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STRONG HOPF MODULES FOR WEAK HOPF QUASIGROUPS

~J.N. ALONSO ALVAREZ (Vigo),
J. M. FERNANDEZ VILABOA (Santiago de Compostela) and
R. GONZALEZ RODRIGUEZ (Vigo)

Abstract. This paper is a further step in the study of the theory of modules as-
sociated to a weak Hopf quasigroup H. We introduce the category of strong H-Hopf
modules, and we prove that there exists an adjoint equivalence between this category and
the category of right modules over the image of the target morphism of H. In the Hopf
quasigroup setting every Hopf module is strong, and we recover the results of Brzezinski.
Also, in the weak Hopf case, every Hopf module is strong, and we generalize the theorem
proved by Bohm, Nill and Szlachanyi that contains as a particular instance the categorical
equivalence associated to the category of Hopf modules for a Hopf algebra H.

1. Introduction. Let F be a field and C = F-Vect. Let M be a right
H-module and a right H-comodule. If, for all m € M and h € H, we write
m.h for the action and we use the Sweedler notation pys(m) = myg ® my
for the coaction, we will say that M is a Hopf module if

par(m-h) = myg.h) ® mpyh),

where 0y (h) = h(1) ® h(g) is the coproduct of H and mj; k) the product
in H of my) and h(z). A morphism between two Hopf modules is a F-linear
map that is H-linear and H-colinear. Hopf modules and morphisms of Hopf
modules constitute the category of Hopf modules denoted by Mg In 1969
Larsson and Sweedler proved the Fundamental Theorem of Hopf Modules:
If M € ME and M = {m € M | pps(m) = m® 1y} are the coinvariants
of H in M, then M is isomorphic to M*°H @ H as a Hopf module (see [§]
and [12]). On the other hand, if N is an F-vector space, then the tensor
product N ® H, with the action and coaction induced by the product and
coproduct of H, is a Hopf module. This construction is functorial, so we
have a functor, called the induction functor, F = — ® H : C — ./\/lg Also,
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for all M € Mg, the construction of M is functorial and we have a new
functor, the functor of coinvariants, G = ( )*°# : M — C and F 4 G.
Moreover, F' and G is a pair of inverse equivalences, and therefore Mg is
equivalent to the category of F-vector spaces.

The Fundamental Theorem of Hopf Modules also holds for weak Hopf
algebras, as proved by Bohm, Nill and Szlachanyi [4]. If H is a weak Hopf
algebra, the category of Hopf modules is defined in the same way as in
the Hopf algebra setting. For M € Mg, the coinvariants of H in M are
defined by M®°H = {m € M | ppr(m) = mio) ® H{}(m[l])}, where IT5 is
the target morphism associated to H. Bohm, Nill and Szlachanyi proved
that M is isomorphic to M©H u, H as Hopf modules, where Hy, is the
image of I IL{ Moreover, if Cg, is the category of right Hr-modules, then
the functors F' = —®py, H : Cy, — /\/lg and G = ( )°H . Mg — Cp,, are
such that F' is left adjoint of G and they induce a pair of inverse equivalences
(see [6]). Therefore, in the weak setting, ME is equivalent to Cp, . In this
case, the following property is relevant: the tensor product M u, H is
isomorphic as a Hopf module to MH x H where MH x H is the image
of a suitable idempotent V; : M°H @ H — M“H @ H. As a consequence,
in the weak framework the Fundamental Theorem of Hopf Modules can be
written using M x H instead of M°H @y, H (see []).

In the previous two paragraphs we spoke about associative algebraic
structures like Hopf algebras and weak Hopf algebras. Recently Klim and
Majid [7] introduced the notion of Hopf quasigroup as a generalization of
Hopf algebras in the context of non-associative algebra, in order to under-
stand the structure and relevant properties of the algebraic 7-sphere. A Hopf
quasigroup is a particular instance of a unital coassociative H-bialgebra in
the sense of Pérez Izquierdo [10]; an example is the enveloping algebra of a
Malcev algebra, when the base ring has characteristic not equal to 2 or 3. In
this sense Hopf quasigroups extend the notion of Hopf algebra in a parallel
way to Malcev algebras extending Lie algebras. On the other hand, it also
contains as an example the notion of quasigroup algebra of an I.P. loop.
Therefore, Hopf quasigroups unify I.P. loops and Malcev algebras, just as
Hopf algebras unify groups and Lie algebras. For these non-associative alge-
braic structures, Brzezinski [5] introduced the notion of Hopf module and he
proved a version of the Fundamental Theorem of Hopf Modules. In this case,
the main difference with the associative setting appears in the definition of
the category of Hopf modules Mg, because the notion of Hopf module re-
flects the non-associativity of the product defined on H, and the morphisms
are H-quasilinear and H-colinear (see [0, Definition 3.4]). In [5, Lemma 3.5],
it is shown that if M € ./\/lg and MH is defined as in the Hopf algebra
setting, then M is isomorphic to M°H © H as a Hopf module. Moreover,
the functors F = —® H : C -+ M and G = ( )°H : ME — C are such
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that F' 4 G, and they induce a pair of inverse equivalences. Therefore, in
this non-associative context, Mg is equivalent to the category of F-vector
spaces as in the Hopf algebra ambit.

Therefore a question naturally arises: Is it possible to introduce a new
notion that encompasses weak Hopf algebras and Hopf quasigroups? If true,
any result obtained in this way would automatically lead to a double gener-
alization, recalling the well-known results in the weak setting and showing
the way to get ones for the non-associative context. Fortunately, we have
got a positive answer to this question by weakening the (co)unitality and
associativity conditions. The new notion, called weak Hopf quasigroup, was
introduced in [2] in a monoidal setting. A family of non-trivial examples
of this algebraic structure can be obtained by working with bigroupoids,
i.e., bicategories where every 1-cell is an equivalence and every 2-cell is an
isomorphism (see [2, Example 2.3]).

For a weak Hopf quasigroup H in a braided monoidal category C with
tensor product ®, using the ideas proposed by Brzezinski for Hopf quasi-
groups, in [2] we introduce the notion of Hopf module and the category ./\/lg
of Hopf modules. In this case, if we define M in the same way as in the
weak Hopf algebra setting, we obtain the following version of the Funda-
mental Theorem of Hopf Modules: every Hopf module M is isomorphic to
Me©H x H as a Hopf module, where M x H is the image of the same
idempotent Vs used for Hopf modules associated to a weak Hopf algebra.
Moreover, in [3] we proved that Hy, the image of the target morphism, is
a monoid, and so it is possible to take into consideration the category Cp, ,
to construct the tensor product M<H @ m, H, and if the functor — ® H
preserves coequalizers, to endow this object with a Hopf module structure.
Unfortunately, it is not possible to ensure that M @ u,, H is isomorphic
to MH x H as in the weak Hopf algebra case.

In this paper we find conditions under which these objects are isomorphic
in Mg As a consequence, we introduce the category of strong Hopf modules,
denoted by SM g, and we show that there exist functors, F' = — ®py, H :
Cr, — SM¥ and G = ( )°H : SMI — Cp, , such that F is left adjoint of G
and they induce a pair of inverse equivalences. In the Hopf quasigroup setting
every Hopf module is strong, and we recover the results of Brzezinski [5].
Also, in the weak Hopf case, every Hopf module is strong, and we generalize
the theorem proved by Bohm, Nill and Szlachanyi [4].

2. Weak Hopf quasigroups. As in [2], throughout this paper C de-
notes a strict braided monoidal category with tensor product ®, unit object
K and braiding c. For each object M in C, we denote the identity morphism
by idp; : M — M. For simplicity of notation, given objects M, N and P
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in C and a morphism f: M — N, we write P® f for idp ® f and f® P for
f ®idp. We also assume that every idempotent morphism in C splits, i.e.,
if V:Y — Y is such that V = V o V, there exist an object Z, called the
image of p, and morphisms i : Z — Y and p: Y — Z such that V. =4do0op
and po 1=1d Z.

As for prerequisites, the reader is expected to be familiar with the notions
of unital magma, counital comagma, monoid, comonoid, morphism of unital
magmas, and morphism of counital comagmas (see [2]). Moreover, for a
comagma D, dpgp denotes the usual coproduct in D® D defined by dpgp =
(D®cpp®D)o(0p®dp), and if D is a comagma and A a magma, then
given two morphisms f,g: D — A, we will denote by f * g their convolution
product in C, that is, fxg=ps0 (f ® g) o dp.

Now we recall the notion of weak Hopf quasigroup in a braided monoidal
category, introduced in [2]. In that paper the interested reader can find a
complete list of properties of weak Hopf quasigroups that we need.

DEFINITION 2.1. A weak Hopf quasigroup H in the category C is a unital
magma (H,ng,pg) and a comonoid (H,ep,d0p) such that the following
axioms hold:

(al) dgopn = (ua @ pu) o dHeoH-
(a2) egopgo(pn @ H) =cepopygo(H @ pup)
= ((emopn) @ (egopm))o(H®déy @ H)
= ((em o pmr) @ (e o pmr)) o (H @ (¢ © 6u) @ H).
(a3) (g @ H) o 6p onp = (H ® py ® H) o ((6m o ni) ® (6 0 1pr))
= (H® (umocy'y) ®@H)o (6 onu) ® (6 onm)).
(ad) There exists Ay : H — H in C (called the antipode of H) such that
if we denote idg * Ay by U[L{ (target morphism) and Ay * idy by
ITE (the source morphism), then:
(ad-1) [Tk = ((egopun) @ H) o (H @ e ) o ((0g onm) @ H).
(a-2) T = (H ® (c1 0 jur)) o (cxrr  H) o (H © (551 0 11g)).
(a4—3) )\H * HI[;T = HI}} * /\H = )\H'
(ad-4) pm o (A @ ppr) o (65 @ H) = pp o (I} © H).
(a4-5) pgo(H@pup)o(HRAg @ H)o (g ® H)
= o (Hﬁ X H)
(a4-6) purr o (ur ® M) o (H ® 6pr) = ppr o (H ® IT).
(a4-7) pgo(pg@H)o(HRA\g® H)o(H®dy) = MHO(H®H]I}).
By [2, Proposition 3.2] we know that the antipode is unique, and sat-
isfies Ay omg = n and e o Ay = eg. Also, by [2, Theorem 3.19], Ay is
antimultiplicative and anticomultiplicative. Moreover, if we define the mor-
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phisms ﬁé and ﬁﬁ by
—L
Uy = (H® (em o pm)) o ((0m 0 nu) © H),
—R
Iy = ((eg o pm) @ H) o (H® (6m 0 i),

we proved in [2, Proposition 3.4] that ITL, ITE, ﬁlfif and ﬁfl are idempotent.
On the other hand, if Hy, is the image of the idempotent morphism IT%, and
pr, - H— Hp and iy, : H, — H are the morphisms such that IT5 =iy o pr,
and pr, oy, = idp, , then by [2] Proposition 3.13], i1, is the equalizer of dp
and (H ® IT5) 0§y, and py, is the coequalizer of iy and pug o (H @ I15). As
a consequence, (Hr,ng, = pr o Nm, H, = pr o pm o (ip ®ir)) is a unital
magma in C, and (Hp,eq, =epoir, oy = (pr ®pr)odmoir) is a comonoid
in C (see [2, Proposition 3.13]). Fortunately (see [3, Proposition 2.4]), the
product pp, is associative, and therefore the unital magma Hr, is a monoid
in C.

Finally, using the same proof of the similar result proved for weak braided
Hopf algebras [I, Proposition 2.19], we conclude that the monoid Hj, is
Frobenius separable, and by [I1], if C is the category of vector spaces over
a field F, then Hj is semisimple.

3. Hopf modules, strong Hopf modules and categorical equiva-
lences. The definition of right-right H-Hopf module for a weak Hopf quasi-
group H was introduced in [2]. If H is a Hopf quasigroup and C is the sym-
metric monoidal category F-Vect, we get the notion defined by Brzeziniski [5]
for Hopf quasigroups.

DEFINITION 3.1. Let H be a weak Hopf quasigroup and M an object
in C. We say that (M, ¢ar, par) is a right-right H-Hopf module if the following
axioms hold:

(bl) The pair (M, par) is a right H-comodule, i.e. ppy : M — M ® H is

a morphism such that (M ®ep) o ppr = idys and (ppr @ H) 0 ppy =
(M ® )0 par.
(b2) The morphism ¢p; : M @ H — M satisfies:
(b2-1) ¢rr o (M @np) = idy.
(b2-2) pprodn = (dm@pum)o(Mcyy®H)o(prp@0m), i.e. du
is a morphism of right H-comodules with the codiagonal
coaction on M & H.

(b3) ¢ar 0 (P @ Awr) o (M @ p) = du o (M @ ITfy).

(b4) ¢rro(dppy @ H)o (M @Ay @ H)o (M ®3y) = ¢pro (M@ ITE).

(b5) ¢aro (dmr @ H) o (M @ ITf; ® H) o (M ®6pr) = .

By [2, Proposition 4.7], if (M, ¢ar, par) and (N, ¢y, pn) are right-right
H-Hopf modules, and there exists a right H-comodule isomorphism « :



236 J. N. ALONSO ALVAREZ ET AL.

M — N, then the triple (M, ¢$; = a to ¢y o (a® H),py) is a right-right
H-Hopf module.

On the other hand, by [2, Proposition 4.3], for every right-right H-Hopf
module (M, ¢ar, par), the morphism qps := ¢pr 0 (M @ Agg) o pryr: M — M
is idempotent. Moreover, if M (the object of coinvariants) is the image
of qar, and pas : M — MH and iy : M©H — M are the morphisms such
that gar = ips o par and idy o = pas 0 tp7, then ips is the equalizer of ppr
and (M ®ﬁ§) o prr- Equivalently (see [2, Remark 4.4)), ips is the equalizer
of par and (M ® IT5) o ppr. Moreover (see [2, Remark 4.4]):

(3.1) o o (g @ H) o ppyr = iday,
(3.2) prodaro(ing®@H) = (o @ H) o (ing ® ),
(3:3) paodaro (ing @ H) = paro daro (i @ ITh).

The morphism
Vi i=(pu@H)opyodyo(in@H): M@ H— M @ H
is idempotent and satisfies
(3.4) Vi = ((pm o dn) ® H) o (ing @ 0p1),
(3.5) (M°" ®6y) oV = (Vi@ H) o (MM ®6y)

(see [2, Proposition 4.5]). If we define wy : M°H @ H — M and ), : M —
M H@H by wy = ¢po(iny@H) and wh, = (ppr®@H)opas, we have wyow',
= idy; and Vy = W§\4 owyy. If M©H x H denotes the image of Vs and
Pareo Hgp and 4 pypeo 1 o iy are the morphisms such that pyjeongy oipjeongy =
idpscormy g and ipreo g © Ppreoigy = Vi, then oy = ppreongy 0 Wiy -
M — M H x H is an isomorphism of right H-modules (i.e. pycorry oo =
(ap @ H)opyr) with inverse ) = war0ipeo gy (see [2, Remark 4.6]). The
comodule structure of M°H x H is induced by the isomorphism aj; and
it is equal to pyreon g = (Ppreoigpy @ H) o (MCH @ §7) 0ipreongpy. As a
consequence, the triple (M x H, ¢ yco i1, Ppgeo 5 p) Where @ ppeo sy =
Pareotigr © (MPH @ pupr) o (ipjeongy @ H), is a right-right H-Hopf module
(see [2, Proposition 4.8]).

Finally, in view of [2, Proposition 4.9], the triple (M, ¢}, par) is a right-
right H-Hopf module with the same object of coinvariants of (M, ¢, par)
because

(3.6) a" = au,

where ¢}7’ is the idempotent morphism associated to the Hopf module

(M, 631", par)- Moreover, ¢ = g0 (qu @ pirr) o (par @ H), and if V7' de-
notes the idempotent morphism associated to the coinvariants of (M, ¢§\Y4M ,
pa ), we have VM = Vs and so, for (M, ¢5}", par), the associated isomor-

phism of comodules is aps. Finally, (@57 )* = @M.
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DEFINITION 3.2. Let H be a weak Hopf quasigroup and let (M, ¢ar, par)
and (N, ¢y, pn) be right-right H-Hopf modules. A morphism f: M — N
in C is said to be H-quasilineal if

(3.7) o (foH) = fodil.

A morphism of right-right H-Hopf modules between M and N is a mor-
phism f : M — N in C that is both H-quasilineal and a morphism of
right H-comodules. The collection of all right H-Hopf modules with their
morphisms forms a category which will be denoted by ME.

If (M, ¢ar, par) is an object in M for (MH X H, ¢ rcory gy pageo i)
we have

QU rco H
(3.8) MﬂgoH XX[;{ = Qpeotivyg

(see [2, Proposition 4.12]). As a consequence, we can prove (see [2, Theorem
4.13])

THEOREM 3.3 (Fundamental Theorem of Hopf Modules). Let H be a
weak Hopf quasigroup and assume that (M, ¢ar, par) is an object in the cat-
egory M. Then (M, ¢rr, par) and (M x H, ¢ preon gy Preo i pr) are
isomorphic in Mg

The following lemma will be used to obtain the main result of this paper.

LEMMA 3.4. Let H be a weak Hopf quasigroup and let (M, ¢nr, par) be
a right-right H-Hopf module. Then

(3.9) dar o (ing @ prr) = édar o (ing @ p) o (Vi @ H).

Proof. The equality holds because

prro(ing@pm)o(Vy@H)
:gf)Mo(qM@,uH)o((pMogZ)Mo(iM@H))@H) (by definition of V)
=¢mo(qu @pm)o (@ H)o(in®0y))®H) (by B2))
=omo((pmo(M@Ap))@H)o((prrodno(in®H))® pum)

o (M®" @8y ® H) (by definition of gur)
=dmo((dmo(dm @A) o(M®6n))@pum)o (i @y @ H) (by B2)
=¢nro((paro(MRITE)) @ ppr) o (ing @0 @ H) (by (b3) of Definition 1)
=omo(dm@pum)o(in®((eropn) ®H®H)odngno(nu®H))® H)

(by definition of I1L)
=omo(dm@pum)o(in@(H(egopn)®H)o((cumodmonm)

®03p)) Q@ H) (by the naturality of c)
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= a0 (dar @ (o (nr o (I ® H)) @ H))) o (iag @ (e, 001) © H© H)
(by [2} (10)])
= a0 (o @ (urro (M gy ® ) 0 (ing @ (a0 o) © H @ H)
(by [2L (33)] and [3] (32)))
=¢mo(dm@(((emopn)®H)o(H®dm)))o (i@ (crmodmonn)®pum)
(by 2 (10)))
=¢po(ppr@H)o(M@((ITE®H)ody)) o (ins @ ) (by the naturality of )
=¢po(ing @pp) (by (b5) of Definition B.1). m

From now on we assume that C admits coequalizers. We denote by Cg,
the category of right Hy-modules, i.e., the category whose objects are pairs
(N, vn) with N an object in C and ¥y : N® H;, — N a morphism such that
YNo(N®pup,) =¢no(y®HL) and iy o (N ®@ng,) = idy. A morphism
f: (N,¥n) = (P,¢p) in Cy, is a morphism f : N — P in C such that
Ypo (f® H) = foyy. Note that the pair (H,vyg = pgo (H ®ir)) is a
right Hy-module.

Let (N,%n) be an object in Cy, and consider the coequalizer diagram

N®e g

(3.10) N@HL@)HW’N@HMN@HLH
N

where gy = pug o (i ® H). By [3, (35)] we have
(nv ® H) o (Yn ® ) = ((nv o (N @ pp)) ® H) o (N ®HL ®6n)
=(nN®@H)o(N® (6goem)),
and so there exists a unique morphism
pNey, N ®y, H— (N @p, H)® H
such that
(3.11) PNey, HONN = (ny ® H) o (N @ dp).

The pair (N ®p, H, PN®wH, i) is a right H-comodule. Indeed, trivially,
(N®p, H) ®ep) o PN@y, H = idN®HLH because composing with ny we
have (N ®p, H) ® ) o PN@y, H O NN = (ny ®@ep)o (N ®dy) = ny.
1f\/Ioreover, (PN®HLH ®H)o PN@u, H = (N®pg, H)®dm) © PN@u, H follows
Tom

(PNew, i ® H) 0 pNey, monN = (ny ®0g) o (N © dn)
= ((N®u, H)® i) 0 pNgy, HONN-
On the other hand, by [3 (18)] we have
nyo(Yn@pup) =nno(N®(puo(ir®pu))) =nno(N@(upo(pn @ H))),
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and so if the functor —® H preserves coequalizers, then there exists a unique
morphism
ONoy, H: (N @p, H) © H— N @y, H

such that
(3.12) ONoy, HO (NN @ H) =ny o (N ® pp).
Trivially, qu@HLH o((N®u, H)®@ng) = idN@HLH because
Ny, 1O (NN @ 1) =ny o (N ® (pg o (H®nu))) = ny.
Thus, if the functor — ® H preserves coequalizers, then the triple

(N ®p;, H,¢Ney, H, PNoy, H)

is a right-right H-Hopf module. Indeed, by the previous reasoning, condi-
tions (b1l) and (b2-1) of Definition hold. Composing with ny ® H and

using (3.11)), and (al) of Definition [2.1] we obtain
PN@y, H © PNoy, H © (NN @ H)
=Ny ®@H)o(N®(0gopm))=(ny®H)o (N ((ur @ pm)odnsn))
= (oNeu, H @ pr) o (N ®p, H) © cgg © H) o (pNey, H ©nN) @ 01),
and so (b2-2) of Definition holds. Also, by (a4-6) of Definition and
(13.12) we obtain
Ny, HO(PN@y, HOAH)o(MN®D) = nno(N®(pao(pu®@Am)o(H®6H)))
=nn o (N ® (o (H® ) = dney, i o (ny @ 1),

and thus (b3) of Definition [3.1] holds. Similarly, by and (a4-7) of Def-
inition [2.1| we get (b4) of Definition The equality (b5) of that definition
is a consequence of and [2, (41)].

Note that, by , ,

(3.13) N®@y, H ©MN = NN © (N® Hzli)-
Also,
AN®p H
(3.14) PNy, H = PNow H
because by (B11), (-12) and [2, (42)],
ANR® H
Oney,n © (nn @ H) =ny o (N @ (ug o (g ® i) © (0n © H)))
=nyo(N®pum)

= ONey, H© (ny @ H).
On the other hand, if f : N — P is a morphism in Cy, , we have
npo(f@H)o(Yn@H)=npo(f@H)o(N®pn)
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and hence there exists a unique morphism

f®u, H:N®y, H— P®y, H
such that
(3.15) npo(f@H)=(f®mu, H)ony.

The morphism f ®g, H is a morphism in ./\/(Z because by (3.11)), )
B.14) and (B.15),

prey, HO(f@u, H)ony=(np@H)o(f®dn)=((f®u, H)®H)opNg,, HONN
and

aP®HLH

Ormny o (f ©n, H) @ H) o (ny @ H)
= ¢pey, o ((f®n, H) @ H)o (ny @ H) =npo(f @ pun)
= (f®nu, H) o dnoy b o (ny @ H) = (f @, H)o ¢?\/J§?; o(ny ® H).
Summarizing, we have the following proposition.

PRrROPOSITION 3.5. Let H be a weak Hopf quasigroup such that the func-
tor — ® H preserves coequalizers. There exists a functor F' : Cy, — ME.
called the induction functor, defined on objects by

F((N,¢n)) = (N ®u, H,ONoy, H: PNy, H)
and for morphisms by F(f) = f @, H.

DEFINITION 3.6. Let H be a weak Hopf quasigroup. We denote by SMZ
the full subcategory of Mg whose objects are the right-right H-Hopf mod-
ules (M, ¢, par) such that

(3.16)  dmo((Pmo(M@ir)) @ H) = ¢pro (M@ (um o (ip @ H))).
The objects of SME will be called right-right strong H-Hopf modules.

By [3, (33)], (H,¢g = pm,pg = 0f) is a right-right strong H-Hopf
module. Note that if H is a Hopf quasigroup, then (3.16|) holds because
ir, = nu (see [9, Theorem 1]). Thus in this particular setting SMH = MH.

This equality also holds trivially for any Hopf module associated to a weak
(braided) Hopf algebra (see [Il, Section 3]).

PropoOSITION 3.7. Let H be a weak Hopf quasigroup such that the func-
tor — ® H preserves coequalizers. The induction functor F' : Cgx, — MZ
factorizes through the category SMH.

Proof. We must show that for any (N, v¥n) € Cq, , the triple

(N ®u, H,¢Ngy, H, PNy, H)
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is an object in SM g First note that if — ® H preserves coequalizers then

so does — ® Hp, and holds because by and [3], (32)],
ONow, 1 ° (ONey, oo (NN ®iL)) ® H)
=nyo(N® (umo ((pu o (H®iL)) ® H)))
=nyo (N @ (pro(H® (umo (in @ H)))))
= ONewy, 1 © (ny @ (pgo(ir®@ H))). m
Let (M, ¢, par) be a right-right H-Hopf module. If M is strong, the

pair (M©H 4y rcon = paro dag o (iyy ®ig)) is a right Hy-module. Indeed,
trivially ¥ peon o (MH @ ny, ) = id o n. Moreover,

wMCDH 9] ('lpMcoH & HL)
=pum o dm o (a0 (pnm @ M) o (ing ® (G 0ir))) @) (by B2))
=par o daro ((par o (ing ®ir)) @ir) (by (b3) of Definition B.1)
=pum ooy o (in @ (pp o (ip ®ir))) (by BI6)
= ¢McoH o (MCOH & ,U,HL) (by the properties of pp; ).

Let g : M — T be a morphism in SM g Using the comodule morphism
condition we obtain progoiy = (T ® ﬁg) o progoip, and this implies
that there exists a unique morphism ¢ : M H — TH gych that
(3.17) iro gt =goiy.

Then, by (3.17) and (3.6), i7og® " opar = gogur = gogy}' = g7 0g = grog,
and so
(3.18) g opy =prog.

On the other hand, for any right-right H-Hopf module M, by (3.6 we
know that Vs = V. Composing with ¢as o (iyy ® H) and using (3.1) we
get
(319) (bMO(ZM@H):gb?\YJMO(ZM@H)

By (3.17)(3.19)), g°° is a morphism of right Hy-modules because

9t otppreon =progodaro(ing®ir)

=progody oin ®ir) =prodz’ o((goin)®iL)
= progq”o((irog® M) @ir) =prodro((irog®™ ")@ir) =ty no(¢® ©HL).

Thus, in this setting we have the following result.

ProrosITION 3.8. Let H be a weak Hopf quasigroup. There exists a
functor G : SME — Cu,, called the functor of coinvariants, defined on
objects by G((M, drr, par)) = (MPH 4pyrcon) and for morphisms by G(g)
— gcoH‘
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PRroOPOSITION 3.9. Let H be a weak Hopf quasigroup such that the func-
tor —® H preserves coequalizers. For any (M, ¢ur, par) € SME, the objects
MeoH ®u, H and M@t x H are isomorphic right-right H-Hopf modules.

PTOOf. First nOte that pMco H®HO(/(/}MCO H ®H) — pMco H®HO(MCO H®SOH)
because

Vo (Ypeon @ H)

= (pp @ H) o pprodaro (g o daro (ing ®ir)) @ H) (by the definition of V)

= (pm ® H) o prr o gar o (om0 (dm @ M) o (i @ (0 0in))) ® H)
(by 32)

= (pv @ H) o par o dar o ((oar 0 (inr @iz)) @ H) (by (b3) of Definition 5.1 and
by the properties of ITL)

= (pmu @ H) o prrogaro (ing @ (o (ip ® H))) (by BI6))

= Vi o (MH ® o) (by the definition of V).

Let t : M°" @ H — P be a morphism such that t o ({ycon @ H) =
to(M©H" @ py). Define t' : M°" x H — P by t =toipeongy. Then
t' oppreongy =t o Vi =t because

toVum

o ((par o o) @ H) o (ing ® 6m) (by BA)

o ((par © ¢ar) ® H) o (ing @ (I ® H) 0 6p1)) (by B3))

o (Ypeorr @ H) o (MH @ ((pr, @ H) 0 5)) (by the definition of 0 1)
o (M®H @ (IT5 «idp)) (by the properties of )

(by [2, (4)])-

t
t
t
t
t

The morphism t’ is the unique such that ¢’ o pyeorngy = t, because if
r: MH x H — P satisfies ToppreoHgy = t, then composing with 7 corg gy,
we obtain 7 =t 0 iyyco g = t'. Therefore,

]\/ICOH®LP
MCOH®HL®H4MCOH®H
¢]\4c0H®H

p]wcoH@H
e

MCOH % H

is a coequalizer diagram, and consequently there exists an isomorphism sj; :
Mt @y H — M°H x H such that

(320) SM © N pfco H :pMcoH®H.

The morphism s belongs to the category of right-right H-Hopf mod-
ules. Indeed, it is a morphism of right H-comodules because composing with

nreor and using (3.20)), (3.5) we obtain
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pMCOHXH O Spr© nMcoH = pMCOHXH OpMcoH®H
:(pMcoH H®H)O(MCOH®6H)OVM:(pMCOH H®H)O(MCOH®(5H)
& &

= ((SM OnMcoH) & H) o (MCOH ®5H):(3M ®H) OPMCOH@)HLH O NpfecoH.

Moreover, by |i and (3.14) we know that ¢§:}§:}{i§[ = Qpeor gy and

O‘]wco H®HL H

Mco H®HL H
composing with the coequalizer n;corn ® H and the equalizer iycon gy We
obtain

= Pppeotg iy H- As a consequence, sy is H-quasilineal because

ingeo HH © SM © Pareo Hegpy 1 © (npeon @ H)

= Wiy o dar o (inr ® pr) (by BEI)

= w0 du o (in ® ppr) o (Vi ® H) (by )

= dppeoHgp © Ppreoty gy © ((Shr 0 Nppeorr) @ H) (by B20)). m
MAIN THEOREM 3.10. For any Hopf quasigroup H such the functor

— ® H preserves coequalizers, the category SM g is equivalent to Cp, .

Proof. To prove the theorem we will show that the induction functor F
is left adjoint to the coinvariants functor G and that the unit and counit
associated to this adjunction are natural isomorphisms. We divide the proof
into three steps.

STEP 1. In this step we will define the unit of the adjunction. For any
right Hy-module (N, y) define uy : N — GF(N) = (N ®p, H)*H as the
unique morphism such that

(3.21) iNoy, HOUN =nn o (N ®nu).

This morphism exists and is unique because by (3.11]) and [2, (18)] we have

(N @n, H)® )0 prsy, onn o (N @) = (ny @) o (N @ (611 0111))
=(ny ®H) o (N ® (61 °nm)) = pNey, H o nN o (N @ ng).
Also, it is a morphism in Cg, . Indeed, composing with the equalizer iyg u H
we have
iNoy, H O UNoy, H© (un ® Hp)
=qNey, 0 ° ONey, 1 o ((ny o (N ®@nm)) ®ir) (by B21)
= qNoy, HOonN © (N @ (ur o (nu ®ir))) (by BI2)
= Ny, H O N © (N ®ir) (by the unit properties)

=nno (N @ (I oir)) (by GI3)
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=ny o (N ®ir) (by the properties of IT&)
=nyo(N® (ugo (i ®np))) (by the unit properties)
=npy o (YN ®Ng) (by the definition of N ®, H)

= IN@y, H © UN 0 YN (by B21)).

The morphism uy is natural in N because if f : N — P is a morphism

in Cg, , then by (3.17)), (3.21) and (3.15) we have
iPay, 1o (f ®m, H)™"

= (f®u, H)onyo(N®ng)=npo(f®nu)=ipgy, moupof,
and thus (f ®m, H)COH ouy =upo f.

Finally, we prove that uy is an isomorphism for all right Hy-modules N.
First note that ¥y o (Yn @ pr) =¥y o (N ® (pr o vr)), and so there exists
a unique morphism my : N ®g, H — N such that
Define zn = MN OiNgy, H (N ®m, H)H — N. Composing with iNou, H

and PN@py, H O NN and using q3.13p, (]3.22[), (]3.21[) and the properties of Hﬁ
we obtain

ouy = (f ®u, H)oing,, mouy

IN@g, H O UN © TN © PNey, H O WN = IN@y, H © UN © N © (Ney, H © NN
= iNgy, HOouN 0PN o (N® (ppollf)) =nyo ((Yno (N @pr)) @ n)
=nn o (N @ (un o (ITf; ® i) = qNey, # © NN -
Therefore, uy o xy = id(N®HLH)coH. Moreover, by and lb we
have zy ocuy = ¥y o (N ® (pr, ong)) = idy.

STEP 2. For any (M, ¢ur, par) € SME the counit is defined by vy =
a;} o8y Mo ®u, H — M, where a]}[l = Wp O lpoHgy IS the inverse
of the isomorphism «j; defined in Theorem and sps the isomorphism
defined in Proposition Note that a&l and s)s are isomorphisms in SM g,

and so wvys is an isomorphism in SM g Also, vps is the unique morphism
such that

(3.23) VM O Nppeor = Gpr o (ip @ H),
because by , (b3) of Definition the properties of IT5 and (3.16)),
dnr o ((ing 0ppeorn) @ H) = ¢pr 0 ((¢ar 0 (pnr @A) o (i ® (S 0ir))) @ H)
= ¢ o ((daro (v ® (g 0ir))) @ H) = ¢ar o (¢ 0 (inr @) ® H)
= om0 (im ® on),

and, on the other hand, by 1’ UM O NppeoH = 04;41 O SM O NppecoH =
wMowf\/lowM:wquﬁMo(iM@H).
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STEP 3. Now we prove the triangular identities for the unit and the
counit that we defined previously. Indeed, the first triangular identity holds
because composing with ny we have

UN@, HO(uN O, H)ony = ONwy, HONNg, ) n 0 (un @ H) (by B15))
= ¢Nwy, HO((iNey, HOUN)® H) (by B23))
= ¢Nay, HO((nNv o (N®@ng))®H) (by B21))
=nno(N®(pro(ny®H))) (by GI12)

NN (by the properties of the unit).

Finally, if we compose with iy, applying (3.17)), (3.21)) and (3.23)) we obtain

ing oSS ouppeon = UM OUIN®y, HOUpcoh = varoneorr o (M @np)

= ¢po(in ®@nu) = im,

and so v$3 ouppeon = idpjcon. m

Acknowledgements. This research was partly supported by Ministerio
de Economia y Competitividad and by Feder fonds, Project MTM2013-
43687-P: Homologia, homotopia e invariantes categdricos en grupos y algeb-
ras no asociativas.

REFERENCES

[1] J. N. Alonso Alva]rez7 J. M. Ferndndez Vilaboa and R. Gonzéalez Rodriguez, Weak
braided Hopf algebras, Indiana Univ. Math. J. 57 (2008), 2423-2458.

[2] J. N. Alonso Alvarez, J. M. Fernandez Vilaboa and R. Gonzélez Rodriguez, Weak
Hopf quasigroups, Asian J. Math. 20 (2016), 665—694.

[3] J. N. Alonso Alva]rez7 J. M. Ferniandez Vilaboa and R. Gonzélez Rodriguez, Cleft
and Galois extensions associated to a weak Hopf quasigroup, J. Pure Appl. Algebra
220 (2016), 1002-1034.

[4] G. Bohm, F. Nill and K. Szlachdnyi, Weak Hopf algebras, 1. Integral theory and
C* -structure, J. Algebra 221 (1999), 385-438.

[5] T. Brzezinski, Hopf modules and the fundamental theorem for Hopf (co)quasigroups,
Int. Electron. J. Algebra 8 (2010), 114-128.

[6] H. Henker, Module categories over quasi-Hopf algebras and weak Hopf algebras
and the projectivity of Hopf modules, Thesis Dissertation, LMU Munich, 2011;
http: //edoc.ub.uni-muenchen.de/13148/.

[7] J. Klim and S. Majid, Hopf quasigroups and the algebraic 7-sphere, J. Algebra 323
(2010), 3067-3110.

[8] R. G. Larson and M. E. Sweedler, An associative orthogonal bilinear form for Hopf
algebras, Amer. J. Math. 91 (1969), 75-93.

[9] M. P. Lépez and E. Villanueva, The antipode and the (co)invariants of a finite Hopf
(co)quasigroup, Appl. Categor. Structures 21 (2013), 237-247.

[10]] J. M. Pérez-Izquierdo, Algebras, hyperalgebras, nonassociative bialgebras and loops,
Adv. Math. 208 (2007), 834-876.


http://dx.doi.org/10.1512/iumj.2008.57.3294
http://dx.doi.org/10.4310/AJM.2016.v20.n4.a4
http://dx.doi.org/10.1016/j.jpaa.2015.08.005
http://dx.doi.org/10.1006/jabr.1999.7984
http://edoc.ub.uni-muenchen.de/13148/
http://dx.doi.org/10.1016/j.jalgebra.2010.03.011
http://dx.doi.org/10.2307/2373270
http://dx.doi.org/10.1007/s10485-011-9260-5
http://dx.doi.org/10.1016/j.aim.2006.04.001

246 J. N. ALONSO ALVAREZ ET AL.

[11] R. S. Pierce, Associative Algebras, Grad. Texts in Math. 88, Springer, New York,

1982.

[12] M. E. Sweedler, Hopf Algebras, Benjamin, New York, 1969.

J. N. Alonso Alvarez

Departamento de Matematicas
Universidad de Vigo

Campus Universitario Lagoas-Marcosende
E-36280 Vigo, Spain

E-mail: jnalonso@uvigo.es

R. Gonzélez Rodriguez

Departamento de Matematica Aplicada II
Universidad de Vigo

Campus Universitario Lagoas-Marcosende
E-36310 Vigo, Spain

E-mail: rgon@dma.uvigo.es

J. M. Ferndndez Vilaboa
Departamento de Alxebra

Universidad de Santiago de Compostela
E-15771 Santiago de Compostela, Spain
E-mail: josemanuel.fernandez@usc.es



	1 Introduction
	2 Weak Hopf quasigroups
	3 Hopf modules, strong Hopf modules and categorical equivalences
	REFERENCES

