STUDIA MATHEMATICA 238 (2) (2017)

Sharp bounds for oscillatory singular integrals
on Hardy spaces

by

HussAIN AL-QASSEM (Doha), LESLIE CHENG (Bryn Mawr, PA) and
YiB1A0 PAN (Pittsburgh, PA)

Abstract. We establish the optimal bound for oscillatory singular integrals with
polynomial phase functions of arbitrary degrees on the Hardy space H'(R"). We also
prove that such a bound remains valid in the setting of weighted Hardy spaces.

1. Introduction. Let n € N, d € NU{0}, and let P(n, d) denote the set
of all polynomials on R™ with real coefficients and degrees not exceeding d.

Let K(z) be a Calderén-Zygmund kernel on R". For any P € P(n,d),
we consider the following oscillatory singular integral operator:

(1) Tp: f > pv. | ePTVK (@ —y)f(y) dy.
Rn

Thanks to the work of Ricci-Stein [10] and Chanillo-Christ [4], it has been
known for quite some time that Tp is bounded from LP(R"™) to LP(R™) when
1 < p < oo, and from L'(R") to LY*°(R"), with bounds on | Tp| rr—sr»
and ||Tp|/pi1_ 1.« dependent on K,n and d, but not on the coefficients
of P. However, an example given in [9] revealed that analogous uniform
boundedness of T does not hold on the space H!(R").

Various estimates for ||Tp|| 1,1, initially for phase polynomials which
have no first order terms and subsequently for more general phases, have
been obtained in [9], [§] and [I]. The following theorem from [I] provides an
estimate on ||Tp| gi_ g for each P in P(n,d) in terms of its coefficients.

TueoreM 1.1 ([1). Letn € N, d € NU{0} and P(z) = 3 o< |q<q ar® €
P(n,d). Let K be a Calderén—Zygmund kernel and Tp be given as in (1).
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Then there exists a positive constant C such that
Z|04=1 ’aa| ”fH
Z2§\a|gd |laq| /1o H1(R")

for all f € HYR™). The constant C may depend on n, d and K, but is
independent of the coefficients {aq} of P.

@) 1T f i oy < 0(1 ;

In exploring the best possible bound on ||Tp||f1_ 1, an example was
given in [I] to show that, as A =}, _; |aal/ X a<|a|<a lag |1l = oo, any
bound on ||Tp||g1_, 1 must increase at least at the rate of log(A). This
naturally led to the speculation on whether

ZOL: |aa|
3) e fll @ gcn,d<1+1og+< laf=1 >>||f”H1(R”)

D a<lal<d laal'1e

in fact holds for all f € H'(R").
Recently, the above bound was confirmed to be valid when the phase
polynomial P is quadratic (i.e. d = 2):

THEOREM 1.2 ([2]). Letn € N and P(x) = o< |q|<2 @az® be a quadratic
polynomial in R™ with real coefficients. Let K be a Calderon—Zygmund kernel
and Tp be given as in (1). Then there exists a positive constant C such that

Z|a|—1 ’aa|
O sl <01+ 10g" (S e
(R™) Z|o¢|:2 |aa|1/2 (R™)
for all f € HY(R™). The constant C may depend on n and K, but is inde-
pendent of the coefficients {an} of P.

The main purpose of this paper is to establish for phase polynomials
of arbitrary degrees. The arguments used here are more flexible than those
in [2]: not only do they allow the lifting of the restriction d = 2, but also
the extension to weighted Hardy spaces with Muckenhoupt’s A; weights.
Namely, we have

THEOREM 1.3. Let n € N, d € NU {0}, w € Ai1(R") and suppose
P(z) =3 0<|aj<d @t € P(n,d). Let K be a Calderdn-Zygmund kernel and

Tp be given as in (1). Then there exists a positive constant C such that

_]a
W flgeer < 0(1 10t (=) ) g
Da<lal<d laal1
for all f € HL(R™). The constant C may depend on n, d, K and the A;
constant of w, but is independent of the coefficients {as} of P. The bound
given in 1s the best possible in the sense that the logarithmic function
cannot be replaced by any function with a slower rate of growth.
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2. Some lemmas. For z € R"” and r > 0, let B(x,r) denote the open
ball centered at x with radius r, and |B(xz,r)| the Euclidean volume of
B(z,r).

The statement below is [3, Corollary 7.3], with the cube [0, 1]" replaced
by [—1,1]™.

LEMMA 2.1. For n,d € N, there exists an absolute constant Cy 4 > 0
such that

, ~1/d
(6) \ | e da:) < Cn,d( > \aa!)
[-11]™ 1<]al<d
for all P(z) =3 < 0j<q @az® € P(n,d).
The next lemma is from [10].

LEMMA 2.2. For n,d € N and 0 < o < 1/d, there ezists an absolute
constant Cy, 4, > 0 such that

(7) J 1P@) < Crao Y laal)
B(0,1) 0<|a|<d
for all P(z) =3 < 0j<q @az® € P(n,d).
LEMMA 2.3. Forn €N, d > 2 and P(z) = } y<|4)<q @a2® € P(n,d), let
the operator Gp be given by -
Gpf(x)= | PV f(y)dy.
B(0,1)

Then, for each p € [2,00), there exists a Cp g, > 0 such that
(8)  NGpfllLeBos)
—1/(pd)
< Cn7d7pt(2nd—l)/(2pd)< 3 yaa|1/‘“|) " Fllzo@n)

2<|a|<d

for all f € LP(R™) and t > 1. The constant Cy, 4, is independent of t and
the coefficients of P.

Proof. Since
IGPfllLe=(B0,)) < [BO, DI fllLoe mny,

it suffices to show that

9 1GP 2 < Crat® DD (37 faq[1/1o])
2<]al<d

1/(2d)
£l 22 (mmy

for all f € L2(R™).
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For z,y e R™" and t > 1, let

(10) Qt(a:, y) _ S ei(P(z—m)—P(z—y)) dz = " S ei(P(tz—x)—P(tZ—y)) dz.
[—t,t]" [—1,1]™

Using standard multi-index notation, we have

P(tz —x) — P(tz —y)

= 3w X (5) vt e )

0<|al<d B
= > tlﬁl( > (B;7>(—1)|”|aﬂ+v(w7—y7)>zﬁ~
0<|8|<d 0<|y|<d—|B|

Let ap € (NU{0})™ be such that 2 < |ag| < d and
(11) |aa0|1/\ao| - maX{\aaP/‘o" ca € (NU{0D™ and 2 < |a| < d}.

Then there exist Gy, € (NU{0})"” such that 1 < |o] < d—1, || =1
and

(12) Bo + 70 = ap.
It follows from Lemma 2.1 that
n Bo+ i
el < ool (3 (PET) aPlag - )
0<|~|<d—|Bo|
By (10), (12), 1/d < 1/(d — |Bo|) and Lemma 2.2, we have
(13) sup | [2(2,y)| do < min{Ct" (1%l |ay,|) 71/, 2"}
YeR™ Bo,1)

By 0 < 1/]awg| < 1, |Bol/|awo] > 1/2,t > 1, and (13), we get

sup | mt(x’y)ldeCt"t‘l/(Qd)( > Iaa|1/|al)_1/d.

yerR" ooy =
Similarly,

~1/d

sup | [@u(ay) dy < V(N Jaf )

Thus,
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G P fI1Z250.0)
< S < S ePE=) () dm)( S e_iP(Z_y)mdy) dz

[—t,t]» B(0,1) B(0,1)

= | | @y f@fly)dedy

B(0,1) B(0,1)

12 1/2
<(sw | 120 y)ld) (sw | @@ yldy) 1 g
veR™ p(o,1) TR B(0,1)
—1/d
<D (S o) i,

2<a|<d
which implies @ "

Next, let us recall the definition of A, weights for 1 < p < oco. Let w(-)
be a nonnegative, locally integrable function on R” and

w(E) = | w(y)dy
E
for every measurable set £ C R™.

DEFINITION 2.1. For 1 < p < oo, w is said to be in the Muckenhoupt
weight class A,(R™) if there exists a constant C' > 0 such that

(14) Q;gmw@)Qggww*@*mﬁwisc

B
for all balls B in R™. Further, w is said to be in A;(R") if there exists a
constant C' > 0 such that

(15) w(B) < Cw(z)

for all balls B and a.e. x € B.
The smallest such constant C' in or is the corresponding A,
constant of w.

We recall that Ay, (R") C A,,(R™) when p; < p and

LEMMA 2.4 ([6]). For every w € A;1(R"™), there exists a § € (0,1) such
that w'*® € A;(R™). Both 6 and the Ay constant of w'*® depend on n and
the A1 constant of w only.

Let ¢ be a function in the Schwartz space S(R™) such that {3, ¢(z) dez=1.
For each f € L (R") and = € R", we let

loc
Myf(z) = Sup [(f * ¢s) ()]

where ¢4(x) = s7"p(x/s).
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DEFINITION 2.2. For a nonnegative, locally integrable function w on R,
we define the weighted Hardy space H}(R™) by
Hy(R") = {f € Lioe(R") : [ My [l £t (rm) < 00}
and we set ||l sy wr) = Mo Il ) = S Mo f(@)(a) da

DEFINITION 2.3. Let w € A;(R™). A measurable function ¢ on R" is
called an H} atom if there exist ¢ € R™ and r > 0 such that

(16) supp(y) € B(¢,7),
1
(17) [llo < W B
(18) | v(z)dz =0.
Rn

LemMA 2.5 ([5], [6], [12]). Let w € A1(R™) and f € HL(R"). Then there
exist H. atoms {1} and coefficients {b,} such that

F=> by

and

Cull g ey < f{ D100l 2 £ = D7 b} < Collfllay

where C1,Co are positive constants which may depend on the A1 constant
of w, but are independent of f.

DEFINITION 2.4. A C! function K : R"\ {0} — C is called a Calderén—
Zygmund kernel if

(19) S K(x)dr =0
a<|z|<b
for all 0 < a < b and there exists a C'x > 0 such that
(20) |K(2)] + |2 [VK (z)| < Crla[™"
for all z € R™ \ {0}.
We shall refer to the smallest Ck in as the CZ constant of K.

3. Proof of the main theorem. We shall let C' denote an absolute
constant whose value may change from line to line.

We begin with a proposition concerning the action of Tr on a particular
class of atoms.
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PRrROPOSITION 3.1. Let n, d, K(z), w(z), P(x) and Tp be as in Theo-
rem 1.3. Then there exists a positive constant C' such that

. laa
@) Tevliy < 01+ ost( Zioi=1] 1'/,,))
Y > 2<|al<d [aalt1?

for every HL atom 1 which satisfies f with ( =0 and r = 1. The
constant C' depends on the following parameters only: n, d, the CZ constant
of K and the Ay constant of w.

Proof. Since holds trivially when deg(P) < 1, we may assume that
deg(P) > 2. Let

nP)=> laal, 0(P)= > laal'1.
laf=1 2<|a|<d

We also let
p=max{2, (n(P))"'}, A =max{u, (0(P)) >}

Suppose that 1 satisfies — with ( = 0 and r = 1. By , for
s>1landt >0,

(22) w(B(0, st)) < C|B(0, st)| essinf w(x)
z€B(0,st)
< Cs"|B(0,t)| essinf w(z) < Cs"w(B(0,t)).
z€B(0,t)

To obtain the desired estimate for || Tpt[| 1 (rn), we shall split the domain
of integration into four regions: B(0,2), B(0,u) \ B(0,2), B(0,\) \ B(0, 1)
and B(0,A)¢, and treat each region separately.

Since w € A1(R™) C A(R"), it follows from (16)—(17) and the uniform
boundedness of Tp on L2 (R") that

(23) TPl (0.2 < (w(B(0,2)) 2 TP 1z mny
< C(w(B(0,1)))2(19]l 12 (B01)) < C.

By Lemma 2.4, there exists a § € (0,1) such that w!™® € A;(R"). Let

It follows from [0, Theorem 1] that
(24) ITqully ey < C.
Let Ny = [log, 1]. By (16)(L7) and we have
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(25) | ITrd(e) — Tot(a)|w(z) da
2<z|<p
< || P — R K (@ — y)] [ (y) w(x) dy da
2< | <p fy|<1
Cn(P) S w(z)dx
~ w(B(0,1)) |1

2< ]z <p

S dx )6/(1+5)( S (w(a;))1+5dx>1/(1+5)

’x‘n—l |1.’n—1

Cn(P)
= w(B(0,1) (

2<|z|<p

No
n(P)p — 2)6/(1+5) —j(n—1) 1+6
< Jn
< O B0, (> | () de)
j=1 B(0,29+1)
P20 58
- w(B(0,1))
n(P)(p — 2)6/(1+5) No/(1+6) :
< - 240 f
< O B0, Sssinf w(z)
< Cul/(1+6)(u o 2)5/(1+5),’7(P) <C.
It follows from and (25) that

2<|z|<p

1/(1+46)

1/(1+6)

inf 1+6
onint | (w(@))'*)

(26) I TPYllLy (B0.u)\BO0,2))
< | 1) - Tov@e(@) e+ [ Tow] e < C.
B(0,:)\B(0,2)
For x € R" and y € B(0,1), we have
27) [P — el (Xjajm aesHQREY) | < pinfo p(P)} < 4p
By and , we have

I TPl Ly (BOAN\BOW)
< | e®e= T (2 w(z) de
p<]z[<A
+ | (Tey(z) - ¢! lal=1 9T T (2) jw(x) da
p<|z <A
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Ot » Sw(B(0,1)) dt
§C+W<A w(B(Oa)‘))+"/§(7f(’1“)))

Cut St
<C+ L BET) (cw(B(o, 1)) + Cw(B(0,1)) E ?)
< C(1 4 p M og(M/ p).
If u > (6(P))~2, then A = p and p~!log(\/u) = 0.
If 4 < (O(P))"2, then A = (6(P))~2 and
A _O@) ()Y’
<ty Gim)

In this case,

B )\ logt _ )\ 77(P)
Lo <> <s ( >+ o () <c<1+lo *( :
PR\ e ) T e ) = * o)
It follows that
P
(28) ITPYllLy, (BoMBOR) < C<1 +log” <n(13)>>

By , we have

(20) | |Tevle) - K@) | eTE ) dyw(e) de

lz|>A B(0,1)
< | | K@=y - K@) [v@)|hw() dydo
lz|>2 [y|<1
C w(z)dx
S WBOD) ) T

|z|>2

¢ c- —(n ] i .
< m ;2 ( +1)Jw(B(0, 2]+1) \ B(O, 2)))

< Cz2f(n+1)j2n(j+1) <C.
j=1
Since (14 6)/6 > 2, it follows from (16)—(L7), (20), and Lemma 2.3
that
B0) | |K@ | ey dyjwi) de
|z[>A B(0,1)

dt
tn+1

<c | rcwwnmm“ﬂfﬁ:@( [ e (e do) 0

lz|>A B(0,t)\B(0,\)
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1/(1+6) dt
]|GP¢HL<1+5)/5(B(0¢))( S (w(x))uédx) tnt1

B(0,t)
< C(O(P)) A 14b|| 155 em)

<C

)/t/w8

% t6(2nd_1)/(2d(1+6))tn/(1+6)w(B(O, 1))t—n—1 dt

>/L/a8

o

< C(Q(P))—é/(d(l-w)) S t—l—é/(?d(l-‘ré)) dt < C(A(H(P))Q)—é/@d(l-‘ré)) < C.

A
By and , we have
(31) 1Tyl L1 me\ BN < C-
Combining , , and , we obtain . "

We recall the following result concerning Riesz transforms and Hardy
spaces:

ProposiTiON 3.2 ([7], [11], [13]). For 1 < j < n, let R; denote the jth
Riesz transform, i.e.

_ i

R16) = 70,
Then, for every w € Ay(R™), there exist Cy, Ci 4, Co > 0 such that
(32) 12 fll 7y ey < Cowll £l a ey

for1<j<n and

(33)  Crwllfllmy @ < 1l @ey + D IR fllzy@ey < Cowll Fll s ey
j=1

for all f € HL(R™). The constants Cy,,C1 4 and Ca,, depend on n and the

Ay constant of w only.

Proof of Theorem 1.3. Let f € HL(R™), {b,} be a sequence of complex
numbers and {1} be a sequence of HJ} atoms such that

f = Z blﬂl}zw

For each v, let ¢, € R™ and r, > 0 be such that supp(¢,) C B((y,r,) and
[Yvlloe < 1/w(B(Cys10))- 3

Let P,(z) = P(ryx), K, (z) = v K(ryz), ¥, (x) = i, (r,ax + () and
w,(z) = w(ryz + (). Observe that, for each v, K, satisfies (19)—(20) with
the same CZ constant as K, and @V satisfies f with ( =0, r =1,
and w, in place of w. We also point out that w, is an A; weight with the
same Ap constant as w.
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By Proposition 3.1,

ITpvull gy = § | § PPy (@ = )0 (y) dyfw o) do
R® Rn

coliome () (o (32))

TP fllLy@n) < C<1 +log* <ZE£§>) zy: by |-

It follows from Lemma 2.5 that

which implies

P
(34) 1Tl oy < c<1 T log* <ZEP§)) T

By the translation invariance of Tp, and by and , we have

35) Y IR Tefllsmey = Y_NITpR;fllzs,@n)

j=1 j=1

<1 oa (0)) zzj IR Ly
(

n(p
< C<1 +log™ <9(;>> 11| 223, ) -
Applying (33)—(35), we obtain (3).
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