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1. Introduction. Let k be a field and x an indeterminate. The first
approach to a theory of lattices over the polynomial ring k[x] goes back
to Mahler [II]. In [10, §16], H. Lenstra gave a brief sketch of the essential
features of the theory, which has been developed in full scope by Bauch [2].

The role of the norm determined by a quadratic positive definite form,
in the classical theory of lattices over Z, is undertaken by a certain length
function d defined over a finite-dimensional vector space over k(x). For the
vector space underlying a finite field extension L/k(x), we can consider

d: L - Q, d(a)=—min{w;(a)|1<i<t},

where wy, . .., w; are the valuations on L extending the valuation v, on k(x),
characterized by v (a) = — deg(a) for any polynomial a € k[z]. In this way,
d is a kind of extension of the degree function on k[x].

A relevant concept is that of reduced basis of a lattice with respect to the
given length function. W. M. Schmidt used reduced bases of integral closures
of certain subrings of function fields of curves over finite fields, as a crucial
tool for the design of algorithms to compute bases of the Riemann—-Roch
spaces attached to divisors of the curve [13, [14] [9] 2].

In this paper, we study reduced bases of integral closures of arbitrary
discrete valuation rings.

Let A be a discrete valuation ring with field of fractions K. Let L/K
be a finite field extension, and B the integral closure of A in L, which we
suppose to be finitely generated as an A-module. Let v be the valuation on
A and wi,...,w; the valuations on L extending v. The notion of reduced
families of elements in L with respect to the function

w: L* - Q, w(a)=min{w;(a)|1<1i <1t}
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was already introduced in [7] as a tool to prove that certain families of
integral elements constitute A-bases of B.

In Section [2, we develop, in a more comprehensive way, the properties
of reduced families in this general context. In Theorem we compute
the multiset of w-values of a reduced integral basis, which turns out to be
independent of the basis. Also, in Theorem [2.11] we find the structure of the
transition matrices between reduced integral bases.

In Section [3] we present a triangulation routine to convert a given re-
duced integral basis into a triangular one, without destroying reducedness.
This has many practical applications. For any task involving the previous
computation of a reduced integral basis (like the computation of Riemann—
Roch spaces of function fields) the computational cost is diminished if we
use a triangular reduced integral basis. Specifically, triangular integral bases
facilitate the computation of global integral bases by patching local ones,
with the aid of the Chinese remainder theorem.

In Section [4] we introduce a normal form for triangular reduced integral
bases. Finally, in Section [5] we discuss some computational issues concerning
the computation of integral bases in reduced normal form, and we exhibit a
concrete example.

2. Reduced integral bases. Let v: K — ZU{oo} be a discrete valua-
tion on a field K. Let A be the valuation ring, m € A a uniformizer, m = 7A
the maximal ideal of A, and k = A/m the residue class field.

Let L/K be a simple finite field extension of K of degree n > 1, that is,
L = K(0) for a certain # € L which is the root of some monic irreducible
polynomial f € Alz| of degree n.

Let B C L be the integral closure of A in L. The ring B is a Dedekind
domain, which we assume to be finitely generated as an A-module. This is
the case, for instance, when L/K is separable, or K is complete, or A is a
finitely generated algebra over a field [16, Ch. I, §4].

Under this assumption, B is a free A-module of rank n. An A-basis of
B is called an integral basis of L/K.

Although integral bases are ordered families of elements in B, sometimes
we forget the ordering and consider integral bases merely as subsets of B.

Let wq, ..., w; be the valuations on L extending v. For each w;, let B; C L
be the valuation ring, m; the maximal ideal of B; and k; = B;/m; the residue
class field. Denote f; = [k;: k] and e; = e(w;/v). The ramification index e;
is characterized by the property w;(L*) = e;lZ. In this situation, we have
the well-known relation ), e; fi = n.

Consider the following quasi-valuation extending v to L:

w: L —-QU{oo}, w(a)=min{w;(a) |1 <1<t}
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For a,8 € L, a € K and m € Z, the mapping w satisfies:

(1) w(aB) > w(a) + w(B), and equality holds if § = o™,

(2) w(apf) = w(a) + w(B) =v(a) +w(B),

(3) w(a+ B) > min{w(a), w(B)}, and equality holds if w(«a) # w(p).

Lemma 2.1, w(L*) = U, wi(L*) = UL, ;' 2.

Proof. By the very definition, w(L*) C Ji_, w;(L*). Since the valuations
wi,...,w; are pairwise independent, for each 1 < ¢ < t there exists an
element a; € B with w(e;) = e;'. Hence, w;(L*) = w({a* | m € Z}) is
contained in w(L*) forall 1 <i<t. m

Since B = By N ---N By, the integral elements are characterized by
B={a€L|w(a)>0}.

Also, the subset B C B formed by an integral basis satisfies w(B) C [0,1).
In fact, if @ € B has w(a) > 1 then «/7 is integral and it does not belong
to the A-module generated by B.

DEFINITION 2.2. A subset {aq,...,aq} C L* is called reduced if for all
ai,...,aq € K,
d
(2.1) w(z ajozj> = min{w(a;a;) [ 1 < 5 < d}.
j=1

The left and right hand sides of increase by v € Z if we replace
each a; with a;7”. Thus, in order to check we can assume that all a;
belong to A and not all of them belong to m.

The following property follows immediately from the definition.

LEmMA 2.3. If {au,...,aq} is reduced, then for all ay,...,aq € K the
set {ajan, ..., aq0q} is reduced.

It is easy to check that a reduced set is always K-linearly independent.
Further, any reduced set {o; | 1 < j < n} of cardinality n determines a
reduced integral basis {«; Jmlwle)] | 1 < j < n}, as the following result
shows.

LEMMA 2.4. A reduced set B = {aq,...,an} C L* such that w(B) C
[0,1) is a reduced integral basis of L/ K.

Proof. The assumption on w(B) implies that B C B. Let us prove that
B generates B as an A-module.

Any a € B may be expressed as a = >
By reducedness, for all j we have

w(ajojy) > w(a) > 0.

Since w(eyj) < 1 and w(a;) is an integer, this implies w(a;) > 0, or equiva-
lently a; € A. =

n

=1 @ for some ay,...,a, € K.
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Our aim is to show that all reduced integral bases B of L/K have the
same multiset w(B). We want to compute the cardinality of the subsets
Bs={aeB|wla)=0}CB, §ecw(l").
To this end, we need a certain criterion for reducedness.
For any 6 € w(L*), consider the A-modules
Li={a€L|w(a) >} DL ={aeL|wk) >4}
Since mLs C L;, the quotient L/ Lg has the structure of a k-vector space.

DEFINITION 2.5. Consider the k-vector space V = Hle k; of dimension
22:1 fi. For each 1 < ¢ < ¢ fix some uniformizer m; € m;.
For all 6 € w(L*) we define a reduction map

Leid]

reds: Ls =V, reds(a) = (as;i)i<i<t, Q5 = o, + m,.

Clearly, reds is a homomorphism of A-modules and ker(reds) = L(J{.
Hence, it induces an embedding of Ls/ L; as a k-subspace of V.

THEOREM 2.6 ([13, 14], [7, Lem. 5.7]). Let B C L with w(B) C [0,1).
Then B is reduced if and only if reds(Bs) C V is a k-linearly independent
family for all § € w(B).

DEFINITION 2.7. Given a set E, we indicate by {e™¢ | e € E} the
multiset which contains each element e € E with multiplicity m..

THEOREM 2.8. Let E = w(L*)N0,1), and for each 6 € E consider
I={1<i<t|dee'Z}, fs=) fi
i€l

Then for any reduced integral basis B we have #Bs = fs. In other words,
the multiset w(B) is equal to Wy, i := {6/ | 6 € E}.

Proof. By Lemma E = U§:1 E;, where

Ei=e¢;'7Z0100,1) ={0,e; ", ..., (e; — e; '}, 1<i<t.

For each i consider the multiset X; = {671 | § € E;}. Let X = [[:_, X; be the

formal disjoint union of these multisets. The natural inclusions X; C Wy
induce a bijection of multisets between X and W7, k. Hence,

t
Zfé = #WL/K =#X = Zezfz =n.

0€E =1

On the other hand, reds(Bs) C Hiela k; for all § € E. In fact, for o € Bs
and j & I5, we have w;(a) # 0 = w(a); hence wj(a) > ¢ and 55 = 0.
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By Theorem [2.6] #Bs < fs for all § € E. Therefore,
n=> #B; <> fi=mn,
6€E 6€E
and the result follows. =

We end this section with a description of the transition matrices between
reduced integral bases.

NOTATION. For any matrix T' € A™*™ we denote by T € k™*™ the
matrix obtained by applying reduction modulo m to all entries in T'.

DEFINITION 2.9. An orthonormal basis of L/K is a reduced integral
basis (aq,...,a,) € B™ ordered by increasing w-values: w(ay) < -+ <
w(ap,).

This terminology is taken from [2], where lattices over the polynomial

ring k[z] are studied. Also, Theorem below is inspired by [2, Thm. 1.27,
Lem. 1.28].

DEFINITION 2.10. Let n = mq + -+ m, be a partition of n into a sum
of positive integers. This partition induces a decomposition of any T' € A™*"
into a kK X k matrix of blocks:

T:<E])7 ,‘Tij‘GAmixmjv 1§Z7]§H

The orthonormal group O(my,...,my, A) is the subgroup of GL,(A)
formed by all T' € A™*™ satisfying the following conditions:

(1) T3 € GLy,; (A), 1 <@ <k,

(2) Ti; € m™>™i for all i > j.

THEOREM 2.11. Let 0 = €1 < €9 < --- < €, < 1 be the elements in the
underlying set of W . For 1 <1i <k denote m; = f,, so that Wr /i =
{e" |1 < i < k}. Let B € B™ be an orthonormal basis of L/K. Then

B’ € B™ is an orthonormal basis of L/K if and only if the transition matriz
from B to B’ belongs to the orthonormal group O(my, ..., my, A).

Proof. Write B = (o, ..., o) and denote
ng=0, ni=mi+---+my, 1<k,
For a given T' € O(myq,...,my, A) set
o} a
(2.2) =T

3~
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For a given 1 < d < n, let 1 <i < k be determined by n;_1 < d < n;. From
(2.2) we deduce that o, = B + B + B, where

ni—1
B = Z a;jo; with a; € m,
j=1
n;
(2.3) B = Z ajo;  with a; € A, not all in m,
Jj=ni—1+1
n
,8+ = Z a0 with a; € A,
Jj=n;+1

(a1 -+ ay) being the dth row of T'. Since the family B is reduced, we deduce
w(ﬂ—) 2 17 U)(B) = €4, w(ﬁ-ﬁ-) > €.

Hence, w(a))) = ¢; = w(ayg), and
ni

red,, (o)) = red,, (8) = Z a; rede, (aj).
Jj=ni—1+1

Thus, T preserves the sequence of w-values, and moreover

redEi(alni_l—l—l) red€i(an¢71+1)
(2.4) =Ty , 1 <1<k
rede, (o7,,) rede, (an,)

By Theorem the family B’ = (o, ...,a),) € B" is reduced too, and by

Lemma [2.4] it is an orthonormal basis.

Conversely, suppose that B’ = (of,...,a}) € B™ is an orthonormal

basis of L/K, and let T' € GL,(A) be the transition matrix from B to B/,

determined by (2.2)). From w(c/;) = w(ag) we deduce (2.3]) and (2.4]). This
proves that T" belongs to the orthogonal group. =

3. Triangular reduced integral bases. We are interested in the com-
putation of triangular reduced integral bases, because they are useful in
many practical applications. For instance, they facilitate the computation
of global integral bases by patching local ones with the aid of the Chinese
remainder theorem [3, Ch. IV].

DEFINITION 3.1. We say that (ag,...,an—1) € L™ is a triangular family
if aj = g;(8)7"7 for a certain monic polynomial g; € A[z] of degree j, and
an integer r;, for each 0 < j < n.
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In other words, the transition matrix 7" € GL, (K) determined by

Q1 gt
=T
o™y 1
is upper triangular with entries 7#"»-1,..., 7" on the diagonal.

By Theorem [3.3] below, the computation of triangular reduced integral
bases amounts to computing, for each 0 < j < n, a monic polynomial
gj € Alz] of degree j such that g;(#) attains the maximal w-value among
all monic polynomials in A[z] of degree j.

DEeFINITION 3.2. For 0 < j < n, consider

d; = max{w(g(f)) | g € Alx] monic of degree j}.
Since the valuations w1, ..., w; are discrete, this maximal value is attained
by some monic polynomial g € A[z]. In other words, d; € w(L*) for all j.

We denote by m(d;) the multiplicity of ¢; in the family do, ..., dp—1.

Clearly, 09 < -+ < dp—1. In fact, if 0 < j < n and g € A[x] is a monic
polynomial of degree j — 1 with w(g(#)) = d;—1, we have

d; = w(Bg(0)) = w(0) + w(g(0)) = d;-1.
The following result proves the existence of triangular reduced integral

bases, and offers an interesting point of view to distinguish triangular re-
duced integral bases among triangular integral bases.

THEOREM 3.3 ([15, Thm. 1.4]). Let go,...,gn—1 € Alx] be monic poly-
nomials of degrees 0, ..., n—1, respectively. Let v; = w(g;(8)) for0 < j <n,
and consider the set B ={go(@)7~"°, ..., gn—1(8)7~"»~1}. Then:

(1) B is an integral basis if and only if |vj] = 0] for 0 < j < n.

(2) B is a reduced integral basis if and only if v; =3§; for 0 <j <mn.

By Theorems [2.8]and 3.3} the multiset {§; +7Z | 0 < j < n} is an intrinsic
invariant of the extension L/K. More precisely,

Wik =1{60 — [do),---,0n—1— [On-1]}
However, the multiset A = {do,...,d,—1} of all maximal w-values depends
on the choice of the polynomial f defining the extension L/K (but not on
the choice of the root 0 of f).
Consider Gauss’ extension of the valuation v to the polynomial ring A[z]:

’U(Z ada:d> = min{v(aq) | 0 < d}.
d>0

LEMMA 3.4. For a given g = g;ol agr? € Alx], let dy be mazimal with

the property v(g) = v(aq,). Then w(g(8)) < v(g) + dd,-



188 N. Moraes de Oliveira and E. Nart

Proof. Let gg,...,gn—1 € A[z] be monic polynomials of degrees 0, ...,
n — 1 attaining the maximal w-values dg, ..., d,—_1. Obviously, we can write
g in a unique way as g = Zg;& bagq with bg, ..., b,_1 € A. By hypothesis,
v(an—1),...,v(adgy+1) > v(g), v(ag,) =v(g).

Clearly, this forces the coefficients by to satisfy the same conditions:

’U(bn_l),---,v(bd0+1) > U(g), v(bdo) :U(g)
By Theorem and Lemma [2.3] the family go(6), ..., gn—1(6) is reduced,
so that w(g(#)) = min{v(bg) +04 | 0 < d < n} < v(bg,)+ 04y = v(g) +0d,- =

3.1. Triangulation of reduced integral bases. In this section, we
discuss a triangulation procedure which may be applied to any reduced
integral basis B = {f1, ..., ,} of the form

Bj=ai(@)r "), vy =w(g(6), 1<j<n,
where g1, . . ., g, are polynomials in A[x] whose w-values vy, . . ., v, are known.
Such a basis is provided, for instance, by the method of quotients [7], or
the multipliers method [1], both based on the Montes algorithm [6), [5].
The standard triangulation procedures, like the Hermite Normal Form

(HNF) routine, destroy reducedness. Our aim is to use these standard tech-
niques but in a controlled way which preserves reducedness.

DEFINITION 3.5. For an integer 0 < d < n, we say that qi,...,qq € Alz]
is a d-reduced polynomial family if the following conditions are satisfied:

(1) deg(gj) < d and v(gj) =0, for all 1 < j < d.
(2) q1(0),...,qq4(0) is a reduced family.

LEMMA 3.6. Consider the flag

of K-subspaces of L, where L; = (1,0,...,0" Y for 1 < i < n. For
0<d<mn,letq,...,qq0 be a d-reduced polynomial family with w-values
Vi,...,Vq. Then:

(1) vj <b4—1 foralll <j<d.
(2) q(0)/x . qe(0) /7wl is an A-basis of the A-module B N Ly.

Proof. The first item follows immediately from Lemma [3.4 The second
follows from the same arguments of the proof of Lemma .

The triangulation procedure iterates the following steps:
TRIANGULATION STEP

Input: A d-reduced polynomial family ¢, ..., qq, whose sequence of w-
values v1, ..., vy is known.
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Output:
e 551 and m :=m(d4-1)-
e Monic polynomials g4_1,...,g4—m € A[z] such that
deg(ga—j) =d —j, w(gd—;(0)) =6d4-1, 1<j<m.
e A (d—m)-reduced polynomial family ¢, ..., q,_,,, whose sequence of
w-values v{, ...,V is known.

We start with an n-reduced poynomial family provided by either method,
quotients [7] or multipliers [1]. Let r be the number of pairwise different max-
imal w-values. After r triangulation steps, we end with a family of monic
polynomials g,,—1,...,90 € A[z] of degrees n — 1,...,0, attaining the maxi-
mal w-values 6,,_1,...,d0. By Theorem this yields a triangular reduced
integral basis of L/K.

From now on, we fix a d-reduced polynomial family q1,...,qs with se-
quence of w-values vq,...,v4. Let v = max{v; | 1 < j < d} and let £ be the
multiplicity of v in the sequence v1, ..., 4.

We suppose moreover that the polynomials are ordered so that
Vi= "=V =V, Vppl,...,Vq <U.

The concrete description of the triangulation step, given in Proposition
3-8 requires an auxiliary result.

LEMMA 3.7. Let Iy 4(A) be the subgroup of GL4(A) of all matrices U of
the form

P| 0
(3.1) U= , P eGLy(A), Q e Ald-HxL,
Q| La—
For any U € Iy q(A) the polynomials qy, . ..,q, € Alz] obtained as
% qa
T
/
qdq qd

/

yield a reduced family q1(0),...,q¢,(0) € L with the same sequence of w-
values vy, ..., vq.

Proof. The sequence of w-values is preserved by an argument completely
analogous to that used in the proof of Theorem [2.11
For all 1 < j < d, denote

B =q;(0)/x"d, B =qj(0)/x), e =v; — lvi] = w(B;) = w(B)).
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Consider the sets B = {8; | 1 <j <d} and B = {f; | 1 <j < d}. By
Lemma [2.3] B is reduced and we only need to check that B’ is reduced. We
shall prove this by applying the reducedness criterion of Theorem [2.6]

Let U be given by the matrices P, @ as in . For j7 > ¢, we have
¢ =qj +a1q1 + -+ aeq,
with ai,...,ap € A the entries in the (j — ¢)th row of Q. Since
w(arqr + - -+ arqe) > v > vy,

we deduce that w(; — B;) > ¢;. This implies red,(3}) = red;(5;).
On the other hand, let e = v — [v] = w(B;) = w(ﬁé) forall 1 < j </
The mapping red is linear in the following sense:

B B rede(8y) rede(51)
=P = : =P|
62 Be rede (62) red. (Bﬂ)

Consider the set I = {1 < j < n|¢; = €}, which contains 1,...,¢ and
some more indices. By definition,

Be={p;|jel}, B.={Bjljel}.
By Theorem red.(B,) is a k-linearly independent subset of V. Since P €
GLy(k), the family redc(8]), ..., redc(5)) is k-linearly independent and gen-
erates the same subspace as rede(f1), . . ., red(5¢). Since rede(8) = red.(3;)
for all j € I, j > ¢, the set red(B) is k-linearly independent too.

Also, for all § € w(L*) N[0,1), § # e, the set reds(B) = reds(Bs) is
k-linearly independent. By Theorem B’ is reduced. m

Let T = (t; ;) € A% be the matrix whose ith row captures the coeffi-
cients of the polynomial ¢; in decreasing degree. Thus,

d—1
x q1

(3.2) T =
1 d
We say that the rows of T' encode the polynomials ¢, ..., qq4.
The triangulation step replaces the matrix T with UT for a suitable U in

the group I 4(A) introduced in Lemma and then divides out the rows
of UT by appropriate powers of .

PROPOSITION 3.8. Let Ty, and Tqown be the matrices formed by the first
C rows of T and the last d — £ rows of T', respectively. Fxpress the Hermite
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normal form of Ty, as

Im | C O e amxdm) e gU-m)x(d-m)
0 |D

with all entries in the first column of D belonging to m. Write
Taown = (E ’ F), E e AA(d*e)Xm7 Fe A(dfg)x(d*m)’

T ( D ) e Ald=—m)x(d-m)
F—-FEC

Let hy, ..., hq_m be the polynomials encoded by the rows of T'. Then:

(1) 6g—1 =v:=max{y; |1 < j < d} and m(dqg—1) =m.
(2) The monic polynomials gg—1,-..,9dq—m encoded by the rows of the
matriz (I, | C) have degrees d —1,...,d —m and satisfy

w(ga-1(0)) = -+ = w(gg—m(0)) = da—1.
(3) All entries in the matriz D belong to m.
(4) The polynomials q;- =h; 7" for1 < j < d—m, form a (d—m)-
reduced polynomial family whose sequence of w-values is

Vi =ty —o(hy), 1<j<d—m.

Proof. Let g € A[z] be a monic polynomial of degree d — 1 such that
w(g(0)) = d4—1. By Lemma (2), we can write g(f) = Z?Zl a;q;j(0) with
a; € K. By reducedness,

dg—1 = w(g(#)) = min{v(a;) +v; [ 1 < j < d}.
By Lemma [3.6 v; < 641 for all j, so that v < d4_1. We have
(3.3) vj < Og—1 < U(CLj) + vy, 1<5<d.

This implies v(aj) > 0 for all j. Since g is monic, we have necessarily
v(aj,) = 0 for some index jy. From we deduce 64—1 = vj,, and this
implies that d4_1 = v.

Consider the following transformation of the matrix 7' by multiplication
on the left by a matrix in the group I 4(A):

P ‘ 0 T PT Iimi
L === o |D |,
0 ‘ Tq—v T40wn T40wn T?
where P € GLy(A) reflects the Gaussian elimination transformations that
were applied to compute the Hermite normal form of Ty.




192 N. Moraes de Oliveira and E. Nart

Now, let E/ = (E | 0), where 0 indicates the null matrix in A(d—0x(=m),
We apply a further transformation by an element in I 4(A):

In|C .| ¢
I, | o -

oD |=1] o0 D =: M.
—E'| 1,

E | F 0 | F—-EC

Let ga—1,---,94—m, h1,- .., hg—m be the polynomials encoded by the rows
of M. By Lemma 9i-10), ..., ga—m(0),h1(0),. .., hqg_m(f) is a reduced
family with sequence of w-values vy, ..., v4. This proves (2) and (4).

In order to prove that m = m(d4_1), it suffices to show that a monic
polynomial g € A[z] of degree d — m — 1 has necessarily w(g(0)) < 64—1.
Suppose w(g(#)) > d4—1 for such a polynomial g, and let us show that this
leads to a contradiction.

Since hi(0),...,hg—m(0) € Lg_,, are K-linearly independent elements
(by reducedness), they form a K-basis of Ly_,,. Hence, we may write

9(0) =aih1(0) + -+ ag—mhg—m(0), a1,...,a4-m € K.
By reducedness,
da-1 < w(g(0)) < v(ay) + vmyj, 1<j<d—m.

This implies w(a;) > 0 for all 1 < j < ¢ —m (because vy,4j = v = 64-1),
and w(a;j) > 0 for all  —m < j < d—m (because vp,4; < v = dq_1). On the
other hand, the coefficients of degree d —m —1 of hq,..., hy_,, belong to m,
because they form the first column of D. Hence, the leading coefficient of ¢
belongs to m, and this contradicts the fact that ¢g is monic. This ends the
proof of item (1).

Item (3) is a consequence of Lemma If ¢ € Alx] is the polynomial
encoded by any row of D, we have §q_; = w(q(8)) < v(q) + 64, for some
do < deg(q) < d —m. We deduce that v(q) > 041 — d4, > 0. Hence, all
coefficients of g belong to m. =

4. Reduced normal form. Let UT, (A) be the unitriangular group,
that is, the subgroup of GL,,(A) of all upper triangular matrices with 1’s on
the diagonal.

The triangulation procedure of Section [3| computes a matrix T = (;;) €
UT,,(A) whose rows encode a family of monic polynomials g,_1, ..., go such
that g,—1(0),...,g0(0) attain the maximal w-values 6,1, ..., do.

The aim of this section is to apply further simplifications to the entries
above the main diagonal of T' to obtain a canonical form, still encoding a
family of polynomials attaining the maximal w-values. By Theorem this
is the only condition we need to ensure that
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(4.1) B={1, g1(8)/x%) ..., gn_1(8)/7On—1]}
is still a triangular reduced integral basis.
For each positive integer d choose Rgq C A a set of representatives of the

classes modulo m¢.

DEFINITION 4.1. A triangular reduced integral basis B as in is said
to be in reduced normal form (RNF) if the matrix T = (t;;) € UT,(A)
whose rows encode the family gn—1, ..., go satisfies t;; € Rys,_, 5, ;1 for all
1 < j. In this case, we also say that the matrix 7" is in RNF.

The condition for B to be in HNF is t;; € Rs, _,|—|s,_,| for all ¢ < j. For
each pair of indices 1 < i < j <n, we have |§,—i] — [0n—j] < [0n—i — On—j],
and equality holds if and only if d,,—; — d,,—; € Z.

Therefore, for the pairs of indices ¢ < j such that 6,,—; — 6,—; € Z the
condition on #;; for T' to be in RNF is weaker than the condition for T to
be in HNF.

LEMMA 4.2. Fori < j and a € A, consider the monic polynomial g =
gj —ag; € Alz] of degree j. Then g keeps the mazimal w-value w(g(0)) = 9,
if and only if v(a) > 0; — 6;.

Proof. By reducedness, w(g(#)) = min{d;,v(a) + 0;}. =

Lemma[£.2] shows that there is a unique triangular reduced integral basis
of L/K in RNF, for a given defining polynomial f of the extension L/K.

For a triangular reduced basis obtained by the triangulation routine of
Section [3] we may use a blockwise procedure to obtain the RNF.

Let p; > --- > p, be the ordered sequence of pairwise different elements
in the multiset A = {dg,...,0n,—1}. Let mq,...,m, be the corresponding
multiplicities, so that A = {p}"*, ..., p/"}.

Suppose that T" € UT,,(A) encodes the numerators of a triangular re-
duced integral basis obtained by the triangulation procedure of Section [3]
Let T' = (Tij)1<i,j<r be the block decomposition of T" induced by the parti-
tion n = my+---+m;. Note that Tj; = I,,, for all 4, and T;; = 0 for all 7 > j.

RNF ROUTINE

Input: T = (Tij)1<ij<r € UT,(A) and the list p; > --- > p, of maximal
w-values.

l.fort=1tor—1do

2. forj=44+1tordo

3. express T;; = C' + nlPi=pil D, with C e RFZiZﬁ
4. for k=4 tor do

5. Tk < Tig — wlPi=Pil DTy,

Output: A matrix T' € UT,(A) in RNF.
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5. Computational implications. An example. In this section, we
discuss the practical computation of integral bases in reduced normal form,
and we exhibit an example.

Let A, C K, be the completion of A C K with respect to the v-
adic topology. Let us still denote by v: K, — QU {oo} the canonical
(non-discrete) extension of the valuation v to a fixed algebraic closure
of K,.

Let f = Fy--- F; be the factorization of f into a product of irreducible
factors in A,[z]. The factors Fi,..., F} are in 1-1 correspondence with the
extensions wi,...,w; of v to L. In fact, each F; determines a finite field
extension L;/K,, and the field L may be embedded into L; by sending
0 to a root of F; in K,. The valuation w; is obtained as the composi-
tion

w; L‘—)LZ“—>FU£>@U{OO}.

The method of quotients introduced in [7] computes a reduced integral
basis as a by-product of the Montes algorithm [5, [6], which is a kind of
polynomial factorization routine over A,[x].

Bauch [I] and Stainsby [15] found independent algorithms, called multi-
pliers and MaxMin respectively, which compute reduced integral bases as an
application of the Montes algorithm in combination with the Single Factor
Lifting algorithm (SFL) [8]. The MaxMin algorithm has the advantage of
directly computing triangular reduced integral bases.

For each irreducible factor F;, the Montes algorithm computes a family
of monic polynomials ¢1, ..., ¢, ¢r41 € Alx], where r is the Okutsu depth
of F;, such that the list [¢1,...,¢,] is an Okutsu frame of F;, and ¢r41
is an Okutsu approzimation to F; (see [12, [4]). This means that ¢,y; is
“sufficiently close” to F; in the v-adic topology.

If my =deg ¢y for 1 < ¢ <r—+1, then [4 Sec. 2]
0<mi<---<mp <mpy; =deg(F;), myl| - |mpqq.

The Okutsu frame [¢1, ..., ¢,] is a family of polynomials with maximal
w;-values according to their degree. More precisely, for any monic polynomial
g € Alx] we have

w,-(g(@))<wi(¢z(9))
deg(g) = me

where we agree that ¢y = 1. The polynomials in the Okutsu frames of all
factors Fi,..., F; will be simply called ¢-polynomials.

deg(g) <mypi for 0 <L <r =

We may summarize two methods for the computation of integral bases
in reduced normal form as follows.
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Quotients

(Q1) Apply the Montes algorithm to compute an Okutsu frame of each
F;, but skip the computation of the Okutsu approximations.

(Q2) Compute an n-reduced polynomial family qi,...,q, and the corre-
sponding sequence of w-values vy, ..., V.

(Q3) Apply the triangulation routine of Section .

(Q4) Apply the RNF routine of Section [4

Each polynomial ¢; is a suitable product of the quotients of certain di-
visions with remainder of f by powers of ¢-polynomials, performed (and
stored) along the execution of the Montes algorithm (see [7]).

MazMin

(MM1) Apply the full Montes algorithm to compute Okutsu frames and
Okutsu approzimations of all F;.

(MM2) Compute the mazimal w-values &y, . ..,0n—1 and formal expres-
stons of monic polynomials go,...,gn—1 attaining these values,
as products of ¢-polynomials and Okutsu approrimations.

(MM3) Apply the SFL routine to improve the Okutsu approximations to
the precision determined by the computations of (MM2).

(MM4) Ezecute the products indicated formally in (MM2) and compute
the polynomials qo, ..., gn—1, yielding a triangular reduced inte-
gral basis.

(MM5) Apply the RNF routine of Section [4]

Steps (Q2) and (MM4) have the same cost: O(n) multiplications in A[6)].
Steps (Q4) and (MM5) have the same cost too. On the other hand, step
(MM2) has a negligible cost.

Therefore, in order to compare the computational performance of the
two methods, we must compare the cost of the triangulation routine (Q3)
with the extra tasks of MaxMin: computation of the Okutsu approximations
(part of (MM1)) and their improvements (MM3).

Now, the complexity of the steps (MM1)-(MM4) [15, Thm. 3.5] is lower
than the complexity of Gaussian elimination, which requires O(n?®) multi-
plications in A.

Thus, for n large, MaxMin is much faster than Quotients, or the simi-
lar algorithm resulting from the use of the multipliers method. For n of a
moderate size, say n < 100, the two methods have a similar performance
for randomly chosen inputs. Therefore, MaxMin is a reasonable choice as a
prototype algorithm for the computation of integral bases in RNF.

Also, MaxMin and Multipliers have the advantage of being able to com-
pute reduced bases of fractional ideals of B, while Quotients is only able to
compute the maximal order B itself.
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5.1. An example. We end this section with a concrete example.

Let A = Z(3) be the localization of Z at the prime ideal 2Z. Thus, K = Q
and the valuation v of A is the ordinary 2-adic valuation. For each positive
integer d, set Rq = (241,291 N Z.

Consider the number field L = Q(6), where # is a root of the monic
irreducible polynomial

f=a®— 2" +212°% — 202° — 3682 4 3882 — 5162 + 128z + 128 € Alz].
The Montes algorithm determines the prime ideal decomposition

2B =pip3ps,  fi=Ff(p1/2) = fo=f(p2/2) =1, f3= f(p3/2) =2,

so that f = FjFyF3 has three irreducible factors in Zs[z]. The algorithm
also finds the following Okutsu frames and Okutsu approximations:

[z, 2% + 22 + 2], ¢y, =2t +423 +82% + 167 +4~ Fy,
[], Ppy = 17 + 32 % I,
[, bps = 2%+ + 1~ F;.

The irreducible factor Fj is irreducible modulo 2. Hence, it has Okutsu depth
zero and its Okutsu frame is an empty list.

The reduced integral basis computed by the method of quotients is

1 31 21 12 16 4 28 0 9/2
9 7 11 2 14 4 0 O 13/4
01 5 1 0 6 0 0 11/4
Taotionts = 01 7 5 4 0 4 4 7 7o 2
1 2 3 2 1 0 0 0 3/2
0 0 01 3 1 0O 1
01 0 0 0 O O O 0
1 0 0 0 0 0 O O 0
The matrix TQuotients €ncodes a family of polynomials q1,...,qs € A[z] as

indicated in (3.2). The column 7 contains the corresponding sequence of
w-values: v1 = w(q1(0)),...,vs = w(qs(d)). Recall that the corresponding
reduced integral basis is

B={q(0)/2",... qs(0)/21")}.

In agreement with Theorem [2.8) w(B) = {04, (1/2)2, (1/4), (3/4)'}.
The triangulation procedure of Section [3| consists of five triangulation
steps. In the intermediate steps, the vector o/ of w-values takes the following
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values (after reordering):
7=[9/2, 11/4,9/4, 2, 3/2, 1, 0, 0],
7=9/2,11/4,9/4, 3/2, 1, 1, 0, 0],
7=19/2,11/4,9/4, 1, 1, 1/2, 0, 0].

The final upper triangular matrix is

1 -1 —11 12 16 4 -4 0 9/2
01 -3 1 0 -2 0 0 11/4
00 1 -3 1 0 —20 9/4
Toiang = 000 0 1 1 1 00| |1
o0 0 0 1 1 1 0 1/2
0o 0 0 0 0 1 0 0 0
0o 0 0 0 0 0 1 0 0
o0 0 0 0 0 0 1 0

The vector 7 describes the canonical maximal w-values
do=01=00=0, 03=1/2, 04 =1, 65 =9/4, d¢ = 11/4, 07 =9/2.
The RNF routine of Section [ leads to

1 -1 -3 4 8 —-12 12 0 9/2
0 1 1 10 2 0 0 11/4
0 0 1 11 0 2 0 9/4
0 0 0 11 1 0 0 - 1
TrNr = , V=
00 0 01 1 1 0 1/2
0 0 0 00 1 0 0 0
0 0 0 00 O 1 0 0
o 0 0 00 0 01 0

On the other hand, the basis in Hermite Normal Form would be

131004120 4
0100372 2 0 2
001110 2 0 9/4
THNF:O()OlllOO,ﬁ:l
000010 0 O 0
000001 0 O 0
000000 1 0 0
00000GO0 0 1 0
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This corresponds to a simpler basis indeed. However, since the w-values are
not the maximal ones, this basis is not reduced, by Theorem [3.3

Finally, let us illustrate the computation of Tgnyg by the MaxMin algo-
rithm. For o € L, denote

w(a) = (wi(@), wa(a), wz(a)).

Along the execution of the Montes algorithm, we compute and store the
w-vectors of all ¢-polynomials and Okutsu approximations:

o] x 2’ + 2z +2 Py bpo ®ps
w(p(0)) (1/2,5/2,0) (7/4,1,0) (00,2,0) (1,00,0) (0,0,00)

The coordinates with value oo just indicate that the values w;(¢p,) for
1 = 1,2,3 can become arbitrarily large for a proper improvement of the
Okutsu approximations with the SFL algorithm, while the values wi(qbpj)
remain constant for ¢ # j.

With this information at hand, the MaxMin algorithm constructs monic
polynomials gg, . .., g7 of degree 0, ..., 7 attaining the maximal w-values. By
[15, Thm. 2.6] these polynomials may be obtained as appropriate products
of ¢-polynomials and Okutsu approximations. After a very simple search
[15, Thm. 3.3], we take

90:17 93:x¢p3, 96:$2($2+2$+2)¢p3,
(51) g1 =, g4 = (ZE2+2{E+2) ¢p3: 97:«T¢p1¢p3-

92:.T2, g5:$($2+2$+2)¢)p3,
giving rise directly to the sequence of canonical w-values

So=01=0,=0, 05=1/2, 64=1, 05 =9/4, 6 = 11/4, 57 = 9/2.

In order to have w(gj(#)) = ¢; for all 0 < j < 8, the conditions
wi(¢yp, (0)) = 00, w3(¢p,(0)) = 0o may be replaced by

wi(@p, (0)) =4, w3(dps(0)) = 9/2.

For the concrete choices for the Okutsu approximations provided by the
Montes algorithm we have wi (¢, (0)) = 15/4 and ws(¢y,(0)) = 1, which is
not enough for our purposes. A single iteration of the SFL routine for each
factor yields the right improvements:

bpy = ot + 3203 + 5227 4+ 482 + 28, wi(¢y, (0)) = 9/2 > 4,

by = 2% — T + 1, w3 (dp, () =8 >9/2.
Now, we may execute the computation (5.1)) of go, .. ., g7 with these concrete
values of ¢y, ¢y, provided by the SFL algorithm. In this way, we obtain a
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triangular matrix:

1 31 21 28 32 20 28 0 9/2
01 1 1 0 2 0 0 11/4
00 1 1 1 0 20 9/4
T L O e

00 0 0 1 -1 1 0 1/2
00 0 0 0 0 0

00 0 0 0 0 1 0 0
00 0 0 0 0 0 1

which yields the canonical matrix Trnr after applying the RNF routine of
Section Ml
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