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Abstract. We deal with the general structure of (noncommutative) stochastic pro-
cesses by using the standard techniques of operator algebras. Any stochastic process is
associated to a state on a universal object, i.e. the free product C*-algebra, in a natural
way. In this setting, one recovers the classical (i.e. commutative) probability scheme and
many others, like those associated to the monotone, boolean and ¢-deformed canonical
commutation relations including the Bose/Fermi and Boltzmann cases. Natural symme-
tries like stationarity and exchangeability, as well as the ergodic properties of the stochastic
processes are reviewed in detail for many interesting cases arising from quantum physics
and probability.

1. Introduction. The concept of quantum probability has been intro-
duced in the mid-seventies in the pioneering works of L. Accardi, R. L. Hud-
son, K. R. Parthasarathy, and many other scientists I}, 5, (17, 22]. Since then,
natural applications to various fields of mathematics and physics have been
found. We mention the seminal investigation by D. V. Voiculescu involv-
ing the free probability and its applications to non-hyperfinite type 1I; von
Neumann factors [28], as well as the intersections with harmonic analysis
first found by Bozejko [9]. We also point out the remarkable connections,
recently investigated in [6] 23], between quantum groups introduced by Wo-
ronowicz [31] and quantum probability.

The present paper mainly deals with the general structure of stochas-
tic processes and their natural symmetries, like stationarity and exchange-
ability, by using the standard techniques of operator algebras [14, [15] [16].
Although some of the pivotal results have been obtained in the above men-
tioned papers, our aim is to describe new ones and present the matter in a
unified approach. Thus, the notes appear as an expository-research paper.
We first show it is possible to view in a unified way the stochastic processes
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2 V. CRISMALE AND F. FIDALEO

with sample space the unital, not necessarily commutative, C*-algebra 2
and with index set J. Indeed, we show that the collection of these stochastic
processes is in one-to-one correspondence with the state space of the free
product C*-algebra ;2. In particular, the subclasses of exchangeable or
stationary stochastic processes correspond to the convex compact (provided
the processes are identity-preserving) sets of symmetric (i.e. invariant under
finite permutations) and shift-invariant states, respectively. The algebraic
probability space (B, ) (see e.g. [23]) associated to the stochastic process
described by the state w is then recovered by the Gelfand—Naimark—Segal
(GNS for short) representation (H,,, my,, {2,), as

(%7 90) = (Ww(*J Ql), <7rw( : )Qw Qw))a

where the closure is meant in norm or in the weak operator topology for
the C* and W* cases, respectively. This provides a generalisation to the
quantum case of the Kolmogorov Extension-Reconstruction Theorem. It
follows that quantum probability, considered as a universal scheme, has a
significant complexity of its own.

In our opinion, the main advantages of this unified description are the
following.

First, it is possible to study all known cases directly on a suitable quo-
tient algebra of a single one. Any quotient is obtained by factoring the free
product C*-algebra by the ideal generated by a “concrete” commutator.
This allows us to cover, e.g., the cases of g-canonical commutation rela-
tions, which includes the Bose/Fermi and the Boltzmann (i.e. free) case,
or equally well the boolean and monotone cases. The list is far from being
complete, since one can add the commutative scheme which arises from the
abelianisation of the free product.

Second, the natural symmetries of stochastic processes like stationarity
and exchangeability, as well as their ergodic properties, can be handled using
the standard results of ergodic theory (see e.g. [13, Chapter 4]).

As an example, we mention the equivalence between some factorisation
rules naturally emerging in quantum statistical mechanics and the prop-
erty of convergence to equilibrium for stationary and symmetric states (cf.
Theorem . The features above are the content of Section

The subsequent sections of the paper are devoted to reviewing the ap-
plications of the general results of Section [2| to the ergodic properties of
stochastic processes arising from genuine quantum cases. The main results
are complemented by sketches of proofs for the convenience of the reader.

In Section [3| we first connect some ergodic/clustering properties of a
given stochastic process with some algebraic properties of the correspond-
ing state, namely the product state or the block singleton conditions (see
Definition . This leads to clarifying the role played by the block sin-
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gleton condition in quantum probability as the right noncommutative ana-
logue of the product state condition. Indeed, under the invariance conditions
of stationarity or exchangeability, it is shown that the states realising the
block singleton condition are exactly those satisfying the noncommutative
analogue of convergence to equilibrium . Moreover, the product state
condition turns out to be equivalent to the ergodic property of weak cluster-
ing . Such results find a natural application to the so called Haagerup
states [2I] on the group C*-algebra of the free group on infinitely many
generators, which appear in free probability.

Section [4] is devoted to examples. We review in a self-contained form
de Finetti-type results and ergodic properties for stationary and symmetric
states in some concrete C*-algebras, plenty of them coming from physical
investigations. The cases of g-deformed, —1 < ¢ < 1 [11 [15], Bose [10,
20], Fermi [14 [15], boolean [9] [15], [16] and monotone [16] [24] processes are
described in detail.

2. Exchangeable and stationary stochastic processes. Fix a C'*-
algebra 2 and an index set J. We suppose without further mention that
2 is unital and all morphisms preserve the algebraic structure, including
the x-operation. For simplicity we may think about J = Z to achieve the
two-sided shift, but general index sets are allowed too, as also are nonunital
sample algebras 2, or non-identity-preserving stochastic processes.

A dynamical system based on a group G is a pair (2, «), where 2 is a
C*-algebra and a : G 3 g — a4 € Aut(2) is an action of G on . To achieve
dissipative dynamics, one needs to consider merely completely positive linear
maps ag. This is the case when just a monoid naturally acts on 2. Neverthe-
less, in the present paper we consider only dynamical systems based on auto-
morphisms. The fived point subalgebrais defined as A% := {a € A | ay(a) = a
for all ¢ € G}. We denote by S8 (2() the x-weakly compact convex sub-
set of G-invariant states, and by (8 (2()) the collection of its extremal
(i.e. ergodic) states. For (2, «) as above and an invariant state ¢ on 2,
(7, Hy, Uy, £2,) is the GNS covariant quadruple canonically associated to ¢
(see e.g. [13]). As usual, 3, := m,(A)"” A7, (2A) is the centre of 7, (A)”.

In these notes, we mainly deal with two groups: the group P; of permu-
tations of J leaving fixed all of its elements but a finite number, and the
group Z. In the latter case, the action of Z is generated by a single auto-
morphism (i.e. the shift) a € Aut(). A state is called symmetric or shift
invariant if it belongs to 8p, (A) or 8z(A), respectively.

Consider the unital free product C*-algebra 7z 2 based on a single C*-
algebra 2 (see e.g. [29]). For j € Z, denote by i; : A — %7 A the canonical
injections. Then both Pz and Z naturally act on 72l by considering per-
mutations of indices and the shift of indices.
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PROPOSITION 2.1. We have 8p,(x7U) C 8z(xz ).

Proof. For {ji,...,jn} C Z with possibly repeated indices such that the
contiguous ones are different (i.e. j; # ji+1,7 = 1,...,n — 1), the elements
X =i (A1) 15,(An) with A; € A generate *z2. By a standard ap-
proximation argument, we reduce ourselves to such generators. For X and
the corresponding sequence of indices as above, there exists a finite interval
Jx = [k,l] C Z with {j1,...,jn} C Jx. In addition, there exists a cycle
vx € Pz such that [k+1,1+1] = vx(Jx). For ¢ € 8p,(xz ), after denoting
by a and a4 the one-step shift and the action of Pz, respectively, we get

p(a(X)) = playy (X)) = p(X). =

One of the fundamental achievements in the theory of stochastic pro-
cesses (classical or not) provides sufficient conditions to construct a process
starting from the knowledge of a collection of finite-dimensional distribu-
tions. In the abelian case they are summarised in the Kolmogorov Recon-
struction Theorem, whereas a quantum generalisation is provided by the
GNS construction.

Fix n € N, let {j1,...,7n} C J with contiguous indices different, and
let {A1,..., A} C 2 The finite joint distributions of the random variables
J1(A1), ..., jn(Ay) are the values pj, . ;. (A1,..., Ay) which arise from mul-
tilinear functionals {pj, . j.}j1,...jnes o0 2L They satisfy natural positivity
and consistency conditions:

(i) Pjn,....52,51,92,-,0n (A:w s ’ATAla IR An) >0 (pOSitiUity)v
(11) pj1,...,jk,l,jk,ij,.‘.,jn (Ala ce. 7Ak‘—17 :H-a Ak‘-i—la ce. >An)
= Dt diostsegn (AL ooy A1, A1, - ., An) (consistency).

In the classical case, i.e. 2 = C(I), the algebra of continuous functions on
the compact space I, the above properties reduce to the Kolmogorov require-
ments. Thus, one can construct a probability measure p on the Tikhonov
product []; I of J copies of I. In the quantum setting, they allow one to
consider the GNS representation (defined up to unitary equivalence), and so
give rise to general stochastic processes as defined below. In order to avoid
technicalities, we assume (by definition) that the process under considera-
tion is directly realised on a Hilbert space, corresponding to L*([]; I, u) in
the classical situation.

DEFINITION 2.2. A (realisation of the) stochastic process labelled by the
index set J is a quadruple (2, 3, {¢;}jc, £2), where 2 is a C*-algebra, H is
a Hilbert space, the ¢;’s are s-homomorphisms of 2 in B(JH), and 2 € His a
unit vector, cyclic for the von Neumann algebra M :=\/, ; 1;(2) naturally
acting on J{. The process is said to be unital if ¢;(1g) = I5 for all j € J.
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The process is said to be exchangeable, resp. stationary, when J is Z,
resp. N, and for any n € N, j1,...,j, € J and Aq,..., A, € X,

<[’j1 (A1> ™ (An)‘Qv “Q> = <Lg(j1)(A1> “lg(Gn) (An)07 ‘Q>
for g € Py, resp. g(5;) = ji + 1.

It is easy to see that the quadruple (U, I, {¢;} e, £2) uniquely realises,
up to unitary equivalence, the stochastic process by which we mean that it
determines all its joint finite distributions:

Pj1,..in (Ah s 7An) = <Lj1 (Al) b (An)‘97 ‘Q>
From now on, if not otherwise specified, we only deal with unital stochastic
processes.
Consider the unital free product C*-algebra *; 2. One can see that a
stochastic process uniquely defines a state ¢ € §(*;2) and vice versa.

THEOREM 2.3. The unitary equivalence class determined by the quad-
ruple (A, 30, {¢;}jer, 2) uniquely defines a state p € 8(x; ), and a repre-
sentation T of xy A on the Hilbert space H such that (w,H, (2) is the GNS
representation of the state . Conversely, each state p € 8(x;2A) defines a
stochastic process.

This one-to-one correspondence sends exchangeable and stationary pro-
cesses (provided J = 7 for the latter) to symmetric and shift invariant states,
respectively.

Proof. Take a quadruple (A, 3, {¢;};cs,§2) and consider the universal
property of the free product C*-algebra ;2 together with the correspond-
ing *-monomorphisms 7; : A — x;A, j € J. Then there exists a C*-
homomorphism 7 : ;2 — B(H) that is a representation making the dia-
gram

Ly

2A x7 A
17
B(H)

commutative for each j € J. It is easily seen that
@(X) = <7T(X)'Qv Q>a X €%y Qla

defines a state whose GNS representation is precisely (m,H, 2) (see [15,
Theorem 3.3]). Conversely, for each state ¢ € 8(x;2) with GNS repre-
sentation (7, Hy, §2,), one can define a collection of *-homomorphisms
tj + A = B(Hy) by ¢j = m, 01, for j € J. It is straightforward to check
that the quadruple (A, Hy, {¢j}jes, £2,) is a stochastic process according to
Definition 2.2
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Finally, one can see as in [15, Theorem 3.3] that exchangeable and sta-
tionary stochastic processes correspond to symmetric and shift invariant
states, respectively. =

DEFINITION 2.4. If 21 is abelian, then the stochastic process is called
commutative or classical if, for the homomorphisms ¢; in Definition
Liy (A1, (B) = 1, (B)tj, (A),  jkji € J, A, B €U
One immediately sees that Definition covers all stochastic processes
arising in classical probability.
Consider the free abelian product unital C*-algebra ab ;2 of a single, not
necessarily abelian C*-algebra 2[. It is the universal object among the C*-

algebras, for morphisms with commuting ranges. In other words, if {p;};cs
is a collection of *-homomorphisms such that

pir (A1)pj, (A2) = pj,(A2)pj (A1),  Ar, A2 €U, i, j2 € J, 1 # Ja,
then ab ;% is the universal (unital) C*-algebra making the diagrams

A—% ab, A

A

B

commutative for all j € J, where each r; is the canonical embedding. Such
a universal object can be described in the following way.
Consider the norm closed two-sided ideal

3 = span{aliy (A1), i2(A2)]0 | a,b € 7y A, Ay, Ay € A, iy iz € Jy i1 £ ia]
which is the smallest ideal containing all commutators in *; 2l of the form
[i1(A1),i2(A2)], i1 # i2. Thus, ab; A = ;2 /~, where ~ is the relation as-
sociated to the ideal J above. We denote by P : x ;2 — ab ;2 the associated
quotient map.

For a fixed unital C*-algebra 21 and finite subsets I, Iy, Is C J, define
the |I]-fold projective C*-tensor product (cf. [27, Section IV.4])

91[ =2 ®max e ®max Qla

|I] times

together with the canonical embedding
A, ~ A, ® 12112\11 C AUy, I C Io.
It is then possible to form the C*-inductive limit (cf. [30, Section L.2])
®31ax A= thlI
1J

We point out that all the above considerations can be extended to the
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nonunital case described in [I5, Section 3] either by using an approximate
unity which always exists in any C*-algebra, or by adding a unity to 2. The
reader is referred to [13], Section 2.2.3] or [27, Section IV.4].

REMARK 2.5. By [27, Proposition IV.4.7], we have
abJ A ~ ®r}1ax 2.

If in addition 2 is commutative, i.e. 2 ~ C(I) for a compact space I, then
ab 2 ~ C(H I)
J

as C(I) is nuclear. We refer the reader to [8, Theorem 36.1] for the explicit
construction of the probability measure corresponding to the stochastic pro-
cess under consideration.

Recall that an abelian stochastic process uniquely determines a state
¢ € 8(x; ). The next result shows how to realise commutative stochastic
processes in this picture.

PROPOSITION 2.6. For an abelian C*-algebra A of samples, a stochastic
process (A, H(,{¢j}jes, 12), and the corresponding state ¢ € 8(x ;) accord-
ing to Theorem 2.3 the following are equivalent:

(i) ¢ is the pull back on ;A of a state w € §(aby;A), i.e. p =wo P;
(ii) the stochastic process (A, I, {t;}jer, £2) is commutative.

Proof. We treat the unital case. In the absence of unity we can recover
the same result arguing as in [15].

(1)=(@i). If (m,,Hy, S2,) is the GNS representation of w, then the cor-
responding GNS representation of ¢ and *-homomorphisms ¢;, j € J, are
given by (m, o P, H,, 2,,) and 7, 0 P oi;, respectively. We compute, for each

g1 # J2,
Ljr (A1), (Az) = 7T<J-’(P(i3'1 (Al)))ﬂw( (i5(A )
= (P (i, (Al))P(Zm(fb))) T (P(Zyz(fb)) (i, (A1)
= Ww(P(ijQ(AQ)))ﬂ' ( (15, (A ) o (A2)e4, (Ar).
(ii)=(i). As is shown in Theorem [2.3]
(2.1) o= (n(1)2,2),

where 7 is the unique homomorphism making the diagram

Aoy

14

M

commutative for all j € J, and M =/, ;¢;(%) is the von Neumann algebra
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acting on J{ generated by all images ¢;(), j € J. Since M is abelian, for
each j € J and the embeddings r; : % — ab; A, i; : 2 — *; 2, the universal
properties applied to x ;% and ab;2l, respectively, give P o¢; = r; and the
existence of a unique o : ab ;2 — M such that cor; = +; for all j € J. Then
oo Poij =1, and consequently T = oo P. If w:= (0(-)£2,2) € §(ab; ),
then gives

e=(n(-)2,2)=(coP(-)2,2)=woP. u

We have just shown that the general quantum scenario described in the
first part of the section includes, as a particular case, the classical scheme.
The latter is indeed achieved by the commutative diagrams

AT s 2

(2.2) % %

B

for j € J where B = ab; A, and where 5; =r; (j € J), and & = P are the
canonical embeddings of 2 in ab; 2l and the canonical projection of * ;2
onto its abelianised ab; 2, respectively. Thus, any ¢ € 8(x; ) realising a
classical stochastic process (cf. Theorem is obtained from a state w on
ab ;2 through a pull back relation.

The basic idea yielding the above result is taking a suitable quotient of
the free C*-algebra. Hence, it appears clear that in the general case there
are several ways to consider processes, each of them arising from factor-
ing x ;%2 by two-sided ideals generated by suitable commutators, and the
commutative diagram can be seen as the most general situation de-
scribing quantum stochastic processes. Specifically, we mention the so called
g-deformed relations for ¢ € [—1, 1], with pivotal examples given by ¢ = +1
corresponding to the Bose/Fermi cases, and ¢ = 0 corresponding to the
Boltzmann case describing the group reduced C*-algebra of the free group
on infinitely many generators [12] (see Section |4.1{for further details). Other
noteworthy cases are the monotone [16] and boolean [I5], 20] cases. As pos-
sible areas of future investigation, we also mention the cases arising from
the more general setting of interacting Fock spaces (see e.g. [3]).

Concerning the Bose case (cf. Section [4.2)), consider the infinite tensor
product C*-algebra ®I}‘in 2 as in [26] for the not necessarily abelian algebra
of samples 2, together with the canonical projection @ : x;2 — ®f}“n21
recovered by universality from the embeddings ¢; : 2 — @7, j € J. As
the t; have commuting ranges, ¢ factors through the canonical projection
¥ ab;A — ®f}“in A, i.e. @ = ¥ o P. Accordingly, the stochastic process
determined by a state w € $(®7™ ) such that ¢ = w o @, factors through
abj A as ¢ =wo ¥ o P. We then have the following
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REMARK 2.7. Each stochastic process on ®I}ﬂn 2l comes from a stochas-
tic process on the free abelianised product ab ;2 ~ ®7* 2 uniquely deter-
mined by the state w o ¥ € §(ab;2). The same construction holds true for
stochastic processes on any other infinite tensor product ®} 2 based on the
C*-cross norm || ||y (see [27, Section IV .4]).

We end the section by recalling the definition, useful in what follows, of
the tail algebra 3$ for the stochastic process (2, , (¢) e, 2), with corre-
sponding state ¢ € 8(x;A):

e A (U (Vo)

ICJ, Ifinite KNI=) keK
K finite

In statistical mechanics this is known as the algebra at infinity (see e.g. [13]).

3. Ergodic properties of stochastic processes. The present section
is devoted to natural ergodic properties of stochastic processes. Here, we
also make a direct link between algebraic relations and ergodic conditions.

Let (2, a) be a C*-dynamical system with 8¢ () = {w}. Such a system is
said to be uniquely ergodic. When G = Z, one can see that unique ergodicity
is equivalent to

n—1
(3.1) lim 3 f(ab(a)) = f(Lw(a), ae, fe,
k=0

n—oo n

or again to

—1

N

nh_}r{)loﬁZa (a) =w(a)l, a€c,
k=0

pointwise, in norm. Some natural generalisations of such a strong ergodic

property can be achieved by replacing the ergodic average ({3.1) with

n—1
Jim =57 |f(oha) ~ f(Dwla) =0, e, few,
k=0
or simply
lim f(o"(@) = f(Dw(a), ac® feA,

for some state w € $(A) which is necessarily invariant. In this case, (2, «)
is called uniquely weak mixing or uniquely mizing, respectively. For all these
cases, A% = C1, and the (unique) invariant conditional expectation onto the
fixed point subalgebra is precisely E(a) = w(a)l.

Another natural generalisation is to look at the fixed point subalgebra
whenever it is nontrivial, and at the unique invariant conditional expectation
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onto such a subalgebra, FZ : 2 — A%, provided it exists. The unique ergod-
icity, weak mixing, and mixing with respect to the fixed point subalgebra
(also known as EZ-ergodicity, E”-weak mixing and EZ-mixing, E% being
the invariant conditional expectation onto A% which necessarily exists) are
given by definition, for a € 2 and f € A*, by

n—1
Jim 3 fak(a) = f(E%a),
k=0

n—1
Jim — 377" (@) = F(E%(@)] =0,
=0

i f(a"(a)) = f(E%(a).

Fix a dynamical system (2, «) based on the group G. For each ¢ € §(2),
we set L (A, o) 1= m,(A)” and L?(A, ) := m,(A) := H,. One can define a
bounded linear map T : L= (2, p) — L?(2A, ¢) by

TX =X, XeLUp).

Suppose ¢ € 8¢(A). We denote by « the actions of G on both L*(2, ¢)
and L%(2, ¢), defined by ay(X) := ady,(g)(X) and agy(§) := Uy(g)€. These
actions are compatible with the map T"

Tady,)(X) =Up(g)TX, geG, X €L p).
The sets of invariant elements are denoted respectively by
L&, 9)¢ := 1o (N)" AMUL(G)Y,
L2(A, )¢ = {€ € H, | Uy(g)€ = £ for all g € G}.
DEFINITION 3.1. A state ¢ € Sg(21) is said to be weakly clustering if

(5:2) lAi%gMﬂg;so(Aag(B» = p(A)p(B),  ABE,

and it has the property of convergence to equilibrium if

33)  lm oo S ey (B)C) = p(AC)e(B).  A.B.C e,
geA

along the net {A C G | |4] < oo}.

When G = Z, i.e. when one deals with the shift, one usually restricts
oneself to A, := [0,n — 1]. Condition is obviously weaker than (3.3)).
We can see that they are equivalent provided the support of ¢ belongs to
the centre of the bidual, i.e. s(¢) € Z(A**). They are also equivalent for
(graded) asymptotically abelian states, that is, for systems possibly includ-
ing fermions (cf. [7, [18]), and in the classical case. Furthermore, a weakly



SYMMETRIES AND ERGODIC PROPERTIES 11

clustering state ¢ € 8¢ () is automatically ergodic (i.e. extremal invari-
ant), that is, ¢ € E(8¢(A)). The converse holds true in the particular case
of G-abelian states (see [13], Section 4.3]).

Our aim now is to prove that condition is the right one ensuring
convergence to equilibrium in the quantum case. Thus, consider a physical
system in a state w invariant for the (discrete) dynamics. Then we have a
dynamical system (2, o, w) based on a single automorphism « on 2. Such
a localised perturbation usually produces a state ¢ which is normal with
respect to the reference state w. Namely, ¢ € Fr_ () where, for each repre-
sentation (m, H,) of 2,

Fr() ={pe8) | ¢ =Tr(r(-)T) for some T € T(Hz)+1}

is the folium generated by 7, with Tr and T(3H )4 1 being the canonical trace
on H,; and the positive normalised trace class operators on it, respectively.
Convergence to equilibrium simply means

n—1
(3.4) lim % 3 p(a"(A) = w(4), A€ peTn (),
k=0

that is, ¥, (2() is contained in the basin of attraction of w in the whole §(2).
By a standard approximation argument, we can restrict ourselves to the
generators of Fr () of the form

_ w(B*AB)
ep(A) =)
provided w(B*B) # 0. It is then evident that simply means

1 n—1
lim — Y " w(B*a"(A)B) =w(B*B)w(A), A,Be,

" S
which turns out to be equivalent to by polarisation.

We report a version of a pivotal result in noncommutative ergodic theory,
well known to experts. To avoid technicalities, from now on we restrict
ourselves to Py or Z if not otherwise specified. Recall that for a C*-algebra
2, for ¢ € §(A) with support s(¢) € 2A** and the corresponding GNS
representation (m,, Hy, f2,), one has s(p) € Z(A**) if and only if 2, is
cyclic for m, ().

Aeid,

THEOREM 3.2. Let (A, «) be a dynamical system where G is Py or 7Z.
With the net generated by all finite subgroups Pr, {I C J | |I| < oo} for
Py, or the sequence [0,n — 1], n € N, for Z, and ¢ € 8g(2), consider the
following assertions:

(i) ¢ is weakly clustering,
(i) L*(A, ) = C2y,
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(iii) ¢ has the property of convergence to equilibrium,

(iv) L=, )€ = CI.

Then we have (iv)=-(iii)=(ii)<(i), and all conditions are equivalent if
s(p) € Z(A).

Proof. The equivalence (i)<>(ii) is nothing but the Mean Ergodic Theo-
rem of J. von Neumann (see e.g. [I3] Section 4.3] and [14] Proposition 3.1}).
The equivalence (ii)<(iv) is well known (cf. [13, Section 4.3]), provided
s(p) € Z(A*).

We now discuss (iv)=>(iii). By reasoning as in [I3, Theorem 4.3.20], first
note that (iv) implies that s(p) € Z(2A**). In addition, (iv) implies (ii),
which is equivalent to (i). The latter turns out to be equivalent to (iii) as
s(p) € Z(A*). =

In the following definition, we present the algebraic properties of a
stochastic process on 2, or equivalently of the corresponding state on *; 2,
which will be linked with the above ergodic conditions. To treat also the
shift on Z, we specialise to *xz 2.

DEFINITION 3.3. The state ¢ € S(xz %) is said to satisfy the product
state condition if

p(A1A2) = p(A1)p(As2)

whenever Ay, € alg{i;, (A) | jx € Iy}, Iy C J, k=1,2, and I N I, = 0.
The state ¢ satisfies the block singleton condition [2] if

p(A1A243) = p(A143)p(A2)
whenever Ay, € alg{i;, (A) | jr € I}, Iy C J, k= 1,2,3, and ([;UI3)NI = 0.

The next result connects the above conditions with those in Theorem [3.21
We refer the reader to [I5] for further details.

THEOREM 3.4. For G as in Theorem and ¢ € S8g(xz ), the following
assertions hold true:

(i) ¢ satisfies the product state condition if and only if it is weakly
clustering,

(ii) ¢ is a block singleton state if and only if it has the property of con-
vergence to equilibrium.

Proof. We handle the case of permutations (cf. [15]) corresponding to
(ii), and leave to the reader the easier situation (i). The analogous case of
the shift is in [2].

Suppose that ¢ € 8p, (*7 ) has the property of convergence to equilib-
rium. Fix words u,v,w € 72 whose supports satisfy I, N (I, U I,,) = 0.
Let I D I,,1,, I, be an arbitrarily large but finite part of J, and consider
the set B C Py of permutations leaving I, U I, pointwise fixed. Since ¢ is
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symmetric, we get

o(uvw) = |B| Z o(ag(uvw) |B| Z o(uog(v
geB geEB

P 1
~(m so(uag(v)w)) - 3 eluag(eu),
! geP; g€P\B
By [14, Lemma 3.3], |B|/|P;| — 1 and |B¢|/|B| — 0 as I 1 J. By taking
the limit of both sides, the L.h.s. does not depend on .J, whereas the r.h.s.
converges to ¢(uw)y(v) by the property of convergence to equilibrium. Thus,
 satisfies the block singleton condition.
Conversely, suppose ¢ € 8p,(*z ) is a block singleton state. By den-

sity, we can restrict ourselves to elementary words. Fix u,v,w € %z 2 with
supports I, I, I,,, respectively. If I is a finite part of J, define

A={g ePr| Ly Ulw)Nlayw) =0}
By applying the block singleton condition, we get

> pluag(v)w) — p(uw)p(v)

i

gePT
1 1
By 2 P () +l e%\f(wg(v)w)‘
ﬂi uw u v w ‘AC|

<| (g = 1) etwwrot)] + Il el ol |

where A¢ := P;\ A. Letting I 1 J, again by [14, Lemma 3.3] one finds that
|A|/|Pr| — 1 and |A¢|/|Pr| — 0. Thus, ¢ satisfies condition (3.3). =

As an application of the above results, one gets some ergodic properties
for the so-called Haagerup states [21] naturally arising in free probability.
For A € (0,00), those are defined on the group C*-algebra C*(F.,) of the
free group Fo, on infinitely many generators, as @y(w) = e "l where
w € C*(Fy) is a reduced word and |w| is its length. The case A = oo
corresponds to the tracial state, the unique one passing to the quotient
given by the reduced group algebra C? ;(Fs) and considered below. The
Haagerup states are automatically symmetric by construction, and satisfy
the product state condition: py(vw) = px(v)pa(w) when I, N I, = (). But
they do not fulfil the block singleton condition if A € (0,00). In fact, for
elementary generators g;, g; with i # j,

ex(9igj0; ) = e # e = oal(g5)ea(1) = oalg;)ealgig; ).
COROLLARY 3.5. For the Haagerup states py € 8(C*(Fs)), one has
s(pn) € Z(C*(Foo)*™) for all X € (0,00).
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Proof. As o) satisfies the product state condition, by Theorem it is
weakly clustering. Suppose that s(¢)) € Z(C*(Foo)**). By Theorem it
has the property of convergence to equilibrium. Then it is a block singleton
state again by Theorem which is a contradiction. m

4. Examples. In this section we deal with stochastic processes directly
built on concrete C*-algebras.

4.1. g-deformed commutation relations. We briefly recall the

g-deformed commutation relations, ¢ € [—1,1]:

(4.1) ag(i)al(j) — qaf(j)aqg(i) = 051, i,j € L.

The above commutation rule can be represented concretely as creators and
annihilators on the g-deformed Fock spaces (see e.g. [12]). The remarkable
cases of Bose (CCR), Fermi (CAR) and Boltzmann (Free) relations are
realised for ¢ = +1 and ¢ = 0, respectively. We first treat the case ¢ €
(—=1,1).

Let R, and &, be the concrete unital C*-algebras acting on the g-Fock
space generated by the annihilators {a4(%) | i € Z}, and by their selfadjoint
part {aq(i) + aq() | i € Z}, respectively, for aq(i) := aq(e;) and e; the
elements of the canonical basis of £2(Z). The group Pz of permutations,
and the group Z of powers of the shift naturally act on both R, and &, as
Bogolyubov automorphisms implemented by the unitaries Ue; := e; 41 and
Ugei := egyy) on £*(Z) (see [16, Proposition 3.1]). We denote by 2, one of
those concrete C*-algebras, and by G' and « those groups and their actions,
respectively. The vacuum expectation state is given by w, := (- £24, £2,), {2,
being the vacuum vector in the g-Fock space.

We record the following strong ergodic result, and refer the reader to
[16] for its proof.

THEOREM 4.1. Fiz q€(—1,1) and consider a countable set {gi tren CG.
Then

hm

Zagk — Wy A)IH =0, Ae,.

In addition,
Sp, (Aq) = Sz(2Aq) = {wq}-

The C*-dynamical system (4, ) based on the action of Z as powers of the
shift is uniquely mizing with wq as the unique invariant state.

As the case ¢ = 0 corresponds to the reduced group algebra of the free
group &g ~ C (Fs) (cf. [29]), with wg corresponding to the canonical
trace, we find that wp is the unique state on CY ;(Fs ) invariant for both
the permutations moving only finitely many generators, and the shift. In
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addition, it is the unique invariant state on C*(F) coming from the natural
quotient

red(Foo) = €% (Foo) /ker A,
A being the (left) regular representation of F.

4.2. Bose case. As the creators satisfying cannot be bounded
if ¢ = 1, we handle the boson case by using the Weyl algebra (formally
by exponentiating the field operators, see e.g. [13]). In this situation,
must be replaced by the Weyl algebra W (Cgo(Z)), where Cyo(Z) is the pre-
Hilbert space of all finitely supported complex sequences on Z. The algebra
generated by the selfadjoint parts of annihilators leads to abelian processes
and is treated in the standard probability literature. It is well known that

W (Coo(2)) ~ @™ W(C),

the infinite tensor product of infinitely many copies of W (C). By Stgrmer’s
results [26], one can obtain an ergodic decomposition of symmetric states as
in the de Finetti Theorem:

(1) 8p,(W(Coo(Z))) is a mixture (i.e. direct integral) of states which
are an infinite product state of a single state on W (C), the latter
providing the ergodic states &(8p, (W (Coo(Z)))).

By using the results in [4], it is not hard to show that
(i) 8p, (W (Coo(Z))) & 8z(W(Coo(Z)))-
One can also prove the following version of the de Finetti Theorem:

(iii) a process on the Weyl algebra is exchangeable if and only if it is
conditionally independent and identically distributed with respect
to the tail algebra.

Finally, as in [15, Theorem 5.3] one can establish a quantum analogue of the
Hewitt and Savage Lemma:

(iv) for states ¢ € Sp, (W (Coo(Z))), the tail algebra 3$ coincides with
the symmetric part of the centre SEZ.

4.3. Fermi case. For the unital C*-algebra R_; generated by the an-
nihilators (i.e. the CAR algebra), the same results listed above for the Bose
case hold true. The reader is referred to [14, 15], and to the examples rel-
ative to Fermi Markov states in [19, Section 6] for item (ii) above. As any
symmetric state on the CAR algebra is automatically shift invariant, it is
even (cf. [I3]). Then the analogue of (iv) above (the Hewitt and Savage
Lemma for the Bose case) assumes the following form in the CAR case (cf.
[15, Theorem 5.3]):
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(iv’") for states ¢ € 8p,(9R_1), the tail algebra 3; coincides with the even
portion of the symmetric part of the centre.

4.4. Boolean case. Let H be a complex Hilbert space. The boolean
Fock space over H is given by I'(H) := C®H and (1, 0) is the vacuum vector.
On I'(H) we define the creation and annihilation operators by setting, for
f,g€eH and a € C,

d(fla®g)=0@af, a(f)(a®g):= /(g f)u®0.
For H = (?(Z), it is seen that the concrete unital C*-algebra B (called the
boolean algebra) generated by the annihilators coincides with that generated
by their selfadjoint parts (see e.g. [15]). In addition,

B =K(P({#}UZ) +CI.

Here, a; := a(e;) = €4, is the standard matrix unit, # corresponds to
the subspace in I'((?(Z)) generated by the vacuum ey, and X stands for
compact operators. If wx denotes the vacuum state and wy the state at
infinity
Woo(A+cl):i=¢c, AecKUP{#}UZ)),ceC,

we get the following structure for symmetric and stationary states (cf.
[15, 16]):

THEOREM 4.2. For the shift invariant and symmetric states, we get

Sp,(B) = 8z(B) = {(1 — y)wy + 1w | 7 € [0, 1]}

The well established structure of %6 allows one to completely determine

the fixed point algebras for the action of the shift and the permutations:
B2 = B” = CPy & CPy,

Py being the orthogonal projection onto Ce.

Consider the dynamical system (B,«) based on the boolean algebra
and the shift, together with the unique invariant conditional expectation
onto B2 given by

(4.2)  E(A+0bI):= (Aey,ey)Py +bl, AcX(*({#}UZ)),beC.
ProprosITION 4.3 ([16, Proposition 7.2]). The C*-dynamical system

(B, ) is EZ-miring with E = E” the unique invariant conditional expecta-
tion onto the fized point subalgebra given in (4.2)).

Notice that the conditional expectation in (4.2)) is also the unique invari-
ant one for the natural action of Pz. Denoting that action again by «, one
can show that

. 1
%W D ay(A)=E(4), Ae,
gePy

where {J | J C Z} is the directed net of all finite subsets of Z.
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Moreover, we record the following assertions proved in [20]:

(i) a boolean process is exchangeable if and only if it is conditionally in-
dependent and identically distributed with respect to the tail algebra
(as in the classical case);

(ii) for w € 8p,(B), if By, := 7, (B)” and 3%, BEZ, BZ denote the tail
algebra, the symmetric algebra and the stationary algebra, respec-
tively, we get

1 P VA
‘30.) = %LUZ g %w'

As a consequence, the equality above transfers the Hewitt—Savage Lemma
to the boolean situation, whereas the last inclusion entails that the Olshen
Theorem [25] does not hold for boolean stochastic processes.

4.5. Monotone case. We outline the structure of stationary mono-
tone processes corresponding to states on the concrete unital monotone C*-
algebra, and in addition on the subalgebra generated by the selfadjoint parts
of annihilators.

As in [10], for & > 1, denote Iy, := {(i1,...,%) | 91 < -+ < i, i; € Z},
and for k = 0, set Iy := {0}, @ being the empty sequence. The Hilbert space
Hy, := £2(1},) is precisely the k-particle space for monotone quantisation. In
particular, the O-particle space Ho = £2(0) is identified with the complex
scalar field C. The monotone Fock space is F,, = Ppe ) Hy.

For an increasing sequence o = (iy, ..., 1) of integers, we denote by e,
the generic element of the canonical basis of JF,,. There is a natural order
structure on such sequences. Indeed, if a = (i1, ...,), 8 = (J1,.--, 1), we

say a < [ if i < j1. The monotone creation and annihilation operators are
respectively given, for any i € Z, by

! ) Gy i<,
aie(i17-~~vik) = !
0 otherwise,

€li,.i) itk >1andi=1y,
a;€(; . =
e 0 otherwise

where a; := a(e;). One can prove that ||ajH = ||la;|| = 1 and that a;r and a;
are mutually adjoint. Moreover, we have

a;ra;r- =aja; =0 ifi>j,

aia;f» =0 if i # 7,
and the commutation relation

(4.3) aiaj =1— Z alak,

k<i
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with the sum meant in the strong operator topology (cf. [16, Proposi-
tion 3.2]). The C*-algebra M acting on F,, is the unital C*-algebra gen-
erated by the annihilators {a; | i« € Z}. It was proven in [16] that the
selfadjoint parts of annihilators, {a; + a; | i € Z}, also generate the same
unital C*-algebra as the annihilators (just as for booleans). Thus, we can
restrict ourselves to M. Because of the order structure, the group Pz of per-
mutations does not naturally act on 9. So we mainly focus on the action
of the shift.

The results we enumerate below heavily rely on writing the algebraic part
of the algebra (i.e. the part algebraically generated by the annihilators) in
terms of reduced words in quasi-Wick order (see [16, Section 5]). If iy
is the concrete unital x-algebra generated by the monotone annihilators, a
word X in M is said to have a A\-form if there are m,n € {0,1,2,...} and
11 < v+ <, J1 > - > Jnp such that

X = a;,[l ...a}—majl ...ajT“
with X = I the empty word corresponding to m = n = 0. Its length is

[(X) = m + n. In addition, X is said to have a m-form if there are m,n €
{0,1,2,..}, k€Z,i1 < -+ <y, j1 > -+ > ju such that i, < k > j; and

X = ajl x -almakazajl A,
Its length is [(X) = m+24n. As is seen in [16], the words in A\-form and in
m-form are reduced, and in addition each element in 9y can be expressed as
a finite linear combination of A\-forms and/or 7-forms. One could expect that
the set of words in A-form and m-form are linearly independent. However,
this is not true. As an example, the reduced w-form a}aja;al, 1< j>1,can
be written as a sum of A-forms:

ajaja;al = ajal — Z a}azakal,
k=(iVI)+1

where i V[ := max{, [}, as one can straightforwardly see by using (4.3).

The A-forms and w-forms structure of the algebra yields a “splitting”
representation of 91, which turns out to describe the convex set of sta-
tionary states. In more detail, if My := span {X € DMy | I(X) > 0} and
M := My, where the closure is meant in the norm topology, one finds (cf.
[16, Corollary 5.10])

M =M+ ClI.

Furthermore, if w denotes the vacuum expectation, and ws € S(IM) is
Weo(X +c¢l):i=¢, XeM, ceC,

the monotone stationary states are exactly those lying in the segment link-
ing w and weo.
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THEOREM 4.4 (cf. [16]). We have

SZ(gﬁ) = {(1 - ’7)“ T YWoo | vE [07 1]}

Thus, similar to the boolean case, the stationary states give rise to the

simplest nontrivial simplex, with ergodic points given by the vacuum and
the state at infinity wo.. However, in contrast to what happens for booleans,
monotone stationary stochastic processes do not satisfy any strong ergodic
property like unique ergodicity or unique (weak) mixing (see [16]).
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