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1. Introduction

1.1. Dirichlet divisor problem. Let d(n) be the Dirichlet divisor
function, and let D(x) = >, ., d(n) = >, ., <, 1 denote the summatory
function. In 1849, Dirichlet proved that a

D(z) = zlogz + (2vy — 1)z + O(v/z),

where ~ is the Euler constant.
Let
A(x) = D(z) —xlogz — (2y — 1)x

be the error term in the asymptotic formula for D(x). Dirichlet’s divisor
problem consists in determining the smallest o for which A(z) < x%t¢
holds for any € > 0. Clearly, Dirichlet’s result implies that o < 1/2. Since
then, there have been many improvements on this estimate. The best result
to date, given by Huxley [7, 8], reads
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(1.1) A(x) < 1116 log 8320 1.

It is widely conjectured that o = 1/4 is admissible and is the best possible.
Since A(z) exhibits considerable fluctuations, one natural way to study
the upper bounds is to consider the moments.
In 1904, Voronoi [15] showed that
t T
| A(z) da = T+ O(T3/%).
1
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Later, in 1922 Cramér [3] proved the mean square formula

T
| A(2)? do = T2 + O(T%/*), Ve >0,
1
where ¢ is a positive constant. In 1983, Ivi¢ [9] used the method of large
values to prove that
T
(1.2) VA@)[A do < TV e > 0,
1
for each fixed 0 < A < 35/4. The range of A can be extended to 262/27 by
the estimate (1.1)). In 1992, Tsang [I3] obtained the asymptotic formula

T
(1.3) | A@)F do = e T 4 O(THHRA%)  for k = 3,4,

1
with positive constants cs, ¢4, and d3 = 1/14, §4 = 1/23. Ivi¢ and Sargos [10]
improved the values d3, d4 to 05 = 7/20, &y = 1/12, respectively. Heath-
Brown [5] proved in 1992 that for any integer k& < A, where A satisfies ((1.2)),

the limit
X

cp = lim X 17k/4 S A(x)k dx
X —00 1
exists. Then, there followed a series of investigations on explicit asymptotic
formulas of the type for larger values of k. In 2004, Zhai [16] established
asymptotic formulas for 3 < k < 9.
At the beginning of the 20th century, Voronoi [15] proved the remarkable
exact formula

M) = -2y S W ks (amy) + v ),
n=1

where K7, Y] are the Bessel functions, and the series on the right-hand side
is boundedly convergent for x lying in each fixed closed interval.

Heath-Brown and Tsang [6] studied the sign changes of A(x). They
proved that for a suitable constant C' > 0, A(x) changes sign on the interval
[T, T 4+ C\/T) for every sufficiently large T. Here the length +/T is almost
best possible since they proved that in the interval [T, 2T there are many
subintervals of length > +/Tlog™® T such that A(z) does not change sign
in any of these subintervals.

1.2. A weighted divisor problem. Recently, Berndt et al. [I} 2] con-
sidered a weighted divisor function Z/mngx cos(2mm#y ) sin(27nbsy), where
the prime ’ on the summation sign indicates that if z is an integer, then
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only 1/2 of the last terms are counted. They got an analogue of Voronoi’s
formula as follows.
Let J; be the ordinary Bessel function. If 0 < 61,65 < 1 and x > 0, then

Z, cos(2mm#y ) sin(27nby)

_ cot 7792 f Ji(4m/(m + 01)(n + 02)x)
B ;0;){ V(m+601)(n + )
Ji( 47r\/ (m+1-061)(n+6)z) Ji(dmy/(m+61)(n+1 — 69)x)
V(m+1—61)(n+062) V(m+01)(n+1-0)
_ Jildry/(m+1-0)(n+1 - 92)93)}
Vm+1-01)(n+1-06) .
Denote
S(z;a1/q,a2/q) = Z, cos(2mmay /q1) sin(2mnas /q2).

In [11], we found for x > 1, 1 < a; < ¢;, (a;,¢;) =1 (i = 1,2) and a large
number 7" > 1 that

26947

S(qiqezsar/q1, a2/q2) < Q1QQ9€416 (logz) s320°

and
T

(1.4) S S(q1gow; a1/q1, as/q2) dr < q1g2T%/™.
1

If T> (q1g2)° is large enough, then for 2 < k£ < 9 we proved

T T
(15) | S(qqew;a1/q1, a2/02)" daw = (q1q2)" Cy | &¥/* dar+o((qrg2) FT %),

1 1
where the C}, are explicit constants.

Here we study S(x;a1/q1,a2/q2) further and give some more estimates

for it.

NOTATION. For a real number ¢, let [t] be the largest integer no greater

than £, {t} = ¢ — [t], (t) = {¢} — 1/2, [[t] = min({t}, 1 — {t}), e(t) = 2.
Moreover, f =< g means that both f < g and f > ¢. Throughout this paper,
¢ denotes sufficiently small positive constants, and £ denotes logT'.

2. Main results. In this paper, we will discuss the sign changes of
S(x;a1/q1,a2/q2) and prove

THEOREM 2.1. Let ¢1 > 0 be a sufficiently small constant and ca > 0 be
a sufficiently large constant, q1 > 2, g2 > 3, 1 < a; < ¢; and (a;,q;) = 1
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(i = 1,2). For any function f : (0,00) — R with |f(t)| < c1t'/4, the function
S(t;a1/qu,a2/q2) + f(t) changes sign at least once in the interval [T,T +
o1 @2T'] for every sufficiently large T > (q1q2)'*e. In particular, there
exist t1,ta € [T,T 4 can/q1q2T] such that

1/4

S(ti;a1/q1,a2/q2) > 01t}/4 and S(ty;a1/q1,a2/q2) < —city

THEOREM 2.2. There exist positive absolute constants cs, c4, c5 Ssuch
that, for any large T > (quq2)""=, there are at least c3v/TLT disjoint sub-
intervals of length cavTL™T in [T,2T) such that £S(t;a1/q1,a2/q2) >
C5(Q1Q2)3/4t1/4 whenever t lies in any of these subintervals. Moreover,

meas{t € [T,2T] : +S(t;a1/q1, a2/q2) > c5(quq)> 4} > T.
We also study the (2-result for the error term in the asymptotic formula

(1.5) for odd k by using Theorem [2.2] Define

T
Frlqraew; a1 /a1, a2/q2) = (q102) % | S(qrqam; a1/ a1, an/q0)* dac — CT /4,
1

THEOREM 2.3. We have
Filq1@T;a1/q1,az2/qo) = Q(TY*T/ALT)
for any fized odd integer k > 3 and every sufficiently large T > (q1q2)°.

REMARK 2.1. Although at present we can only prove (1.5)) for 2 < k£ <9,
Theorem holds for any odd k > 2.

REMARK 2.2. We can get the same or similar conclusions for the sums

Zlmngx sin(2wnay /q1) sin(2rmasg/q2), Zlmngw cos(2mnay /q1) cos(2mmas /q2)
with the same approach.

3. Voronoi-type formula for S(x;a;/q1,a2/q2). In [11], we proved an
analogue of Voronoi’s formula for S(q1q2x;a1/q1,a2/q2). Set

E(n;H,J) = {{h,l} |hl=n,1<h<H h<I< 2‘]+1h}.
Denote

Ady(n; a1, q1, a2, q2) = d(n;ar,q1, a2, q2) + d(n; —ay, g1, az, ¢2)
—d(n;a1, g1, —az, g2) — d(n; —ai1, q1, a2, g2),
Ada1(n, H,J;a1,q1,a2,q2)
DD F N PR N FE Wt
(hIYeE(m;H,J)  {hI}eEm;H,J)  {hl}eE(n;H,J) {hI}EE(n;H,J)

h=a2 (mod g2) h=a2 (mod ¢2) h=—a2 (mod ¢2) h=—a2 (mod ¢2)
I=a1 (mod q1) I=—a;1 (mod q1) I=a; (mod q1) I=—aj1 (mod q1)
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Ad272(n) H7 Ja ai, qi, az, Q2)

D) T O T NS I W §
{h,l}eE(n;H,J) {h,l}eE(n;H,J) {hl}eE(n;H,J) {h,l}eE(n;H,J)

h=a1 (mod q1) h=—a1 (mod q1) h=a1 (mod q1) h=—a1 (mod q1)
I=as (mod ¢2) l=a2 (mod ¢2) I=—as (mod ¢2) I=—a2 (mod ¢2)

Let

g L+ 2logqige — 4log L
N log 2 ’

H > 2 be a parameter, and 7° < y < min(H?, (q1q2)*T)L~*. Suppose
T <x <2T. Then

(3.1)  S(qigez;ai/qu,a2/q2) = Ro(z;y) + Rio(z;y, H) + Roi(z5y, H)
+ G12(.CIZ‘; H) + GQl(l'; H) + O(q1q2£3),

where

/4 cos(4my/nx — 3w /4
(3.2) Ro(ac';y):qlq2 Z (i / )Ad2(n; a1, q1, a2, G2),

3/4
42 = n3/
1/4
4192
R Z; aH =
12(z;y, H) N
cos(4m+/nx — 3w /4
x ) ( 374 /)Ad2,1(n7H,J;al,ql,az,cm),
y<n<2J+1H2 n
1/4
q1927
R Z; 7H =
21(z;y, H) N
cos(4dm/nx — 3w /4
x Z ( \/;j/4 /)Ad2,2(naH7J;a17Q17627Q2)7
y<n<2J+1H?2 n
1
Gra(x; H :O<q2 min(l, ))7
) n1<§q1:ﬁ H|qiz/n1 —ra/q||
1
Goi(x; H —O<q1 min(l, ))
( ) m%\ﬁ Hllgez/no — 11 /q1||

4. Proof of Theorem In this section, we prove Theorem fol-
lowing the approach of [6].

Let ng be the smallest integer n such that Ads(n; a1, q1,a2,q2) # 0. By the
definition of Ada(n;a1,q1,a2,q2), it is easy to see that Ada(ng; a1, q1,az, g2)
= 1or —1, and ng = min{a1, g1 — a1} X min{asz, g2 — a2}, which implies that
no < iqwz-
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Suppose |f(t)] < it/ Let
S*(t) = 4V21(q1ge) V2 (S(q1got?; a1 /a1, az/a2) + fqrgat?)) for ¢ > 1.

Define
K¢(u) == (1 —|ul)(1 + ¢sin(4ray/nou)) for |u| <1,

with ( =1 or —1, and o > né/z a large number.
Set (' = —Ada(ng;a1,q1,a2,q2)¢. Then it is easy to see that (' = 1
or —1, and Theorem follows from Lemma [4.1] below.

LEMMA 4.1. Suppose T > (q1q2)° is a large parameter. Then for each

VT <t< V2T, we have

1
| %t + au)K¢(u) du
-1

- 2 C3/4 sin(drty/no — 3m/4) + O(O‘_Q +t12L8 01(Q1Q2)_3/4).
N

Proof. Let J and y be as prior to (3.1), with H > 2 to be determined.
From (3.1)), we have
(4.1) §*(t) = Ro(t;y) + Ria(ty, H) + Ry (8 y, H)
+4V2m(qig2) 2 f(qrgat?)
+ Ot 2(Gla(t H) + Gin (5 H))) + O(72L%),

where
N cos(4rmt\/n — 3w /4
Ry(tiy) = > ( \6/4 / )Ad2(n;a1,Q1,a27Q2),
n<y n
cos(4rt/n — 37 /4
Rty H) = Y ( T\l/;;4 / )Adm(m H, J;a1,q1,a2,q2),
y<n§2J+1H2
. cos(4mty/n — 3w /4
R21(t7y’H) = Z ( 7\’;;4 / )AdQ,Q(n7 H7 ']7 a17q17a27QQ)7
y<n§2J+1H2
S ).
1203 = — min ) )
H t2 _
n lq1t?/n1 — 12/ q2||
1 1
G;l(t'H):O< Z min(l ))
) ’H t2 _
a2 na<qay/T lg2t?/no —ri/qu|
Denote

R*(t)=Ry(t;y)+Ris(t;y, H)+R5, (t;y, H), G*(t)=G1a(t; H)+G5,(t; H).



Weighted divisor problem 141

Then
(4.2) S*(t) = R*(t) + 4vV27(q1g2) 't f(qr190t?)
+ O™ Y26 () + Ot 1/2L3).
We first consider 8171 G*(t + au) du. Noting that

o0

min(l, Hir‘) - hzzooa(h)e(hr)

with
a(0) < H 'logH, a(h) < min(H 'logH,h 2H), h #0,
we have

1
S Gis(t+ au; H) du
-1

- hqit?  hra\ ¢ ([ 2hqitou + hgiau?
N I i (LA R W IR
q1 , = n q2 ni

h=—oc n1<¢11\/T -1

1

< |a(O)|VT + alh

BT+ Sl 3 e

= n<qVvT

(o]
< H'T'?1og H + ZH (log H)T(hta)™ + > HT(ta)'h~*
h=1 h=H
< H'T'/? log? H,
where the first derivative test was used. This estimate remains valid with
G174 replaced by G35;, which yields
1
(4.3) | G*(t+ au) du < H™'T'?1og® H.
-1

Now we estimate Sl_1 R*(t + au)K¢(u) du. By the elementary formula

cos(4n(t + au)y/n — 3w /4)
= cos(4mty/n — 3w /4) cos(dmauy/n) — sin(4rt\/n — 3w /4) sin(drauy/n),
we get
1

S cos(4m(t + au)y/n — 37 /4)(1 — |u|)(1 + sin(dray/nou)) du = I + I
—1

with
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1

I = cos(4nty/n — 371 /4) S cos(4mauy/n)(1 — |ul)(1 + ¢ sin(dray/ng u)) du
~1
1

= cos(4mty/n — 3m/4) S cos(4rauy/n)(1 — |ul) du,

-1
1

I, = sin(4nty/n — 3w /4) S sin(4rauy/n)(1 — |ul)(1 + ¢ sin(4dray/no u)) du
-1
1

= (sin(4nty/n — 37 /4) S sin(4rauy/n)(1 — |ul) sin(4ray/ng u) du

-1

1
_ gsi (4t — 37/4) | (1 - [u]) cos(dmau(v/i — /) du
51
1

— %sin(élmf\f —3m/4) S (1 — |u|) cos(dmau(v/n + /ng)) du.

-1

By using
1
S (1 —u)cos(Au) du < |A|72, A #0,
0

we have

(¢/2) sin(dnty/ng — 37/4) + O(a"?ngt), n = n,

-2 -1 _
h<a™n™, L= {O(a_z(\f—\/n»o)_% n # o,

which yields
1
S cos(4m(t + au)y/n — 3w /4) K¢ (u) du
-1
_ { (¢/2)sin(4nt\ /g — 31/4) + O(a~2ng "), n=ny,
Oa™(v/ii — y/iig) ), n # no.

Take H = T and y = T"/2. Then clearly ng < y. Thus we get
1
(44) | R*(t+ou) K (u)du
-1
a~2n=3/*d(n)

¢ . ( )
= ————sin(4nt\/ng—37/4) Ads(ng;a1,q91,a2,q2) +O -
LR p oy =

_2 €/4 Sin<47rt\/7’TO—37T/4)Ad2(n0;a1’q1,a2’q2)_i_O(Oé—Q)’
Mo

. d
by using Zn>n0 an\/ﬁop <K 1.
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Note that H =T and t =< T"/2. From (4.2)-(4.4)), we see that
1
S S*(t + au)K¢(u) du
-1

= _2,”%/4 Sin(47Tt\/TT — 37T/4)Ad2(n0; ai,qi,as, q2) + O(a—2)

4-6)((Q1QQ)_1t_1ﬂZSUP f(Q1qQ(t+-an02))
jul<1

+ O(tfl/ZHflTl/Q‘CZ) + O(t71/2£3)

!

== 5 C3/4 Sin(47rt\/7”T — 371'/4) —+ O(O(_Q) =+ O(Cl(q1q2)_3/4) + O(t_1/2£3),
LN

This completes the proof of Lemma .

5. The mean value of S(qiq2x;a1/q1,a2/q2) in short intervals.
Suppose T' > (q1g2)° is a large parameter, and 1 < h < %\/T Denote
S(q1q2x) = S(q192x;a1/q1,a2/q2). In this section we shall estimate the in-

tegral
T

I(T,h) = | (S(q1ga(x + 1)) — S(q1g22))” d,
1
which will play an important role in the proof of Theorem This type of
integral was studied for the error term in the mean square of ((1/2 + it) by
Good [4], for the error term in the Dirichlet divisor problem by Jutila [12]
and for the error term in Weyl’s law for a Heisenberg manifold by Tsang
and Zhai [14]. Here we follow the approach of Tsang and Zhai [14] and prove

LEMMA 5.1. The estimate
I(T,h) < (q1q2)°hT log® (VT /h) + (q142)*T L
holds uniformly for 1 < h < %\/T
Proof. Write
(5.1) I(T,h) = +],
12

where
100 max(h2,T2/3)

(S(qra2(x + 1)) — S(q1g2))” da,

|
5

(S(qraz(z + 1)) — S(q1g2))” da.

(h
|
|

100 max(h2,T2/3)
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From (|1.5)), we see that

(5.2) S < (ug)* (B3 +T) < (q1q2)*Th.
1

For 82, we first estimate the integral

(5.3)
2U

J(U,h) = S (S(qrga(z+h)) —S(qlqgw))2dx, 100 max(h?, T%3) < U < T.
U

Let T'=2U in (3.1). Then
S(qigex) = Ro(z;y) + Raz(zy, H) + R (z3y, H)
+ Gia(x; H) + Gai(x; H) + O(q1g2 log® U).
Take H = U and y = min(%Uh’l7 Ulog™® U). From [1I, Lemmas 6.2
and 6.5], we see that
2U
S |Gia2(z; H) + Gai(z; H)‘Q dr < (Q1QQ)2U10g U,
U
2U

| [Rio(w;y, H) + Ror (w59, H)? de < (q192)* Uy~ 10g? U.
U
Thus we get

2U
(5.4) S (S(q1g2%) — Ro(z;y))* da

U
< (q1@)* Uy 2108 U + (q142)U log® U
< (q1g2)*URM?10g® U + (q12)*U log® U.
We now estimate the integral S (Ro(z+h;y)— Ro(z;y))? do. From ([3.2)),

(5.5) Ro(z + hyy) — Ro(x;y) = Fi(z) + Fa(x),
where
_ q192 1/4 1/4
Fi(x) = z+h —x
(@) = 22 (@ ) )
Ady(n;
X Z Q(n’al?)’/il’a%@ cos( 47r\/m 3m/4),
n
n<y
1/4
41927

Ada(n; a1, 91, az, g2)
Z 3/ (cos(dm/n(x + h) — 3m/4)

Fy(x) =
2() 4\/§7Tn<y

— cos(4my/nz — 31/4)).
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From [I1, Lemma 6.3], we get

2U 2U
(5.6) | Fi(2)?de < R2U™2 | Ro(x + h)? dz < (quq2)*h*U Y2,
U U

For the mean square of Fy(x), we see
(5.7) F3 = Fp1 + Fa,
with

(th Ady(n; a1, q1, a2, ¢2)*
n<ly

x (cos(4my/n(z + h) — 37 /4) — cos(4my/nx — 37r/4))

(0192)* 12 Ady(m; ay, qu, a2, q2) Ada(n; a1, q1, a2, q2)
Fp(z) = 3272 " > (mn)3/4

m,n<y
m#n

x (cos(4my/m(z + h) — 37 /4) — cos(4m/ma — 37 /4))
x (cos(4m/n(z + h) — 3w /4) — cos(4my/nz — 37 /4)).
By writing

cos(4dmy/n(x + h) — 3w /4) — cos(dmy/nx — 3w /4)

1

(—1)7 T cos(4m/n(z + jh) — 37 /4),

=0
we get
Q1Q2 1/2 +j
(5‘8) FQQ(JJ) 3972 Z Z ]1 ”
71=0j2=0
" Z Ady(m;ar, qi, a2, q2) Ada(n; a1, q1, a2, g2)
3/4
m,n<y (mn) /
m#n
x cos(4my/m(x + jih) — 3w /4) cos(dm/n(x + joh) — 37/4)
=: Foo1(x) + Faga(x),
where
F221(9?> = 6471'2 ZZ ]1 2 Z WA@(TWGLQL(IQ:QQ)
J1=0j2=0 m,n<y
m#n

><Adg(n;al,ql,ag,qg)cos(47r\/m(x—i—jlh)—élﬂ\/n(x+j2h)),
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; 1
Fhgo(z) = (022 I/QZZ 1)Jrtrtl Z g Ada(msa1,q1,02,02)

642
71=0j2=0 ey (M)
m#n

X Ady(n;a1,q1,a2,q2)sin(4my/m(z+ jih)+4m/n(z+j2h)).
g+ (z) = dm/m(x + ji1h) £ 4n\/n(x + ja2h).

Let

Using
(1482 = 1+Zd v (It <1/2)

with |dy| < 1, we see
g+(z) = 4mv/x(vVm £+ V/n) +47TZ 1/2 f]1i\f]2)

Noting that m,n <y < %Uh_l, we have

0 ()] > ;Eh/m Vil (m#n).

Then by the first derivative test we get

2U
Ada(m; a1, q1, a2, q2) Ada(n; a1, q1, a2, g2)

Fog (2) dz < (q192)*U |
ISJ m,;y (mn)3/4|\/m — \/n|
m#n
ZSUF ((L‘) dx < (q q )2U Z AdQ(m;alvqlaa27q2)Ad2(n; a1’q17a27q2)
222 1G2
U <y (mn)3/4y/m + /nl
m#n
From (5.8), we obtain
2U
(5.9) S Fyy(z) dx
U
(q1¢2) U Z Ads(msay,q1,a2,q2)Ada(n; a1, q1, a2, q2)
3/4 —
m,n<y mn) / ‘\/7 \f’
m#n

< (q192)°Ulogt y,

where we have used the estimate ), 5 d(n) < Nlog N.
By the elementary formulas -

— 1
COSU — COSV = —QSin(u—QHj) sin(u 5 v), sin?u = 5(1 — cos2u),

we have
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2U
(9192)* x~ Ada(n; a1, 1, a2, ¢2)°
(5.10) | Fo(z)do = o7 > 7
n
U n<y
2U
X S 22 sin®(2m\/n(x + h)+27v/nz—3n/4) sin?(2m\/n(x + h)—27v/nx) da
=: Io11 + I212,
where
_ (01@2)? < Ada(n; a1, q1, 02, ¢2)*
2U
X S 126in?(2m+\/n(x + h) — 27v/nz) dx
U
(4142)% x—~ Ada(n; a1, g1, a2,02)° T 1)
Iy = 5 Z e S 22 sin(4m\/n(x + h)+4n/nx)
167 <y n3/2 i

X sin? (2my/n(z + h) — 27y/nx)d

By the first derivative test, we have
L,(t) = S 22 sin(4m\/n(x + h) + Anv/nz) de < Un~Y2, U <t < 2U.

Using integration by parts, we obtain

2U

S 22 sin(4m\/n(z + h) + 4mv/na) sin? (27\/n(z + h) — 2nv/nz) do

2U
= Ssm (2my/n(x + h) — 2nv/nx) dL,(x)
U
2U
= L,(2U) sin?(2my/n(2U + h) — 27v2nU) — 2 S Lu(z )<\/% %ﬁ)

x sin(2my/n(z + h) — 27y/nx) cos(27n/n(m + h) — 2my/nz)dx
< Un Y24+ U,
which yields

2 d(n)2 -1/2 1/2
(5.11) b < (q192)* Y — 55 (Un™"2 + U'V2h)

n<y

< (q1g2)*(U + Ul/Qh) < (q192)?U.
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By using
Vo +h =z + ha ™12 + O(h%273/?), x> 100h2
we get
sin?(2my/n(z + h) — 2nv/nz) = sin?(whn'/ 2272 + O(h*n!/2273/2))
= sin?(rhn' 227 Y2) 4 O(h?n'/2273/2),
Noting that

2U 2U
S 22 sin? (whn' P2 1?) dzx < S 22 min(1, h?nz ") da
U U
< {U1/2h2 ., n<Uh™2,
Us/? n>Uh72,
we have
d(n)?
(5.12)  Ioni < (q192)° Z 753/)2
n<ly
2U
X S 212 (sin? (ehn/22=1/2) + O(W2n/2273/%)) da
U
d(n)?
2
< (Q1q2) Z TZ3/2
n<y
2U d(n)2
X S 22 sin?(whn' 222 dz + O ((Q1QQh)2 Z )
U n<y "
d(n)?
< h 2U1/2 2U3/2
(q192h) M%_Q 12 + (9192)
d(n
> Ol gty
n>Uh—2

< (102)*Uhlog*(VU/h),
where we have used the well-known estimate ), .y d(n)* < N log® N.

From (5.10)-(5.12)), we get
2U

(5.13) | Por(@) do < (q192)*Uhlog® (VU /h).

U
Combining (5.7)), (5.9) and (5.13]), we obtain

2U
S Fy(x)?de < (qig2)*Uhlog® (VU /h) + (q1¢2)*U logty,
U
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which together with (5.5)), (5.6) yields

2U
(5.14) | (Ro(z + h;y) — Ro(w;y)) da
U

< (q1q2)?Uhlog® (VU /h) + (q1g2)*U log? y.

From (5.3), (5.4)), and (5.14)), it follows that
J(U,h) < (q1g2)*Uhlog® (VU/h) + (q142)*U log® y,
which implies

(5.15) | < (0192)°Thlog® (VT /h) + (q142)°T LY,
2

via a splitting argument. Then Lemma follows from (5.1)), (5.2) and
BI9). =

6. Proof of Theorem In this section, we prove Theorem [2.2] by fol-
lowing the approach of [14]. We still write S(q1¢q2x) = S(q1q2x; a1/q1, a2/q2).
Define

S+(t) = 5(1S®]+5(t),  S-(t) = 3(IS(t)| = S(1)).

LEMMA 6.1.
2T

S Sy (qugat)? dt > (q1q2)*T%/2.
T
Proof. From (|1.5)) with & = 2,4, by Holder’s inequality, we get

2rr/2 2T ) 2T 2/3 2T . 1/3
(102" T*? < | S(qas)? dt < ([ 1S(@asldt) (| Staaet)* dt)
T T T

2T

2/3
< ( Ist@anld) " (@a) 17,
T
which yields
2T
(6.1) | 1S(@gat)] dt > qg2T*,
T

From (1.4]), we see that

2T

| S(q1g2t) dt < qugaT™/*.
T
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Thus, from the definition of S (q1¢2t), we have

2T
| Si(quaot) dt > qrg T
T
Then by Cauchy—Schwarz’s inequality, we get
2T 2T 2T

aaeT < (| at) 1/2( | Se(mat)? dt>1/2 < T'2( | Se(mast)? dt)m,
T T T

which immediately implies Lemma .

LEMMA 6.2. Suppose 2 < Hy < \/T. Then
2T
S max (St(qrge(t+h)) — S:I:(QlQQt))2 dt < (qug2)*HoTL".
T "= 0

Proof. Since

|St(q1q2(t +h)) — St(q1g2t)| < [S(q1qa(t + h)) — S(q1g2t)],

it is sufficient to prove that
2T )
I= S max (S(q1q2(t + 1)) = S(qugat))” dt < (qug2)*HoT L.
T "= 0
Write Hyp = 2b with A € Nand 1 < b < 2. By Lemma we get
2T+v22~Hp

T<AY \ (S(quag2(t+2b)) = S(qugat))* di+(q1q2) T L2

p<ANO0<v<2¢ T4p2A—np

<A DT ((q1g2)*22 bTL3 + (q142)°TLE)

U< 0<p<am
<A Z ((q142)2 0T L? + (q1g2)*2¢T L)

1500
< N (q1g2)?HoTL? + Mq1g2)* HoTL® < (q192)*HoT LT,

where we have used the well-known estimate
Z dn) <ylogz, zf<y<uz. =
r<n<lzr+y

Now we finish the proof of Theorem For any function P(t) and Q(t)

such that

2

w(t) = P(t)? - 4 max (P(t+h) - P(t)” —Q(t)* >0,

we see that P(t + h) has the same sign as P(t), and |P(t + h)| > 3|Q(t)|
for any 0 < h < Hy. Take P(t) = S+(qiget) and Q(t) = dqiqat!/* for a
sufficiently small § > 0. By Lemmas [6.1] and we get
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2T
(6.2) | wt)dt > (12)*T*? — O((quae)*(HoTLT + 6°T3/?))

> (q1g2)*T??,
by taking Ho = 0TY/2L77. Let
S ={te[T,2T]: w(t) > 0}.
From and , using Cauchy—Schwarz’s inequality, we have

2T
(102’1 < [ w(tydt < {w(t)dt < | Si(q1q2t)® dt
T 54 7

oT 19
<1712 St at) < |71 (@) T,
T

which implies
|7 > T.

This completes the proof of Theorem .

7. Proof of Theorem Suppose k > 3 is a fixed odd integer and
T > (q1g2)° is a large parameter. Set
5 -1 if Cy >0,
B { 1 ifC, <0,
where CY, is defined in (|L.5).
By Theorem [2.2] there exists ¢ € [T, 2T such that §S(q1gou; a1/q1, a2/q2)
> c5qrgott/* for any u € [t,t + Hp], with Hy = caV'T £77. Thus
t+Ho

FHot"* < (a2) ™ | " S(q1qous a1/a1, a2/ q2)" du
t

— SR Cu((t 4+ Ho) /Y — g1/

+ ok (Fe(qrg2(t + Ho)s a1/q1, a2/q2) — Fr(qraat; ar/q1, a2/q2))
= §*CL(1 + k/D)t* Hy + O(HZP A1)

+ 6" (Fe(qraa(t + Ho)s a1 /a1, a2/a2) — Fi(qiaot; a1/q1, a2/q2)),

which yields
8" (Fe(qiaz(t + Ho); a1/q1, a2/a2) — Fr(qiaot; a1/q1, a2/q2))
> CrHot"* (1 + O(HoT™))
with
Ci=ck—oFCrL(1 4+ k/4) > 0.
Thus we get
| Fi(q1g2(t + Ho); a1 /q1, az/q2) — Fi(q1gat; ar/q1, az/q2)| > HoT**,
which immediatly implies Theorem "
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