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Gauss sums, Stickelberger’s theorem and
the Gras conjecture for ray class groups

by

TimOoTHY ALL (Terre Haute, IN)

1. Introduction. Let k£ denote a real abelian number field with Galois
group G. Let 0, = o denote the ring of integers of k, and let F = o*. Fix
d € N and let F; denote the group of units of o that are congruent to 1
modulo d. Let d denote the product of distinct prime divisors of d, and for
every n € N let (, stand for a primitive nth root of unity. We assume the ¢,
have been chosen so that for every ¢ |n we have ¢t = ¢, /t- For every n € N,

let k" = Q(¢,) Nk, and for n > 1 satisfying n { d, let

6n,d = NSL(Cn) H(l _ CZ)u(t)d/t c kX
tld
where p(t) denotes the Mobius function.
Let D(d) denote the G-module generated by the &, 4 for all n{d in k*.

We let
C(d)=EnD(), Cy=E;nD(d).

We call the modules D(d), C(d), and Cy the d-cyclotomic numbers, units,
and units congruent to 1 modulo d, respectively. We write D for D(1) and
C for C(1). Note that C(1) = Cy. These modules were originally introduced
by Sinnott [S] (for d = 1) and by Schmidt [Sch] (for d > 1). Note that C' is
not quite the full Sinnott group of cyclotomic units but rather its subgroup
of totally positive units.

For an ideal a C o, let €(a) denote the ray class group of k of mod-
ulus a, and let H(a) denote the corresponding ray class field of £ so that
Gal(H (a)/k) ~ &(a) via the Artin map. Let H, = H(a) N Q*, the maximal
subextension of H(a)/k abelian over Q, and let €, < €(a) be such that
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Cq >~ Gal(H(a)/H,). In the case when p { [k : Q], note that

Syly(€a) = (1 — e1) Syl (&(a))
where e; € Zp[G] is the idempotent associate to the trivial character.
There is a fascinating interplay between unit structures and ideal struc-
tures in algebraic number theory. For example, the following theorem was
proven by Sinnott [S, Theorem 4.1] for d = 1, and by Schmidt [Schl Satz 3]
for d > 1 using similar methods.

THEOREM 1.1. If p12|G|, then |Syl,(Eq/Cy)| = |Syl,(€4)|-

One of the aims of this article is to prove a Galois-equivariant version
of the theorem above. To be precise, let [x] be the Gal(Q,({|¢|)/Qp)-orbit
of a non-trivial character x of G and define p = Ewe[x] 1. Let €, be the
Zy-valued idempotent

For a Z,[G]-module M, we let M, denote the submodule €,M.
Let e(p) denote the ramification index of p in k. One of our main results
is the following

THEOREM 1.2. Ifp12|G| and e(p) < p—1, then

1Sy1,(Ea/Ca)pl = [Sy1,(€a),l-

This is a ray class version of the Gras Conjecture [Gral, the statement of
the claim when d = 1. Greenberg [Gre| observed that the Gras Conjecture
followed from the Main Conjecture of Iwasawa theory which was later on
proven by Mazur and Wiles [MW].

In the case when p possibly divides the order of G, we prove a result akin
to Rubin’s [Rl Theorem 1.3], which itself was a generalization of a theorem of
Thaine [Th, Theorem 3]. Our method of proof follows along those same lines.
In particular, we define a subgroup S(a) of E which we call the a-special
units. These are akin to Rubin’s special units [R], and we show that the
d-cyclotomic units of Schmidt are a special instance of d-special units. We
then show

THEOREM 1.3. Let a: E — O[G] be any G-module map where O is the
valuation ring of any finite extension of Qp, and let ¢o € S(a). Then a(s,)
annihilates €, ®7 O.

As stated, our method of proof originates in the work of Thaine and
Rubin. Thaine noticed that cyclotomic units could be used to generate ele-
ments « that act like real analogues of Gauss sums much like roots of unity
are used to generate classical Gauss sums. To generate «, Thaine relied on
an invocation of Hilbert’s Theorem 90. A key feature here is that we give «
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explicitly. This affords finer control over the ideal relations revealed by the
factorization of «, thus paving the way towards annihilation results con-
cerning ray classes. In particular we prove the following ray class version
of a conjecture of D. Solomon [Sol, Conjecture 4.1] which acts as a sort of
Stickelberger Theorem for ray class groups.

THEOREM 1.4. Let O denote the valuation ring of a p-adic completion
of k, and let w € O be a local parameter. For every ¢, € S(a) the element

le(p) ’;1 Z -1
——— » log,(s7)0™ " € O[|G]
. 1 p\Sa
wl ®lp e
annihilates €, 7 O.

2. Preliminaries. In this section, we collect some results concerning
the structure of relevant G-modules contained in k. Until further notice, we
consider p to be an odd prime not dividing [k : Q]. Let

K = alocal field containing the character values of G,
O = the valuation integers of K,
F = the residue field of O,
[F, = the finite field with p elements.
We normalize the p-adic absolute value in the usual way: |p|, = p~*. For

any finite set X, we use |X| to denote the number of elements in X. For
H C G, we write s(H) to denote the sum

s(H) =Y _ o cZ[G].

oceH
We write G for Homy (G, 0*). For every x € G, we let
1 _
ex == > xlo)o ' € 0[a],
’G| oceG

the idempotent associate to x. We may naturally view e, € F[G].

Throughout, we use ® as an abbreviation for ®z. For a Z[G]-module
M and commutative ring R, we make M ® R into an R[G]-module in the
obvious way. The following proposition generalizes [A2, Theorem 3.3]. It will
be useful later on for demonstrating that certain G-modules are cyclic.

PROPOSITION 2.1. Let M be a free Z-submodule of either (k,+) or
(k*,-) of finite rank such that o(M) = M for all 0 € G. For H < G,
let M denote the collection of all elements of M fized by H. For every
H < G, suppose that the inclusion M™ C M induces

H
M7 @F, > MeF,.
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If there exists m € M such that [M : (m)zq)] < oo, then M @), is a cyclic
F,[G]-module.

Proof. Suppose k/Q is cyclic with o generating G. Let r = ranky M
and let o : G — GL(r,Z) be the representation induced by the action of
G on a fixed Z-basis, say {m1,...,m,}, for M. Let m,) and hyy) be
the minimal and characteristic polynomials for o(o), respectively. Suppose
m € M is such that the index [M : (m)zs)] is finite. From this it follows
that r = rankz(m)z|q) and

ho(o) (%) = My(o) (z) | 219 = 1.
Now, let o : G — GL(r,F,) be the representation induced by the action of
G on the F)-basis {m; mod pM, ..., m, mod pM}. Note that

ha(o)
Since p 1 |G|, it follows that hg(,) factors into a product of distinct irre-
ducibles modulo p. So M/pM ~ M ®F, is a cyclic F,[G]-module.

Now suppose k is merely abelian over Q, and let x € G. Then X naturally
determines a character of G’ = G/kerx, the Galois group of the cyclic
extension k'/Q where k' = k**X. We write M’ for M*X, and let €/, denote
the idempotent associate to x € Homgz (G, 0*), i.e.,

1 _
e, = el Z x(o)o™t.

e’

= hg(a) mod D.

Note that e, = |ker x|~} cores’,j, e\, where cores’,j, denotes corestriction from

k' to k. We may naturally view e, and e} as being F-valued, in particular,

we may view G as a Gal(F/F,)-module. Let [x] = {x” : 7 € Gal(F/F,)},
and let ef], e’[X] € F,[G] be defined by

€] = Z ey and efx] = Z eip.
Yelx] Ye(x]

— -1 k
\] = |ker x|~ coresy, €l

It follows that e
By assumption, M’ C M induces M’ @ F,, — M ® [F,. So we may view

M ®F, C M ®@F,. For m € M, we have

ep(m®1) = coresy, e'[x] (m @ ([ker x|™1)) = e’[X] (m*® ) @ (|ker x| 7).

Since p { n, the map M ®F, — M'®F, defined by z — 5} X) is surjective.
It follows that
(2.1) epd(M @Fy) = ey (M' ®F,) C M @F,.

Now, viewing M’ as a G’-module, we note that k' /Q is cyclic and M’ satisfies
all the hypotheses of the proposition: M’ is a free Z-module of finite rank
that is preserved under the action of G’, and for all H' C G’ the inclusion
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(M"H" C M’ induces (M")"' ®F, < M'®TF, (otherwise there exists H < G
such that M F, <» M ® Fp, contrary to assumption). So M’ ® F,, is a
cyclic F,[G']-module, whence M’ @ F,, is a cyclic F,|G]-module.
Let m’ € M'®F, be such that m’ generates M’ ®F,, as an F,[G]-module,
and let mp,; = e ym’ € M @ . Using (2.1)), we get
epg(M @ Fp) = ey (M' @ Fp) = (mpy)r,(a)-
Let m € M ® F be defined by m = Zmbd where the sum is taken over X,

a complete system of representatives of G/ Gal(F/Fy). Since epym = myy,
we have

M®F, =P ey(M@F,) = P myr, ¢ = (M, q)-
XEX x€X
This completes the proof of Proposition .

LEMMA 2.2. Let M be a Z|G]-module. The following are equivalent:

(i) M ®Z, is a cyclic Zy|G]-module.
(i) M ®@F), is a cyclic Fp|G]-module.

Proof. For m € M ® 7Z,, we have the exact sequence
()2, ) O, = (ML) ©F, = M, - (M ®Z,)/(m)z,(c) ©F, — 0.

If (m)z (q) = M ® Zp, then the third term in this exact sequence is zero.
Thus the first map must be onto, hence m, the image of m through the first
map, generates M ® [F,,. So (i) implies (ii).

Conversely, suppose that m € M ® F), satisfies (M)p ) = M ® F). Let
m € M ®Zy reduce to m in M ®F,,. Then the first map in the exact sequence
above is onto, hence the third term in that sequence is zero. It follows that
(M)z,16) = M @ Zy. So (ii) implies (i). u

COROLLARY 2.3. The modules E ® Z;,, and o ® Z, are cyclic Z,[G]-
modules. In fact
E®Zy, ~7y|G]/s(G) and o®Z,~7Z,[G].

Proof. Let H < G. Then E™ is the set of units of k¥ and o is the ring
of integers of k. Since k is real and Galois, it follows that

Ef®F, — E®F,.
Similarly,
ol @ F, =0 /(p) = 0/(p) =0 @ TF,.

The cyclicality of E®Z, and 0®Z, now follows Proposition 2.1 and Lemma
The particular isomorphisms given in the claim are now straightforward
to prove. m
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For a prime ¢, we adopt the following notation to be used throughout:
o¢ = a Frobenius automorphism in G for ¢,
Iy = the inertia subgroup in G of ¢,
ee = s(Ip)/|1y].
We may consider ey € Z,|G| since p1 [k : Q).

COROLLARY 2.4. Suppose £ # p is a rational prime and £ the product
of primes of 0 over £. Then for a positive integer e,

(0/£)° © Z, = Z,[G/(£ — ore).
If e(p) is less than p — 1, then
(0/(p°))* @ Zp =~ Zp[G]/(pe_l(p — 0pep)).
Proof. Suppose £ £ p. Then
(0/L) @ Ly~ (0/L)  RZp = | |(0/)* RZ,
1
where the product is over all prime ideals [ of 0 dividing ¢. Fix such an ideal [
and let v € 0™ be such that v mod [ is a generator for the group (o/)* and
u=1mod 7 for all ¢ € G, 0 # 1. We have
(0/L)* @Zp = (Wz,q where u=u®1le (0/L)* 7L,
Consider the surjective map
©: LG = (0/8)* @Zp, 0 ul.
Clearly, (£ — ogep) C ker . The claim will now follow from the fact that the
quotient ring Z,[G] modulo the ideal (¢ — oey) has the correct order.

To compute this order, we note that y induces a homomorphism Z,[G] —
O in a natural way so that

1Z,[G)/ (£ — over)| = [ ] Ix(€ = oven)l, "
X

Note that

(« - l, Iy ¢ kery,
A& T oeet) = (¢ —x(op)), Iy Ckery.

So
Z,[G/ (£ — oeee)) = [T €= x(o0)l,*
xeG@
where G' = G/I;. Let G, = G¢/I; where Gy is the decomposition group
for £. Since the order of oy € G is f = [0/l : Z/(¢)], it follows that
f—1
[[=xe)=T[¢-¢Hr = -1, r=I[G:G.

xeG’ a=0



Ray class groups 279

Hence
|Zp[G/ (£ = aee)] = €)= 1,7 = |(0/£)* @ Zp| = |(0/£°)* ® Zy|.

This proves the claim in the ¢ # p case.

Now, suppose ¢ = p and e(p) < p — 1. For each prime p of o dividing p,
let Up(]) ={z €o0:2=1mod p’}. Then

02 (/) o7~ [l ) @ 2, ~ [LUS U,
plp plp

For all 2 € o satisfying ||, < p~/®~1) we know that log,,(1+x) and exp, ()
are defined by their power series, moreover, exp,(log,(1+)) = 1+ . Since

e(p) < p—1, we have |1 + |, < p~ /D) for all 1 + = € Up(l). Thus the
following map is a Z,|Gp]-isomorphism:

USD JUSPD) ppee® 1 4z log, (1 4 ) mod p¢e®),

From (2.2)), we now have

(o/ ()" ©Zp =~ [ o/p® =B/ (")

plp

as Zy,|G]-modules where B is the product of primes of o over p. It follows from
Prosposition that P ® Z,, is a cyclic module, so the above isomorphism
tells us that (o/(p¢))* ® Z, is cyclic. It remains to show that B/(p°) is
isomorphic to Z,[G]/(p — p°Lo,ep) as a Zy[G]-module.

Since o/(p°€) is cyclic, there is an onto homomorphism ¢ : Zy[G] —
0/(p°). Note that

(p, 1= €p) = pZy[G] + (1 — €)Z,[G] 5 B/ (1°).

Moreover, since e, (1 —e,) = 0 for all x that are trivial on I, (otherwise
ex(1 —ep) = ey), we have

Z,[Gl /(1= ep)| = ] p=p%" = o/,

ker x 21

so Y((p,1 —ep)) = PB/(p®). From the preceding paragraph, we know that
B/ (p°) is also cyclic, so there exists an onto homomorphism ¢’ : Z,[G] —
B/(p¢). Since (p¢ — plope,) - (0,1 — e,) C (p°), it follows that
(p® — pLope,) C kerd.
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lep)

(p° —p*
Since eye, = 0 for all x that are non-trivial on I, (otherwise e, e, = e, ), we
see that |Z,[G]/(p® — p*lope,)| equals

H pe—l H pe :p\G|e—[G:IP] _ ’;B/(pe)’

ker x 21 ker x 21y
So ker ¢’ = (p¢ — p®~loy,e,), and the claim follows. m

REMARK 2.5. If one takes M = E (or M = o) in Lemma then (i)
and (ii) are also equivalent to the statement that there exists ¢ € E (or
a € o) such that [E : (€)ziz] (or [0 : (@)z(¢]) is finite and coprime to p.
In particular, there exists ¢ € E such that e ® 1 generates £ ® Z, as a
Zp|G]-module.

The results of Corollaries 2.4 and 2.3 also hold under extension of scalars.
For example, we have

E®0~0[G)/s(G), (0/£)* @0~ O[G]/(f — oey).

3. The ray class Gras Conjecture. In this section, we aim to prove
Theorem Theorem was proven by way of the mapping [ : k* — R[G]
defined by

1 o -1
o) =—5 > log(jz7|)o "
oceG
Since E;/Cq ~ I(E;)/1(Cy), the index [Ey4 : Cy] may be studied by de-
composing the index [[(Ey) : [(Cy)] into various parts. Our method will be
similar, but we work p-adically.

3.1. Notation & preliminaries. Fix a positive integer d and let m
be the conductor of k. Let (2, (resp. £2) denote the algebraic closure of Q,
(resp. Q), and fix an embedding {2 < (2, so that we may view {2 C (2,,. Let
k, denote the topological closure of k, and let
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e K denote the field k, adjoined with all character values of G,
e O denote the valuation integers of K.

Throughout this section we assume that

n > 1 and n { d unless stated otherwise,

p is an odd prime not dividing [k : Q],

e(p) is the ramification index of p in k (or in K), and is less than p—1,
f(p) is the residue of p in K.

A lattice L in a K-vector space V' is a free O-module whose O-rank equals
the K-dim of KL and which satisfies V = K L. If L and M are lattices in V'
for which there exists an automorphism ¢ of V' where ¢(L) = M, then we
define the generalized index (L : M) by

(L: M) = plP)ordwdetd — et ¢|;e(p)f(p)
where (w) is the prime ideal of O. This index is independent of the choice
of ¢, and if M C L with [L : M] < oo, then (L : M) =[L: M].
If M is a lattice contained in K[G] and «a € K[G], we let aM denote the

lattice
aM ={am:m e M}.

In particular, we write M, for e, M. If M is additionally a G-module, we
have the natural decomposition

M =P M,

the direct sum taken over all x such that M, # 0. A character x € G
naturally induces a ring homomorphism K[G] — K. The index (M : aM)
exists if and only if x(a) # 0 whenever M, # 0. If this is the case, then

(1 : 1) = [ ()|, 27,

the product taken over all x such that M, # 0.
For a € O[G], note that x(a)e, = eya. In this case, we define o™t €
K[G] to be the element defined by

a b= Z X(a)_lex

where the sum is taken over all characters y satisfying x(«) # 0. This gives

-1 _
a-a = E €y,

the sum over all x such that y(a) # 0.

Since we are assuming e(p) < p — 1, we get log,(k*) C O where log, is
the Iwasawa logarithm. Let J : £* — O|G] be the G-module map defined
by

PHx) = Z logp(z:o)o'_l.

oeG
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This map takes the place of the map [ defined at the forefront of this section.
If x € kerd, then x = (p” where ( is a root of unity and r is a rational
number. Since k is real and Galois, it follows that ker} consists of 1 and
either all powers of p or all powers of |/p. We fix the following notation to
be used throughout:

&y = the ideal of O[G] generated by ¥(Ey),
¢a = the ideal of O[G] generated by ¥(Cy).

We omit the subscript when d = 1. Since O is a flat Z-module, we have
(Eq® 0)/(Cq® 0) ~ (Eq/Cy) @ O.

Consider the natural map E; ® O — &; defined by € ® a — 9J(€)a
extended by linearity. Since ker ¥} consists of £1 - (rational powers of p) and
k satisfies Leopoldt’s Conjecture with p an odd prime, it follows that

E; 0 ~4&,.

In fact, we have
(Ea/Ca) ® O ~ &/6q.

As in the previous section, if H C G, then we write s(H) to denote the sum
in Z|G] of those automorphisms in H. We write

/
UEXG;H

for the restricted sum over a system of unique representatives in G of G/H.
We also keep the notation oy, e, and I, from the previous section.

We will often make use of the following proposition.
PROPOSITION 3.1. The group ring O[G| is a principal ring.

Proof. Note that O/(w") is a local Artinian principal ring. Since G is
assumed to have no p-part, it follows that (O/(w"))[G] ~ O[G]/(@™O[G])
is a principal ring [D Theorem 4]. So for an ideal I of O[G], for every n € N,
there exists a,, € O[G] such that

(I +="0[G]) /=" O[G] = (o) + @"O[G]) /=" O[G].

Since O[G] is compact (in the product topology), we see that o, — a €
O[G], i.e., there exists a € O[G] such that & = «a, mod w"O[G] for all
n € N. We now show that I = («). For each v € I and n € N, there exist
B, Bn € O]G] such that af, = v mod @w"O[G] and 5, — B. Then v = af,
hence [ is principal generated by «. m
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3.2. The modules & and %. For a non-trivial character xy € G of
conductor f,, let L;)(O7 X) denote the special value

L,(0,x) = Zlogpl—cf X(a) €

Also let

W= ZL;)(O, X)ey € O[G].
x#1

Our goal will be to dissect the x-components of &;/%;. The following
useful proposition is a p-adic formulation of a result of Sinnott.

PROPOSITION 3.2. Let n > 1, and write k™ for Q(¢,) Nk, Gy, for
Gal(k/k™), and 53 for N2 (1= ¢t). Then

(31) (- e)d00) = Q) : K"QGu)s(Coye) [T — 07 er).

Ln

Proof. Let L and R denote the left and right hand sides of (3.1)). It
suffices to show that ¢(R) = (L) for every ¢ € G.
Since

I = [QG) : K QGuyls(Cpe) S og, (8) )0,
G’GG/Gn/t

it follows that ¢(R) = (L) = 0 if ¢ is either the trivial character or is a
non-trivial character on G, ;.

Now, suppose 9 # 1 and % is trivial on G,, ;. Note that

Y(R) = Ly(0,9)[Q(Gn) : k" Q(Guye)] - [Gryel [T (1

Ln/t
and
SOED)) = [QGn) : K Qo)) [Gul - 10g,((659)7)b(0),

UEG/Gn/t

SO
n/t

Y(L) = [Q(Gn) : K" QCuye)] - [Gryel Y Tog, (1= C)(a).
a=1
(a,n/t)=1

Write fy, for the conductor of 4. Since G,/ < ker 4, it follows that f,, [n/t.
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We set fyg = n/t and interpret log,(0) - 0 to be equal to 0 to obtain

fvg fvg B
Z logp(]' - n/t Z logp - n/t ( ) H (1 - w(g))
= i

= Zlogp —¢3,)0() [T -w(0)

ln/t
= Ly,(0,9) [T (1 =%(0)).
Ln/t
So (L) = (R). =

Using Corollary we may fix an € € E such that 9¥(e) = ¢ generates
& as an ideal in O[G]. We define a special element w € € by

Q(Cy)
w= Z ex¥(dy), Oy =N s Ma- Cy)
x#1
where f, is the conductor of x. This element generates ¢

COROLLARY 3.3. The ideal € C O[G] is generated by w; in fact,
€ =we &
In particular, if x # 1, then
(€ Gl = [x() T Ly (0, x) [, <P,

Proof. Let 2 denote the O[G]-ideal generated by ¥(D). Note that % is
the kernel in 2 of multiplication by s(G), i.e.,

(1-e)Z2="¢%.
Since w = (1 — e;)w, we apply Proposition to obtain
X(w) = |Gy, | Ly (0, X).
Since |Gy, | is a p-adic unit, it follows that
X(e) MLy (0, x)ex € (6716,

Since

E)C ~e1&)e71C = (1 —e)O|G]/c7 1,
we have
(3-2) (€ = B < Ix(e)7 Ly, (0, ), P,
Moreover, Theorem [I.]] gives

C® 0| = H Ix(e) 1L’ 0 X)‘pe(p)f(p).
x#1
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Now, note that
H x(e) = det(a = ea) = Reg,,
x#1

where Reg; differs from Reg,,, the Leopoldt regulator of k, by a unit of Z,.
Substituting Reg; into the p-adic class number formula, we get

(3.3) I\—pR TT Z000,%) = T] x(e) L0, %)
P x#1 x#1
where a =, b means that a and b differ by a p-adic unit. So and
Theorem [1.1] give
(34)  [&:6]=]]l& < I Ix(e) 'L, (0,x)1,“ PP = [& - 7).
x#1 x#1
Putting and together yields
(& = B = Ix(e)7 L, (0, ), PP
for all x # 1. It follows that
€ =we 16 = w(l —e)0[G] = wO[G].
This completes the proof of Corollary "
3.3. The modules &; and %;. We will make use of the following aux-
iliary O[G]-modules:
2(d) = the ideal of O[G] generated by ¥(D(d)),
¢ (d) = the ideal of O[G| generated by J(C(d)).

Again, we omit the parentheses when d = 1. For any ¢ |n, let a,,(t) € O[G]
be defined by

an(t) = [Q(Cn) : K" QGaye)ls(Grpe) [] (1 = 0 "er),
Ln/t

the product taken over primes ¢ dividing n/t. Let % denote the O[G]-
ideal generated by these elements «,(t) (for all n > 1 and all ¢|n). Then
Proposition [3.2 reads

(1—e)9(6)) = wan(t).
More generally, since w'a;(1) = w’'a,(n) = 0, it follows that
C=1-e)2=%.

We need to know what the above formula looks like if we replace € with
¢ (d). Towards that end, for an integer ¢t > 1, we define

ke = [ - o0,

ot
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the product taken over all primes ¢ dividing ¢. We first make a few observa-
tions that whittle down the ideal 2(d).
LEMMA 3.4. Let d,, = (d,m). Then
2(d) = ;lmj/gm_@(dm).
Proof. This follows from [Sch, Lemmas 3.2 and 3.5]. =
For n > 1, we let

dm,n
Qs =y ) D M(t)( " )an(t)-

t|(dm,n)
Note that since p { [k : Q], we find that «,, ; € O[G] for all n > 1.

COROLLARY 3.5. Ifn > 1 and ntd,,, then
(1= )90, 4,) ='a

N,dm

Proof. For a prime divisor ¢ of d,, such that £{n, we have

5n,Jm:N;?iz(C") H( Ct),u(t dm [ (£0))¢ (1 Ct) w(t0)dm ) (t6))op _ 5de?§/£
tldm /€
So
V(0n.d,) = By /(@)Y O (dm))-
Since _
Honganm) = 3 1) o),

t|(dmn)
the corollary follows from Proposition "

LEmMMA 3.6. If 0, 5 € D(dy,) and q is a prime dividing (n,dy,) such
that vg(n) > vg(m), then 6, 5 = 1.

Proof. Note that

)
@Cn 1_Cn)
- T e (= )
tldm/q i

Since vy(n) > vy(m), it follows that k™ C Q((,,/q) € Q((n). Now consider

Q) (L =G 0Casa) \0G) (1=¢)1
Nkn 1 _ flq - Nkn ! N@(Cn/q) 1 _ C’It’bq :

Since ¢! = Cny and ¢ | n, we have

Qn/q) 1- Cn/t) =1- Cn/(tq)7

whence the assertion. m
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PROPOSITION 3.7. Let % (dy) be the O[G]-ideal generated by the o, ;-
with n|m. Then

E(d)=(1—e1)2(d) = gnd/dmw’%(czm).

Proof. Let %'(dy,) be the O[G]-ideal generated by «,, 5 satisfyingn > 1
and n { d,,. The proposition then follows from Corollary if we replace

U (dy,) with 2'(d,,). So the proposition rests on showing that
U (d) = U (dr).
Toward that end, note that from Lemma [3.6] it follows that
(35) X dyy = Ynm),dm H (1 - Ué_l)'
€7/ (7,m)

So %'(d) is generated by those ay, 4, satisfying n > 1, n{ dm, and n | m.
Hence w'%'(dp) C W' % (dp)-

Going the other way, note that o ;7 = kg a1(1). Since a;1(1) = s(G),
it follows that 'y 5 = 0. Now suppose «,, 5 € % (dy) where n|dy,. Let
q be a prime such that ¢t m and consider Qg d,, - From (3.5)), we have

-1
Cng,dm = O‘n,J7,L(1 -0, )

Since any given element of G is the Frobenius of infinitely many primes,

there exists a collection @ of primes such that |Q| = |G| and
D g, = gy, 2 (17 = g, (1G] = 5(G)).
q€Q TeG

Hence

W' Z Qpgdn = W/O‘n,Jm‘G|-
q€Q

Since |G| is a p-adic unit, it follows that w'% (dm) C W' %' (dy,). =

It remains to determine a generator for % (d,,). For t € N, let s be the
element of O[G] defined by

M = H(f — 0564),
o)t

the product taken over all primes ¢ dividing ¢.

PROPOSITION 3.8. The ideal % (d,) of O[G] is generated by sz .
Proof. Suppose x = 1. If n|d,,, then

X0, = o s ) 10(G) A G] = ol s K7
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Otherwise x(a, g ) = 0. On the other hand, we have x(s; ) = o(dm).
Since [k : k"] is a p-adic unit, it follows that e1% (dm) = e15¢5 O[G].

Now, let x be a non-trivial character of G with conductor f. Suppose
n|m is such that x is non-trivial on G/, for all ¢ | (dym,n). Then

X(S(Gn/t)) = 07
s0 X(a,g,,) = 0. So in order to get a non-trivial contribution to the y-part
of % (d,,), we consider those asn g, satisfying N > 1 and fN [m.
We have

(3.6)
opwa) = II @xon)| ¥ uo =],
ldm /(dm,fN) t|(dm,SN)
where
x(arn(t))
o FAHIN/,
a { [Q(Crn) = RNQUpay)] - |G pvyel Tlogn g6 (1 = x(og en)), £ | FN/E.

As far as x(asy g, ) is concerned, we might as well only sum over all those
t| (dm, fN) satisfying f | fN/t. Such t’s must divide N; moreover, it is easy

to see that
[Q(¢rn) ka@(CfN/t)] NGyl = [Q(Crn) - Q)] - [F KN,
Let Agy 4, denote the bracketed term in (3-6). So far we have

Apva,= 3 w0 IR ) T (1 o e

t[(dm,N) (fN/E

~ Write N = N1 N2 where Nj is a product of distinct primes. Write
(dm, N) = Q1Q2 where @ is the product of those primes that divide NV;
and not Na. Then Ay 7 - equals

3 (eI N o

3]
t1|Q1

G, 2 0N/ (trt2)
Notice that if Q2 # 1, then the bracketed term above equals
p(tr) TI (1=x(o7"er) D plta) = 0.
fN/t t2|Q2

So we must have N = Ny, i.e., N is square-free, otherwise x(asy 4 ) = 0.
If we now were to go back to the beginning of this paragraph and let Qo




Ray class groups 289

denote those primes that divide both N and f, then we could similarly
deduce that x(« ¥ N,Jm) = 0 if Q2 # 1, since the same bracketed term equals
zero. Hence, N must not only be square-free but also coprime to f, otherwise
X(afN,Jm) = 0.

Now, suppose N is square-free and coprime to f. Since X(O‘Zleg) = 0 for
all £| f, we now have

Apwan = o NN 50 ) 500 TT (0 (o e

t|(dm,N) LN/t

Let By 4,, be the bracketed term above. Let g be a prime divisor of (dm, N).
Then

dm, N
Biva. = 3 w0
t|(Jm7N)/q

x [T (1=x(o7"en) - (a1 = x(o;"e)) — #(a)).-

£IN/(qt)
Repetition of the above on the remaining prime divisors of (d,,, N) yields
Bing,= I (—=xto7'e)) J] (1—ax(o, eq)):
IN/(dm,N) q/(dm,N)

This quantity is largest (p-adically) when N |d,,. Since N is assumed co-
prime to f, we have x(eq) = 1 for all ¢| N, and for those ¢| f, we have
X(eq) = 0. It follows that

Arng, = £X(N)(dn, £ : ka] H(q — X(oqeq))
alN

=Ex(N)[E: KN ] (a— x(ogeq)),

‘I|(Jm1fN)

= [ x(e™.

qlN

where

Picking up where we left off with equation (3.6)), we have shown that
x(afn.g,) is largest (p-adically) when N is square-free and coprime to f
with N |d,,, in which case

X(apn.g,) = ExX(N) [k kY] H(f — Xx(over)).
O

Since x(ajyg, ) differs from x(sg ) by a p-adic unit (and since x was
arbitrary), it follows that e, % (dm) = ey g, O[G].
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We have shown that ey % (dm) = ey3z O|G] for all characters x of G.
The proposition now follows. =

Since Eq is a finite index subgroup of E, it follows that (/&) is finite
for every x # 1. Let ¢/, be a generator for the O[G]-ideal &;. Since & =
(6) 2 (g})) = &4, there exists ¢4 € O[G] such that € - ¢4 = €/;. So &; = €48,
and what is more,

£+ 6 = TT )y 7.
x#1
Combining Propositions and we immediately obtain the following
corollary.
COROLLARY 3.9. The O[G]-ideal €(d) is generated by (d/d)w'sz; in

fact,

d
¢ (d) = Ezgw’&:*lg;l(g’d.

3.4. Proof of Theorem 1.2. Let p be as in the statement of the the-
orem. Note that

|Sy1p(Ed/Cd)p| = |Sylp(¢d)p| iff (&4, Cap) = [(€a® O),l.
We aim to prove the latter equality. Define the linear transformation
d
bp: 1K — C(d),K, x> E%Jw’aflsglx.

Note that Corollary gives ¢,(8y,,) = €(d),. Since Cy C C(d), it follows
that
(€2 Capl = (Eap: E(d)y) = |det @[, P,

Now, we have
det ¢, = Hx( —scqw'e 16?),

where the product is over those x such that x(e,) # 0. Note that
d 4 — d _ _
W(§ratemiet) = [T o] E40.0x(e) intea ™)

d

Let 0 = (0/d)* ® O. Extending scalars in Corollary we get

O[G]/(K_O-Zef% f;ép7

o ~\||0), where ﬁxz{
I g ¢ O[G]/(p® = p*lopep), L=p
It follows that [0 : 1] = |(d/d) [Tgatt— X(O’geg))| @) and from Corol-

lary we have [y : €] = |L;,(0, x)x(¢)~ 1\p PJ®) Hence
(07 1]|&,: C),)
(3.7) (612 Cag) = (Eap: C(d)y) = =2 Z "

(& : Eap)
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Now, recall the “unscrewing” of €(a) = I(a)/P, where a is an ideal of o:

I(a): fractional ideals coprime to d,

P(a): principal fractional ideals coprime to p,

kE*(a): elements of k* coprime to a,

kS elements of k* congruent to 1 modulo a,

P,: principal fractional ideals generated by elements of k.

Since (3.7) holds for all p # 1 with [&; : €y] = |€4 ® O] and k*(d)E/k) ~
(0/d)*, taking the product over all such p we get
(1—e)Of :1]-[&:C]

€a® O = [64: 4] 2p

(& @ &Y
(1= ey 1) |ec 0|
- e ooy
In light of , it follows that
(07, :1]- 16, : 6]
Eqp by, = L .
G = Byl [+ ]
But [&, : €,] = (€ ® O),|, hence
[0, :1]- (€@ 0),]
[Cg’d,p : ng,p] = = =|(&a® O)p‘-

(& : Eap)
This proves Theorem

4. Gauss sums and Stickelberger’s Theorem for ray class groups.
We now relax the condition on p so that the results in this section are
applicable to situations when p | [k : Q]. The main goal is to prove Theorem
a ray class version of a theorem of Rubin [R} Theorem 1.3] (specialized
to the case when the base field is Q), which itself generalized a theorem of
Thaine [Th, Theorem 3].

The following lemma will act as an explicit version of Hilbert’s Theorem
90 for our purposes.
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LEMMA 4.1. Let £ be a rational prime completely split in k. For any
€€ 0;@0 such that N,f(@(e) =1, the element

/—1
a(& 6) == — ZCZ‘“61+T+---+TG—1
a=1
= —(je— CZ261+T e CZ“—161+T+---+TL2
is mon-zero for some choice of (y; moreover, al=T = € where (1) =
Gal(k(Ce)/k).

Proof. Let a(x) € C(z) be the rational function defined by

1+7'+-~+Ta’1
T — Z — xg :

Since a(x) has distinct poles, it follows that a(z) is not identically zero. On
the other hand, we may view a(z) as an element of C[x] and write
Oé(:l?) _ i( C(n—i—l C(n—i—l T Cén—i-l)»rf—l61+T+,..+7272)$n‘
n=0
Note that the power series form of a(z) has periodic coefficients of the form
of the claim. Since «(z) is not identically zero, we get av # 0 for some choice
of {y. In fact, a # 0 for at least two choices of (y, for otherwise a(z) has a
pole at x = 1, a contradiction. This proves the first claim.
Now, notice that

T __ 72 147 73 147472 T NI
€’ =—( e —=( € — =€

= —CZQGH'T — C[seHT"‘TQ — = (Je=q,

since 7¥ = 7 and 147+ - -4+7¢"1 = 1. This proves the lemma (alternatively,
see [A3]). =

Fix an ideal a C 0. For odd primes ¢ that are completely split in k, let
k(Ce)* (a) denote the set of all elements of k((y)* that are coprime to a and
define

k(C) (a) = (0/a)%, 2~ N'(z) mod a.
Now set
E(t,0) :={e € By : NFC(e) = 1, Npa(al(t, €)) € im(E/Eq — (0/a)*)}.
The following is a generalization of [Rl Theorem 5.1].

THEOREM 4.2. Letn € N and let £ be an odd prime split completely in k
such that £ =1 mod n and (¢) is coprime to a. Fiz a prime X of k above ¢,
and let A C (Z/nZ)[G] be the annihilator of the cokernel of the natural map

¢:E(l,a)— (Ok(gz)/L)X ® (Z/n2Z)
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where L is the product of all primes of oy, above L. Then A annihilates
the class of X in €(a)/n€(a).

Proof. Let 6 € A, and let u € o¢,) be such that
u=s'mod L and w=1modL forallo #id,

where £ is the prime of o4,y above A and (s) = (Z/¢Z*). The element u
has been chosen so that

(0r(c)/L)* = (wmod L) z/e-1)z)(c)-

Now, u? = " mod L for some 7 € k((;)* coprime to £ and € € F({,a). Let
7 be a generator for Gal(k(()/k), and a = (¢, €) be as in Lemma [4.1] Now,
() is a non-zero ideal inert under the action imposed by Gal(k(()/k). It
follows that there exists an ideal b C o0 satisfying

(@) =0 ] o,
oceG

where no conjugate of L is supported by b. Taking norms of both sides of
the above we get

(N:(CZ)(Q)) — bf—l)\z aao—*l.

Since Nya(a) € im(E/E, — (0/a)*), we see that (N} (a)) € P,. By
assumption we have n| (¢ — 1), so 3 a,0~! mod nZ[G] annihilates the class
of A in €(a)/ne(a).

It remains to relate the coefficients a, to 6. To this end, note that

Qo

ag = ord o1 () = ord ;-1 (1 — ()

Write o = (1 — (y)* where 5 is a £° " -unit. Without loss of generality,
suppose 7 : (¢ — (/. The primes above ¢ are totally ramified in k((s)/k. So

T acts trivially on £ ' -units modulo £ . Hence

Lo A= (1=GN\"
_OzT_ﬁT(l—C@T)“"_(l—g> mod £7 = (s" )% mod L7 .

This gives € = u%° ' mod L7 ', so
e=u=%" " =5 "’ mod L.
Hence 3" a,0~! = 0 mod nZ|[G]. =

REMARK 4.3. If in Lemma we take k = Q((pn) and ¢ = 1 mod m
with € = (,;,, then « is the classical Gauss sum. In this case,

(aﬁfl) _ AZ ago~1

)

where, similar to Theorem [4.2] we have ¢, = u%° " mod A° . The depen-
dence of the coefficients a, on £ is easy to tease out of this congruence, and we
are a hop, skip, and a jump away from the classical Stickelberger Theorem.
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For the more general types of elements « in Lemmal[4.T]and Theorem[4.2] the
dependence of the a, on £ is more difficult to separate. Instead of reckoning
with this obstacle, we step around it and show that any G-module map from
E/EP" to Z/p"Z|G] can be effectively filtered through (ox(,)/L)* ® Z/p"Z
for certain well-chosen primes ¢. This idea was first employed by Rubin [R].

Theorem [4.2] inspires us to make the following definition.

DEFINITION 4.4. For an ideal a C o, let 7 (a) denote the set of numbers
¢ € k* such that for all but finitely many primes ¢ split completely in &,
there is an € € E(¢,a) such that for all 0 € G we have

e=c¢mod L?

where £ C oy, is a prime ideal such that £|¢. We call T (a) the a-special
numbers of k. Let

S(a) :=T(a)NE.
We call S(a) the a-special units of k.
The 1-special numbers are, in fact, Rubin’s special numbers from [R].
It is fair to ask if a-special numbers even exist. For an appropriate choice

of d, the following theorem will show that Schmidt’s d-cyclotomic units are
contained in the a-special units. So S(a) is a subgroup of finite index of E.

THEOREM 4.5. If § € D(d), then +6 € T(d), i.e., £D(d) C T (d).

Proof. 1t suffices to show that £, 4 € 7(d) for all n > 1 and n { d since
these numbers generate D(d). Let ¢ be a rational prime split completely in
k such that (¢,nd) = 1. Define

tena = NEGOTI(G — CFO% € k().
t[d
Let X\ be a prime of k above ¢, and £ the prime of k((;) above A. Since
(1 — Cg Ok (o) H ﬁa
oceG
it follows that ¢, = 1 mod L7 for all o € G, hence +¢, 4 = £, ¢ mod L
for all o € G. Now, we note

td
e u(t)d/t
Q) n 1 _ gou1
= Ny H(g;;—1> =,

n,d
t|d

where oy is the Frobenius automorphism for £ in k. Since ¢ splits completely
in k, it follows that oy = 1, hence N:ﬁ(gl)(envd) = N:(Q)(emd) =1.
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Now, let q|d be a prime, let ¢/ be the g-primary part of d, and let
dq = d/¢’. Then
I u(t)dg /t
20 (Ce Ct) oo
t\d/
For all ¢ | d/q we see that ¢} and Cg are primitive fth roots of unity since

(¢,nd) = 1; moreover, ¢t and ¢! are not equal to 1 since n J( d. Tt follows
that ¢} — ¢! and ng — ¢ are units in Z[Cne), hence €, 4 € ok( Q) We also

have
(& —¢h)e

TR G = 1 mod q,
G —

from which it follows that

q 9! A
5]
f n
whence €, 4 = 1 mod ¢’. Since ¢ was an arbitrary divisor of d, it follows that
€n,d = 1 mod d, hence *e¢, 4 = £1 mod d.
Now, let Ny =1+ 7+ ---+ 7071, Note that
-1
all, e, q4) = Z 7" gi’i:qzngmoddz$1modd.
b=1

So Nf(c‘{)(a(ﬁ, + €,4)) = 1 modd. This proves that +e,4 € E({,d), as
claimed. m

Now, let
An(a) = &(a)/p"€(a)
Afa) = SyL,(€(a).
F,(a) = the ray class field over k associate to A,(a),
F(a) = the ray class field over k associate to A(a).
Note that

Gal(F,(a)/k) ~ Ap(a) and Gal(F(a)/k) ~ A(a)
via the Artin map. Let A/ (a) < A,(a) be such that we have A} (a) ~
Gal(Fp(a)/(Fn(a) N k(Gr)))-
THEOREM 4.6. Let a: E/EP" — Z/p"7Z[G] be a G-module map. Then
a(S(a)EP" /EP") annihilates Al (a).
Proof. The argument here is essentially the same as in [R] (with base
field Q) but with some natural adjustments, so we give a somewhat abbre-
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viated version of the proof. Let G = Gal(k((p»)/Q) and let
I = Gal(k(Cpn, BYP") /(G (ker @) /P")).

Let G act on I' by conjugation, and let 1,...,7; be a complete system of
unique representatives of I'/G. We claim that F,(a) and k((pn, EY/P") are
linearly disjoint over Fj,(a) N k((pn). Indeed, Kummer theory gives us an
isomorphism of Gal(k((y»)/k)-modules

Gal k(G )(Fa(a) N k(G EYP")) [k(Gy)) = Home (B, i)

where B < E/EP" is such that k((pn, EYP") = k(BYP") and pyn is the
group of p"th roots of unity. The Galois group on the left is abelian, so it
follows that Gal(k((yn)/k) acts trivially on Homgz (B, pipn). Since k is real
and p is an odd prime, Homgz(B, p,») must be trivial, whence the claim.

Now, let ¢ € A/ (a). We may choose 3; € Gal(F,(a)k(Cpn, E'/?")/k) such
that

5i|Fn(a) =c¢ and Bi\k(gpn,};l/p") = Yi-

By the Chebotarev Density Theorem, there exist infinitely many degree 1
non-conjugate j-tuples of primes Ay,...,A; C of such that (A\,a) = 1
and f; is in the conjugacy class of Frobenius automorphisms for A; in
Cal(F,(a)k(Cpn, EYP")/E). Tt follows that \; € ¢. We let ¢; be the ratio-
nal prime below );. Since /8i|k(§pn) =id, it follows that ¢; = 1 mod p".

Let ¢ be the natural map E/EP" — (0/£)*®(Z/p"Z) where £ = [[?_, 4.
From the exact sequence of Gal(k((y»)/k)-modules
1= ppn = k(Gpr)” 7, R(Grn) ™" =1
we obtain the exact sequence of Gal(k((yn)/k)-invariants
1= k% 2 k()P Nk — 1.
So [k(¢pn)*P" Nk : kXP"] = 1. Therefore
eckera iff €Y7 € k(Cpmn, (ker )P
iff g -, fixes k(Cpn,el/pn) forallge G, v, € I'/G
iff A7 splits completely in k(e!/P") forall o € G, i =1,...,j
iff € € ker¢.

In short, since I' is saturated with Frobenius automorphisms for the );, it
follows that € € ker « if and only if € € ker ¢. This allows us to consider the
well-defined map

aog¢™!im(e) — (Z/p"2)[G]

which we may lift to a map f: (0/£)* ® (Z/p"Z) — (Z/p"Z)|G], obtaining
the following commutative diagram:
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E/EP" = (Z/p"D)[G)]

| 7

(0/£)* @ (Z/p"Z)
Now, let ¢4 € S(a). Without loss of generality, we may assume that for
each 4, there exists ¢; € E({;,a) such that
€ =¢omod L7 forall o € G,
where £; C oy, ) is the prime above A;. Set

L; = H L7.

celG
Since the primes of o above ¢; are totally ramified in k({y,), we have
J J
(0/L)" ~ H 0/0;)* H Ok(¢,,) y/Li)*
i=1 i=1
This association allows us to consider ¢ and f as functions defined, respec-
tively, into and on

H(Uk(gi)/Li)X ® (Z/p"Z).
Let u; € o(¢, ) be such that
u; = 51‘_1 mod £; and w; =1mod L] foralloc e G, o#id,
where (s;) = (Z/4;Z)*, as in Theorem 4.2} Note that
(ui mod Li)z,(¢,1)z)G) = (Ok(¢,,)/ Li) ™
Let 0; € (Z/p"7Z)[G] be such that

5q = (¢gmod L;) ® 1

54 = u?i, where {
u; = (u; mod L;) ® 1

b e (/20 & @/D)

Since ¢; mod L; = ¢; mod L;, it follows that ; is an annihilator of the cok-
ernel of the map

E(li,a) = (og(c,)/Li)* ® (Z/p"Z).

So 0; annihilates the class of [\;] = ¢ in €(a)/p"€(a) by Theorem Let
% = 6o mod EP". Then

a(Se) = f(sa) = > 0if (w),
i=1
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and we get
J J
@) — H(cei)f(“i) — H 1F@) — 1,
i=1 i=1
This completes the proof of the theorem. m

Proof of Theorem|[I.3. Let wy, ...,w; be a Z,-basis for O. Fori=1,...,t
define «; : E — Z,|G|] by

= Z a;(€)w;
i=1

Each q; is a G-module map, and since Syl,(€,) < A;, (a), the assertion now
follows from Theorem .

Proof of Theorem[I.4} Let ¥ be the G-module map defined in the previ-
ous section. For every a € Homg(F, O[G]), there exists € K[G] such
that o = B9 by [All Theorem 5.1]. So for every f € K[G] such that
BY(E) C O[|G], fI(S(a)) annihilates €, @ O. If the ramification index of
pin k is e(p) = p’b where (p,b) = 1, then we could take

3= oie®) P _ le(p) ’;;1
wle®l’
(see [All Lemma 2.3]). In particular, we get the explicit annihilation result:
for every ¢4 € S(a) (perhaps a d-cyclotomic unit for an appropriate d), the
element

w|e<p |p Zl og, (<)o~ € O[G]

annihilates €, ® O. n

REMARK 4.7. The above theorem confirms a suspicion of D. Solomon
regarding a stronger annihilation result lying beyond his [Sol, Conjecture
4.1] (see [Sol, Remark 4.1]). In particular, let U denote the maximal abelian
pro-p-extension of k. The elements of Theorem are explicit annihilators
of explicit quotients of Gal(U/k) @ O.

REMARK 4.8. The group Syl,(£/S(a)) is mysterious. In the case when
p 1G], the order of Syl,(E/S(d)), seems to be less than or equal to that of
Syl,(Ea/Ca),. One wonders whether Syl ,(F/S(a)) is encoding information
more akin to the ezponent of Syl ,(&,).
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