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Whitney’s extension theorem in o-minimal structures

ATHIPAT THAMRONGTHANYALAK (Bangkok and Columbus, OH)

Abstract. In 1934, H. Whitney gave a necessary and sufficient condition on a jet
of order m on a closed subset of E of R™ to be the jet of order m of a C™-function.
Later, K. Kurdyka and W. Pawhucki proposed a subanalytic version of this theorem. In
this paper, we work in an o-minimal expansion of a real closed field and prove a definable
version of Whitney’s Extension Theorem.

Throughout, we fix an o-minimal expansion R of a real closed ordered
field R in a language extending the language of ordered fields. As usual, “de-
finable” means “definable in R possibly with parameters” unless indicated
otherwise. We assume that the reader is familiar with the basic definitions
and facts concerning o-minimal structures (see, e.g., [1 2]). Whitney’s Ex-
tension Theorem, which can be regarded as a partial converse of Taylor’s
Theorem, was proved by H. Whitney in 1934. (See [9, 12] for the proof, and
[13 14] for related problems.) It roughly says that a continuous function
on a closed subset of R™ which can be approximated by Taylor polynomi-
als of degree m in a certain uniform way is the restriction of a C"-function.
A collection of functions which encodes the relevant data for such an approx-
imation is called a C™-Whitney field. Later, K. Kurdyka and W. Pawtlucki
[7] proposed a version of Whitney’s Extension Theorem in the category of
subanalytic functions. The question on Whitney’s Extension Theorem in
o-minimal structures was raised by C. Miller in early 2000s.

In this paper, we prove a definable version of Whitney’s Extension The-
orem:

THEOREM A. Suppose E C R™ is definable and closed. Let m,q € N.
Then every definable C™-Whitney field on E has a definable C™-extension
which is C? outside E.
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Note that this theorem was independently proved by K. Kurdyka and
W. Pawtucki [§]. Due to the differences in the approaches, the author believes
this article is of some interest.

Let us make precise what we mean by a definable C"*-Whitney field and
an extension of such a Whitney field. Let £ C R" be definable. A (definable)
jet of order m on E is a family F' = (F'%) <, Where each F*: E'— R is a
definable continuous function. If F' is a jet of order m on F and E' C E is
definable, then F[E’ := (F*[E')|4/<p, is a jet of order m on E'. If E is open,
then for each definable C™-function f: E — R, we obtain a jet J™(f) =

(D“f)|aj<m of order m on E. Here, a = (a1, ..., ay) ranges over N, and
we let D = %"-% and |a| :== a1 + -+ + ay,. Now for every z € R,
1 n
a € F,and F a jet of order m on FE, set
(x—a
TF(z)= Y Fa )
|| <m

R"F(z) = F — J™(T™F(z)).

We say that a jet F' of order m is a definable C™-Whitney field on E
(F € &% (F)) if, for all zg € E and |a| < m, we have

(RPF)*(y) = o(llz —y[™ 1) as E 32,y — ao;
equivalently, if for all for g € E and z € R",
T F(z) =T F(2)| = olllz — 2" + [ly — 2[|™)  as £ z,y — x0.

(See [9].) Note that if F' € &]%(F) and E’ C E is definable, then F[E’ €
E(E"). Also, if E is open and f: E — R is a definable C™-function, then
J"(f) is a C™-Whitney field, by Taylor’s Theorem. Given F' € &4(E),
we say that a definable C™-function f: R" — R is an extension of I if
Jn(f)IE = F.

An immediate consequence of the theorem above is the following:

COROLLARY. Suppose that E is reqularly closed (i.e., E equals the clo-
sure of its interior). Let f: E — R be a definable function such that for
each x € E there is an open neighborhood U of x in R™ and an extension of
FIENU) to a definable C™-function U — R. Then f extends to a definable
C™-function R* — R.

One of the key ingredients in the construction of Kurdyka and Pawlucki
[7] is a partition of unity, which is not generally available in o-minimal ex-
pansions of real closed fields. In [11], Pawtucki introduced a new algorithm to
extend C"-Whitney fields on £ C R". However, this new construction does
not preserve definability in a given o-minimal expansion of R, due to its use
of integration. In this paper, we still follow Pawtucki’s five-step strategy from
[11], while combining it with A™-regular Stratification Theorem from [6, [3].
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Conventions and notation. Throughout this paper, d, k, m, n, and
q will range over the set N ={0,1,2,...} of natural numbers. Given a map
f: X =Y we write

I'f)={(z, f(x)) ;2 €e X} CX XY

for the graph of f. For any set X, we also consider +0o0 and —oo as constant
functions on X. For f,g: X — RU{zxoo}, we write f < g if f(x) < g(x) for
all z € X, and in this case we set

(f,9) :={(z,r) e X x R: f(x) <r <g(z)}.
Similarly an interval in R is a set of the form
(a,b):={re R:a<r<b} wherea,b€& RU{—00,+00} and a < b.

For a set S C R™ we denote by cl(S) its closure and by 95 := cl(S) \ S its
frontier. We denote the Euclidean norm on R" by || - || and the associated
metric by (z,y) — d(z,y) = ||z — y|.

Given z € R", for a non-empty definable set S C R"™ let d(z,S) :=
infyes d(z,y) € RZ% be the distance between z and S, and d(z,0) := +oc.
Given a collection & of subsets of R", we let €° := {C € € : C is open}.

1. Preliminaries. The style of the proof of Theorem [A] will be anal-
ogous to the approach to the CP-zero set problem (see [2] for more infor-
mation). When dealing with the CP-zero set problem, we split the domain
into “smaller” or “nicer” pieces and work on each new piece separately; then
we glue them up to obtain the desired extension. In this section, we intro-
duce notation, terminology, and basic facts which will serve the purposes
mentioned above.

DEFINITION 1.1. For every subset E of R", let dim(E) denote the largest
integer k£ such that, after some permutation of coordinates, the projection
of E onto the first k£ coordinates has non-empty interior.

Let X C E be subsets of R"™. We say that X is a small subset of E if
dim(X) < dim(FE).

1.1. A™-stratifications. One of our main tools is the A™-Stratification
Theorem (see [6] and [3]). To properly introduce this theorem and some of
its modifications, first more definitions will be introduced. In the following,
we assume m > 1.

DEFINITION 1.2. Let f = (f1,..., fn): 2 = R" be a C"™-map, where (2
is a non-empty open subset of R? with d > 1. We say that f is A™-regular
if there is some L € R>% such that

1D f )] < ——

W foralleQandaGNdWIthlg’a‘gm
x, -



52 A. Thamrongthanyalak

We also define every map R — R" to be A™-regular.
NOTATION. Let £2 C R? be definable and open. Set
A™(2):={f: 2 = R: f is definable and A™-regular},
A (02) := A™(2) U {—00, 400},
where +00 and —oo are considered as constant functions on f2.

DEFINITION 1.3. Standard open A™-regular cells in R™ are defined in-
ductively on n as follows:

(1) n = 0: R is the standard open A™-regular cell in R;
(2) n > 1: a set of the form (f,g) where f,g € AZ (D) with f < g, and
D is a standard open A™-regular cell in R"~ 1.

We say that a subset of R" is a standard A™-reqular cell in R™ if it is either
a standard open A™-regular cell in R™ or one of the following:

(1) a singleton; or
(2) the graph of a definable A™-regular map D — R"™ % where D is a
standard open A™-regular cell in RY with 1 < d < n.

A subset E C R" is called a A" -regular cell in R™ if there is a linear orthog-
onal transformation ¢: R™ — R" such that ¢(FE) is a standard A™-regular
cell in R™.

REMARK. Every A™-regular map on an open A™-regular cell is Lipschitz.

DEFINITION 1.4. By a A™-regular stratification of R™ we mean a finite
partition Z of R™ into A™-regular cells such that each 0D (D € 2) is a union
of sets from 2. Given FEy,...,Exy C R™, the A™-regular stratification &
of R™ is said to be compatible with E1,..., En if each E; is a union of sets
from 2.

THEOREM 1.5 (Kurdyka & Pawtucki [7], Fischer [3]). Let Eq,..., En be
definable subset of R™. There exists a A™-reqular stratification of R™ com-
patible with Eq, ..., EN.

By the same idea as in [3], Proposition 2.1|, we obtain the following mod-
ification of the above theorem. For the sake of brevity, we leave the proof to
the reader.

LEMMA 1.6. Let fi,...,fx: U — R be definable continuous functions
where U is a definable open subset of RY. There is a A™-reqular stratifica-
tion 2 of R* compatible with U and some L € R with the following property:
for each D € 2 which is contained in U, each f;[D is C™ and

sup{|fi(v)| : v € D, |lu — o] < d(u,dD)}

for|al <m and u € D.

a f. L
1D (0] < G
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1.2. Separation. The following important definition goes back to Mal-
grange’s regularly situated condition (see [9]). Let X and Y be closed subsets
of R™. Define §: &™(XUY) —» &M(X)dEM(Y) and m: E™(X)DE™(Y) —
E™(X NY) by

5(F) := (FIX,F|Y),
(G, H)=GIXNY —HIXNY

for e &™(X UY) and G,H € &(X NY). We say that X and Y are
reqularly situated if the sequence

05 E™MXUY) S emM(X)aem™Y) D E™XNY) =0

is exact. In other words, a C™-Whitney field on X and another C"*-Whitney
field on Y can be glued whenever they agree on X NY.

DEFINITION 1.7. Let X,Y,Z C R™. We say that X and Y are Z-sepa-
rated if there exists C' € R>9 such that

d(z,Y) > Cd(xz,Z) for every x € X.
Equivalently, there is a C’ > 0 such that
d(z,X)+d(x,Y) > C'd(z,Z) for every z € R".

In [10], Pawtucki gave a special stratification of R™ providing separability
between each pair of sets in the partition. The proof also works in o-minimal
exansions of real closed fields, and therefore is omitted here.

DEFINITION 1.8. We say that a subset E of R™ of dimension d is a
A™-pancake if E is a finite disjoint union of graphs of Lipschitz, A™-regular
maps 2 — R" % on a common domain §2, which is an open A™-regular cell
in RY.

THEOREM 1.9 (Pawlucki [10]). Let E be a definable closed subset of R"
of dimension d. There is a finite partition E = My U---U Mg U A such that

(1) each M; is a A™-pancake of dimension d in a suitable coordinate
system;

(2) A is a small, closed, definable subset of E;

(3) for alli # j, cl(M;) and cl(M;) are OM;-separated;

(4) for each i, cl(M;) and A are OM;-separated.

1.3. Hestenes’ Lemma. The classical incarnation of the following the-
orem is one of the keys to the study of Whitney fields. Here, we give an
o-minimal version of Hestenes’ Lemma. (See [5, Lemma 1| for the classical
result.)
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THEOREM 1.10 (Definable Hestenes’ Lemma). Let {2 be a definable open
subset of R". Let F' = (F*)|q)<m be a jet of order m on £2. Let E be a closed
definable subset of £2 such that FIE € &% (E) and F[(2\E) € E(N2\E).
Then f = F° is C™ on 2 and D*f = F“ on 2. In particular, F € EL:(12).

Proof. Let eq,...,e, € N® be the standard basis of R™. It is sufficient
to show that f is of class C'! on {2 and, for every a € 2 and i € {1,...,n},

%(a) = F*(a), i.e., for every € > 0, there is 6 > 0 such that
(1.1) |f(a+te;) — (f(a)+ F(a)t)] <elt] for 0 < |t| <.

Let a € £2 and i € {1,...,n}. Since 8—f = F% on 2\ E, we may assume
that a € E. Let € > 0 be given. For z,y € R" set

By the Cell Decomposition Theorem, there exists §g > 0 such that either
(a,a + dpe;) is contained in E, or in 2\ E. If (a,a + dpe;) C E, then, since
a€ FEand FIE € &4(E), there is 0 < 01 < dg such that
|fla+te;) — (f(a) + F(a)t)| <et for 0 <t <,
so (1.1]) holds with 6 = d;. Now suppose (a,a + dpe;) C 2\ E. By continuity
of F¢, we may assume that
|F (z) — F(a)] <€ for every z € (a,a+ dpe;).
Let t € (0,8). Since f is C! on 2\ E with 8%_ = F% on 2\ E, by the Mean
Value Theorem we have
|fla+tei)=(f(a) + F*(a)t)|
< |(F (&) — F%(a))t| for some & € (a,a + te;)
< et.
Therefore, there is d; > 0 such that
|f(a+te) — (f(a) + F(a)t)| < et for 0 <t <.
By the same argument, we can also find do > 0 such that
|f(a—te;) — (f(a) + F(a)(—t))| <et  for 0 <t < do.

Then (1.1)) holds with ¢ = min{d;,d2}. m

1.4. Pullbacks. Let ECR", E'C R" be definable and ¢ = (©1,---,¢n)
be a definable C™-map from U’ to U, where U C R", U’ C R"™ are open
definable neighborhoods of E, E’, respectively, such that ¢(E’) C E. Then ¢
induces an R-linear map F +— @*F: &% (E) — &% (E") as follows: Suppose
a € FE a=y(d) e E, and view

mrE= Y Fo(a) “)

|a|<m
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as an element of the polynomial ring R[zy — ai,...,Zy — ap]. Then ¢*F is
the jet of order m on E’ such that for each a’ € E’, the Taylor polynomial
T7'@*F can be obtained by substituting T)}y; € Rz] —dl, ...,z —al/]
for x; in the polynomial 7]"F and dropping the terms of degree > m in
x' —a'. Tt is easy to verify that ¢*F is a (definable) C"-Whitney field on E’
(the pullback of F under ).

If f: U — R is a definable C"™-function, then ¢*(J™(f)) = J™(f o ¢).
Moreover, if 1 C E and E{ C E’ are definable such that ¢(E]) C Ej, then

(*F)E] = ¢*(F|Ey) forall F € &% (E).
If ¢': U” — U’ is another definable C"™-map and E” C U” definable with
@(E") € E', then (po¢)* = (¢)" 0 p".
Given a pair E/ C E of definable subsets of R", we say that a jet I of
order m on E'is flat on E" if F|E' = 0, and we let &% (E, E’) be the subspace

of &% (E) consisting of the definable C™-Whitney fields on E which are flat
on F'.

ProPOSITION 1.11 (Kurdyka & Pawtucki |7, Proposition 3|, [8, Propo-
sition 3|). Let £2 be a definable open A™-regular cell in R™, and E a defin-
able closed subset of 2 such that cl(E) and 082 are (cl(E) N 012)-separated.
Let p: 2 — R™ be a definable A™-regular map with continuous extension
@: cl(£2) = R™ to cl(£2). Let E' be a definable closed subset of R™ contain-
ing p(E) and F = (F)jqj<m be a jet of order m on E' such that, for every
zy € P(OE") and |a| < m,

F(z) = o(d(x, 0B 1) as E' 5 2 — ).
Then, for any xo € OF and |a| < m,
(¢*F)*(z) = o(d(z, 0E)™ 1) as E' 5 2 — .

The following is an immediate consequence of the above proposition. For
the sake of brevity, the proof is omitted.

COROLLARY 1.12. Let §2 be an open A™-reqular cell in R* and E :=
2 x {0} C R, Suppose that p: 2 x R' — R™ is a definable A™-regular
map and B: cl(£2) x RY — R™! is the continuous extension of p. Assume
further that G(OF) = 0(¢(E)). Let F € 7 (cl(p(E)),0(p(E))). For each
la| < m, define F": cl(E) — R by

Y * e ] E,

SR (LN P
0 otherwise.

Let 3°F = (F") aj<m- Then B*F € E74(cI(E),OF).

From now on, if all conditions in Corollary hold, we denote @* F' just
by @*F for notational simplicity.
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1.5. The sets A.(E). For € > 0 and definable E, E’ C R™ with E' C
cl(E), we let

A(E E') = {z € R" : d(x, E) < ed(z, E')},

and we set A (F) := A(E,0F). The following propositions and lemma are
devoted to useful properties of the sets A.(F).

PROPOSITION 1.13. Let £2 be an open cell in R%. Then, for each € > 0
and each I,

A2 x {01 = {(:E,y) e QxR :|y| < \/f_jd(x,am}.

We leave the proof of this proposition to the reader.

PROPOSITION 1.14. Let E = I'(¢) where p: 2 — R' is definable and
Lipschitz and £2 is an open cell in R®. Then there is eg > 0 with A(FE) C
2 x R for all 0 < € < €.

Proof. For any Lipschitz constant L of ¢, we set ¢g =

1
W’ and the

proof is straightforward. m
LEMMA 1.15. Let 2 C R" be open and E = Uzj\il I'(¢;) where each
@i: 2 — R is definable and Lipschitz. Set
wir(z,y) = (z,y + @i(x))  for (z,y) € 2x R andi=1,...,N.
Then
it (A(2 x {OM)) C Age(E)  forall0 <e<1/vV2 andie{1,...,N}.
Proof. This follows from Proposition [1.13] =

Next, Proposition 6.2 in [I1], which is a main step in Pawtucki’s version
of Whitney’s Extension Theorem, can be o-minimalized and the idea of the
proof is straightforward.

PROPOSITION 1.16 (Pawtucki [I1), Proposition 6.2]). Assume m < q. Let
E; D E! (i =1,...,s) be definable closed subsets of R™ and C > 0 be a
constant such that for any i,j € {1,...,s}, i # j,

d(z, E;) + d(z, Ej) > Cd(z, E})  for allx € R".

Set E=FEU---UEN, E' = E{U---UEY}, and let F € &™(E,E') and
e € (0,C/2). Suppose F|E; has a definable C™-extension f; which is m-
flat outside Ac(E;, E!) and C? outside E;, for each i = 1,...,s. Then f =
Yoi_y fi ts a definable C™-extension of F which is C? outside E.

1.6. The functions associated with a standard open A"-regular
cell. Let 2C R"™ be a standard open A™-regular cell. Kurdyka and Pawtucki
introduced functions p;: cl(2) = R (j = 1,...,2n) corresponding to such
a cell, which we call the functions associated with (2, and used them in
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the proof of their main theorems (see [7, [I1]). These functions also become
useful in our construction of definable C"™-extensions. We define the p; by
induction on n:

(1) For n =1 and {2 = (a,b),

(2) r—a ifa€eR, (2) b—x ifbeR,
X)) = €Tr) =
P 0 ifa=—co, 7 0 if b= +oc.

(2) Suppose 2’ is a standard open A™-regular cell in R"™ and f,g: 2’ —
R4 are definable A™-regular functions with
02 = {(&,2n11) € 2 x R+ () < 2ns1 < g(2)}.

Let 0; (j = 1,...,2n) be the functions associated with 2. Let
(,2n+41) € cl(£2). Set pj(x, xpt1) = oj(x) for j=1,...,2n and

~Jang = f(z) if f(2) CR,
P21 (%, Tpg1) = {0 = oo
9(x) — 1 if g(£2') CR,

T,T = )
pan+2( nt1) {O if g = 4o00.

The proofs of the following facts from [7] (Lemmas 3 and 4) go through in
our setting:

LEMMA 1.17. Let §2 be a standard open A™-regular cell in R™. As above,
let p1, ..., pan be the functions associated with 2.

(1) There is a constant C > 0 such that
min p;(x) < d(xz,002) < Cminpj(z) for every x € £2.
J J

(2) The p; are A™-regular.

Pawtucki’s proof of Whitney’s Extension Theorem in [11] heavily relies on
integration of definable functions with respect to parameters, which generally
takes us outside our given o-minimal structure R, so we cannot immediately
follow his proof in our context. In order to overcome this problem, we need to

find other definable tools which work in o-minimal expansions of real closed
ordered fields.

LEMMA 1.18 (Kurdyka & Pawlucki [8, Lemma 5]). Let £2 be a definable
open subset of R* and p: 2 — R be a definable A™-reqular function which
does not vanish on (2. Then, for |a| < m,

D*(1/p)(x) = O((min{p(x),d(z,d2)})~1~1)
as d(x,082) — 0 and x € (2.
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COROLLARY 1.19. Let £2 C R? be an open A™-reqular cell, and let A be
an orthogonal isomorphism of R% such that A(82) is a standard open A™-
reqular cell. Let p1, . .., paq: A(£2) = R be the functions associated with A({2).
Then, for |a| <m and j =1,...,2d,

D*(1/p;j)(x) = O(d(x,0A(2))714=1)  as d(z,0A(2)) — 0 and x € A(R).
Thus if we let vj = pjo A, then
D*(1/vj)(z) = O(d(x,02)71=1)  as d(z,802) — 0 and z € 2.

Proof. Since each p; is A™-regular and d(z,0f2) < Cpj;(x) for some
C > 0, by the above lemma we are done. m

LEMMA 1.20. Let £2 be an open subset of R, let f: 2 x R® — R and
p: 2 — R be definable C™ functions, and let t: £ — R>° be definable.
Suppose there is C' > 0 such that

t(z) < d(x,002) < Cp(x) for every x € 2.
Let € > 0. Assume, for every xo € 012 and o € N¢ with |a| < m,
D*(1/p) = O(t(x) 1911 a5 & — 20,
and for xo € 02 and k € N || <m,
D" f(w,y) = o(t(x)™ ") as A(2 x {0}) 3 (z,y) — (0,0).

Fizi e {1,...,l}. For every definable C™-function £&: R — R, where n < m,
set

ge(x,y) = §<pg(/;))f(x,y) for (z,y) € 2 x R

Then for every such £ and n we have, for |k| < n and xog € 012,
DFge(z,y) = o(t(x)" ") as A(2 x {0}") 3 (z,y) — (20,0).

Proof. Write ho(z,y) = yi/p(x) and hg = £ o hg. By the Leibniz formula,
it is enough to check that

D he(z,y) = O(t(x) ™My as A(2 x {0}) 5 (z,y) — (x0,0).
We proceed by induction on |A|. Suppose |A| = 0. For (z,y) € A(2 x {0}}),
[yl < d((@,y), 2 x {0}) < ed(w,02) < eCp(x);

so |ho(z,y)| < €C. Thus &([—€C, €C]) contains he(A(2 x {0}!)). Since € is
continuous, the former set is bounded, and hence so is the latter. Therefore
he(z,y) = O(1) as A(2 x {0}) 3 (z,y) — (20,0).

Assume the claim holds true for some value of |A| < n — 1, where n > 1.



Whitney’s extension theorem 59

By induction hypothesis,

(DM€ o halo ) | D (G20 | o)

D nel(e) | 024 (52| )

J

(t(x)f\u\)O(t(x)flklﬂu\)’

and so DM he(z,y) = O(t(x) ") as A(2 x {0}) > (2,y) = (20,0). =

In the rest of this section, we let 0 < € < 1/4/2 and m < ¢, and we

let £2 be a standard open A%-regular cell in RY, with associated functions
p1,-- -, p2q- We also let F € & (cl(£2) x {0},00 x {0}).

DEFINITION 1.21. Let £: R — R be a semialgebraic C'%-function which
is 1 in a neighborhood of 0, and 0 outside (—1,1). Define r.: R™ — R by

HH£<@e )

1=1j5=1

where Q. is a constant (depending on (2, €, d, and ) large enough so that r,
is m-flat outside A.(£2 x {0}!).

LEMMA 1.22. Let h: 2 x Rt — R be definable and C9. Suppose that, for
k € N with |k| < m and x¢ € 012,

D"h(x,0) = F*(z,0) for allz € 2
and
D*h(z,y) = o(d(z,02)™ 1) as A2 x {0} 3 (z,y) — (x0,0).
Define f.: R — R by
) N
fg(x,y) — {SE(x7y)h(w7y) wa € ’

otherwise.

Then f. is a definable C™-extension of F which is m-flat outside Ac(£2x{0}!)
and C9 outside cl(£2) x {0}.

Proof. Obviously, f.[(£2x R') is m-flat outside A.(£2 x {0}!) and f. is C?
outside 92 x {0}!. First, we will show that f. extends F. Let 2 € 2. Then

fe(z,0) = re(x,0)h(x,0) = FO(x,0).
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By the Leibniz formula,

Do) = Dot ) = 3 (5) D% ona) (07 hiz. ).

o<k
Since D7r¢(z,0) = 0 if || > 0 and 7¢(z,0) = 1, we obtain
D" f(x,0) = D"h(x,0) = F*(z,0).
It remains to show that f. is actually C™ on R Let y # 0 € R'. Tt is

enough to find & > 0 such that (z,y) ¢ A2 x {0}}) for all € 2 with
d(x,02) < 4. Since

(z,y) & A2 x {0})) & |y| > \/16_762

it suffices to pick & = |y|/2. Therefore, f. is C™ on R\ (002 x {0}'). Let
xo € 92. By Corollary and Lemma Df fo(x,y) = o(d(x,082)™ Ikl
as A (2 x {0}) 3 (z,y) — (x0,0). Since f. is m-flat outside A(2 x {0}}),
feis C™ at (z0,0). =

COROLLARY 1.23. For 8 € N with |5| < m, suppose
.2 xR — R, hP(x,y) = FO9(z,0)°,
is O and, for k € N with |k| < m and x¢ € 092,
D*hP(x,y) = o(d(x,d2)" %) as A(2 x {0}) 3 (z,9) = (20,0).
Define f.: R¥*' — R by

d(xz,052),

W(z,y)
Te(w,y) if x € f2,

0 otherwise.

Then f. is a definable C™-eatension of F which is m-flat outside A (£2x{0}!)
and C? outside cl(£2) x {0}

Proof. Clearly, W (2. 0)
x, .
D”( > 5!) = F"*(x,0).

18]<m

By Lemma |1.22] we are done. =

2. The first four steps. In this section, we assume m < ¢q. Pawtucki’s
construction of an extension operator for C"-Whitney fields from [1I] can
be divided into five steps, depending on the nature of the Whitney field F
and its domain E:

STEP 1: E = R x {0}"~%;
STEP 2: F = cl(£2) x {0}"~% where §2 is an open A%regular cell and F is
flat on 902 x {0}~
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STEP 3: E = cl(Ep) where Ej is the graph of a Lipschitz A%-regular map
on an open A%-regular cell and F is flat on dFEy;

STEP 4: E = cl(Ey) where Ej is a A%-regular pancake and F is flat on 9Ey;

STEP 5: F is any closed definable set.

In this section, we work on the first four steps under the following assump-
tion:

(%)  For every closed definable set E C R"™ with dim(F) < d, every F
in &1 (E) has a definable C™-extension which is C? on R\ E.

Thus, in the rest of this section we assume that condition holds.

2.1. Step 1

LEMMA 2.1. Let F' € &% (R x {0}"~). Then F has a definable C™-
extension which is C? outside R? x {0}"<.

Proof. For 3 € N"=4  define Fp := (ﬁ(""s))|(075)‘§m where

o) . {F(U”B) if § =0,

0 otherwise.

By the definition of C™-Whitney fields, we can easily see that Fg €
EM(RY x {0}~ for every || < m. Obviously, F' = >_18)<m F- Hence,
we may assume that F' = Fz. By Smooth Cell Decomposition, there is a cell
decomposition ¢ of R? such that, for each C' € € and |(«a,3)] < m, the
function F(@A)(C x {0}"~%) is C?. By (), we may assume the F is flat on
Ucesngo C % {0}"=%. Note that for each C; and Cy in C°, Cy x {0}*~% and
Cy x {0} are (0C; x {0} 9)-separated for i = 1,2.

Let C' € ¥°. By Proposition [1.16] it is sufficient to find a definable C"™-
extension fo of F[(cl(C) x {0}"~%) which is m-flat outside A.(C x {0}*~9),
for some € > 0 small enough, and C? outside cl(C) x {0}"~¢. Therefore,
we may assume that F' is flat on (R?\ C) x {0}*~¢ and F(®P) is C for
every |(a, 8)| < m. By Lemma [1.6] we may write cl(C) = D, U---UD,UB
where the D;’s are open A%-regular cells and B = 0D U---UJDy, such that,
defining, for |a| < m,

¢*: R* > R, ¢%(x) = F*x,0),
there is I > 0 such that for x € N with |s| < ¢ and u € D;, each g®|D;
is C'? and

@1 D) < -

L
dt oD St @)1 v € Diy fu—vll < d(u, 0D;)}

for u € D;.
By (), let fo: R* — R be a definable C™-extension of F[(B x {0}"~9)
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which is C? outside B x {0}"~¢, and set
F:=F = J"™(fo) (B! x {0}"~") € &fr(R x {0}"~9).
Clearly,
Fy:= FI(cl(Di) x {0}"™) € &Gz (cl(Dy) x {0}"~,0D; x {0}"9).

By Proposition [1.16] it is sufficient to find a definable C™-extension f; for
each F; which is m-flat outside A.(D;x {0}"~%), for some € > 0 small enough,
and CY outside cl(D;) x {0}"~¢ le some i € {1,...,s}, and let

m@wwzgﬁ@@@nwﬁ—h@wy

Obviously, D¥h;(z,0) = F*(z,0) for all # € D; and |k| < m. Therefore, by
Lemma [1.22] it is enough to show the following claim:

CLAM. For k = (0,7) € N x N"=? with |x| < m, and zo € OD;,
Dhi(x,y) = o(d(z,0D:)" 1) as Ad(D; x {0}"%) 3 (z,y) = (0,0).

If zg € C, by Taylor’s formula we are done. Assume zg € dC. We use
induction on m — |k|. First assume |x| = m. Clearly,

Dﬁ(ﬁll FOB) (2, 0)y )

Since fy is m-flat at (z¢,0), we have D" fo(z,y) — 0 as (z,y) — (x0,0).
Suppose 7 < 3 (otherwise, D”(%féo’ﬁ) (z,0)y”) = 0). Then

+ |Dﬁf0($,y)’

1 —T
D (@00 ) = 5 DU 0
where 0 = a + v and |a| + || = m. We have

Bl =7l = vl = 18] = [T| = |o| + |a] = m = |7| = |o| = m — |x] = 0.
Since F(@9)(zq,0) =0,

s(z) == sup{|F@®)(2,0)| : & € D;, |& — 2| < d(z,0D;)} =0
as D; 3 z — xp.

By (2.1),

‘ <5|f006 (z,0)y )' <CM75LIWS(Z)<\/16_7EQOZ(%5D¢)>B| ||

N
(=) o0
=0 as Ad(D; x {0} 3 (2,y) — (20,0).
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Next, assume that |x| < m and for every |A| > |k|,
D*hi(,y) = o(d(z, 0D:)" ) as Ad(D; x {0}*4) 3 (2,) = (20,0).

Let (z,y) € Acd(D; x {0}"%). Let z € dD; with |z — 2| = d(z,0D;) and S
be the line segment connecting (z,y) and (z,0). By Proposition we see
that S C Ac(D; x {0}"79) and d((z,y), (2,0)) < (1 + —==5)d(z,dD;). Let

V1—e2
C := sup{| D" h;(u,w)| : |A\| = 1, (u,w) € S} and
t(x) := sup{| D" hi(u, w)] A = 1, (u,w) € Ac(D; x {0}"),
d(u,0D;) < 2d(x,0D;)}.
Observe that C' < t(x). By the Mean Value Theorem, we have
|D"h(x,y)] < VnCV|z =2 + [y|?

< ﬁt(m)(l + \/16_762>d

Inductively, we have t(z) = o(d(x,dD;)™ ¥I=1) as A (D; x {0}*~%) >
(x,y) — (x0,0). Therefore,

D"hi(z,y) = o(d(x,dD;)" W=1Yd(z, 0D;)
= o(d(z,dDy)™ ") as A(D; x {0}"7%) 3 (z,y) = (20,0). =
2.2. Step 2

(.T, 8DZ)

LEMMA 2.2. Let 2 be an open Ad-reqular cell in R%, and F &
EM(cl(2) x {0}74,002 x {0}"~4). Then, for every e > 0, F has a defin-
able C™-extension which is m-flat outside Ac(£2 x {0}~ and C? outside
cl(£2) x {0},

Proof. First, we extend F to F € EM(RT x {0}~ as follows:

o, 0) = F*(z,0) ifxef2,
7)o otherwise.

By the above lemma, we can find a definable C""-extension fvof F. However,
f is possibly not m-flat outside A(£2 x {0}"~%). In order to guarantee this,
we have to slightly modify f. Define

fe(z,y) = {Te(x,y)f(;ay) ifx € 0,

0 otherwise.

Here, r. is as introduced in Definition Clearly, f. is m-flat outside
A (02 x {0}"=%). Moreover, since f is C9 outside R? x {0}"~¢ and r, is C7
on 2 x R4, f. is C? outside cl(2) x {0}"¢. Since fis C™ on R, by
Corollaries and feis C™ on R, u
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2.3. Step 3. Let ¢: 2 — R" ¢ be a definable Lipschitz A9-regular
map and {2 be an open A%regular cell in R%. Let @: cl(£2) — R" % be the
continuous extension of ¢, and

pr: () x R = R, pi(,y) = (z,y + B(x)),
po: () x R 5 R, o (2,y) = (z,y — B()).
To apply Step 2 to E = cl(I'(¢)), we first show that for each C™-Whitney

field on E, there is a corresponding C™-Whitney field on cl(£2) x {0}~
Let Ey :=I'(¢), E :=cl(Ey) = I'(p), and F € EJ%(FE,0Ep). Obviously,

o (eA(2) < {0 = B, (002 x {0}") = Oy,
By Corollary
et F e Eggp(cl(£2) x {0}, 002 x {0}"9).
Now we show:
LEMMA 2.3. Let Eq:=1(p), E:=cl(Ey)=1'(9), and F € &%(F,0Ey).

Then, for every e > 0, F' has a definable C™-extension which is m-flat
outside ¢4 (Ac(2 x {0}7%)) and C? outside E.

Proof. By Proposition there is ¢ > 0 such that As(E) C 2 x R4
for all 0 < 0 < €p. Let € > 0. We may assume € < ¢y. By Lemma [2.2] take a
definable C™-extension f_, of ¢7 F' which is m-flat outside A, j5(£2x {0}n—9)
and CY outside cl(§2) x {0}"~%. Define f: R® — R by

_Jf=elo—(z,y)) ifxe
fay) = {0 otherwise.
Since J™(f)IE = ¢ (9} F) = (p4 0 9p-)"F and ¢4 0 p_ = idy(g)xgn-a We
have J"(f)|E = F. Therefore, f is a C™-extension of F which is m-flat
outside ¢4 (A/a(£2 x {0}7"=)) and CY outside E. u

2.4. Step 4

LEMMA 2.4. Let Ey be a AY-pancake of dimension d with common do-
main 2 C RY, let E = cl(Ey), and F € &% (E,0Ey). Then, for every € > 0,
F' has a definable C™-extension which is m-flat outside Ac(Ep) and C9 out-
side E.

Proof. Suppose E = cl(E1 U ---U Eg) where E; = I'(p;) with ¢;: 2 —
R a definable A%regular Lipschitz map. For each i € {1,...,s}, let
i cl(£2) — R" % be the continuous extension of ¢, and

piv: () x R 5 R, ¢ (z,y) = (z,y + 7i(z)),
pi—t cl(2) x R 5 R, ¢;_(z,y) = (z,y — 7i(z)).
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By Lemmam, it is enough to prove that, for 0 < € < 1/v/2, there exists a
definable C™-extension of F which is m-flat outside | J;_, pi+ (Ae(2x{0}74))
and C? outside | J;_, cl(E;). We proceed by 1nduct10n on s. The case s = 1
follows immediately from Lemmas [T1.15] and [2.3] Suppose s > 1, and the
statement is true for s — 1 in place of 5. Let 0 < ¢ < 1/y/2. Then
we can find a definable C™-extension f. of F [Uf;ll cl(Ei) which is m-flat
outside |J;_; L 0ir (A(2 x {0}"~%)) and C9 outside UiZ; ! c1(E;). Note that
Ui:l it (Ac(2 x {0}"~9)) and 02 x R"~¢ are disjoint. After replacing F
by F — Jm(fe) [E, we may assume that

s s—1
Fe gggf(U A(E), | (B U OES).
i=1 =1

Next, consider ¥, (F[cl(E )) € &M (cl(2) x {034,002 x {0}"~9) (by
Corollary - By Lemma [2.2) let f be a C™-extension of ¢}, (F[cl(£;))
which is m-flat outside A (Q X {O}” 4) and C? outside cl( ) x {0}~ For
i=1,...,s—1and z € 2, we define r;(x) := ||p;(z) — ¢s(x)||. Each function
ri: 2 — RV is Am—regular. Let £: R — R be any semialgebraic C'%-function
which is 1 in a neighborhood of 0 and 0 outside (—1,1). Then, define

s—1n—d

H Hﬁ(\[ Y ) (x,y) ifxef,
=1 j=1

0 otherwise.

Since f is C™, by Lemma and g is a C™-extension of } , (F'[cl(Es))
which is m-flat outside A¢(£2 x {0}"~%). Moreover, by the choice of r; and &,
we also see that g is m-flat on ¢s_(E;) for all i = 1,...,s — 1. Define

fe: R — R by
fe(z,y) = {g(‘ps—(mll if z € Q,

otherwise.

Obviously, cl(E;) = ¢st(ps—(cl(E;))) for all ¢ € {1,...,s}. Thus,
fe is a C™-extension of F'[cl(Fs) which is m-flat on cl(E;) and out-
side @si (Ac(2 x {0}7=%)). Therefore, f. is a C™-extension of F which
is m-flat outside |J;_, it (Ac(£2 x {0}"~%)). In addition, f. is C? outside
Uizy cl(E;). =

3. Proof of Theorem [Al Suppose m < g. We prove by induction
on d that every F € &%(E), where E is a definable closed subset of R" of
dimension d, has a definable C™-extension which is C? on R™ \ E. When
d =0, F is just a finite subset of R"™, and this case is easy. Suppose d > 0,
and the statement is true for all smaller values of d; that is, condition
from the previous section holds. Let E be a definable closed subset of R"
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of dimension d and F € &;(F). By the A™-regular Separation Theorem,
decompose £ = My U---U Mg U A where

(1) each M; is a A9-pancake of dimension d in a suitable coordinate
system;

(2) A is a small, closed, definable subset of E;

(3) for all i # j, cl(M;), cl(M;) are OM;-separated; and

(4) for each i, cl(M;), A are OM;-separated.

By , take a definable C™-extension f4 of F[A. By replacing F' by F —
J™(fa)IE, we may assume that F is flat on | J;_; 0M;. Now, by separability,
Proposition and Lemma [2.4] we obtain a C"-extension of F' which
is C? outside F. u

As usual in the o-minimal context, there is a certain uniformity inherent
in the above constructions; this can be exhibited by redoing these construc-
tions “uniformly in parameters,” or perhaps more elegantly, by using the
Compactness Theorem of first-order logic:

THEOREM 3.1. Assume R is o-minimal. Let (Fy)aca, where A C RN, be
a definable family of definable C™-Whitney fields Fy, on a closed definable set
E, C R™. Then there is a definable family (fo)aca of definable C™-functions
fa: R™ — R such that f, is an extension of I, for each a € A.

Proof. Let £ be the language of R, assumed to include a name for each
element of R, so that every definable set in R is definable by an .Z-formula.
For each a € N" with |a] < m, let ¢*(z,y,z) be a formula in . where
the lengths of z, y, and z are n, 1, and k, respectively, such that for each
a € A, ¢*(z,y,a) defines the graph of (F,)®. For each formula ¢ (z,y, z), let
x¢(2) be a formula such that, for each a € RY, x,(a) holds in R precisely
when 9 (z, y, a) defines the graph of a C™-extension of Fy. Next, add N fresh
constants cq,. .., cy to £ and call the resulting language .¢’. For notational
convenience, we write ¢ = (cy, ..., cy). By our main theorem, the .#’-theory

Th(R) U {—xy(c) : ¥ =(x,y, 2) is an L-formula}
is inconsistent. Therefore, by the Compactness Theorem, there are formulas

1/11(337% Z), v 7¢M(‘T7yaz)

such that, for each a € A, one of ¥;(x,y,a) defines the graph of a C™-
extension of Fy, in R. We can now easily construct a single formula 1 (z, y, z)
which works for every a € A, i.e., for each a € A, 1)(x,y, a) defines the graph
of a C™-extension of F,. m
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