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EFFECTIVE EQUIDISTRIBUTION OF PERIODIC ORBITS FOR
SUBSHIFTS OF FINITE TYPE

BY

SHIRALI KADYROV (Astana)

Abstract. We study equidistribution of certain subsets of periodic orbits for subshifts
of finite type. Our results solely rely on the growth of these subsets. As a consequence,
effective equidistribution results are obtained for both hyperbolic diffeomorphisms and
expanding maps on compact manifolds.

1. Introduction. For a given s € N and an s X s transition matrix A
with entries zero or one we let (X1, o) denote the one-sided subshift of finite
type where Zj is the symbolic space given by

o)
i = {x = (Tn)n>0 € H{l, oy St Az, o) =1, Vn € N},
n=0
and o : X§ — X7 is the shift map by (o()),, = zn1. For a given 6 € (0,1)
define a metric dy on X} by dp(z,y) = 6/@¥) where t(z,y) = max{n >0 :
x; = Yi, 0 < i < n}. We similarly define the two-sided subshift of finite type
(X 4,0) where

Yy = {l’ = (Zp)n>0 € ﬁ {1,...,8}: A(xp,xpny1) = 1,Vn € Z}

n=—oo

and the metric is given by dg(x,y) = 6'®¥) where t(z,y) = max{n > 0 :
z; = yi, |i| < n}. Also, for any continuous function g on X} we let
x) — .
l9le = Sup{’g( )Hng(y)\ twp =y, 0<1 < n}
n>0
We similarly define |- |9 on X4 with 0 < ¢ < n replaced by |i| < n. In
particular, |glg < oo implies that g is a Lipschitz function with the least
Lipschitz constant |g|p. Consider a norm ||-||g = |- |g+]-|co Where |-| is the
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supremum norm and let ]:9+ denote the space of all continuous functions f
on X1 with || f|lg < co. Analogously we define Fy on X 4. For both (X7, o)
and (X 4,0) we let h(o) denote the topological entropy and m the measure
of maximal entropy so that h(o) = hy,(0). Let £ = {C,...,Cs} denote the
generating partition of X} (or X'4), where C; = {z : zy = i}. To simplify the
notation we let £ := \/I_, 07%¢. In [K] we studied the effective uniqueness
of m, the measure of maximal entropy. By effective uniqueness we mean
a statement that specifies how close a given measure is to the measure of
maximal entropy if its metric entropy is close to the maximal entropy. See
results from [Pol, [R] similar to [K].

In this paper we obtain the following improvement of [K, Theorem 1.1],
which will lead to effective equidistribution statements. The matrix A is
said to be irreducible if for each pair (i,7) there exists n > 1 such that
A"(i,7) > 0. We say that A is aperiodic if A(i,i) =1foralli=1,...,s.

THEOREM 1.1. Assume that A is irreducible and aperiodic. Then there
exists a constant ¢ > 0 such that for any N € NU {oo}, any o-invariant
probability measure i on Ej and any Lipschitz function f we have

1) ([ da | < el (72 + 2V (o) - ]lvagéV*))l/Q),

where m s the measure of mazximal entropy on Z'X. Moreover, the same
result holds for the two-sided subshift (X4, 0) with the exponent N/2 of 0
replaced by N/4.

This generalizes and improves [Po, Theorems 4.1.2 and 4.1.3].

We now want to discuss how Theorem can be applied to show the ef-
fective equidistribution of periodic orbits. In other words, we want to obtain
a rate of convergence of the distribution of periodic orbits. For any n € N
we let Fix,, denote the set of periodic points of period n,

Fix, = {z € X} : " (z) = z}.

By abuse of notation we let Fix,, also denote the periodic orbits of 34 of
order n. For any nonempty finite set I in X} (or X4) we let p; denote the
uniform probability measure supported on I,

1
M= > b
xel

Clearly each nonempty element of 5871 contains exactly one element from
Fix,,. More precisely, for any = € Fix,, we have

z € Plx,n):=ChNo 'CpyN---No "N, € gnt,
Thus, for any P € 5871 we have pr(P) = 1/|I| if P = P(z,n) for some



EQUIDISTRIBUTION OF PERIODIC ORBITS 95

x € I, and pr(P) = 0 otherwise. Thus,

H,, (&) = log 1],
Consequently, applying Theorem we see that for any Lipschitz f,

1/2
5 = ] < (974 202 (o) - 1) ),

which proves the following.

THEOREM 1.2. Fizn € N and let I be a nonempty invariant subset of
Fix,,. Then there exists ¢ > 0 such that for any Lipschitz function f we have

| am =] < el (077 202 o) ~ L1

As an immediate consequence we get

THEOREM 1.3. If {I,} is a sequence of invariant sets with I, C Fix,
and o(n) := h(o) — Llog|I,| — 0 as n — oo then there exists a constant
¢ > 0 such that for any n € N and any Lipschitz function f we have

§dm = 7 dpar, | < ellflo(07* + 292/ ().

A similar result was studied in a different context in [AE]. We note that
our methods are completely different from those of [AE]. It is well known (see
e.g. [PY] Sublemma 4.10.1]) that |Fix,| ~ ™" ie., lim, . |[Fix,|/eMo)"
= 1. In fact, it is easy to see that |Fix, | = tr(A") = AT +-- -+ AZ, where \;’s
are the eigenvalues of A with A\; > |);| for all ¢ # 1. Thus, there exists § > 0
such that |Fix,| = A}(1 4 O(e")), and since h(c) = log \; we deduce that

h(o) — %log [Fix,| = O(e™").

Hence, as a particular case of Theorem we obtain the effective equidis-
tribution of periodic orbits:

THEOREM 1.4. There exist constants c,§ > 0 such that for any Lipschitz
function f and any n € N we have

‘S fdm =\ f dp,

It is well known that repellers and Axiom A diffeomorphisms admit
Markov partitions. We refer to [B1, B2l [S1) [S2, K] for more details. Con-
sequently, we can realize a repeller (J,T) and an Axiom A diffeomorphism
(£2,T) as a factor of a subshift of finite type. By abuse of notation let Fix,,
denote the set of closed orbits x with 7™z = xz. Using this link together
with Theorem we can obtain the effective equidistribution statements
for closed orbits.

<cllflloe"
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THEOREM 1.5. Let (J,T) be a mizing repeller or (2(T'),T) be a mixing
Axiom A diffeomorphism. Let {I,,} be a sequence of invariant sets with I, C
Fix, and ¢(n) := h(T) — Llog|l,| — 0 as n — oo where h(T) is the
topological entropy. Then for any Lipschitz function f there exist constants
C(f) >0 and 6 € (0,1) such that

1 dm = 7 dur, | < COH(O™ +2v21/ip(n)

for any n € N. Moreover, there exists a constant § > 0 such that for any
Lipschitz function f we have

o am =\ £ durs,

As stated in [K| Lemma 4.1], any invariant measure on J or £2(T") can be
lifted to an invariant measure on a subshift of finite type. This is sufficient to
derive the above theorem from Theorem We skip the details of the proof
and refer to [K] for more information about using the standard arguments.
We note that defining suitable norms on J or {2 one can make the depen-
dence of C(f) on f precise. Equidistribution of closed orbits of expanding
maps and of hyperbolic diffeomorphisms was obtained by M. Misiurewicz
[M] and by R. Bowen [B3l, B1], respectively. Our results in Theorem
generalize and improve these results with exponential error terms.

We can also consider a subset Fix/, of Fix,, consisting of primitive periodic
orbits, that is, orbits with the least period n. When T : T¢ — T¢ is a linear
hyperbolic automorphism of the d-torus, the equidistribution of Fix/, was
obtained in [DI]. From [DI, Proposition 2.3] it follows that Fix/, ~ ¢"T)" /n,
which implies that h(T) — (log [Fix},|)/n = O((logn)/n). Thus, Theorem[L.5]
in this special case gives the equidistribution of Fix/, with the error term
O(4/(logn)/n), improving [DI, Proposition 2.4].

< C(f)em.

2. Proof of Theorem [1.1l We first note that the deduction of the
second half of Theorem [1.1| from is standard as we sketch it now. It
follows from [B2] [PP] that if f € Fp in X4 then it is cohomologous to f’ €
Fyrs2 with f/(x) = f'(y) for all z,y € X 4 satisfying x; = y; for alli > 0. More
precisely, there exist f',u € Fp /2 and a constant C' > 0 independent of f
such that || f'lg/2 < C||f]lg and f+uwoo—wu = f". Then f’ can be considered
as a function in .7-";/2. Also, any invariant measure on X4 can be considered

as an invariant measure on X'} . Thus, using | fdu—{ fdm = f'du—§ f'dm
and we obtain the second half of the theorem. Consequently, it suffices
to prove Theorem for the one-sided subshift.

We recall that fév_l = \/?:01 o' where N is a natural number or
N = oo. We first state the properties of the measure m of maximal en-
tropy, known as Parry measure [Pa]. This helps us to study the informa-
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tion function I,,,(§|€5°) and see that §I,,(£]°)dp = hm(o) for any in-
variant measure p. We then use the Pinsker inequality to relate the dif-
ference I, (£[£5°) — I,(€]€) to the difference of entropies of partitions.
What remains to do is to relate the difference of information functions to
{fdm — | fdpu, and this is done by constructing the sequence of functions
fn = L™ f using the transfer operator £ for subshifts of finite type.

Let A be an s x s irreducible and aperiodic transition matrix and A > 0
its largest eigenvalue. It follows from Perron—Frobenius theory [W] §0.9]
that there are strictly positive left and right eigenvectors (ug,u1, ..., us—1)
and (vg,v1,...,vs—1) respectively with Zf;& u;v; = 1. We set p; = w;v;
and p;; = a;jv;/Av;. Then the Markov measure m given by the probability
vector p = (po,p1,...,Ps—1) and the stochastic matrix (p;;) is the unique
measure of maximal entropy [W, Theorem 8.10]. It is easy to see that for
any admissible (ig,%1,...,1), the (k + 1)-cylinder set C(ig,i1,...,i;) =

{ze X} iag=jio,...,x =i} = mﬁ:o o "C;, satisfies
. . Ui, U5
(2.1) m(C(ig, ... igrk)) = %

For any partition ¢ of X}, let [z]¢ := Neepec B denote the atom of ¢

containing x, and let mS$ denote the conditional measure with respect to ¢

supported on [z]c. For more information on conditional measures we refer
to [EW,, §5]. It follows from (2.1)) that

. m([)yx -1 i)
¢ . Vico 7% Yo
2.2 a e) = - '

1=

Thus, m§ ([x]gge) is defined everywhere and for any z € X1 the information
function I,,, satisfies

Ln (€165 (x) = —logmT ([a]e) =log A + g(ow) — g(x),
where g(y) = logu,,. So, we immediately get
LEMMA 2.1. For any o-invariant probability measure p1 on ZX, we have
{1 (£167°) dpt = b (o) = log A.

We now state the Pinsker inequality. Consider the n-dimensional sim-
plex A, of probability vectors ¢ = (q1,...,¢,). For a given p € A, with
strictly positive entries we define the function

- bi
¢p: A =R by pr(Q):_ZQilOg;a
i=1 ¢

with the convention 0log & = 0. Fix the norm ||¢|| = >~ |¢;| on R™. We have
[CT), Lemma 12.6.1]
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LeEMMA 2.2 (Pinsker inequality). ¢, is nonnegative and has a unique
zero at p. Moreover, for any q € A, we have

g — pll < +/20p(q).
eoe

Let p(x), q(x) € Ag be given by p; = p;i(z) = mz' (C;) and ¢; = ¢i(z) =
N
,ugl (Ci). Then

[T (€162°) ) = Tu(€leM ) () i ()

s x mgfo C,
= — ZM% (Cz) log {V((6¢)) = (bp(x)(Q(x))
i=1 Ha i

It is easy to see that p; = ms (C;) = 0 for some i if and only if C;N[x]eee =0

N
if and only if Ciﬂ[az]giv = () for any N € N. So, we must have ;' (C;) =0, in
which case we simply drop the ith term in the definition of ¢,. Now, applying

N
Lemma together with the fact §§7,(£[¢]) dugl du(x) = H,(E1EN) we
obtain

LEMMA 2.3. For any invariant probability measure p on X1, we have

V6p(a) (a(2)) dps(@) = hn(0) — H(€[E]).

Now we are in a position to introduce the sequence (fy)n>0 of functions
using the transfer operator. Let L : LI(EX, £°,m) — LI(E:[, £5°,m) denote
the transfer operator given by
dmy o ot
dm
The following is classical (see e.g. [B2, Lemma 1.10 | and [PP| Theorem 2.2)).

Lf= where dm; = fdm.

LEMMA 2.4. There ezist constants C > 0 and p € (0,1) such that for
any Lipschitz function g on ZZ with §gdm = 0 we have

1£%glle < Cp"llglle ~ for any n > 0.
We have

LEMMA 2.5. For any f € FI, any probability invariant measure fi
on ZZ, and any n, N € N we have

Ve i = i < 1£allo (0™ 4+ V20 () = Hi(€l6N) ).
where fn, :=L"f = Lf,_1.
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Proof. Tt is easy to see that (Lf) oo = En(f|£°). Hence, using o-
invariance of y we have

(2'3) an+1 dﬂ - an du = SEm(fn‘floo) d“ - SEH(fn|§{v) du

Clearly C; N [x]gee is {y) = iz129---} or empty. In any case we have

En(fal€5) (@) = | fuly) dmE (y) = Y fuly (Cy).

ieA

9N+1

Also, for any y € C; N mff’ we have d(y,y;) < . Thus, for p-a.e. x,

Eu(fal&) () =D faly (Cy)

€A
—\Z (Faly) = Faly®) i ()] < 0V ful.
€N C;
Consequently,
B (fal€2°)(x) — Eu(fal€))(2)]
<O fulo + S 1l IS () — 1S (C)
i€/

<OV falp + | ful o lp(2) — g(2)])-
Using Lemma and the Cauchy—Schwarz inequality we deduce

Vv i = ] < 5OV falo + | faloclIp(2) — a()]) dp
<OV falo + | fuloo § /260 (a(2) dps(z)
< Ml + oy 2]y 02 i)
= 0N fulo V2 faloo\ (o) — Ha(€lEY).

We need one more lemma before we prove Theorem

LEMMA 2.6. Let (an)n>0 be a decreasing sequence of nonnegative integers
and set A, = (ap + a1+ -+ + an—1)/n. Then, for any n € N and h > ay,

2(h — Ap) > h — app)s)-

Proof. It suffices to prove the lemma for h = ag, and in this case the
conclusion follows from the inequality

i (|t (o= 2] o) S o
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Proof of Theorem [1.1. It suffices to prove the conclusion for Lipschitz
functions f with Sfdm = 0. As before we set f, = L"f for n > 0. From
Lemma [2.4] we see that | f, diu converges to 0 = { f dm, which gives

V=S gdm| = 1im [{rdu—§ fudu| < Z{)\anﬂdu—gfndu{.
Now, the estimate from Lemma 2.5 together with Lemma [2.4] yields

Vran = £ dm| <37 15allo (0¥ + V2(hon(o) ~ Hy(gl€))?)
n=0

C
< 711 (6 + V2(hun(0) — Hi(le)'?).
Now, we wish to replace H,(£|¢)) by %H ( N_l). We know that

1

1
(24) & ) = S HuE ZH (€ler).

It follows from Lemmas , and [2.3 - 3| that H (£|§1) < hp(o) for any n € N,

and in particular & H,(§)' ') < hy,(0). Thus, applying Lemma for h =
hm(o) and a, = H,(|ET) we get
1 vz
2(tnl0) = HAG ™) 2 (o) = E, (€ 07).
i=1
Hence, for any N € N,

‘Sfd#ﬂfdm\ < &Hf\le(GN/2+2\f2<hm(g) 7% y évl)>1/2>’

which finishes the proof. =
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