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Global existence and asymptotic behavior for the
full compressible Euler equations with damping in R3

Guochun Wu and Zhensheng Gao (Quanzhou)

Abstract. We are concerned with the global existence and asymptotic behavior of
classical solutions to the Cauchy problem for the full compressible Euler equations with
damping in R3. We prove the global existence of the classical solutions by the delicate
energy method under the condition that the initial data are close to the constant equi-
librium state in H3-framework. An energy estimate on ‖∇u‖

L1((0,t);B̃
0,3/2
2,1 (R3))

enables us

to close the energy estimates for the non-dissipative entropy. Moreover, the optimal time
decay rate is also established.

1. Introduction. Consider the following full compressible Euler equa-
tions with damping in R3:

(1.1)


∂tρ+ div(ρu) = 0,

(ρu)t + div(ρu⊗ u) +∇P = −aρu,
(ρE)t + div(ρuE + uP ) = −aρu2.

Here ρ, u = (u1, u2, u3)
t and P represent the density, the velocity and the

pressure respectively. The total energy E is |u|2/2+e, where e is the internal
energy. a > 0 models the damping constant and 1/a may be regarded as the
relaxation time for some physical flows. In this paper, we will consider only
polytropic fluids, so that the equations of state for the fluid are given by

(1.2) P = Rρθ, e = cγθ, P = A exp{S/cγ}ργ ,
where A,R > 0 are the universal gas constants, γ > 1 is the adiabatic
exponent, S is the specific entropy, and cγ = R/(γ − 1) is the specific heat
at constant volume. We complete (1.1) with the Cauchy data

(1.3) (ρ, u, θ)(0, x) = (ρ0(x), u0(x), θ0(x)), x ∈ R3.
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The system (1.1) occurs in the mathematical modeling of compressible
flow through a porous medium, which has spanned a large range of appli-
cations. The major feature of (1.1) is that shock waves develop in finite
time for solutions with general initial data. Due to the physical importance
and mathematical challenges, the study of system (1.1) has attracted many
physicists and mathematicians.

In the case of isentropic flow where S = const, many results concerning
the existence, uniqueness and large time behavior of (weak, strong or smooth)
solutions in one dimension can be found in [2, 3, 10–12, 15, 17–20, 23, 25, 26,
28, 29, 42, 44] and the references cited therein. In higher dimensions, Wang
and Yang [35] first proved the global existence and uniqueness of classical
solutions and obtained pointwise estimates for them. Sideris, Thomases and
Wang [32] studied the effect of damping on the large-time behavior of solu-
tions to the Cauchy problem for the three-dimensional compressible Euler
equations; they proved that damping prevents the development of singulari-
ties in small amplitude classical solutions, using an equivalent reformulation
of the Cauchy problem to obtain effective energy estimates. Formation of
singularities was also exhibited for large data. Fang and Xu [9] weakened the
regularity assumptions on the initial data and obtained the existence and
asymptotic behavior of C1 solutions by the spectral localization method.
Tan and Wu [34] proved the optimal time decay based on the Hodge de-
composition technique, Lp-L2 estimates for the linearized equations and an
elaborate energy method. Later, Tan and Wang [33] studied the global exis-
tence and time-asymptotic behavior of small smooth solutions by a refined
pure energy method. Jang and Masmoudi [21] studied well-posedness of com-
pressible Euler equations in a physical vacuum. For the initial boundary value
problem, refer for instance to [31, 39, 40] and the references therein.

For non-isentropic flow, the global existence of small smooth solutions to
the Cauchy problem was proved in [16, 43] in one dimension, and the large
time behavior of these solutions can be found in [13, 27]. In higher dimen-
sions, Wu, Tan and Huang [38] proved the global existence of small smooth
solutions under the additional assumption that the initial data are bounded
in L1. Wu [36] studied the relaxation limit of the relaxing Cauchy problem
for non-isentropic compressible Euler equations with damping and proved
that the velocity of the relaxing equations converges weakly to the velocity
of the relaxed equations, while other variables of the relaxing equations con-
verge strongly to the corresponding variables of the relaxed equations. For
the initial boundary value problem, refer for instance to [14, 30, 37, 41] and
the references therein.

The main motivation of this paper is to prove the global existence without
boundedness of ‖(P−P0, u0)‖L1 which is used in proving the global existence
in [38], and show optimal time decay rates by an elaborate energy method.
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To begin with, we note that all thermodynamical variables ρ, θ, e, P as
well as the entropy S can be represented by functions of any two of them. To
overcome the difficulties arising from the non-isentropic case, we will rewrite
system (1.1) as in [7, 38]. We take the two variables to be P and S; then the
equation of state is replaced by

(1.4) ρ = A−1/γP 1/γ exp

{
−(γ − 1)S

γR

}
.

Under the aforementioned assumptions, we can rewrite (1.1) in terms of
(P, u, S) as follows:

(1.5)


∂tP + γP∇ · u+ u · ∇P = 0,

ρ∂tu+ ρ(u · ∇)u+∇P = −au,
∂tS + (u · ∇)S = 0,

where ρ = ρ(P, S) is given by (1.4). It should be mentioned that (1.5) is a
hyperbolic system, while the dissipation property comes from the damping
term. In this paper, we are concerned with the initial value problem for (1.5)
with the following initial conditions:

(1.6) (P, u, S)(0, x) = (P (x), u(x), S(x))→ (P̄ , 0, S̄) as |x| → ∞.
Notation. The norms in the Sobolev spaces Hm(R3) and Wm,q(R3)

are denoted respectively by ‖ · ‖m and ‖ · ‖m,q for m ≥ 0 and q ≥ 1. In
particular, for m = 0 we simply use ‖ · ‖ and ‖ · ‖Lq . For conciseness, we
do not specify in function space names whether they involve scalar-valued
or vector-valued functions. Moreover, ‖(f, g)‖X denotes ‖f‖X + ‖g‖X . We
write a . b to mean that a ≤ Cb for a universal constant C > 0 that only
depends on the parameters of the problem. We denote ∇ = ∂x = (∂1, ∂2, ∂3),
where ∂i = ∂xi , ∇i = ∂i, and set ∂`xf = ∇`f = ∇(∇`−1f). The integration
domain R3 will always be omitted. Finally, 〈·, ·〉 denotes the inner product
in L2(R3).

We also recall the Littlewood–Paley decomposition. Choose a radial func-
tion ϕ ∈ S(R3) supported in C = {ξ ∈ RN : 3/4 ≤ |ξ| ≤ 8/3} such that∑

q∈Z
ϕ(2−qξ) = 1 for all ξ 6= 0.

For q ∈ Z, define the dyadic blocks

∆qf = F−1(ϕ(2−qξ)Ff).

We denote by D′(RN ) the dual space of D(RN ) = {f ∈ S(R3) : Dαf̂(0) = 0,
∀α ∈ N3}; it also can be identified with the quotient space S′(R3)/P with
the polynomial space P. The formal equality

f =
∑
q∈Z

∆qf
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holds true for f ∈ D′(R3) and is called the homogeneous Littlewood–Paley
decomposition.

Definition 1.1. Let s ∈ R and 1 ≤ p, r ≤ ∞. The homogeneous Besov
space Ḃs

p,r(R3) is defined by

Ḃs
p,r(R3) = {f ∈ D′(R3) : ‖f‖Ḃs

p,r
<∞},

where
‖f‖Ḃs

p,r
,
∥∥2qs‖∆qf‖Lp

∥∥
lr
.

For s1, s2 ∈ R and 1 ≤ p, r ≤ ∞, we define the hybrid Besov spaces B̃s1,s2
p,r

with norm B̃s1,s2
p,r given by

‖f‖B̃s1,s2
p,r

,
(∑
q≤0
‖2qrs1∆qf‖rLp

)1/r
+
(∑
q>0

‖2qrs2∆qf‖rLp

)1/r
.

Our main results are stated in the following theorem.

Theorem 1.2. Assume that ‖(P0 − P̄ , u0, S0 − S̄)‖3 is sufficiently small.
Then there exists a unique global solution (P (t, x), u(t, x), S(t, x)) to the
Cauchy problem (1.5)–(1.6) such that for any t ∈ [0,∞),

(1.7) ‖(P (·, t)− P̄ , u(·, t))‖23 +

t�

0

(‖∇P (·, τ)‖22 + ‖u(·, τ)‖23) dτ

. ‖(P0 − P̄ , u0)‖23,

(1.8) ‖S(·, t)− S̄‖3 . ‖S0 − S̄‖3 exp{C‖(P0 − P̄ , u0)‖3}.

Moreover, if in addition there is some p ∈ [1, 6/5) such that

‖P0 − P̄‖Lp + ‖u0‖L3p/(3−p) <∞,

then

‖(P (·, t)− P̄ )‖Lq . (1 + t)
− 3

2
( 1
p
− 1

q
)
, 2 ≤ q ≤ 6,(1.9)

‖∇P (·, t)‖2 + ‖u(·, t)‖3 . (1 + t)
− 3

2
( 1
p
− 1

2
)− 1

2 ,(1.10)

‖∂t(P (·, t), u(·, t), S(·, t))‖ . (1 + t)
− 3

2
( 1
p
− 1

2
)− 1

2 .(1.11)

Finally, if p = 1, denote

(P0,m0) = (P
1/γ
0 − P̄ 1/γ

0 , ρ0u0)

and assume that the Fourier transform (P̂0, m̂0) satisfies

(1.12) |P̂0| ≥ c0|ξ|, m̂0 = 0, for 0 ≤ |ξ| � 1,
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where c0 is a positive constant. Then we also have the lower bounds

‖P (·, t)− P̄‖ ≥ c1(1 + t)−3/4,(1.13)

‖u(·, t)‖ ≥ c1(1 + t)−5/4,(1.14)

where c1 is a positive constant independent of time.

Remark 1.3. Here we prove the global existence without the bounded-
ness of ‖P0 − P̄‖Lp + ‖u0‖L3p/(3−p) , unlike the previous work [38], and our
results are also valid for the two-dimensional case. Compare this with the
Navier–Stokes equations without heat conductivity [7], where the bounded-
ness of ‖P0 − P̄‖Lp + ‖u0‖Lp is used in proving the global existence. More-
over, ‖∇(P, u)(·, t)‖1 for the linear solution to the system of Navier–Stokes
equations without heat conductivity decays only as (1 + t)−1 in the Cauchy
problem (see [7]), which is not integrable, in particular making the strategy
of [7] difficult to apply; thus global existence and optimal convergence rates
for the Cauchy problem for the system of Navier–Stokes equations with-
out heat conductivity in the two-dimensional case are still an open prob-
lem.

The rest of this paper is devoted to proving Theorem 1.2. In Section 2,
we first reformulate the system and give some careful a priori estimates for
strong solutions. Then the global existence of strong solutions is established
by the standard continuity argument. In Section 3, we derive decay-in-time
estimates for the linearized system and use the energy method to derive
a Lyapunov-type energy inequality for all the derivatives controlled by the
first order derivatives; then we utilize the decay-in-time estimates for the
linearized system to control the first order derivatives by the higher order
derivatives. Hence, optimal decay rates of the global strong solutions follow
from these two kinds of estimates. In Section 4, we establish the lower bound
for the time decay rate of the global solution.

2. Global existence

2.1. Reformulation. In this subsection, we first reformulate system
(1.5). Set

κ1 =

√
cγ

(R+ cγ)ρ̄P̄
, κ2 =

√
(R+ cγ)P̄

cγ ρ̄
,

where ρ̄ = ρ(P̄ , S̄). After the change of variables

(n, v, s) =

(
P − P̄ , 1

κ1
u, S − S̄

)
,
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the initial value problem (1.5)–(1.6) is reformulated as

(2.1)


∂tn+ κ2∇ · v = F,

∂tv + κ2∇n+ av = G,

∂tS + κ1(v · ∇)S = 0,

(n, v,S)|t=0 := (n0, v0,S0)→ (0, 0, 0) as |x| → ∞,
where

F (n, v,S) = −(R+ cγ)κ1
cγ

n∇ · v − κ1v · ∇n,

G(n, v,S) = −κ1(v · ∇)v − 1

κ1

(
1

ρ
− 1

ρ̄

)
∇n.

For later use, we list some elementary but useful inequalities of Sobolev
type and properties of Besov spaces. First, we recall the following Sobolev
inequalities.

Lemma 2.1. Let f ∈ H2(R3). Then

(i) ‖f‖L∞ ≤ C‖∇f‖1/2‖∇2f‖1/2 ≤ C‖∇f‖1;
(ii) ‖f‖L6 ≤ C‖∇f‖;
(iii) ‖f‖Lq ≤ C‖f‖1, 2 ≤ q ≤ 6.

Next, we state some product estimates in Ḃs
2,1 (cf. [4–6]).

Lemma 2.2. Let s1, s2 ≤ 3/2 with s1 + s2 > 0, and let u ∈ Ḃs1
2,1 and

v ∈ Ḃs2
2,1. Then uv ∈ Ḃ

s1+s2−3/2
2,1 and

‖uv‖
Ḃ

s1+s2−3/2
2,1

≤ C‖u‖Ḃs1
2,1
‖v‖Ḃs2

2,1
.

The next two lemmas give embedding estimates for hybrid Besov spaces
(cf. [4–6]).

Lemma 2.3. The following embeddings hold:

(i) B̃s,s
2,1 = Ḃs

2,1;
(ii) if s ≤ t, then B̃s,t

2,1 = Ḃs
2,1 ∩ Ḃt

2,1; otherwise, B̃
s,t
2,1 = Ḃs

2,1 + Ḃt
2,1.

Lemma 2.4. There exists a positive constant C such that for all s ∈ R,
1

C |s|+1
‖u‖Hs ≤ ‖u‖

B̃0,s
2,2
≤ C |s|+1‖u‖Hs .

The last lemma concerns estimates of solutions to the transport equation
(cf. [4–6]).

Lemma 2.5. Suppose f is a solution of{
∂tf + κu · ∇f = g,

f |t=0 = f0.
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Then there exists a constant C > 0 depending only on κ such that, for all
0 < t ≤ ∞,

‖f‖
L∞(0,t;B̃0,2

2,2)
≤
[
‖f0‖B̃0,2

2,2
+

t�

0

exp
(
−C

τ�

0

‖∇u(τ ′)‖
B̃

0,3/2
2,1

dτ ′
)
‖g(τ)‖

B̃0,2
2,2
dτ
]

× exp
(
C

t�

0

‖∇u(τ)‖
B̃

0,3/2
2,1

dτ
)
.

2.2. A priori estimate. By a classical argument, the global existence
of solutions will be obtained by combining the local existence result with
a priori estimates. Since the local existence and uniqueness in H3 can be
established by following the methods of Kato [22] or Majda [24] (we omit
the details), the global solutions will follow by the standard continuity argu-
ment after we establish an a priori estimate. Therefore, we make an a priori
assumption

(2.2) ‖(n, v,S)‖3 ≤ δ � 1.

Under the assumption (2.2), we give three energy estimates on (n, v,S) which
can be found in [38, Section 4 and Lemmas 2.2 and 2.5]; we omit their proofs
for brevity.

Lemma 2.6. Under the assumptions of Theorem 1.2 and (2.2), there
exists a positive constant D1 > 0 suitably large which is independent of δ
such that

(2.3)
d

dt

{
D1‖(n, v)(t)‖2 + 〈∇n, v〉(t)

}
+ C‖(∇n, v)(t)‖2 . ‖∇v(t)‖2,

(2.4)
d

dt

{
D1H

2
1 (n(t), v(t)) +

∑
1≤|α|≤2

〈∂αx∇n, ∂αx v〉(t)
}

+ C
(
‖∇2n(t)‖21 + ‖∇v(t)‖22

)
. δ‖(∇n, v)(t)‖2,

where H1(n, v) is equivalent to ‖∇(n, v)‖2, if δ is small enough. Moreover,

‖S‖
L∞(0,t;B̃0,2

2,2)
≤ ‖S0‖B̃0,2

2,2
exp
(
C

t�

0

‖∇v(τ)‖
B̃

0,3/2
2,1

dτ
)
,(2.5)

‖∇S‖
L∞(0,t;B̃0,2

2,2)
≤
[
‖∇S0‖B̃0,2

2,2
+

t�

0

exp
(
−C

τ�

0

‖∇v(τ ′)‖
B̃

0,3/2
2,1

dτ ′
)

(2.6)

×‖∇v(τ)‖
B̃

0,3/2
2,2

· ‖∇S(τ)‖
B̃0,2

2,2
dτ
]

× exp
(
C

t�

0

‖∇v(τ)‖
B̃

0,3/2
2,1

dτ
)
,

for any t ≥ 0.
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Lemma 2.7. Under the assumptions of Theorem 1.2 and (2.2),

(2.7) ‖∇v(t)‖
B̃

0,3/2
2,1

+ a

t�

0

‖∇v(τ)‖
B̃

0,3/2
2,1

dτ

. ‖(n0, v0)‖3 +

t�

0

‖∇(n, v)(τ)‖22 dτ.

Proof. For q ≤ 0, applying 2s1q∆q to (2.1)1 and (2.1)2 and multiplying
them by ∆qn and ∆qv respectively and then integrating over R3, we get

(2.8)
1

2

d

dt
2s1q‖(∆qn,∆qv)‖2 + a2s1q‖∆qv‖2

=

〈
−(R+ cγ)κ1

cγ
2s1q∆q(n∇ · v)− κ12s1q∆q(v · ∇n), ∆qn

〉
+

〈
−κ12s1q∆q(v · ∇v)− 1

κ1
2s1q∆q[(1/ρ− 1/ρ̄)∇n], ∆qv

〉
.

Applying 2s1q∆q to (2.1)2 and 2s1q∆q∇ to (2.1)1, multiplying them by∆q∇n
and ∆qv respectively, and then integrating over R3, we arrive at

(2.9)
d

dt
2s1q〈∆qv,∆q∇n〉+ κ22

s1q‖∆q∇n‖2

= 〈−κ22s1q∆q∇(∇ · v), ∆qv〉 − 〈a2s1q∆qv,∆q∇n〉

+

〈
−(R+ cγ)κ1

cγ
2s1q∆q(n∇ · v)− κ12s1q∆q(v · ∇n), ∆qv

〉
+

〈
−κ12s1q∆q(v · ∇v)− 1

κ1
2s1q∆q[(1/ρ− 1/ρ̄)∇n], ∆q∇n

〉
.

Multiplying (2.8) by D2 suitably large and adding it to (2.9), we get

(2.10)
d

dt

(
1

2
D22

s1q‖(∆qn,∆qv)‖2 + 2s1q〈∆qv,∆q∇n〉
)

+ aD22
s1q‖∆qv‖2 + κ22

s1q‖∆q∇n‖2

= D2

〈
−(R+ cγ)κ1

cγ
2s1q∆q(n∇ · v)− κ12s1q∆q(v · ∇n), ∆qn

〉
+D2

〈
−κ12s1q∆q(v · ∇v)− 1

κ1
2s1q∆q[(1/ρ− 1/ρ̄)∇n], ∆qv

〉
+ 〈−κ22s1q∆q∇(∇ · v), ∆qv〉 − 〈a2s1q∆qv,∆q∇n〉〈
−(R+ cγ)κ1

cγ
2s1q∆q(n∇ · v)− κ12s1q∆q(v · ∇n), ∆qv

〉
+

〈
−κ12s1q∆q(v · ∇v)− 1

κ1
2s1q∆q[(1/ρ− 1/ρ̄)∇n], ∆q∇n

〉



Compressible Euler equations with damping 155

≤ C2s1q‖
(
∆q(n∇ · v), ∆q(v∇ · n), ∆q(v∇ · v), ∆q[(1/ρ− 1/ρ̄)∇n]

)
‖

× ‖(∆qn,∆v)‖+ 2
a2

κ2
2s1q‖∆qv‖+

κ2
2

2s1q‖∆q∇n‖.

Now we define the temporal energy functional

Hs1q =
1
2D22

s1q‖(∆qn,∆qv)‖2 + 2s1q〈∆qv,∆q∇n〉
‖(∆qn,∆qv)‖

.

Then Hs1q is equivalent to 2s1q‖(∆qn,∆qv)‖ since D2 can be large enough.
By (2.10), we obtain

(2.11)
d

dt
Hs1q + C2qHs1q

. 2s1q‖
(
∆q(n∇ · v), ∆q(v∇ · n), ∆q(v∇ · v), ∆q[(1/ρ− 1/ρ̄)∇n]

)
‖.

For q ≥ 0, by the same argument as in (2.10), if we define the temporal
energy functional

Hs2q =
1
2D22

s2q‖(∆qn,∆qv)‖2 + 2(s2−1)q〈∆qv,∆q∇n〉
‖(∆qn,∆qv)‖

,

then Hs2q is equivalent to 2s2q‖(∆qn,∆qv)‖ and satisfies

(2.12)
d

dt
Hs2q + CHs2q

. 2s2q‖(∆q(n∇ · v), ∆q(v∇ · n), ∆q(v∇ · v), ∆q[(1/ρ− 1/ρ̄)∇n])‖.

Taking s1 = 1 in (2.11) and s2 = 5/2 in (2.12), we conclude after sum-
mation over q in Z that

(2.13) ‖(n, v)‖
B̃

1,5/2
2,1

+

t�

0

‖(n, v)‖
B̃

2,5/2
2,1

dτ

. ‖(n0, v0)‖B̃1,5/2
2,1

+

t�

0

‖
(
n∇ · v, v∇ · n, v∇ · v, (1/ρ− 1/ρ̄)∇n

)
‖
B̃

1,5/2
2,1

dτ

. ‖(n0, v0)‖B̃1,3/2
2,1

+

t�

0

(
‖(n, v)‖

B̃
3/2,5/2
2,1

‖(n, v)‖
B̃

2,5/2
2,1

+ ‖(1/ρ− 1/ρ̄)‖
Ḃ

3/2,5/2
2,1

‖n‖
B̃

2,5/2
2,1

)
dτ

. ‖(n0, v0)‖3 +

t�

0

(
‖∇(n, v)‖22 + ‖∇(1/ρ− 1/ρ̄)‖2‖n‖B̃2,5/2

2,1

)
dτ

. ‖(n0, v0)‖3 +

t�

0

‖∇(n, v)‖22 dτ + δ

t�

0

‖n‖
B̃

2,5/2
2,1

dτ.
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Since δ is sufficiently small, the inequality (2.13) gives

(2.14) ‖(n, v)‖
B̃

1,5/2
2,1

+

t�

0

‖(n, v)‖
B̃

2,5/2
2,1

dτ . ‖(n0, v0)‖3 +

t�

0

‖∇(n, v)‖22 dτ.

Using (2.1)2, (2.14) and the same argument as in (2.10), we have

‖∇v‖
B̃

0,3/2
2,1

+ a

t�

0

‖∇v‖
B̃

0,3/2
2,1

dτ

. ‖∇v0‖B̃0,3/2
2,1

+

t�

0

‖∇(∇n, v · ∇v, (1/ρ− 1/ρ̄)∇n)‖
B̃

0,3/2
2,1

dτ

. ‖∇v0‖B̃0,3/2
2,1

+

t�

0

(‖∇(n, v)‖22 + ‖n‖
B̃

2,5/2
2,1

) dτ

. ‖(n0, v0)‖3 +

t�

0

‖∇(n, v)‖22 dτ,

which is (2.7).

Proof of Theorem 1.2. Since δ > 0 is sufficiently small, from (2.3) and
(2.4) we have a functionH2(n, v) which is equivalent to ‖(n, v)‖3 and satisfies

(2.15)
d

dt
H2

2 (n(t), v(t)) + C
(
‖∇n(t)‖22 + ‖v(t)‖23

)
≤ 0.

Integrating over [0, t], we obtain

(2.16) H2
2 (n(t), v(t)) + C

t�

0

(
‖∇n(τ)‖22 + ‖v(τ)‖23

)
dτ . H2

2 (n(0), v(0)),

which gives (1.7). By (2.5), (2.15), Lemma 2.4, Lemma 2.7 and (2.16), we
arrive at

‖S(t)‖3 . ‖S(0)‖3 exp

{
C

t�

0

‖∇v‖
B̃

0,3/2
2,1

dτ

}
(2.17)

. ‖S(0)‖3 exp{C‖(n(0), v(0))‖3},

which gives (1.8). Thus we have proved the global existence result of Theo-
rem 1.2.

3. Convergence rate of the solution. We now prove the decay part
of Theorem 1.2. In Section 3.1, we establish decay-in-time estimates for the
linearized system and an elementary inequality. In Section 3.2, we show the
optimal decay rates by delicate energy estimates.
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3.1. Linear estimates. We consider the following linear system:

U(t) = K(t)U0, t ≥ 0,

where
U = [n, v]t, U0 = [n0, v0]

t

and K(t) = etB with B being the matrix-valued differential operator given
by

B :=

(
0 −κ2 div

−κ2∇ −a

)
.

Then the solution semigroup K(t) has the following decay in time, which
has been proved in [1, 34].

Lemma 3.1. Let 1 ≤ p ≤ 2 and k ≥ 0 be an integer. Suppose U(t) =
(n(t), v(t)) = (K1(t)U0,K2(t)U0) is a solution of the linear system Ut = BU .
Then for any t ≥ 0,

(3.1) ‖∇kK1(t)U0‖
. (1 + t)−σ(p,2;k)(‖n0‖Lp + ‖v0‖L3p/(3−p) + ‖(n0, v0)‖k),

(3.2) ‖∇kK2(t)U0‖
. (1 + t)−σ(p,2;k+1)(‖n0‖Lp + ‖v0‖L3p/(3−p) + ‖(n0, v0)‖k),

where the decay rate is measured by

σ(p, 2; k) =
3

2

(
1

p
− 1

2

)
+
k

2
.

Finally, if |n̂0| ≥ c0 and v̂0 = 0 for 0 ≤ |ξ| � 1, then there exists a positive
constant c2 such that

‖n(t)‖ ≥ c2(1 + t)−3/4,(3.3)

‖v(t)‖ ≥ c2(1 + t)−5/4.(3.4)

Finally, the following elementary inequality will also be used [8]:

Lemma 3.2. If r1 > 1 and r2 ∈ [0, r1], then there exists a constant
C(r1, r2) such that

τ�

0

(1 + t− τ)−r1(1 + τ)−r2 dτ ≤ C(r1, r2)(1 + t)−r2 .

3.2. Convergence rates. We use Lemma 3.1 to show a priori decay-
in-time estimates on (∇n, v). Hence the decay-in-time estimate on n can be
obtained. First we have the following lemma.
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Lemma 3.3. Let (n, v, s) be the solution of (2.1). Then

‖∇n(t)‖ . (1 + t)−σ(p,2;1)(‖n0‖Lp∩H1 + ‖v0‖L3p/(3−p)∩H1)(3.5)

+ δ

t�

0

(1 + t− τ)−σ(p,2;1)(‖∇n(τ)‖2 + ‖v(τ)‖3) dτ

for any t ≥ 0.

Proof. From Duhamel’s principle and Lemma 3.1, we have

‖∇n(t)‖ . (1 + t)−σ(p,2;1)(‖n0‖Lp∩H1 + ‖v0‖L3p/(3−p)∩H1)(3.6)

+

t�

0

(1 + t− τ)−σ(p,2;1)‖(F,G)(τ)‖L1∩H1 dτ.

The nonlinear terms F and G can be estimated as follows:

‖(F,G)‖L1 . ‖(n, v,S)‖1(‖∇n‖1 + ‖v‖2)(3.7)
. δ(‖∇n‖1 + ‖v‖2),

‖(F,G)‖1 . ‖(n, v,S)‖W 1,∞(‖∇n‖2 + ‖v‖3)(3.8)
. δ(‖∇n‖2 + ‖v‖3).

Plugging the above two inequalities into (3.6), we arrive at (3.5).

Now, we use Lemma 3.1 to derive decay-in-time estimates on (∇n, v).
Multiplying (2.1)2 by v, integrating over R3 and using the Cauchy–Schwarz
inequality, we obtain

(3.9)
d

dt
‖v(t)‖2 + C‖v(t)‖2 . ‖∇n(t)‖2 + δ‖∇v(t)‖2.

Now we define the temporal energy functional

M(t) = ‖u(t)‖2 +D1H1(n(t), v(t)) +
∑

1≤|α|≤2

〈∂αx∇n, ∂αx v〉(t)

for any t ≥ 0; notice that M(t) is equivalent to ‖∇n(t)‖22 + ‖v(t)‖23 since D1

can be large enough. Adding (2.4) to (3.9), we obtain

d

dt
M(t) + C(‖∇2n(t)‖21 + ‖v(t)‖23) . ‖∇n(t)‖2.

Adding ‖∇n‖2 to both sides gives

(3.10)
d

dt
M(t) +M(t) . ‖∇n(t)‖2.

Set

(3.11) N(t) = sup
0≤τ≤t

(1 + τ)2σ(p,2;1)M(τ),
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and notice that

(3.12) ‖∇n(τ)‖2+‖v(τ)‖3 .
√
M(τ) . (1+τ)−σ(p,2;1)

√
N(t), 0 ≤ τ ≤ t.

Then it follows from Lemma 3.3 that

‖∇n(t)‖ . (1 + t)−σ(p,2;1)(‖n0‖Lp + ‖v0‖L3p/(3−p))(3.13)

+ δ

t�

0

(1 + t− τ)−σ(p,2;1)(1 + τ)−σ(p,2;1) dτ
√
N(t)

. (1 + t)−σ(p,2;1)(‖n0‖Lp + ‖v0‖L3p/(3−p) + δ
√
N(t)).

Hence, by Gronwall’s inequality, (3.10) and (3.13) lead to

M(t) . e−tM(0) +

t�

0

e−(t−τ)‖∇n(τ)‖2 dτ(3.14)

. e−tM(0) +

t�

0

e−(t−τ)(1 + τ)−2σ(p,2;1)

× (‖n0‖Lp + ‖v0‖L3p/(3−p) + δ
√
N(τ)) dτ

. (1 + t)−2σ(p,2;1)(‖n0‖2Lp + ‖v0‖2L3p/(3−p) + δ2N(t)).

Since N(t) is non-decreasing, from (3.12) and (3.14) we have

(3.15) N(t) . (‖n0‖2Lp + ‖v0‖2L3p/(3−p) + δ2N(t))

for any t ≥ 0, which implies that

(3.16) N(t) . ‖n0‖2Lp + ‖v0‖2L3p/(3−p) ,

since δ > 0 is small enough. Thus we obtain (1.10) from (3.12) and (3.16).
Next, by Duhamel’s principle, we arrive at

‖n(t)‖ . (1 + t)−σ(p,2;0)(‖n0‖Lp∩L2 + ‖v0‖L3p/(3−p)∩L2)

+

t�

0

(1 + t− τ)−σ(p,2;0)‖(F,G)(τ)‖L1∩L2 dτ

. (1 + t)−σ(p,2;0)(‖n0‖Lp∩L2 + ‖v0‖L3p/(3−p)∩L2)

+

t�

0

(1 + t− τ)−σ(p,2;0)(‖∇n(τ)‖2 + ‖v‖3) dτ

.
[
(1 + t)−σ(p,2;0) +

t�

0

(1 + t− τ)−σ(p,2;0)(1 + τ)−σ(p,2;1) dτ
]

× (‖n0‖Lp∩H3 + ‖v0‖L3p/(3−p)∩H3)

. (1 + t)−σ(p,2;0)(‖n0‖Lp∩H3 + ‖v0‖L3p/(3−p)∩H3)
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for any t ≥ 0. Thus (1.9) is proved. For (1.11), using the above decay esti-
mates on (n, v), we have

‖∂t(n, v,S)(t)‖ . (‖n‖1 + ‖∇n‖) . (1 + t)−σ(p,2;1).

Thus the proof of the convergence rate in Theorem 1.2 is complete.

4. Lower bound on the time decay rate. In this section, we consider
the lower bound on the time decay for global solutions. Define

P(t, x) = P 1/γ(t, x)− P̄ 1/γ , m(t, x) = ρ(t, x)u(t, x).

The Cauchy problem for (P,m) is

(4.1)


∂tP +

P̄ 1/γ

ρ̄
divm = −div

(
Pu+

P̄ 1/γ(ρ̄− ρ)m

ρρ̄

)
,

∂tm+ η∇P + am = −∇(P (P, P̄ )− P̄ − ηP)− div(ρu⊗ u),

(P,m)|t=0 := (P0,m0)→ (0, 0) as |x| → ∞,
where η = PP(0, P̄ ).

Denote V = (P,m) and

F =

[
−div

(
Pu+

P̄ 1/γ(ρ̄− ρ)m

ρρ̄

)
,−∇(P (P, P̄ )− P̄ − ηP)− div(ρu⊗ u)

]
.

Then by Duhamel’s principle, Lemma 3.1 and (1.12), we have

‖P‖ ≥ c2‖K1(t)V0‖ − C
t�

0

‖K1(t− τ)F(τ)‖ dτ

≥ c3(1 + t)−3/4 − C
t�

0

(1 + t− τ)−5/4

×
∥∥∥∥(Pu+

P̄ 1/γ(ρ̄− ρ)m

ρρ̄
, P (P, P̄ )− P̄ − ηP, ρu⊗ u

)
(τ)

∥∥∥∥
L1∩H1

dτ

≥ c3(1 + t)−3/4 − C
t�

0

(1 + t− τ)−5/4(1 + τ)−5/4 dτ ≥ c4(1 + t)−3/4,

which gives (1.13). For m, we have

‖m‖ ≥ c2‖K2(t)V0‖ − C
t�

0

‖K2(t− τ)F(τ)‖ dτ

≥ c3(1 + t)−5/4 − C
t�

0

(1 + t− τ)−7/4

×
∥∥∥∥(Pu+

P̄ 1/γ(ρ̄− ρ)m

ρρ̄
, P (P, P̄ )− P̄ − ηP, ρu⊗ u

)
(τ)

∥∥∥∥
L1∩H1

dτ
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≥ c3(1 + t)−5/4 − C
t�

0

(1 + t− τ)−7/4[(1 + τ)−3/2 + (1 + τ)−5/4δ] dτ

≥ c4(1 + t)−5/4,

since δ > 0 is sufficiently small. Thus we get (1.14), and the proof of Theorem
1.2 is complete.
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