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Abstract. We solve an open problem concerning the existence of cycle-finite algebras
of infinite representation type for which all indecomposable projective modules and inde-
composable injective modules are nondirecting (lie on oriented cycles of indecomposable
modules). We prove that there exist such algebras having large numbers of almost acyclic
Auslander—Reiten components with finite cyclic multisections.

1. Introduction. Throughout the paper, by an algebra we mean a basic
indecomposable finite-dimensional algebra over a fixed algebraically closed
field K. For an algebra A, we denote by mod A the category of finite-
dimensional right A-modules and by ind A the full subcategory of mod A
formed by the indecomposable modules. The radical rad4 of mod A is the
ideal generated by all nonisomorphisms between modules in ind A, and the
infinite radical rad®}” is the intersection of all powers rady, i > 1, of rady.
By a result of Auslander [4], rady = 0 if and only if A is of finite represen-
tation type, that is, ind A admits only a finite number of pairwise noniso-
morphic modules. On the other hand, if A is of infinite representation type,
then (rad¥’)? # 0, by a result proved in [7]. Moreover, we denote by I'4
the Auslander—Reiten quiver of A and by 74 the Auslander—Reiten transla-
tion D Tr. We do not distinguish between a module in ind A and the vertex
of I'4 corresponding to it.

A prominent role in the representation theory of algebras is played by
cycles of indecomposable modules. Recall that a cycle in ind A is a sequence
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r > 1, of nonzero nonisomorphisms in ind A |21], and such a cycle is said to
be finite if the homomorphisms f1,. .., f, do not belong to rady” (see 2, 3]).
We note that every cycle of irreducible homomorphisms between modules in
ind A is finite.

Following Ringel [2], a module M in ind A that does not lie on a cycle in
ind A is said to be directing. It has been proved independently in [I8] 26] that
the Auslander—Reiten quiver I'4 of an algebra A admits at most finitely many
Ta-orbits containing directing modules. Moreover, if all modules in ind A are
directing, then A is of finite representation type [21].

In general, in order to obtain information on a module M in ind A, it
is natural to study properties of cycles in ind A containing M. Following
[2, 3], by a cycle-finite algebra we mean an algebra A for which all cycles
in ind A are finite. The cycle-finite algebras form a wide class of algebras
of tame representation type containing the following distinguished classes of
algebras: the algebras of finite representation type, the tame tilted algebras
[10, 21], the tame double tilted algebras [19], the tame generalized double
tilted algebras [20], the tubular algebras [21], the tame quasi-tilted algebras
[30], the tame generalized multicoil algebras [15], and the strongly simply
connected algebras of polynomial growth [29]. The study of cycle-finite alge-
bras has attracted much attention. We refer to |5}, 6, [10) 111 12l 13} [16] 28]
29], 32], 34), 35], 136] for some results on cycle-finite algebras and their module
categories.

Let A be an algebra. Following [14], we denote by .I'4 the cyclic quiver
of A obtained from I'4 by removing all modules not lying on oriented cy-
cles and the arrows attached to them. Then the connected components of
the translation quiver .I'4 are called cyclic components of I'4. It has been
proved in [I4] that two modules X and Y in ind A belong to the same cyclic
component of I'4 if and only if there is an oriented cycle in I'4 passing
through X and Y. It is known that every finite cyclic component of I'4
contains a projective module and an injective module (see [13]). We also
note that if A is a cycle-finite algebra then every cycle in ind A has a refine-
ment to a cycle of irreducible homomorphisms in ind A, and consequently
consists of modules of a cyclic component of I'y. We refer to [13] for the
structure of the support algebras of cyclic components over cycle-finite alge-
bras. A subquiver I' of ' is said to be almost acyclic if its cyclic part I’
is finite.

It has been proved recently in [5] that every cycle-finite algebra of in-
finite representation type contains infinitely many directing modules. Then
the following question occurred naturally: does every cycle-finite algebra of
infinite representation type contain at least one directing projective mod-
ule or a directing injective module? The main aim of the paper is to ex-
hibit a family of cycle-finite algebras of infinite representation type with all
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indecomposable projective modules and indecomposable injective modules
nondirecting. Moreover, we show that there are such algebras with an arbi-
trarily large number of almost acyclic Auslander—Reiten components having
finite cyclic multisections.

The following theorem is the main result of the paper.

THEOREM. Let s,my,...,ms be positive integers and Ag, Ay, ..., As tri-
angular algebras of finite representation type. Then there exist a tubular al-
gebra B and a cycle-finite algebra A = A(myq, ..., ms, B, Ag, A1, ..., Ag) such
that:

(i) Ewvery indecomposable projective module in mod A is nondirecting.
(ii) Ewvery indecomposable injective module in mod A is nondirecting.
(iii) For each k € {1,...,s}, the my-replicated algebra Bm) of B is a quo-
tient algebra of A, and I'ym,) is a full translation subquiver of I'y.
(iv) For each t € {0,1,...,s}, A is a quotient algebra of A, and Iy, is
a full translation subquiver of I'4.
(v) T'h=CoUXjUCLU---UCs_1 UXsUCs, where:

(1) For each k € {1,...,s}, &y is the cyclic part I'gomy) of I'gemy)
containing one projective noninjective module, one injective non-
projective module, and 10(my, — 1) projective-injective modules.

(2) For each t € {0,1,...,s}, C; is a generalized standard almost
acyclic component having a finite cyclic multisection A®) contain-
mng I's,.

(3) For each t € {0,...,s — 1}, the unique postprojective component
PB(th) of I'gmyy1) 18 a full translation subquiver of Cy, which is
closed under successors in Cy.

(4) For each t € {1,...,s}, the unique preinjective component QB
of I'g(my) s a full translation subquiver of Cy, which is closed under
predecessors in Cy.

(5) Co = AO UPB™ ¢ = 9B JA®), andc, = QB U A® U
PETHY ot e (1, s — 1),

(vi) The component quiver X4 of A is acyclic, Cy is a unique source of Xy,
and Cs is a unique sink of X 4.

(vii) For eacht € {1,...,s— 1}, C; weakly separates Uz»:l(Cj,l U &j) from
Ui:t+1(‘){/€ UCk).

The construction of the algebras A = A(my,...,ms, B, Ay, A1, ..., As)
occurring in the above theorem depends heavily on the discovery of an ex-
ceptional tubular algebra B of tubular type (2,3, 6), for which we may apply
finite cyclic enlargements and gluing techniques developed in our paper [13].
In particular, all these algebras have tubular quotient algebras, and conse-
quently are algebras of infinite Krull-Gabriel dimension [§]. We also mention
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that, by the main result of [32], the class of cycle-finite algebras of finite
Krull-Gabriel dimension coincides with the class of cycle-finite domestic al-
gebras, or equivalently, with the class of cycle-finite algebras with nilpotent
infinite radical (see [28]).

We ask the following.

QUESTION 1. Let A be a cycle-finite algebra of finite Krull-Gabriel di-
mension. Is it true that ind A admits a directing projective module or a di-
recting injective module?

It would also be interesting to know the following (see Section E[)

QUESTION 2. Let A be a cycle-finite algebra of global dimension at most
four. Is it true that ind A admits a directing projective module or a directing
injective module?

This paper is organized as follows. In Sections [2| and [3] we recall some
concepts and facts from representation theory, which are necessary for fur-
ther considerations. In Section [4] we introduce mono sink-source triangular
algebras of finite representation type, forming one of the constituents of our
construction of algebras occurring in the main theorem. Sections [5] and [] are
devoted to proving some general results on the structure of the Auslander—
Reiten quivers of finite cyclic enlargements and cyclic gluings of admissible
algebras, using the mono sink-source triangular algebras of finite represen-
tation type. In Section [7] we introduce the exceptional tubular algebra B of
type (2,3,6) and describe the structure of the Auslander—Reiten quivers of
the replicated algebras of B. In Section [§] we present the proof of the main
result of the paper. The aim of the final Section [J] is to present examples
illustrating the main theorem and the questions posed.

For basic background on representation theory relevant to the paper we
refer to the books [1| 2] 22] 23].

2. Preliminaries. Let A be an algebra. Since A is assumed to be basic
and indecomposable, it is isomorphic to a bound quiver algebra KQ /I, where
@ = Q4 is a finite connected quiver, called the Gabriel quiver of A, and I is
an admissible ideal in the path algebra K@ of @ over K (see [Il, Chapter II]).
For each vertex i of ), we denote by Pa(i), 14(i), Sa(i) respectively the in-
decomposable projective module, the indecomposable injective module, and
the simple module in mod A associated to ¢ (see [I, Chapter III]). We will
also write P;, I;, S; instead of P4(i), I4(7), Sa(i), in case no confusion is
created. Moreover, A is said to be triangular if the quiver ) 4 is acyclic.

Following [21], a component T of an Auslander—Reiten quiver I'4 with-
out multiple arrows is said to be a tube if its geometric realization |7 is
homeomorphic to St x R(J{ , where S! is the unit circle and RS’ is the set of
nonnegative real numbers. A tube T is said to be stable if it contains neither
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a projective module nor an injective module. It is known that every stable
tube T of I'y is of the form ZA./(7") for some positive integer r, called
the rank of T. A tube T of I'4 without injective modules is said to be a ray
tube. Dually, a tube T of I'y without projective modules is said to be a coray
tube. We note that the cyclic part .7 of a tube in I'4 is infinite and cofinite
in T.

Following [25], a component C of an Auslander—Reiten quiver 4 is said
to be generalized standard if rady’(X,Y) = 0 for all modules X and Y in C.
We note that if C is a generalized standard component of I’y and f: X - Y
is a nonisomorphism between two modules X and Y in C then f is a finite
sum of compositions of irreducible homomorphisms between indecomposable
modules in C. Moreover, by [25, Theorem 2.3|, every generalized standard
component C of I'y is almost periodic, that is, all but finitely many 74-orbits
in C are periodic.

Let A be an algebra and C = (C;);cs be a family of components in I'4.
Then C is said to be a weakly separating family in mod A if the components
of I'y split into three disjoint families P4, C4 = C and Q* such that the
following conditions are satisfied:

1 is a family of pairwise orthogonal generalized standard components;

S1) €4 is a family of i h 1 lized dard

(S2) Homa(Q4,P4) =0, Hom4(Q4,C4) = 0, Homa(C4,P4) = 0;

(S3) any homomorphism from P4 to Q4 in mod A factors through the ad-
ditive category add(C*4) of C4.

We note that a weakly separating family C = (C;);er of components in Iy is
a separating family in mod A in the sense of [15] if the family C is sincere,
that is, every simple module in mod A is a composition factor of a module
in C.

We end this section with the concept of the component quiver X4 of
an algebra A, introduced in [27]. The vertices of X4 are the components
of I'4, and two components C and D of I'4 are connected in X4 by an arrow
C — D if rady(X,Y) # 0 for some modules X in C and Y in D. Observe
that a component C of I'4 is generalized standard if and only if X4 has no
loop at C. Moreover, every algebra A with acyclic component quiver X4 is
a cycle-finite algebra. However, there are cycle-finite algebras A for which
the component quiver X4 is not acyclic (see [I1, Example 7.4]).

3. Almost acyclic Auslander—Reiten components. Let A be an
algebra and C be a component of I'y. Following [20], a full connected sub-
quiver A of C is said to be a multisection in C if the following conditions are
satisfied:

(1) A is almost acyclic.
(2) A is convex in C.
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(3) For each 74-orbit O in C, we have 1 < |ANO| < 0.
(4) |ANO| =1 for all but finitely many 74-orbits O in C.
(5) No proper full convex subquiver of A satisfies (1)—(4).

The following characterization of almost acyclic Auslander—Reiten com-
ponents was established in [20, Theorem 2.5].

THEOREM 3.1. Let A be an algebra and C be a component of I'a. Then
C is almost acyclic if and only if C admits a multisection A.

Let A be an algebra, C a component of I'4, and A be a multisection in C.
The following full subquivers of C have been introduced in [20, Section 2]:

Aj; = {X € A; there is a nonsectional path in C

from X to a projective module P},
Al ={X € A; there is a nonsectional path in C

from an injective module I to X},
Al ={X e X ¢ A}, Al={XeA;mnXd¢Al
Ay = (A\NA)UTLAL A= (A\A)UTHY], A= AN AL

Then A4; is called the left part of A, A, the right part of A, and A, the core
of A. We note that A; and A, are not necessarily subquivers of A.

The following proposition from [20, Proposition 2.4| describes basic prop-
erties of multisections.

PROPOSITION 3.2. Let A be an algebra and C be a component in I 4 with
a multisection A. Then:

(i) Every cycle in C lies in A..
(il) Ac is finite.
(iii) Every indecomposable module X in C lies in A., or is a predecessor of
Ay in C, or is a successor of A, in C.

We also mention the following fact proved in |20, Proposition 2.11].

PROPOSITION 3.3. Let A be an algebra, C a component of I'a, and A, X
multisections in C. Then A, = X,.

It would be interesting to describe the structure of almost acyclic com-
ponents C of an Auslander—Reiten quiver I'4 which admit a cyclic multisec-
tion A. Observe that then C is a component with finitely many 74-orbits,
A = A, and hence A is a unique multisection of C. In particular, it is
important to know whether there exist algebras A whose Auslander—Reiten
quiver I'4 admits a large number of components with cyclic multisections,
being also all finite components of .I'4. The main result of this paper pro-
vides a solution of this problem.
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4. Mono sink-source triangular algebras. An algebra A is said to
be a mono sink-source triangular algebra if the quiver Q)4 is acyclic and has
one sink and one source.

LEMMA 4.1. Let A be a mono sink-source triangular algebra, with a the
sink and b the source of Q4. Then for any module M in ind A there exists
a path in ind A from Sy to Sy passing through M.

Proof. Let ¢ be the vertex of Q4 from the support of M. Since Q)4 is
acyclic, there are in Q4 paths

C=Qpm —> Q-1 —> "+ —> a1 — ag = a,
b=by—by—>---—>b,_1 = b,=c
Then there exist in ind A paths
So =Py = Py, = -+ = P,

Am—1

- P, =F,
Ic:Ibn —)Ibn_l — -~-—>Ibl —>Ib0 :Sb.

Clearly, we have Hom 4 (P, M) # 0 and Homx(M, I.) # 0. Therefore, there
exists a path in ind A from S, to Sj passing through M. =

PROPOSITION 4.2. Let A be a triangular algebra of finite representation
type. Then there exists a mono sink-source triangular algebra A of finite
representation type satisfying the following conditions:

(i) A is a quotient algebra of A.
(il)) Qa s a full convex subquiver of Q4.
(iii) I'4 is a full convex translation subquiver of I'y.

Proof. Let A= KQa/Is beabound quiver presentation of A. Since A is
a triangular algebra, the quiver () 4 contains at least one sink and at least one
source. We denote by u(A) the number of sinks of @4, by v(A) the number
of sources of Q4, and set w(A) = u(A) + v(A). Note that if w(A) = 2 then
A is a mono sink-source algebra. Therefore, assume that w(A) > 3. We will
prove that there exists a triangular algebra B of finite representation type
such that w(B) = w(A) — 1, Q4 is a full convex subquiver of Qp, and I'4 is
a full convex translation subquiver of I'z. We have two cases to consider.

(1) Assume that u(A) > 2. Take two arbitrary sinks of @ 4, say = and y.
We define the algebra B as follows. The quiver Qp of B is obtained from
the quiver Q4 by adding a vertex z and two arrows « and 3 as follows:

T Yy
A
z
Then the algebra B is the bound quiver algebra KQpg/Ip, where the ideal

Ip is generated by all relations in K@ 4 generating the ideal I4 and by the
following paths of length 2: v« for all arrows v in @) 4 with sink in «, and of3
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for all arrows o in ()4 with sink in y. Then B is a triangular algebra of finite
representation type whose Auslander—Reiten quiver I'p is obtained from the
Auslander—Reiten quiver I'4 of A by adding the following translation quiver:

P, Sy

/\/
\/\

S.= P

with P, = 73Sy, Py, = 785, P, = TBIZ. We also note that the sinks xz and
y of Q4 are replaced in @p by the sink z, and hence u(B) = u(A) — 1.

(2) Assume that v(A) > 2. Take two arbitrary sources of @ 4, say a and b.
We define the algebra B as follows. The quiver Qp of B is obtained from
the quiver Q4 by adding a vertex ¢ and two arrows & and 7 as follows:

¢, n
a b
Then the algebra B is the bound quiver algebra KQp/Ip, where the ideal
Ip is generated by all relations in K(Q 4 generating the ideal I4 and by the
following paths of length 2: £ for all arrows d in ) 4 with source in a, and nw
for all arrows w in @ 4 with source in b. Then B is a triangular algebra of finite
representation type whose Auslander—Reiten quiver I'p is obtained from the
Auslander—Reiten quiver I'4 of A by adding the following translation quiver:

Sa I,
\/\

/\/

:SC

with I, = T;Sa, 1, = T];le, I. =15 1p.. We also note that the sources a
and b of Q4 are replaced in @ p by the source ¢, and hence v(B) = v(A) — 1.

In both cases, we have w(B) = w(A) — 1. Then, repeating the above
constructions, we conclude that there exists a mono sink-source triangular
algebra A of finite representation type satisfying the required conditions (i)

and (ii). =

5. Finite cyclic enlargements of components. Let H be the path
algebra K2 of the quiver {2 of the form
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and H’ be the path algebra K (2" of the quiver 2’ of the form
1/

bor
<3 <4< <06<T<8<9
o
We note that H and H’' are hereditary algebras of Euclidean type I~E8, and
H’ is isomorphic to the opposite algebra H°P of H.

An algebra C is said to be left admissible if the hereditary algebra H
is a quotient algebra of C' and the preinjective component Q of I'yy is
a component of I'c. Dually, an algebra D is said to be right admissible if
the hereditary algebra H' is a quotient algebra of D and the postprojective
component P "of Iy is a component of I'p.

THEOREM 5.1. Let C' be a left admissible algebra and A be a mono sink-
source triangular algebra of finite representation type. Then there exists an
algebra A = C x A such that the Auslander—Reiten quiver I'y of A has a de-
composition

'y = g) uc,
and the following statement hold:

(i) C and A are quotient algebras of A.

(ii) Fél) consists of all components of I'c different from the preinjective
component QH of the Auslander-Reiten quiver I'y of the hereditary
quotient algebra H of C.

(iii) C is an almost acyclic component with a cyclic multisection A such that
the following conditions are satisfied:

(1) The left part Ay of A consists of the indecomposable injective H -
modules, and the preinjective component Q of I'y is a full trans-
lation subquiver of C formed by all predecessors of Ay in C.

(2) The right part A, of A is empty.

(3) The Auslander—Reiten quiver I'y of A is a full translation subquiver
of the cyclic part A = A, of C.

(iv) C is a sink of the component quiver X4 of A.

Proof. Let C = KQ¢/Ic be a bound quiver presentation of C. Since
C is a left admissible algebra, the quiver Qg of the hereditary algebra H
is a full convex subquiver of Q¢, and clearly Qg N Ic = 0. Moreover, let
A= KQa/I, be a bound quiver presentation of A, and let a be the unique
sink and b be the unique source of Q) 4. Observe that the Auslander—Reiten
quiver I'y of A is a finite translation quiver having a unique source S, and
a unique sink Sp. The quiver Q4 of A = C * A is obtained from the disjoint



174 P. MALICKI ET AL.

union of the quivers Q¢ and Q4 by adding the following connecting quiver:

10 . 9.,

7N
‘\p c—"—>d —>e
7N /

9 a b

Then the algebra A is defined as the bound quiver algebra A = KQ /14,
where I4 is the ideal in K Q4 generated by the generating elements of I
and I, and the following elements: 6w — pun, pp, 8, pm, Tk, KV, e, JY,
v for all arrows ¢ in Q4 ending at a, and e for all arrows € in Q4 starting
from b. We also observe that Iz = Fg) U QH, and Q is a sink of the

component quiver X of C'. Then, applying [13, Section 6], we conclude that
I'4 has a decomposition

ra=r?uc,

where C is the almost acyclic component obtained by gluing the Auslander—
Reiten quiver Iy of A with the following translation quiver at the common
simple modules S, and Sj:

Pa=

XX e\

' ><2\18‘\ /\u /\ 4< s 9/
*< ><%<}<$<)<$<}< ><$<><$<><$< %< .

}<><} ;/Ii/ >< )\ y \\/ \_\/KJ\/ \_\/>< )<

: * &N ol Sg
-\/ <~\/I?\I-\H/> b A}<<M I7

. TN 4\ _\/416
R/’“\P/)< }<x/”5

where I} = Ico(t) = Ig(t) and I, = I4(t) for t € {2,...,10}, P, = Pa(r)
and S, = Sa(r) for r € {a,b,c,d, e, g}.

We note that the preinjective component Qf of I'y is the full transla-
tion subquiver of C given by all predecessors of the indecomposable injective
H-modules I5,...,I{, in C. Moreover, the Auslander-Reiten quiver Iy is
a full translation subquiver of C. Further, it follows from Lemma that for
any module M in I'4 there is a path in I'4, and hence in C, from S, to Sy
passing through M. Then we conclude that all modules of C which do not be-
long to Q¥ form a finite cyclic component A of .I'4. Summing up, we deduce
that A is a cyclic multisection of C with A = A., A, empty, and 4A; given by

Ie

S
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the indecomposable injective H-modules I}, t € {2,...,10}. Clearly, I'y is
a full translation subquiver of A, and C is a sink of the component quiver X4
of A. m

THEOREM 5.2. Let D be a right admissible algebra and A be a mono
sink-source triangular algebra of finite representation type. Then there exists
an algebra A = A x D such that the Auslander—Reiten quiver I'y of A has
a decomposition

I'y=Cu Fg),
and the following statements hold:

(i) A and D are quotient algebras of A.

(ii) Fg) consists of all components of I'p different from the postprojective
component PH' of the Auslander—Reiten quiver I'y: of the hereditary
quotient algebra H' of D.

(iii) C is an almost acyclic component with a cyclic multisection A such that
the following conditions are satisfied:

(1) The right part A, of A consists of the indecomposable projective
H'-modules, and the postprojective component pH’ of 'y 1s a full
translation subquiver of C formed by all successors of A, in C.

(2) The left part A; of A is empty.

(3) The Auslander—Reiten quiver I'y of A is a full translation subquiver
of the cyclic part A = A, of C.

(iv) C is a source of the component quiver X4 of A.

Proof. Let D = KQp/Ip be a bound quiver presentation of D. Since D
is a right admissible algebra, the quiver Qg+ of the hereditary algebra H’
is a full convex subquiver of Qp, and clearly Qg N Ip = 0. Moreover, let
A= KQa/Ix be a bound quiver presentation of A, and let a be the unique
sink and b be the unique source of @) 4. Then the Auslander—Reiten quiver I’y
of A is a finite translation quiver having a unique source S, and a unique
sink Sp. The quiver Q4 of A = A % D is obtained from the disjoint union of
the quivers Q4 and Qp by adding the following connecting quiver:

9., ” I
d/ \e Y /

: fr
N b/¢ \[)2'

a

Then the algebra A is defined as the bound quiver algebra A = KQa/I4,
where 14 is the ideal in K Q4 generated by the generating elements of I,
and Ip, and by the elements ¢k, pe, K9, Yv, v, 0, p'y, '0" — B0, 1o
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for all arrows ¢ in @4 ending at a, and e for all arrows € in Q4 starting

from b. We also observe that I'p = PH' U Fg), and PH’ is a source in the
component quiver X'p of D. Then, applying [13], Section 6], we conclude that
I'4 has a decomposition

ra=cury),

where C is the almost acyclic component obtained by gluing the Auslander—
Reiten quiver I’y of A and the following translation quiver via the common
simple modules S, and Sp:
Pf Iy PS/
D

/\ $<1\4\/ ?<4‘<

b f;< >< >< K\é \§<‘§ i ><><y\§<4,\
K K ;<8, 2

i

<>< 4\ 4\ -
% M f 4/
RN
Py S TN T84 Sa
Pg Ig
where P = Pp(t) = Pys(t) and P, = Py(t) for t € {1',...,9'}, I, = 1a(r)
and S, = Sa(r) for r € {a,b,d,e, f, g}

We note that the postprojective component PH" of I'y is the full transla-
tion subquiver of C given by all successors of the indecomposable projective
H'-modules P, ..., P} in C. Moreover, the Auslander—Reiten quiver Iy is
a full translation subquiver of C. Further, it follows from Lemma 1] that
for any module M in Iy there is a path in 'y, and hence in C, from S, to
Sp passing through M. Then we conclude that all modules in C which do
not belong to P’ form a finite cyclic component A of .I’y. Summing up,
we deduce that A is a cyclic multisection of C with A = A, 4A; empty, and
A, given by the indecomposable projective H'-modules P, t € {1/,...,9'}.
Clearly, I'4 is a full translation subquiver of A, and C is a source of the
component quiver X4 of A. u

P5/

6. Finite cyclic gluings of components. The main aim of this section
is to prove the following theorem.

THEOREM 6.1. Let C be a left admissible algebra, D be a right admis-
sible algebra, and A be a mono sink-source triangular algebra of finite rep-
resentation type. Then there exists an algebra A = C * A * D such that the
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Auslander—Reiten quiver I'4 of A has a decomposition
ra=rPucur?y),
and the following statement hold:

(i) C, A and D are quotient algebras of A.

(ii) Fg) consists of all components of I'c different from the preinjective
component QH of the Auslander-Reiten quiver Iy of the hereditary
quotient algebra H of C.

(iii) Fg) consists of all components of I'p different from the postprojective
component PH' of the Auslander—Reiten quiver I'yy: of the hereditary
quotient algebra H' of D.

(iv) C is an almost cyclic component with a cyclic multisection A such that
the following conditions are satisfied:

(1) The left part Ay of A consists of the indecomposable injective H -
modules, and the preinjective component Q of I'y is a full trans-
lation subquiver of C formed by all predecessors of A; in C.

(2) The right part A, of A consists of the indecomposable projective
H'-modules, and the postprojective component pH’ of I'yr is a full
translation subquiver of C formed by all successors of A, in C.

(3) The Auslander—Reiten quiver I'y of A is a full translation subquiver
of the cyclic part A = A, of C.

(v) C weakly separates Fg) from Fg).

Proof. Let C = KQc¢/Ic and D = KQp/Ic be bound quiver presenta-
tions of the algebras C' and D. Since C is left admissible, the quiver Qg of
the hereditary quotient algebra H of C'is a full convex subquiver of Q¢, and
Qu N Ic = 0. Similarly, since D is right admissible, the quiver Qg+ of the
hereditary quotient algebra H' of D is a full convex subquiver of Qp, and
Qu' N Ip = 0. Further, let A = KQ/I4 be a bound quiver presentation
of A, and a be the unique sink and b be the unique source of Q4. Then
the Auslander—Reiten quiver I'4 of A is a finite translation quiver having
a unique source S, and a unique sink Sp. The quiver Q4 of A=CxAx D is
obtained from the disjoint union of the quivers Q¢, @p and Q4 by adding
the following connecting quiver:

10 1
N LN,
e

c
Y E AN
9 cp\a b /w 2/
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Then the algebra A is defined as the bound quiver algebra A = KQ4/I4,
where I4 is the ideal in KQ4 generated by the generating elements of I,
Ip, I, and the following elements: 6w — pun, &'0' —~+'8'p’, op, ©b, om, Tk,
kY, Vv, wev, v, 0’1, p', 1p for all arrows ¢ in Q4 ending at a, and e
for all arrows € in Q4 starting from b. We also note that I'c = Fg) uof
with @ being a sink of the component quiver X of C, and I'p = PH/UFg)
with PH' being a source of the component quiver Xp of D. Then, applying
[13, Section 6|, we conclude that I'4 has a decomposition

ra=rPucury,

where C is the almost acyclic component obtained by identification of the
common modules R, T and Sg occurring in the following two translation
P,=I,

<X
xﬁkxﬁﬁﬁ%&

Yf\*“/ \_\’/}<*h/ \_\/>< IE

/’K
)g

fé

Kr
s
A

/*K

eV
/&

X
\,

S
\-\.}—
7N\
%

K

Ry ST %
,\/<4&{* AN \<\< A
A /4\_>/4\ 24 N 7Is
R %C e \>/}< 715
AN N Al
3 3 ! 1’7/
NN
\\ /4511 Iz
Ig

Py
, AN
A%$éjgx§&m,

“a/xxxxxxx

>€

K K K K K KA
S NS
%ﬁ* o }< -3
2 *<)< i
Py M \
Py S\‘g*

and then the simple module S, of the first quiver with the unique source S,
of I'y, and the simple module S, of the second quiver with the unique
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sink S, of I'4. Moreover, we have I} = Ic(s) = Iy(s) and Iy = Ia(s)
for s € {2,...,10}, P = Pp(t) = Pp(t) and P, = Pa(t) for t € {1',...,9'},
P, = Py(r), I, = I4(r) and S, = Sa(r) for r € {a,b,c,d,e, f,g}.

We observe that the preinjective component QF of I'y is the full trans-
lation subquiver of C formed by all predecessors of the indecomposable in-
jective H-modules I3, ..., 1], in C, and the postprojective component pH’
of 'y is the full translation subquiver of C formed by all successors of
the indecomposable projective H'-modules P}, ..., Pj, in C. Moreover, the
Auslander—Reiten quiver I'4 of A is a full translation subquiver of C. Ap-
plying Lemma [4.1] again, we conclude that every indecomposable module M
in I' lies on a path from S, to Sy in I'4, and hence in C. Then we find that
all modules in C which do not belong to Qf UPH' form a finite cyclic com-
ponent A of .I'4. Therefore, A is a cyclic multisection of C with A = A., 4;
given by the indecomposable injective H-modules I}, s € {2,...,10}, and
A, given by the indecomposable projective H'-modules Pf, t € {1’,...,9'}.
Clearly, I'y is a full translation subquiver of A. We also observe that the
quivers Q¢ and (Qp are disjoint full convex subquivers of @ 4, and hence
Hom4(X,Y) = 0 and Hom4 (Y, X) = 0 for any modules X in mod C' and Y

) (r)

in mod D. We conclude that C weakly separates Fg from I'})’. =

7. Replicated algebras. Let B be a triangular algebra and 1p =
e1 + -+ + e, a decomposition of the identity of B into a sum of pairwise
orthogonal primitive idempotents. Following [9], the repetitive category of B

is the category B with the objects i, = (m,i), m € Z, i € {1,...,n}, and
the morphism spaces

ejBe;, r=m,
B(Zm7j7‘): D(eiBej)a r=m+1,
0, otherwise.

Observe that ejBe; = Homp(e; B, e;B) and D(e;Bej) = e;D(B)e; for i,j €
{1,...,n}. The repetitive category B is a locally bounded selfinjective K-cat-

egory. We denote by vz the Nakayama automorphism of B defined by
va(im) = img1 for all (m,i) € Z x {1,...,n}. We identify B with the

~

full subcategory By of B given by the objects iy, i € {1,...,n}. For each

m € Z, we denote by B,, the full subcategory of B given by the objects i,
i € {1,...,n}. For a sink i of Qg = {1,...,n}, the reflection S;"B of B at
i is the full subcategory of B given by the objects jo, 7 € {1,...,n}\ {i},

~

and i1 = vg(ip). Moreover, we denote by TZ-JFB the full subcategory of B

given by the objects ip, i € {1,...,n}, and iy = vg(ig). For each integer

p > 1, we denote by By, the full subcategory of B given by the objects of
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By, ..., B,. Finally, for an integer m > 2, we call the category Bg,,—1 the

m-replicated category of B inside B. Then the associated algebra @ By m—1
is the m-replicated algebra B™ of B of the form

[ b1 0 0 1
fi by 0 0
0 fa b3
Bm — 7
0 fm—a bm_1 0
L 0 fmfl bm _
bi, . bm € B, f1,..., fm—1 € D(B) |

where addition is the usual addition of matrices, and multiplication is in-
duced from the B-B-bimodule structure of D(B) and the zero homomor-
phisms D(B) @ D(B) — 0. Moreover, the algebra B = BW is said to be
the 1-replicated algebra of B.

We refer to [24] and [31] for basic background on applications of the
repetitive categories to the representation theory of selfinjective algebras of
tame representation type.

For each positive natural number r, we set Q” = Q N (0,7) and @g =
QnNJo,r].

A prominent role in our considerations is played by the bound quiver
algebra B = K@Q/I given by the quiver @ of the form

2?3 8T9

and the ideal I in K@ generated by the path wédoa. We denote by Hy the
path algebra KQ© of the full subquiver Q) of Q given by all vertices except
10, and by H; the path algebra KQ™ of the full subquiver QM) of Q given
by all vertices except 1. We note that Hyp and H; are hereditary algebras
of Euclidean type IEg, and H; is isomorphic to the opposite algebra HyP
of Hy. The algebra B is the one-point extension algebra Ho[M] of Hy by the
indecomposable module M = rad Pp(10) lying on the mouth of a unique
stable tube of rank 5 in I'y,. The algebra B is also the one-point coextension
algebra [N]H; of Hy by the indecomposable module N = Ig(1)/Sg(1) lying
on the mouth of the unique stable tube of rank 5 in I'y,. Therefore, B is
a tubular algebra of type (2,3,6) in the sense of Ringel [2I]. Moreover, the
following theorem follows from |21, Chapter 5].
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THEOREM 7.1. The Auslander—Reiten quiver I'g of B has a decomposi-
tion
rp=PPuTPu (| TP )uTfu”,
qeQy

where:

(1) PB is the postprojective component PHo of Iy, ;

(2) TE is the Py(K)-family (7673)\))\61[1)1([() of ray tubes obtained from the
Py (K)-family THo of stable tubes of tubular type (2,3,5) by inserting
i the unique stable tube of rank 5, say 76%0, one ray as follows:

OPB 10 O

/\/\/\/‘

where the vertices along the dashed vertical lines have to be identified.
(3) For each q € QY, TP is a P1(K)-family (E%)AEPI(K) of stable tubes of
tubular type (2,3,6).
(4) TB is the Py (K)-family (T5 Maepy (k) of coray tubes obtained from the
Py (K)-family TH of stable tubes of tubular type (2,3,5) by inserting in
the unique stable tube of rank 5, say 7'1%1, one coray as follows:

oIp(1)

‘\/\/\/\
‘/\/\/\/\
S

N
NN N AN .

O/
N

(0]
I
I
I
I
I
I

where the vertices along the dashed vertical lines have to be identified.
(5) QP is the preinjective component Q1 of I'y, .

The tubular algebra B is said to be the exceptional tubular algebra of
type (2,3,6).

We will now describe the structure of the Auslander—Reiten quivers of
the m-replicated algebras B(™ of B for all m > 2. This will follow from the
description of the Auslander—Reiten quiver of the duplicated algebra
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B(2):{[ fj bo ];bl,bzeB, ﬁeD(B)}
1 2

of B. We first note that the quiver Q of B has the reflection sequence of
sinks 1,2,3,4,5,6,7,8,9,10, and consequently

BY =TTt T T T T T Ty T B
Therefore B = KQ@)/I@), where Q) is the quiver

100</)i21 (ﬁi31

e N

7o o 44
NN Ve
o 8o <~ 9 <1 o1
60 51
o} I
50 61
UO\L ?51
49 71
a0 Yo m w1
YN\ AN
1o 30 81 10;
iﬂo NI'T
20 9

and I® is the ideal in KQ® generated by the following elements:

w0000, €0/40M0&0000070, Powo—botono, B1powoéodocoyoBo, 718100 —aieo,
o1ai€oton0&0d000, d101a1€0t0M0&000, E1010101€00M0E0, ME101017Y1 510,
piméidiorareopo, wi10101aq.

Moreover, the following iterated reflection algebras of B form a com-
plete family of tubular convex subcategories of B® inside the repetitive
category B:

e B = By, given by the objects 1g, 29, 30, 40, 50, 60, 70, 80, 90, 10¢;

o Sf—B, given by the ObjeCtS 20, 30, 40, 50, 60, 7(), 80, 90, 100, 11;

e S5 S5 S| B, given by the objects 40, 50, 60, 70, 80, 90, 100, 11, 21, 31;

o STS&SSS ST Sy S B, given by the objects 89,9, 100, 11, 21,31, 41, 51,
61,71;

o S S$SESHSES) ST S S B, given by the objects 100, 11,21, 31,41, 51,
61, 71, 81,91;

o S10Sq Sy STSE SIS ST Sy STB = Br = vg(By), given by the objects
11,21, 31,41,51,61,71,81,91,101.
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Then, applying [17), Section 3|, we conclude that the Auslander—Reiten quiver
I'g2) of B® has a decomposition

(2) (2) (2)
FB(z) ZPB2 U(U EBQ)UQBQ,
o
where:

(1) PB? s the postprojective component P50 of I'g,.

(2) 0B® is the preinjective component QB! of I'g, .

(3) For g € Qg \ {0,1,2,3,4,5,6}, 7,27 is a Py (K)-family (T%”)rer, (i)
of stable tubes of tubular type (2,3, 6).

(4) 763(2) is the Py (K)-family 7;7° of ray tubes of I's, containing the in-
decomposable projective (noninjective) module Pp(10) = Ppg)(10p),
described above.

(5) ’TGB(Z) is the Py (K)-family 7;%" of coray tubes of I'p, containing the inde-
composable injective (nonprojective) module I, (1), described above.

(6) ’7'13(2) is a P (K)-family of tubes (7-13)\(2))/\@1(;() containing a unique

nonstable tube 71%2) of the form

OP,2)(11)

with Pp)(11)=1pg) (1o) projective-injective, one stable tube of rank 2,
one stable tube of rank 3, and all remaining tubes being stable tubes
of rank 1.

(7) 7'23(2) is a Py (K)-family of tubes (7'2%(2))%];»1(]{) containing a unique

nonstable tube 7;%(2) of the form
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with Pg2)(21) = Ig2(20) and Pge) (31) = Ige)(30) projective-injec-
tive, one stable tube of rank 2, one stable tube of rank 3, and all re-
maining tubes being stable tubes of rank 1;

(8) 7'33(2) is a Py (K)-family of tubes (7513;\@))\6]}»1(;() containing a unique
nonstable tube 7?50(2) of the form ’

53(2)(41) 0133(2)(51) 53(2)(61) 53(2>(71)

o o
[ [
[ [
\ \

o o
[ [
[ [
[ [

with Ppe)(41) = I (40), P (51) = Ige (50), P (61) = I (60)
and Ppg2)(71) = Ipe (7o) projective-injective, one stable tube of rank
2, one stable tube of rank 3, and all remaining tubes being stable tubes
of rank 1.

(9) EB(z) is a Py (K)-family of tubes (774]’3;%))\@»1(;() containing a unique
nonstable tube 71{%(2) of the form

with Pp2)(81) = Igwe) (80) and Pgw)(91) = I (%) projective-injec-
tive, one stable tube of rank 2, one stable tube of rank 3, and all re-
maining tubes being stable tubes of rank 1.

(10) 7’53(2) is a Py (K)-family of tubes (7'5]3;2>)>\6p1(K) containing a unique
nonstable tube 73%(2> of the form ’
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with Pp2)(101) = Iz (10¢) projective-injective, one stable tube of
rank 2, one stable tube of rank 3, and all remaining tubes being stable
tubes of rank 1.

THEOREM 7.2. Let m > 2 be a natural number and B™) be the m-
replicated algebra of the exceptional tubular algebra B of type (2,3,6). Then
the Auslander—Reiten quiver I'gin) of B has a decomposition

m) m) (m
Ly =PP" 0 () T U QP

—0
q€Q5m74
where:

(

(2)

(3) %B(m) is the Py (K)-family 7630 of ray tubes of I'p,.

(4) 7}%2 is the Py (K)-family Tle of coray tubes of I'g(m).

(5) TEa = vE(TPY) for p € QN (0,5] and k € {0,1,...,m — 2}.
(6) Tstmn) = vy (T for p € Q.

Moreover:

(i) Forge @gm—4; the famaly EB(M weakly separates PB™ Uy
f'I"Om (Up>q 7;3 ) U QB .

(ii) The component quiver Xpm) of B s acyclic, PB™ s g unique

p

P<q

source of Xpm), and QB(m) is a unique sink of Xp(m).

(iii) The directing projective modules belong to pB™

(iv) The directing injective modules belong to oB™.

We obtain the following consequence of Theorems [7.1] and crucial for
the construction of the algebra A occurring in the main theorem of the paper.

COROLLARY 7.3. Let m be a positive natural number and B be the ex-
ceptional tubular algebra of type (2,3,6). Then the m-replicated algebra B(m)
of B is a left admissible and a right admissible algebra.

8. Proof of the main theorem. Let s, m1,...,ms be positive integers
and Ag, Ay, ..., As triangular algebras of finite representation type. It follows
from Proposition [4.2] that there exist mono sink-source triangular algebras
Ag, Ay, ..., A, of finite representation type such that

e /; is a quotient algebra of Ay,
e (Q,, is a full convex subquiver of sz,
e [y, is a full convex translation subquiver of I Ay

for any k € {0,1,...,s}.



186 P. MALICKI ET AL.

Let B be the exceptional tubular algebra of type (2,3,6) introduced in
Section [7} Then, by Corollary for each k € {1,..., s}, the my-replicated
algebra D, = B("™¥) is a left admissible and a right admissible algebra. Let
A= A(mq,...,ms, B, Ag, A1, ..., As) be the algebra

Ao« Dy s Ay %% Ag_1 % Dy % As.

Then the statements on A required in the main theorem follow from Theo-

rems 1, 52, 1) [71) and 72

9. Examples. In this section we present some examples illustrating the
above considerations.

Let B be the exceptional tubular algebra of type (2,3,6) and Ay, A; two
copies of the one-dimensional K-algebra K. Then the algebra A = Ag*Bx A
is isomorphic to the bound quiver algebra KX'/J, where X is the quiver

o é 3 n

S
N N4
2 AN
N N

<—d

v

3— 1

g

and J is the ideal in K'Y generated by the elements w&doa, af — v0Bp,

Xw — Aun, py, 09, v, e, pK, K9, Jv, dX, PA, ¢, e, €C, (T, ¢7. Then it
follows from Theorems and [7.1] that the Auslander—Reiten quiver I'4
of A has a decomposition

ni=cuTfu(J TF)uTfuc,
qeQ?

where:

o 7;3, for q € @(1), are Py (K)-families of tubes of I'p as described in Theo-
rem [.11

e Cp is an almost acyclic component of the form A® U PF with a cyclic
multisection A© such that the left part AZ(O) of A is empty, and the right

part A&O) of A ig given by the indecomposable projective modules of the
postprojective component PP of I', being the postprojective component
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PHo of the hereditary algebra Hy = KQ© of Euclidean type IEg given by
the subquiver Q) of X given by the vertices 1,2,3,4,5,6,7,8,9.

e (1 is an almost acyclic component of the form 0B U AN with a cyclic
multisection AM) such that the right part AS}) of AM is empty, and the left
part Al(l) of AW is given by the indecomposable injective modules of the
preinjective component QF of I'g, being the preinjective component QM
of the hereditary algebra H; = KQW of Euclidean type Eg given by the
subquiver QM) of X given by the vertices 2,3,4,5,6,7,8,9,10.

A direct checking shows that gl.dimA = 5, pdy S, = 5 = ida S, and
pd4 Sp =5 =1id4 Sp.

Consider the algebra Ag = Ag * Hy. Then A is isomorphic to the bound
quiver algebra K00 /J ©)) where 20 is the full convex subquiver of ¥
given by all vertices except 10,b,¢, h,4,j, and JO = Jn K0Q© Then it
follows from Theorem @ that the Auslander-Reiten quiver I'4, of Ay has
a decomposition

Ty =CouTHo Ut

where Cy is the almost acyclic component of I'4 described above, T7Ho is
the P;(K)-family of stable tubes of type (2,3,5) of I'y,, and QM0 is the
preinjective component of I'y,. In particular, the Auslander—Reiten quiver
I'g, of Hyp is a cofinite full translation subquiver of I'4,, which is closed
under successors in I'4,. Therefore, Ay is a domestic cycle-finite algebra for
which all indecomposable projective modules are nondirecting but all the
indecomposable injective modules lying in the preinjective component Qo
are directing. We also note that there are some nondirecting indecomposable
injective Ag-modules lying in the cyclic part A©) = AEO) of Cy. Moreover,
Ap is an algebra with gl.dim Ag = 5 and pd4, Sq = 5 = ida, Sa-

Consider the algebra Ay = Hy * Ay. Then A; is isomorphic to the bound
quiver algebra KQ(l)/J(l), where 21 is the full convex subquiver of ¥
given by all vertices except 1,a,d,e, f,g, and JV = J N KW, Then it
follows from Theorem that the Auslander-Reiten quiver I'4, of A; has
a decomposition

I'y, = pih UTHl U,

where P is the postprojective component of I'g,, TH1 is the Py (K )-family
of stable tubes of type (2,3,5) of I'y,, and C; is the almost acyclic com-
ponent of I'4 described above. In particular, the Auslander—Reiten quiver
I'y, of Hy is a cofinite full translation subquiver of I'4,, which is closed
under predecessors in I'4,. Therefore, A; is a domestic cycle-finite algebra
for which all indecomposable injective modules are nondirecting but all the
indecomposable projective modules lying in the postprojective component
PH1 are directing. We also note that there are some nondirecting indecom-
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posable projective Aj-modules lying in the cyclic part AN = AS}) of Cy.

Moreover, gl.dim A; = 5 and pdy, Sy = 5 = id4, Sb.
We refer to [33] for the structure of arbitrary algebras with all indecom-
posable projective (respectively, injective) modules directing.
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