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EXPANDING THE APPLICABILITY OF INEXACT
NEWTON METHODS USING RESTRICTED
CONVERGENCE DOMAINS

Abstract. We provide a new semilocal convergence analysis for the inex-
act Newton method in order to approximate a solution of a nonlinear equa-
tion in a Banach space setting. Using a new idea of restricted convergence
domains we present a convergence analysis with the following advantages
over earlier studies: larger convergence domain, tighter error bounds on the
distances involved and an at least as precise information on the location of
the solution. This way we expand the applicability of the inexact Newton
method. Special cases and numerical examples are also provided.

1. Introduction. Let X,Y be Banach spaces and D be a convex subset
of X. In this study we are concerned with the problem of approximating a
solution z* of the equation

(1.1) F(z) =0,

where F': D C X — Y has a continuous Fréchet derivative F/ : D C X —
L(X,Y). Here L(X,Y) denotes the space of bounded linear operators from
X into Y.

Many problems can be formulated like equation using mathematical
modeling 2] 5 [13]. Solutions of these equations can be found in explicit form
only in special cases. That is why most solution methods for these equations
are usually iterative.
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The most popular methods for solving equation (1.1]) is undoubtedly
Newton’s method defined for each n =0,1,2,... by

Tp4+l = Tp — F'(xn)_lF(mn),

where g € D is an initial point. There are many results on the local
as well as semilocal convergence analysis of Newton’s method under var-
ious Lipschitz-type conditions. We refer the reader to [2] and references
therein for a survey of such results. However, the implementation of New-
ton’s method has two drawbacks. Firstly, one must evaluate F” at each step
and secondly compute the exact solution of the Newton equations

F'(zn)(xpn41 — o) = —F(x,) foreachn=0,1,2,....

If the number of unknowns is large, e.g. in Euclidean spaces, the application
of the Gaussian elimination may be very expensive. That is why inexact
Newton methods defined for each n =0,1,2,... by

(1.2) Tni1 = Tn+ Sn,  F'(xn)sn = —F(xn) + 70

have been used instead of Newton’s method, where {r,} is a sequence in
Y chosen in such a way that the sequence {z,} converges to z*. Several
conditions on the residual controls {r, } have been suggested [2], 3, 5] 12} 13].

In the present study, we are motivated by the work [12] and optimization
considerations. In particular, we assume that

(1.3) | E"(x0)  rnll < 0l F'(x0)  F(2n)||*  for each n=0,1,2,...

where {n,} is a nonnegative sequence. Let 2o € D and Ry > 0. Define

R :=sup{t € [0, Ro| : U(zo,t) C D}.

Suppose that F has a continuous Fréchet derivative in a closed ball U(xq, ),
0 <7 < Ry, F'(x9) ' F’ exists and F'(zo) ' F’ satisfies the weak Lipschitz
condition:
s(z7)
(1.4) IF (o) M (F'(z) = F'(y)| < | L(w)du
s(x)
for each « € U(zg,r) and
yeU(x,r—s(z)), s(@)=|z—=ol, 5@y =s()+y—zf<r

and L is a positive, integrable nondecreasing function on [0, r|. Using
and a semilocal convergence result was given in [I12] for the inexact
Newton method (L.2).

Next, we show how to improve on the convergence domain, the error
bounds on the distances ||zp+1 — Zn ||, ||zn — 2*|| and the information on the
location of the solution z*. In view of there exists a positive, integrable
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nondecreasing function Ly on [0, 7] such that

s(x)
(1.5) 1F (20) ™ (F' () = F'(0))| < | Lo(u) du
0

for each = € U(zo,r). Notice that
(1.6) Lo(u) < L(u)  for each u € [0,7]
in general and L/Lg can be arbitrarily large [I] 2, 4]. Define

s(x)
To = Sup {t e [0,7]: S Lo(u) du < 1}.
0

Then there exists a positive, integrable nondecreasing function L; on [0, 7]
such that

s(zy)
(1.7) IF' (o) " (F'(@) = F'y) < | Li(u)du

s(x)
for each x € U(xg,r9) and y € U(x,r9 — s(z)). Notice that by and
(L.7),
(1.8) Li(u) < L(u)  for each u € [0, 79].

It turns out that the function L; can replace L. Moreover, Lg can also replace
L for the computation of the upper bounds on the norms of ||F’(z) ™' F’(z0)||
in the semilocal convergence analysis of the inexact Newton method .
Lo and L1 are at least as small as L and the iterates x,, lie in a more precise
location U (xg,rg) than U(xg,r) since U(xzg,r9) C U(xg,r). The resulting
semilocal convergence analysis has the following advantages denoted by (A)
over [12]:

(a) Larger convergence domain.
(b) Tighter error bounds on the distances ||zp+1 — Xy, [|zn — 2|
(c) At least as precise information on the location of the solution z*.

Advantages (A) are obtained under the same computational cost, since in
practice the computation of L requires the computation of Ly or Li as
special cases.

The rest of the paper is organized as follows: Section 2 contains the
semi-local convergence analysis of an inexact Newton-like method. Special
cases and applications appear in the concluding Section 3.

2. Semilocal convergence. As in [12], we first introduce some func-
tions and parameters. Let 8 > 0, 0 < A < 1, w > 1 and o > 0. Define
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functions ¢ and 1 on the interval [0, R] by
t
o(t) == — (1= Nt +0t® + w | L(u)(t — u) du,
0
t

() =B —t+w | L(u)(t — u) du.
Define parameters ry, by by :
Ty = sup{te (0, R) :w§L(u)du—|—20t < 1—)\},
Om
byi=(1—=Nry—ori —w S L(u)(ry — u) du.
Set 0

R
0:=w S L(u)du+ 20R.
0

Clearly,
R if5<1—
DT s >1- 0,
T
by >w S L(w)udu+o(ri)? ifd<1— X\
0
T
by =w S L(w)udu+o(ri)? ifd>1— )\
0
where 7} € [0, R] satisfies

o
w SAL(u)du+20rﬁ\ =1-A\
0
Under condition further suppose that
(2.1) n:=supn, < 1.
n=>0
Then by and , we have
(2.2) 1F (20) " rall < ol (20) " F(@n) 1P < nll F (o) ™ F(aa) |12,

Moreover, set
a:=||F'(zo) ' F(zo)l, 8:=(1+yNa,

(1 + i) (1 + §5 L(w) du)
(1 —/u)? '

w:=14n, o:=
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Using the preceding notation the following semilocal convergence result for
the inexact Newton method (1.2)) was shown in [12] p. 9].

THEOREM 2.1. Suppose

B <min{l/\/n,bx}, U(zo,t*) C U(zo, R),
and F'(xo) 'F' satisfies the weak Lipschitz condition (1.4) on U(xq,t*),
where

t* = lim t,,
n—oo

and {t,} is defined by

@(tn)
to=20 t =t — hn=20,1,2,....
0 ; n+1 n w/(tn) fO?" each n 5 Ly 4y

Then the sequence {x,} generated by the inevact Newton method (L.2) is
well defined in U(xo,t*), remains in U(xo,t*) for each n = 0,1,2,... and
converges to a solution x* € U(xo,t*) of the equation F(x) = 0. Moreover,

”mn—i—l - xn” < tn-l—l — tn, ”mn - l'*H < t* — tn-

Next, we show how to improve Theorem Define functions g and g
on the interval [0, R] by
t
wo(t) := B — (1 = Nt + opt? + wSL(u)(t —u) du,

0
t

Yo(t) =B —t+ WSLO(U)(t — u) du,

0
where n
a0 I Lo du)
. (1= /u)? |
Let
t
T)0 1= Sup {t € (0,R) : wSL(u)u du + 200t <1 — )\},
0
TX,0
bro = (1= X)rao — Uorio —w S L(u)(rao — u) du,
0
R
do = w S L(u) du + 209 R.
0
Then

R ifd<1-A
™0 {ﬂw if 6o > 1— A,
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where 7} , € [0, R?] satisfies

"X,0
w S L(u) du + 20073 g = 1 — A,
0

We also have
TX,0
bro > w S L(u)udu + 0'0(7"3\70)2 if g <1 — A,
0
TX,0
bro =w S L(u)udu + 00(7“3\70)2 if g >1— A
0
Notice that in view of the preceding definitions and (1.6)), we have

po(t) < p(t),  wo(t) <U(t), @o(t) <¢'(t),  wi(t) <¢"(b),

and
(2:3) o) <U'(1),  ¥pt) <U(1),
(24) o)y} S g, ) S T)\,Ou 50 S 67 T/)\ S ’ri\,()a b)\ S b)\,()'
Define a majorizing sequence {t,} by
. . - poltn)
to=0 t =1, — = f hn=0,1,2,....
0 ) n+1 n wé(tn) or eachh y Ly &y

Then, using the preceding notation, we can show the following improved
semilocal convergence result for the inexact Newton method (|1.2]).

THEOREM 2.2. Suppose

B <min{l/\/n,brxo}, Ulxo,t*) CU(zo, R)
and F'(zo) " F' satisfies the weak Lipschitz condition (1.4) on U(xo,t*),
where

(2.5) £ = lim i,.

n—o0

Then the sequence {z,} generated by the ineract Newton method (1.2)) is
well defined in U(xo,t*), remains in U(xo,t*) for each n = 0,1,2,... and
converges to a solution z* € U(xg,t*) of F(x) = 0. Moreover,
(26) ||-73n+1 - wnH < En—l—l - Env
(2.7) |lzn — 2| <t =ty

Proof. Condition (1.4]) implies condition ([1.5)). By applying the Banach
Lemma on invertible operators as in [2], we get
1

!(x -1 '
(2.8) 17 ()= E¥ (o) | < — 2% Lo (u) du
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instead of the less precise estimate
1

1-— Sg(x’“) L(u) du

obtained in [I2]. Replacing o, ¢, in the proof in [I2] by o9, o, 1o respec-
tively we obtain

(29)  (1+ V) F (z0)” " F(a)

e —2e—1ll

1F" () = F (o) || <

<@+vm)§ (lzk = @ral — wL(llar - zoll +w) du
0
(1 + )1+ §g Lo(u) du) 2k — 25 |2
(1= ym)? -
lzk—zk—1ll
=w | (e = 2roall = wI(ex—1 = zoll + ) du + ool|zk — 251
0
w th—th—1
< < | (ki1 — w) L1 +w) du+ Uo> (tx — te-1)?

(tr — te—1)?

BT 1

=w | (f— -1 — W) L(femr + u) du+ oolt; — Fo 1 — 21 (f — Er-1))]
0

= o(tr) — po(tr-1) — 0 (tk-1) (Fk — 1)

< o(tr) — (A +200tk—1)(tk — tr—1) < @o(tr) < »(to) = B,
leading together with (2.8) to /7||F'(z0) ' F(2k+1)|| < 1 and
(2.10) or — ep—al <t — tra,

where we have also used the estimates

1F" (20) " F' (wp—1)[| = I + F'(x0) " (F'(wr-1) — F'(z0))]|
s(xp_1) R
<1+ S Lo(u)du§1+gLo(u)du
0 0
and
_ F'(xo) Y F' (24— Tk — Th
HF,(CEO) lF(CEk—l)H < || ( 0) ( k 1)“ H k k 1”
N
R
+\, Lo(u) du
do Lol

< 1= 7
It follows from (2.10) that {z;} is a Cauchy sequence (since {f} is conver-
gent) in a Banach space X and as such it converges to some z* € U(xq, t*)



130 I. K. Argyros and S. George

(since U (wo,*) is a closed set). By letting k — oo in (2.9) we get F(z*) = 0.
Estimate (2.6|) follows from ([2.5)) by using standard majorization techniques
2,6, 7, 18, [0} [10].

REMARK 2.3. If L = Lg, then Theorem reduces to Theorem
However, if Ly < L, the advantages as stated in the abstract are obtained.

Next, we present another refinement of Theorem using conditions
(1.5) and (1.7)). Suppose that
(2.11) Lo(u) < Li(u) for each u € [0, Ry].
Define a function ¢ and parameters ry 1, bx 1,01, 7“3\71 just as @0, 7,0, b0, 00,
™\ o respectively but with L replacing L. Moreover, define majorizing se-

quences {t;}, {t}} by

1 (ts)

t2=0, t2,=t>— :
T ()

1(ty)

th=0, .= -1
o Gl (8)

Then we arrive at:
THEOREM 2.4. Suppose

B <min{l/ym,bx1}, Ulzo,t**) C U(zg, R),

[2.17) holds and F'(xo) "' F' satisfies the weak Lipschitz condition and
(1.7), where t** = lim,, o t2. Then the sequence {x,} generated by the inex-
act Newton method is well defined in U(zo,t**), remains in U(zq, t**)
for each n = 0,1,2,... and converges to a solution x* € U(xg,t**) of
F(z) = 0. Moreover,

”xn+1 - xn” < t721+1 - t121 < t?z—i—l - t?w
lan — 2| S =12, |lon —a*|| <3 — 83,
where

Proof. Simply notice that the iterates {z,} lie in U(zo,ro) which is a
more precise location than U(xg,r), and then follow the proof of Theo-
rem [2.2] =

REMARK 2.5. Theorem improves Theorems and if L, < L.
Estimate is used in the proof of Theorem and holds for z, €
U(xo, 7). However, in the rest of the results, we can replace by
and , that is, use

1F" (o) ™l < il F (0) T E (@) 17 < 71| F (o) T F (an) |2
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for each x,, € U(xg,10), where
1 =sup, < 1.
n>0
Then we have
M <1mp and 7 <7
since U(xg,79) C U(xp, 7). Concerning the uniqueness of the solution x* not
studied in [12] we have:

PROPOSITION 2.6. Suppose that the hypotheses of Theorem hold.
Then for T € [t*,ro] the point x* is the only solution of the equation
F(xz) =0 in Dy = U(xg,10) N U(x0, R).

Proof. The existence of the solution z* inside U(zg,t*) has been es-
tablished in Theorem Let y* € Dy be such that F(y*) = 0. Let

M = Sé F'(z* 4+ 0(y* — x*))df. Then, in view of (L.5) and the definition
of rg, we have

@y ro
IF' (o) (M = F'(zo)| < | Lo(u)du < | Lo(u) du < 1.
0 0

It follows that M~ € L(Y, X). Then, in view of the identity
0= F(y") - F(a*) = M(y" — "),

we conclude that y* = z*. =

3. Special cases and applications

3.1. Special case. If 5, = n, =7 =n=0,w =1, 0g = 0 and
B = ||F'(z0) ' F(x0)]|, our theorems improve the corresponding ones in [12,
Corollaries 3.3, 3.4 and Theorem 3.1].

3.2. Application: Kantorovich-type condition. Let Ly, L,L; be
constant functions. Then the convergence criteria corresponding to Theo-

rems and [2.4] are respectively

1) I/ (e0) Fian)] < G2
(5:2) I/ (e0) Fian)] < G2,
33) 7o) (o)l < M

Notice that .:> and (3.1)=-(3.3)) by (1.8]) and (2.3
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3.3. Application: y-condition [2), 11}, 12]. Suppose that

_ 2y
1F" (o)~ F" ()| <
(1 = 7llz = zol])?

for each « € U(zg,1/7). Define
2y
L(u) = —
= Ty
for each w € [0,1/7). Then the corresponding convergence criteria for The-
orems 2.1] and [2.2] are respectively

, _ 22

(3.4) 1F(@o) ™ Flao)| < g5
/ -1 27“/2\,0

(3.5) 17" (z0) ™ Fleoll < 700y

Then (3.4)=-(3.5) by (2.4). Examples where (1.6) or (2.11]) hold as strict

inequalities and therefore the advantages (.A) hold can be found in [1} 2], 3] 4].
All the above justifies the advantages stated in the abstract.
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