
√
εiεjεij ∈ Kg, and once

again q(Kg/k) ≥ 8.
All of this contradicts the assumption that h2(k

1) = 2.
Now assume (ii) holds. As in the case of (i), we have q(Kg/k) = 4 and

q(kj/Q)h2(d/dj) = 4 (j = 1, 2, 3). Since (d1/d2) = −1, we have h2(d1d2) = 2
and Nε12 = −1. Hence q(k3/Q) = 2, and so E3 = 〈−1, ε3, ε12,

√
ε3ε12εk 〉.

Now we consider cases depending on the size of h2(d1d3) and h2(d2d3).

Case 1: h2(d1d3) or h2(d2d3) is 2, say h2(d1d3) = 2. This implies from
the above that q(k2/Q) = 2. Since (d1/d3) = +1, we have h+2 (d1d3) ≥ 4
and so Nε13 = +1. But E2 = 〈−1, ε2, ε13, εk 〉, a contradiction. Therefore,
Case 1 cannot occur (given that h2(k

1) = 2).

Case 2: h2(d1d3) = h2(d2d3) = 4. Thus q(k2/Q) = q(k1/Q) = 1, and so

E1E2E3 = 〈−1, ε1, ε2, ε3, ε12, ε13, ε23,
√
ε3ε12εk 〉.

But then EKg ⊇ 〈
√
ε∗13,

√
ε∗23,
√
ε1ε2ε12, E1E2E3 〉, where

ε∗ij =

{
εij if Nεij = +1,

εiεjεij if Nεij = −1.

Therefore q(Kg/k) ≥ 8, and so this case cannot occur either.

Now we consider what happens when Nεk = +1.

Theorem 4. Let k be a real quadratic number field with discriminant
d = dk = d1d2d3, where the dj are positive prime discriminants. Further
suppose Nεk = +1 and that either

(i) (d1/d2) = (d2/d3) = (d3/d1) = +1 (hence Cl+2 (k) ' (4∗, 4∗)), or
(ii) (after possible reordering of the dj) (d1/d2) = −1 and (d1/d3) =

(d2/d3) = +1 (thus Cl+2 (k) ' (2, 4∗)).

Then h2(k
1) = 2 if and only if either

(a) h2(d1d2) = h2(d1d3) = h2(d2d3) = 2, or
(b) (after possible reordering of the dj) h2(d1d2)=h2(d1d3)=2, h2(d2d3)

= 4, Nε23 = −1, and when (i) holds, δ(εk) is not a square in k(
√
d1).

Proof. First assume (i) holds.
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Suppose h2(k
1) = 2. We have q(Kg/k) = 4 and either q(kj/Q) = 1 and

h2(d/dj) = 4, or q(kj/Q) = 2 and h2(d/dj) = 2, for j = 1, 2, 3. Since Nεk =
+1 we see k(

√
εk )/k is unramified by Proposition 5, and hence without loss

of generality k(
√
εk ) = k3 = Q(

√
d3,
√
d1d2 ). Hence δ(εk) ∈ {p3, p1p2} and

E3 = Ek3 = 〈−1, ε3, ε12,
√
εk 〉. Consequently, q(k3/Q) = 2 and h2(d1d2)

= 2, and thus Nε12 = +1. We now consider three cases depending on the
signs of Nε13 and Nε23.

Case 1: Nε13 = Nε23 = −1. Then q(k1/Q) = q(k2/Q) = 1; more
precisely, E1 = 〈−1, ε1, ε23, εk〉 and E2 = 〈−1, ε2, ε13, εk〉. Hence

E1E2E3 = 〈−1, ε1, ε2, ε3, ε12, ε13, ε23,
√
εk〉.

But since
√
ε12,
√
ε1ε3ε13,

√
ε2ε3ε23 ∈ Kg (by Propositions 4 and 5), we see

q(Kg/k) ≥ 8. Therefore, this case cannot occur.

Case 2: Nε13 6= Nε23, say Nε13 = +1, Nε23 = −1. Hence q(k1/Q) = 1
and so h2(d2d3) = 4. Moreover, since δ(ε13) ∈ {p1, p3}, we have δ(ε13)δ(εk)
in k22, the squares of k2, and therefore

√
ε13εk ∈ E2. This implies that

q(k2/Q) = 2, and so h2(d1d3) = 2. Also notice that δ(εk) 6∈ k21.

Case 3: Nε13 = Nε23 = +1. Then arguing as in the previous case we see√
ε13εk ∈ k2 and

√
ε23εk ∈ k1, and thus q(k1/Q) = q(k2/Q) = 2. Therefore,

h2(d1d3) = h2(d2d3) = 2 (along with h2(d1d2) = 2 from the above).

Conversely, assume (a), i.e., h2(didj) = 2 for each i 6= j. By Theorem 1,
if we can show h2(Kg) = h2(k)/2, then we can conclude that h2(k

1) = 2
in this case. We will start by showing h2(kj) = h2(k) for each j, and then
use this to get a handle on h2(Kg) by Kuroda’s class number formula, i.e.,
Proposition 3. Toward this end, first notice that since (di/dj) = +1 for all
i 6= j, and h2(didj) = 2, we must have h+2 (didj) = 4, and so Nεij = +1 for
all i 6= j. Now since Nεk = +1, we see as before, without loss of generality,
that k(

√
εk ) = k3. Hence q(k3/Q) = 2, since E3 = 〈−1, ε3, ε12,

√
εk〉. By the

Kuroda class number formula we thus have

h2(k3) = 1
4q(k3/Q)h2(d3)h2(d1d2)h2(k) = h2(k).

Also notice that, as argued above, E1 = 〈−1, ε1, ε23,
√
ε23εk〉 and E2 =

〈−1, ε2, ε13,
√
ε13εk〉, which gives q(k1/Q) = q(k2/Q) = 2. Therefore by

Kuroda’s class number formula we have h2(k1) = h2(k2) = h2(k).

From this we see

h2(Kg) = 1
8q(Kg/k)h2(k1)h2(k2)h2(k3)/h2(k)2 = 1

8q(Kg/k)h2(k).

We will be done with this case if we can show q(Kg/k) = 4. First notice
that by Theorem 1, since h2(k

1) 6= 1, we have h2(Kg) ≥ h2(k)/2, which
implies that q(Kg/k) ≥ 4. We will actually construct the unit group of Kg

explicitly.



386 E. Benjamin and C. Snyder

Since
E1E2E3 = 〈−1, ε1, ε2, ε3, ε12,

√
ε13,
√
ε23,
√
εk〉

and any unit in Kg must be a square root of an element of E1E2E3 (see [14]),
for example, we will use this observation to reduce the work required to
determine EKg . We are reduced to considering units of Kg that are square

roots of units η of the form η = εa11 ε
a2
2 ε

a3
3 ε

a4
12

√
εa513ε

a6
23ε

a7
k for some aj ∈ {0, 1}.

But if η is a square in EKg , then the norm NKg/kjη must be a square in Ej
for each j = 1, 2, 3. This means we will need to see how the Galois group G =
Gal(Kg/Q) acts on all the units εj ,

√
εij ,
√
εk. Notice that G = 〈σ1, σ2, σ3〉

where σi(
√
di) = −

√
di and σi(

√
dj) =

√
dj for j 6= i. Thus the fields

k1, k2, k3 are fixed fields of the subgroups generated by σ2σ3, σ1σ3, σ1σ2,
respectively. Here is a table of these units and some of their conjugates and
relative norms, where νj ∈ {0, 1}.

η ησ1 ησ2 ησ3 η1+σ1σ2 η1+σ1σ3 η1+σ2σ3

ε1 −1/ε1 ε1 ε1 −1 −1 ε21

ε2 ε2 −1/ε2 ε2 −1 ε22 −1

ε3 ε3 ε3 −1/ε3 ε23 −1 −1

ε12 1/ε12 1/ε12 ε12 ε212 1 1
√
ε13 (−1)ν2/

√
ε13

√
ε13 (−1)ν2+1/

√
ε13 (−1)ν2 −ε13 (−1)ν2+1

√
ε23

√
ε23 (−1)ν3/

√
ε23 (−1)ν3+1/

√
ε23 (−1)ν3 (−1)ν3+1 −ε23

√
εk (−1)ν4/

√
εk (−1)ν4/

√
εk (−1)ν4+1/

√
εk εk −εk −εk

To see how the table is constructed, we will look at the units ε1,
√
ε13,

and
√
εk. Notice that εσ11 = ε′1 (the conjugate of ε1 over Q) and since −1 =

Nε1 = ε1ε
′
1, we have ε′1 = −1/ε1. Clearly εσ21 = εσ31 = ε1. Also ε2, ε3 are

handled in the same way.
Next notice that Q(

√
ε13 ) = Q(

√
d1,
√
d3 ), which is the fixed field of σ2.

Hence
√
ε13

σ2 =
√
ε13. On the other hand, εσ113 = ε′13 = 1/ε13 = εσ313 . Hence

in particular
√
ε13

σ1 = ±1/
√
ε13. Set

√
ε13

σ1 = (−1)ν2/
√
ε13. But then

we must have
√
ε13

σ3 = −√ε13 σ1 , since otherwise σ1σ3 fixes Q(
√
d1,
√
d3 ),

which is clearly not the case. The unit
√
ε23 behaves in a similar way.

Finally, notice that Q(
√
εk ) = k3 = Q(

√
d3,
√
d1d2 ), which is fixed by

σ1σ2 but not by any of the σj . Hence for j = 1, 2, 3, ε
σj
k = ε′k = 1/εk, and

so in particular
√
εk

σ1 = (−1)ν4/
√
εk for ν4 = 0 or 1. Since σ1σ2 restricts

to the identity on k3, we see
√
εk

σ2 =
√
εk

σ1 . On the other hand, we must
have

√
εk

σ3 = −√εk σ1 , since otherwise σ1σ3 would fix k3, which is not the
case.

The last three columns give the norm of η from Kg to k3, k2, k1, respec-
tively.
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Now consider once again η = εa11 ε
a2
2 ε

a3
3 ε

a4
12

√
εa513ε

a6
23ε

a7
k , and assume that

η is a square in EKg . Then

η1+σ1σ2 = (−1)a1+a2ε2a33 ε2a412 (−1)ν2a5+ν3a6εa7k

must be a square in E3 = 〈−1, ε3, ε12,
√
εk〉. Hence, as η > 0 (being a

square), we must have

a1 + a2 + ν2a5 + ν3a6 ≡ 0 mod 2.

Next notice that

η1+σ1σ3 = (−1)a1+a3ε2a22 (−ε13)a5(−1)(ν3+1)a6(−εk)a7

is a square in E2 = 〈−1, ε2, ε13,
√
ε13εk〉. Hence

a5 = a7,

which we assume from now on. Also notice that

a1 + a3 + (ν3 + 1)a6 ≡ 0 mod 2.

Finally,

η1+σ2σ3 = ε2a11 (−1)a2+a3+(ν2+1)a5(−ε23)a6(−εk)a5

is a square in E1 = 〈−1, ε1, ε23,
√
ε23εk〉. Hence

a6 = a5, and a2 + a3 + (ν2 + 1)a5 ≡ 0 mod 2.

Summarizing, we see that if η ∈ K2
g , then in particular

η = εa11 ε
a2
2 ε

a3
3 ε

a4
12

√
ε13ε23εk

a

with some a1, a2, a3, a4, a ∈ {0, 1}. Since we already know that
√
ε12 ∈ EKg ,

we will assume a4 = 0. Notice that if a = 0, then η = 1, for otherwise some aj
equals 1, in which case ησj < 0, which cannot happen. Thus if η 6= 1, we have
a = 1. In this case we get the following congruences mod 2 among the aj :

a1 + a2 ≡ ν2 + ν3,

a1 + a3 ≡ ν3 + 1,

a2 + a3 ≡ ν2 + 1,

which reduces to the two solutions

(a1, a2, a3) ≡ (0, ν2 + ν3, ν3 + 1) + (µ, µ, µ) mod 2, µ = 0, 1.

Hence

η ≡ (ε1ε2ε3)
µεν2+ν32 εν3+1

3

√
ε13ε23εk mod (E1E2E3)

2, µ = 0, 1.

Note that both solutions cannot be in K2
g , for otherwise ε1ε2ε3 would be a

square in Kg, which is not the case as we have just seen above. However, one
of these η’s is in K2

g since q(Kg/k) ≥ 4. Hence q(Kg/k) = 4 and we even have

EKg =
〈
−1, ε1, ε2, ε3,

√
ε12,
√
ε13,
√
ε23,

√
(ε1ε2ε3)µε

ν2+ν3
2 εν3+1

3

√
ε13ε23εk

〉
,

for exactly one value of µ ∈ {0, 1}.
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Therefore h2(k
1) = 2 when h2(d1d2) = h2(d1d3) = h2(d2d3) = 2.

Now assume (b), i.e., h2(d1d2) = h2(d1d3) = 2, h2(d2d3) = 4, Nε23 =
−1, and δ(εk) 6∈ k21. Then k(

√
εk) is k2 or k3 (it cannot be k1 since by

assumption δ(εk) is not a square in k1). Without loss of generality assume
Q(
√
εk ) = k3. Then E3 = 〈−1, ε3, ε12,

√
εk〉, which implies q(k3/Q) = 2.

Hence h2(k3) = h2(k) by Kuroda’s class number formula. Next notice that
E2 = 〈−1, ε2, ε13,

√
ε13εk〉, implying that q(k2/Q) = 2, and so h2(k2) =

h2(k). Finally, E1 = 〈−1, ε1, ε23, εk〉, which implies that q(k1/Q) = 1; and
since h2(d2d3) = 4, we still see that h2(k1) = h2(k).

As before, if we can show q(Kg/k) = 4, then we will be finished. Toward
this end, notice that

E1E2E3 = 〈−1, ε1, ε2, ε3, ε12, ε23,
√
ε13,
√
εk〉.

Moreover, observe that
√
ε12,
√
ε2ε3ε23 ∈ EKg , and so q(Kg/k) ≥ 4. Hence

we will be finished if we can show

EKg = 〈−1, ε1, ε2, ε3,
√
ε12,
√
ε13,
√
ε2ε3ε23,

√
εk〉.

To see this, suppose

η = εa11 ε
a2
2 ε

a3
3 ε

a4
12ε

a5
23

√
εa613ε

a7
k

is a square in Kg. Then as before we see that its norms from Kg to k3, k2, k1
must be squares in the corresponding unit groups E3, E2, E1. Once again we
need to consider the conjugates of the units as in the table above. All the
rows are the same except that we will replace

√
ε23 by simply ε23, in which

case we have

ε1+σ1σ223 = −1, ε1+σ1σ323 = −1, ε1+σ2σ323 = ε223.

Now back to our η. Assume it is a square in EKg . Then

η1+σ1σ2 = (−1)a1+a2+a5ε2a33 ε2a412 (−1)ν2a6εa7k

must be a square in E3 = 〈−1, ε3, ε12,
√
εk〉. Therefore

a1 + a2 + a5 + ν2a6 ≡ 0 mod 2.

Next

η1+σ1σ3 = (−1)a1+a3+a5ε2a22 (−ε13)a6(−εk)a7

is a square in E2 = 〈−1, ε2, ε13,
√
ε13εk〉, and so

a6 = a7 and a1 + a3 + a5 ≡ 0 mod 2.

Finally,

η1+σ2σ3 = ε2a11 (−1)a2+a3ε2a523 (−1)(ν2+1)a6(−εk)a6

must be a square in E1 = 〈−1, ε1, ε23, εk〉. Therefore,

a6 = 0 and a2 = a3.
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But notice that a5 ≡ a1 + a2 mod 2, and thus

η = εa11 (ε2ε3)
a2εa412ε

a1+a2+2`
23 = (ε1ε23)

a1(ε2ε3ε23)
a2εa412ε

2`
23.

We can see that ε2ε3ε23 and ε12 are totally positive, but (ε1ε23)
σ1 < 0.

Hence a1 = 0, and therefore

EKg = 〈−1, ε1, ε2, ε3,
√
ε12,
√
ε2ε3ε23,

√
ε13,
√
εk 〉,

as desired.
Now assume (ii).
First suppose h2(k

1) = 2. Then q(Kg/k) = 4 and q(kj/Q)h2(d/dj) = 4
for j = 1, 2, 3. But we must have h2(d1d2) = 2 and Nε12 = −1, since
(d1/d2) = −1. Hence q(k3/Q) = 2, and so E3 = 〈−1, ε3, ε12,

√
εk 〉. Now

the argument is exactly as in (i) above. (The only change is that k(
√
εk ) is

already determined to be k3.)
Conversely, first assume (a). (Notice that h2(d1d2) = 2 without any

assumptions.) Again since χj(p3) = +1 for j = 1, 2, 3, we have k(
√
εk ) = k3.

Arguing as in (i) above, we see

E1E2E3 = 〈−1, ε1, ε2, ε3, ε12,
√
ε13,
√
ε23,
√
εk 〉.

Now, if η ∈ E1E2E3 has its positive square root in EKg , then we find

that η = (ε1ε2ε12)
a(ε1ε2ε3)

b(εν3+1
1 εν2+1

2

√
ε13ε23εk)

c. The only change in the

argument above is that now Nε12 = −1, and so ε1+σ1σ212 = ε212, ε
1+σ1σ3
12 = −1

and ε1+σ2σ312 = −1. We then obtain

EKg =
〈
−1, ε1, ε2, ε3,

√
ε1ε2ε12,

√
ε13,
√
ε23,

√
(ε1ε2ε3)µε

ν3+1
1 εν2+1

2

√
ε13ε23εk

〉
for exactly one value of µ in {0, 1}. Therefore q(Kg/k) = 4.

Now assume (b). Once again by considering the genus characters we have
k(
√
εk ) = k3. This time we find (as before)

E1E2E3 = 〈−1, ε1, ε2, ε3, ε12, ε23,
√
ε13,
√
εk 〉.

We also find

EKg = 〈−1, ε1, ε2, ε3,
√
ε1ε2ε12,

√
ε2ε3ε23,

√
ε13,
√
εk 〉

and once again q(Kg/k) = 4, as desired.
This completes the proof.

Cl2(k) of rank 3. This time d = dk = d1d2d3d4 for positive prime
discriminants dj , j = 1, 2, 3, 4. We then have the following result.

Theorem 5. Let k be a real quadratic number field with discriminant
d = dk = d1d2d3d4 for positive prime discriminants dj. Then h2(k

1) > 2.

Proof. We know by [2] that h2(k
1) 6= 1. Let K be any unramified

quadratic extension of k. Then K/Q is a V4-extension, with quadratic sub-
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fields F1, F2, k. The Kuroda class number formula implies that

h2(K) = 1
4q(K/Q)h2(F1)h2(F2)h2(k),

where q(K/Q) = (EK : EF1EF2Ek). Then either (i) F1 = Q(
√
dj) and

F2 = Q(
√
d/dj ), in which case h2(F2) ≥ 4, or (ii) F1 = Q(

√
didj ) and

F2 = Q(
√
d/didj ), in which case both h2(F1), h2(F2) ≥ 2. In both cases,

h2(K) ≥ h2(k), and therefore by Corollary 1, h2(k
1) 6= 2.

Summary of the main results. We now consolidate into one theorem
most of the results (or equivalent versions) that we have established.

Theorem 6 (Main Theorem). Let k be a real quadratic number field
whose discriminant is a sum of two rational integral squares. Then h2(k

1) =
2 if and only if dk = d1d2d3 for dj positive prime discriminants satisfying
one of the following conditions:

( d1
d2

) ( d2
d3

) ( d3
d1

) Additional conditions

− 1 −1 −1 ( d1d2
d3

)4( d2d3
d1

)4( d3d1
d2

)4 = −1

− 1 −1 +1 ( d1
d3

)4 = ( d3
d1

)4 = +1, h2(d1d3) = 4

or

( d1
d3

)4 = ( d3
d1

)4 = −1,
√
ε2ε13εk 6∈ Q(

√
d2,
√
d1d3 )

− 1 +1 +1 ( d1
d3

)4( d3
d1

)4 = ( d2
d3

)4( d3
d2

)4 = −1, Nεk = +1

or

( d1
d3

)4( d3
d1

)4 = −1, ( d2
d3

)4 = ( d3
d2

)4 = −1, Nεk = +1

+ 1 +1 +1 ( di
dj

)4(
dj
di

)4 = −1 (i 6= j), Nεk = +1

or

( d1
dj

)4(
dj
d1

)4 = −1 (j 6= 1), ( d2
d3

)4 = ( d3
d2

)4 = −1,

δ(εk) is not a square inQ(
√
d1,
√
d2d3 ), Nεk = +1

Examples. We now give two examples of fields satisfying conditions (a)
and (b) of Theorem 4.

Example 1. Let k = Q(
√

19669 ). Then dk = d1d2d3, where d1 =
89, d2 = 17, d3 = 13, (d1/d3) = (d2/d3) = −(d1/d2) = +1, h2(d1d2) =
h2(d1d3) = h2(d2d3) = 2, and Nεk = +1 where εk = 37025 + 264

√
19669.

(We also have Cl2(k) ' (2, 4) and thus Cl+2 (k) ' (2, 8).) By Theorem 4(a),
we conclude that h2(k

1) = 2.

Example 2. Let k = Q(
√

4520953 ). This time dk = d1d2d3, where
d1 = 197, d2 = 433, d3 = 53, (di/dj) = +1 for all i 6= j, Nεk = +1,
h2(d1d2) = h2(d1d3) = 2, h2(d2d3) = 4, and Nε23 = −1. (We will not write
out the fundamental unit εk this time as its integer coefficients have over
120 digits.) (Also we have Cl2(k) ' (2, 4) and thus Cl+2 (k) ' (4, 4).) In order
to conclude that h2(k

1) = 2, we need to show that δ(εk) is not a square in
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k1 = k(
√
d1) = Q(

√
197,
√

433 · 53 ). But δ(εk) = 53, which is not a square
in k1. Therefore h2(k

1) = 2 by Theorem 4(b).
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