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NUMBER THEORY

An improvement of a lemma from Gauss’s first proof of
quadratic reciprocity
by
A. SCHINZEL and M. SKALBA

Summary. An upper estimate is given for the least prime ¢ such that (d/q) = 1 and
(p/q) = —1, where d # 0 is a given integer and p is a given prime satisfying p = 1 (mod 8)
and (d/p) = 1.

In his proof (and the first proof altogether) of the quadratic reciprocity
law Gauss applied the following statement:

(x) For every prime p of the form 8k+1 there exists a prime q < p satisfying

(1) <§) -

For p =1 (mod 4) and ¢ > 2, is equivalent to

§)--

and it is a well known problem to estimate the least prime ¢ for which
holds. The best unconditional result is due to Burgess [1]:

1
q< pm-i-a

for every € > 0 and p > po(e).
We shall improve, at least asymptotically, the statement (%) by proving

THEOREM 1. For every integer d # 0, every real number e > 0 and every
prime p > po(d,e) with p = 1 (mod 8) and (d/p) = 1 there exists a prime
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q < p*/3t such that

(3) (Z) =1 and (2) — 1.

For d = —1,2 and € = 1/3 one can take py(d,e) = 0.
The proof of the Theorem is based on three lemmas.

LEMMA 1. Assume that p > 2,

(©)-

and M > 0. The number of pairs (x,y) € Z2 N (0, M]? such that

(5) 2% — dy® = 0 (mod p)

is 2M?/p + O(M), where the constant in the O-symbol is absolute.
Proof. Since d = 6% and § Z —6 (mod p), is equivalent to

(6) xr = 0y (mod p).

For every y € Z N (0, M| there are 2M /p 4+ O(1) integers = € (0, M| satisfy-
ing @ Hence the lemma.

Let v4(d) be the exact exponent with which the prime ¢ divides d.

LEMMA 2. Letd # 0 be a cube free integer and let q1, . . ., qr be all distinct
prime divisors of d such that
(¢)--
p

Let e; = vg,(d) (1 < i < k) and S be a subset of {1,...,k}. The number
N(S) of pairs (x,y) € Z> N (0, M])? such that

(7) 2 —dy*#0 (mod p), v,(z*—dy?)=1 (mod 2) (i€ S)
equals
2
M2<1 - ) [z +o01)
p €S
for some x; < 1/2, where the constant in the O-symbol depends on d.

Proof. All ¢; are odd, because of the condition p = 1 (mod 8). The
condition @ is equivalent to the conjunction of 22 — dy? # 0 (mod p) and

qu‘(x) > VQi(y) if e; =1,
Vg (@) = 14 v (), vg,(@%q; " —dg 220 ") = 1 (mod 2) if ¢ = 2.

In order to get the estimate we set
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L ife; =1
_ fo =
Z; G+ 1 € s
2 dg: 2
Bi=——— ife; =2, <q1>:1,
(g +1) i
dg;?
2 =0 ifei:2,(q’ >:—1,
qi

and apply the Chinese Remainder Theorem together with Lemma 1. We only
give the rationale for the formula on z; in case e; = 2, because it is more
involved.

Let z = q:-/q" (x)oz, y = q;/qi (y)ﬁ and ¢; 1 af. Then the second of conditions
is equivalent to
Ve () =1+ v, (y) and v, (a® —d'B?) =1 (mod 2) where d' = d/q?.
Let B=7?N(0,M]?, B = {(o,8) € B| ¢i t ap}. First if (d'/q;) = —1, then
{(5:9) € B | vy (2 — dy?) = 1 (mod 2)} =0,
so we set x; = 0. Secondly, if (d'/¢;) = 1, then

i—1\?
card B’ = (q > card B+ O(M),

qi

and for any fixed k > 1,
by, := card{(«a, 8) € B’ | vy, (a® — d'B?) > k}

2(¢F — ¢f )
:cardB'm+O(M)
(@7 —a7 )

Hence
card{(a, B) € B' | vg;(a® —d'$?) =1 (mod 2)} = by — by + by — - --
2 1 1 2
= 1——i——~~>cardB'+OM = card B + O(M),
Qi_1< 4% G (M) g —1 (M)
and finally
card{(z,y) € B | v, (2% — dy?*) = 1 (mod 2)}
11 2g; (qz-—1>2
=|{—+=+-- cardB + O(M
(Qz‘ q} )q?—l gi (M)

2
= WC&I‘dB + O(M),

which justifies the definition of z; in case (d'/¢;) = 1.

LEMMA 3. Let f(x,y) = 2% + axy + by? be an integral quadratic form
reducible mod p, but not congruent mod p to a perfect square. Let x be a
non-principal character mod p and B = 72 N (0, M]2. For every ¢ > 0 there
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exists § > 0 such that
8) S X(F(@) = OMp0)  for every M > ph/3+e.
(z,y)EB
Proof. See Burgess [2].

Proof of the Theorem. Without loss of generality we can assume that for
each prime ¢ dividing d one has v4(d) < 2. In Lemma , set f(z,y) = 22 —dy?,
x = (-/p), M = p(1+e)/3_ By the condition (d/p) = 1 the assumptions of the
lemma are satisfied. By the lemma, holds for a certain § > 0. On the
other hand, by Lemma , x (2% —dy?) = 0 for at most 2M?/p+O(M) terms
of the sum over B. Let qq, ..., g be all distinct prime divisors of d such that
(¢i/p) = —1, and for S C {1,...,k} let N(S) be as in Lemma [2] Assuming
that there is no prime g < p?/3*¢ satisfying , the number of terms in the
sum (8)) in which x(z% — dy?) = —1is

M2<1 _ ;) S L]0 - =) + o0

card Sodd i€S  igS
k

2 1 1
=Mm(1-=)(z-=]]a -2z oM
which can be justified as follows: for given [ natural numbers¢; < --- <4 <k
we compare the coefficients of z;, - - - x;,; on the left-hand side the relevant
coefficient equals

2 2
M? (1 - ) Y <l> = M? (1 - ) (—=2)1,
p j=1 (mod 2) J p
and on the right-hand side the coefficient has the same value. Now we obtain

> X(F(a.y)) = card B~ M*2 — O(M)
(z,y)eB p

~ M2 <1 - 2) (1 - ﬁ(l - Zmi)) +O(M)

p i=1

k

2

— M2<1 - p) 1:[(1 — 22;) + O(M),
=1

which is not O(M?*p~?). The contradiction proves the existence of a prime

q satisfying .
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