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Abstract. For an integer d > 2 which is not a square, we show that there is at most
one positive integer = appearing in a solution of the Pell equation x? — dy? = +4 which is
a Fibonacci number, except when d = 2,5, where we have exactly two values of x being
members of the Fibonacci sequence.

1. Introduction. Let {F,},>0 be the Fibonacci sequence given by
Fryo = Fp1 + Fo, for m > 0, where Fy = 0 and Fy = 1. A few terms of
this sequence are

0,1,1,2,3,5,8,13,21,34,55,89, 144, 233,
377,610,987, 1597, 2584, 4181, 6765, . . .

The Fibonacci numbers are well-known for possessing wonderful and amaz-
ing properties (see [18, pp. 53-56] and [7] as well as their extensive annotated
bibliographies for additional references and history).

Let d > 1 be a positive integer which is not a perfect square. Consider
the Pell equation

(1.1) 2 — dy? = 1.
All its positive integer solutions (z,y) are given by
o+ ynVd = (v1 + y1Vd)",

for some positive integer n, where (x1,y1) is the smallest positive solution.
In [12], the second and third authors studied the positive integers n such
that x,, = F,, is a member of the Fibonacci sequence and proved that for
any d, there is at most one such n, except when d = 2 for which there are
exactly two such values of n.

2010 Mathematics Subject Classification: 11A25 11B39, 11J86.

Key words and phrases: Pell equations, Lucas numbers, linear forms in logarithms.
Received 20 April 2016.

Published online 20 April 2017.

DOI: 10.4064/cm6960-8-2016 [75] © Instytut Matematyczny PAN, 2017



76 B. KAFLE ET AL.

In this paper, we consider the same problem for the Pell equation
(1.2) X2 —dy? = +4.

Before getting to our main result, let us make some numerical observations.
It is known that all positive integer solutions (X,Y") of ([1.2)) are given by

X, +Y,Vd B <X1 +Y1\/a>n
2 N 2

for some positive integer n, where (Xi,Y7) is the smallest positive integer
solution.

As a toy example, let us start the study of this question with the small
values of m, namely m < 3.

e If m = 1,2, then X,, = F,;, = 1. Using ([1.2)), we see that n = 1, d = 5,
Y,=1.

e If m = 3, then X,, = F,, = 2. Using (1.2)), we find that n = 1, d = 2,
Y,, = 2 and the the sign on the right-hand side is —.

From now on, we only consider the instance m > 4. Hence, we study the
Diophantine equation

(13) Xn S {Fm}mzll-

Of course, for every integer z > 3 and every €1 € {44} there is a unique
square-free integer d > 2 such that

22 —dy? = €.
Namely d is the product of all prime factors of 22 —e1 which appear with odd
exponents in its factorization. In particular, taking x = F,,,, we see that any
Fibonacci number is the X-coordinate of the Pell equation corresponding
to one of two specific square-free integers d (according to the sign of £1).

Here, we study the square-free integers d such that the sequence { X, }n>1
contains at least two Fibonacci numbers. Our result is the following.

THEOREM 1.1. Let d > 2 be square-free. The Diophantine equation
(1.4) Xn € {Fn}m>4
has at most one solution (n,m) in positive integers. Allowing also m €

{1,2, 3}, the above Diophantine equation still has at most one solution except
ford=2 and d =5, when

ne{l,4} and ne{1,2},
respectively, are all the solutions of the containment (|1.4)).

The organization of this paper is as follows. The proof of Theorem
proceeds in two cases according to whether n is even or odd. In Section 2, we
consider the case of n even and prove that has no other solution apart
from those listed in Theorem For this, we transform the main problem
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into a problem about finding all the rational points on some elliptic curves.
This is done by means of MAGMA. In Section we deal with the case
of n odd. Here, we use Baker’s method and the Baker—Davenport reduction
method to prove that there is no other solution than those already obtained.

2. The case of n even. Set
X, +Vivd X, —-"Vd
a=————©"60o9o— and f=————.
2 2

One can see that a3 = ¢, so B = ea~!, where ¢ € {+1}. With

an_XnJrYn\/& X, - Y,d

B 2 B 2 '

we obtain X,, = o™ + g". Thus,

and ("

X+ VA, \? (X — VAV, \?
Xop = ™" + 7" = (j?f) + <2\f)

= L(X2+dY?) = (X2 + (X2 —4e)) = X2 — 2e.
Therefore, it suffices to solve the equation
(2.1) uw?+2=F,, wherem>1.

There are many papers in the literature solving Diophantine equations of the
form F,, = f(u) for some quadratic polynomial f(x) € Q[z] by elementary
means. We give only a couple of examples. The only squares in the Fibonacci
sequence are 0 = Fy, 1 = F; = Fy, 144 = Fo. This is a consequence of the
work of Ljunggren [§], [10] (see [1I), Introduction]) and was rediscovered by
Cohn [2] and Wyler and Rollett [19]. All triangular numbers in the Fibonacci
sequence are 1 = F} = Fy, 3 = Fy, 21 = Fg, 55 = F}, and were found by an
elementary method by Luo Ming [16]. It is therefore likely that one can find
all solutions of equation by elementary means using only congruences
and Jacobi symbol manipulations.

We preferred a more computational approach using MAGMA, which we
now describe. Since

(2.2) V2 - 5U% = +4

with (V,U) = (L, Fyn), where {L,},>0 is the Lucas companion of the
Fibonacci sequence given by Lo =2, Ly =1 and Ly42 = L1171 + Ly, for all
n > 0, it follows that by replacing F}, with u? + 2 and setting v = L,,, we
obtain

(2.3) v? =5(u? £2)% + 4.

In the right-hand sides of (2.3) above we have four polynomials, each of
degree 4. So we are led to integer points (u,v) on the following four elliptic
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curves:

(2.4) v? = 5ut + 20u? 4 24,
(2.5) v? = but — 20u® + 24,
(2.6) v? = 5u* + 20u® + 16,
(2.7) v? = 5ut — 20u* + 16.

We used MAGMA to determine the integer points (u,v) on these elliptic
curves. We obtained:

(£1,£7)  for curve (2.4),
(£1,43) for curve ({2.5),
(0,£4) for curve ({2.6));

(0,£4), (£1,£1),(£2,44), (£6,£76)  for curve ([2.7)).

As F,, = u?£2, we find that X = X,, = F;,, € {2,3,34}. Using the equation
—dY? = +4, we see that:

o for X =2 we get (Y,d,e,n) =(2,2,—1,1);
o for X =3, we get (Y,d,e,n) = (1, 5,1,2) (1,13, )
o for X =34, we get (Y,d,e,n) = (24,2,1,4), (2, 29() 1,1).

Since n is even, the only acceptable cases are (n,d) = (2,5), (4,2). In both,
—dY? = —4.

So far, we have seen that if X,, € {F},,}m>1 for some even n, then we must
have (n,d) = (2,5), (4,2). Since we are asking when X,, € {F;,}mm>1 holds
for at least two values of n, it follows that in each of the above two cases,
the other value of n must be odd. This leads to

—dY? = -4 withd € {2,5}.

When d = 5, it is well-known that (X,,,Y;,) = (Ln, Fy), and furthermore
n must be odd. Hence, we get L,, = F},, whose only convenient solution is
n = 1. For d = 2, we rewrite our equation as

27 = X2 +4=F3 + 4.
Multiplying the above relation by L2, = 5F2 + 4, we get
(2Yp L) = 2(F2 + 4)(5F% £ 4).
Setting u := Fj,, and v := 2Y,, L,;,, we are led to solving the equations
(2.8) v? = 2(u? + 4)(5u® + 4) = 10u* + 48u* + 32,
(2.9) v? = 2(u? +4)(5u® — 4) = 10u* + 32u* — 32

in positive integers (u,v). Only (2.9) gives us the solution (u,v) = (2, 16),
which leads to X,, = F},, =2 = F3, and Y}, = 2.
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LEMMA 2.1. Assume that X% — dY? = +4 and X, = F,, for some
even n. Then (n,d) = (2,5), (4,2). Additionally, if d = 2 and d =5, the
only solutions of X,, = F,, (regardless of the parity of n) are n = 1,4 and
n =1, 2, respectively.

3. The case of n odd

3.1. Preliminary considerations. From now on, d > 2 and d # 5.
Now suppose that n; < mg are odd integers such that X,,, = F,,, and
Xn, = Fp,, for some positive integers m; < mgy. Since n; and ng are odd,
we have

ng(an ) an) = chd(nl,ng) .

Further, ged(Fm, ;s Fimy) = Faed(my,ms)- Thus, by replacing ny with ged(na, n2)
and my by ged(mq,mg), we may assume that ny | ng and mq | ma. Hence, we
write ng = nin and mg = m1t for some positive integers n,t > 1. Clearly,
n is odd. Further, we replace (X,,,Y,,) by (X1,Y1), and thus (o™, ™)

by («, ). We obtain

(3.1) Xi=a+p=Fy,

(3.2) Xp=a"+ 8" = Fpt.

Since ny is odd, it follows that e™ = (af)™ = e is preserved under the
above replacements. We set (v,6) = ((1++/5)/2, (1 —+/5)/2) for the golden

section and its conjugate. We have

_,yk_(skz

V5

With this notation, the following inequalities hold.

(3.3) F, for all k > 1.

LEMMA 3.1. We have the following estimates:

1 6
(3.4) o — %le S
(35) ,ymlt—Z <a® < ,}/mlt7
_ 10
(3.6) [VBy ™Mt — 1] < it

Proof. Using (3.1) and the Binet formula (3.3)) for the Fibonacci num-

bers, we obtain
,ym1 _ 6m1

a+p= 7

We deduce that
1 1

(3.7) a=—=vy"—-f5— %5’”1.
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Since o > 3 (because d > 2) and |3| < 1, we have
20/3 < a+ f < 20
Further,
,Ym1—2 < le < 7m1—17
which can be easily deduced from (3.3)). Thus, from (3.1)), we deduce
20/3 < Fppy <4™71 50 a< %7’”1_1 <M,
as well as
y™M~2 < B < 2a, and so %'yml_Q < a.
This leads to %’yml_2 < a<~y™. So, we get
(3.8) FmT << 4™,
Therefore, from (3.7)) we obtain
1o 11 _ 1 ( 1 2) 6
— £ 4 ()™ < — 429 < —,
75 5 \/5( 7) S\ Y i
which proves (3.4). On the other hand, we use (3.2) to get

1 1
3.9 n_ _— mt_ pgn_ _~ smt
(39) C=E T

o —

As above, we have
YT < By =l 4 BT < (@ + B7) = yFy <™
Thus, one can see that y™=2 < o™ < 4™t which is (3.5)).
Estimate (3.5 together with (3.9)) leads to

1 1 1 (1 2/5
<—— (=47 < \[,
TMEAV5 yml

n mait B

a - — S E™

L1
= £+

V5
which gives (3.6)). =

3.2. An inequality between n and t¢. In this subsection, we prove
the following result.

LEMMA 3.2. We have n > t.
Proof. Note that

(o, B) = <Fm1+ Fr, —a1 le_vFr?n—ﬁ)
) - 2 ) 9

2
where €1 = 4¢. By induction on n, one can readily prove that the two
sequences { Xy, }n>1 and {Fy pn tn>1 satisfy
(3.10) Xp=Fn, X1+ (—e) X2,

(3'11) Fm1ﬂ = Lmlle(n—l) + (_1)m1_1Fm1(n—2)7
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for all n > 3. Further,
(3.12) X1=Fn, Xo=F, £2<F2 +2<Fp,.

The last inequality in follows because Fon, = Fpy, L, and Ly, > 2F,,,
for all m; > 4, an inequality which is obvious as L,,, = 2F,, + F,—3, which
can be proved by induction on m; > 4.

We now prove by induction on n that

Xn < Fpn foralln>2.

This together with will give us the desired conclusion that ¢t < n.

The inequality X,, < F,,, holds with n = 2 by and we also have
X1 = F, (so we have equality when n = 1). Suppose that n > 3. Since
Ly, > 2F,,, for all m; > 4, the desired inequality follows by induction on
n from the two recurrences (3.10) and (3.11) when m; is odd. When m; is
even, again by induction on n, we have

Frn = Lmlle(nfl) - le(n72)
= (Lml - 1)Fm1(n—1) + (le(n—l) - le(n—Q))
> lele(n*U + le(n72) >Fn Xno1+Xpn—2=Xp. n
3.3. An inequality involving m; and n. The following result will
help us compare m; and n.
LEMMA 3.3. We have v™ < 6n2.
Proof. We shall show that
(3.13) Fpy | 0% £ 12,
The right-hand side above is nonzero by Lemma The divisibility (3.13])
will immediately imply the desired conclusion since then /™2 < F,,, <
n? + 12 < 2n? by Lemma so Y™ < 2v2n? < 6n2.
Recall that the Dickson polynomial

2l »
(3.14) Dy (z,v) = Z ( > (—v)PX"2P

=P\ p

satisfies
Dy(u+v/u,v) =u" 4+ (v/u)".
Taking n odd, u = «a, v = ¢, we get
Xy a4+ " Dy(Xi,¢) In/2)
— = = = (—¢)" dX

by (3.14). Since X = F,,,, and X,, = F,,,;+, we obtain

0

(3.15) "™ = 4 (mod Fpy, ).

Fo,
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When ¢ is odd, the left-hand above is congruent to +t modulo F},,, which
can be proved by invoking again properties of the Dickson polynomials.
But we prefer a direct approach. Given two algebraic integers n, ¢ and an
integer m we write n = ¢ (mod m) if (n—)/m is an algebraic integer. Then
4™ =™ (mod Fy,, ), therefore

mit 5m1t

let _ v

F, mp Y —
The same congruence holds if we replace v by J, and multiplying them we
get

_ ,yml(t—l) 4+t 5m1(t_1) = tfyml(t_l) (mod le).

2
(3.16) (?m) = t2(76)™ Y = 142 (mod F,,).
m1

By (3.15), the left-hand side above is congruent to n? (mod Fy,,), which
together with (3.16)) leads to (3.13]). =

3.4. Bounding n and m;. The next result will give us upper bounds
for n and m;. But first we recall a result due to Matveev [14]. Let L. be an
algebraic number field and dp, be the degree of L. Let 71,...,m € L not 0
or 1 and dy,...,d; be nonzero integers. We set

l
D = max{|di|,...,|d],3}, AZHU?—L
=1

Let Aq,...,A; be positive integers such that
Aj > b (nj) := max{dLh(n;), logn;],0.16} for j=1,...,1,
where for an algebraic number n we write h(n) for its Weil height.
THEOREM 3.1. If A #0 and L C R, then
log [A] > —1.4-30"31*5d2 (1 + log dy)(1 +log D)A; - - - A;.
We now use the above result to prove the following lemma.
LEMMA 3.4. We have n < 2.9 -10'°. Additionally, m; < 154.

Proof. We take
A= \/gy_mlta” —1.

This is nonzero, since otherwise v/5 = 7™*a~" would be a unit, which is
false since it belongs to . = Q(v/5, @) and its norm from L to Q is 52. We
use Theorem [3.1| to get a lower bound for |A|. We take [ = 3,

m=V5 m=v, m=qa d=1, dy=-mt, dz=n.

Clearly, dp, € {2,4}. We have h(m) = logh, h(n2) = (log~v)/2, h(a) =
(log ) /2. Thus, we can take A1 = 2logh, Ay =2log~y, As = 2loga. Since
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d >3 and d # 5, we find that a > 72, so inequality (3.5) gives

m1t

P <ot <y
and thus n < mit. Hence, we can take D := m;t. Theorem now gives

(3.17)
—log |A| < 2.8-30%-3%5.4%(1 +log 4)(2 log 5)(2 logv)(2log &) (1+log(mat)).

On the other hand, inequalities (3.5 and ( give

10 104* 80
,Vlet a2n ﬁ’

(3.18) 4| < so —log|A| > 2nlog a — log 0.

Putting (3.17) and (3.18) together, we get

log 80
loga

Since o > 2 + /3, we have t < n (by Lemma and my < log(6n?)/log~y
(by Lemma [3.3)), we obtain

n < 3.4-10"(1 + log(n log(6n?)/log ),
giving n < 2.9 - 10'°. Additionally, F},, < 2n? < 1032, so m; < 154. m

n < 2.8-300-3%5.4%(1 + log4)(2log 5)(21logv)(1 + log(m1t)) +

3.5. The final step. For each m; € [4,154] and ¢ € {£1}, we calculate
P+ JFD, —de

We set
I' :=nloga — mqtlogy + log(\/g).

Note that e/’ —1 = A. Since t > 2 and m; > 4, we have m1t > 8, so by (3.6)

we obtain 10 )
|4 < <

2m1t 5
By a classical inequality, this leads to
20

,-YQTnlt

(3.19) | < 24| <
Inequality (3.19) is suitable to apply the reduction algorithm. Note that

n<mt<mmn<4.5- 10'7 := M.

So in order to deal with the remaining cases, for m; € [4,154], we used a
Diophantine approximation algorithm called the Baker—-Davenport reduc-
tion method. The following lemma is a slight modification of the original
version of that method (see [0l Lemma 5al).

LEMMA 3.5. Assume that M is a positive integer. Let P/Q be the con-
vergent of the continued fraction expansion of k such that Q@ > 6M, and



84 B. KAFLE ET AL.

let
n=[pQl — M- |xQ],

where || - || denotes the distance from the nearest integer. If n >0, then there
s no solution of the inequality

O<mk—-n+pu<AB™™

in integers m and n with

log(AQ/n) _ s
logB — —
As 50
0 < nloga —mitlog~y + log V5 < 5
Y
we apply Lemma [3.5| with

1 1 2
K= 2% Og‘/‘F’, A= 2 B2 M—a5.107

logy logy logy

The program was developed in PARI/GP running with 200 digits. For the
computations, if the first convergent such that ¢ > 6 M does not satisfy the
condition 7 > 0, then we use the next convergent until we find the one that
satisfies the conditions. In one minute, all the computations were done. In
all cases, we obtained mit < 157. We set M = 157 and the second run of
the reduction method yields no improvement.

For each t, we choose n odd (if it exists) such that inequalities hold,
and with this n, we check whether

Xn = Dn(Fm175) = let’

where the polynomial D(z,v) is given in (3.14). If it does, we have found
another solution to our original problem. We wrote a program in Maple that
we ran through the remaining range and found no new solutions.
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