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On the solvability of an Eisenstein trinomial of prime degree

by

Chahrazede Bouyacoub (Alger) and Alain Salinier (Limoges)

Since all binomials are solvable, trinomials provide the simplest examples
of affect-free polynomials, that is, polynomials of degree n with rational
coefficients whose Galois group is isomorphic to the symmetric group Sn.
For example, it is known [12], [15, p. 52] that the trinomial Xn − X − 1
has this property for every integer n > 1. The easiness to find affect-free
trinomials is linked to the following fact shown by Schinzel [14]: generic tri-
nomials Xn + T rXm + T s, with n,m, r, s integers such that n > m > 0 and
s(n−m)−rn = 1, have Sn as Galois group over the field Q(T ) generated by
a transcendental indeterminate T . Indeed, Hilbert’s irreducibility theorem
then entails that trinomials Xn+ trXm+ ts are affect-free for an infinite set
of values of t ∈ Q∗. In fact, the present literature suggests that there are
only very few examples of irreducible trinomials of prime degree p ≥ 7 whose
Galois group over Q is a permutation group not containing the alternating
group Ap. For example, Angeli [2] showed that if p ≥ 7 is a fixed prime inte-
ger, there are only a finite number of orbits of irreducible solvable trinomials
f(X) = Xp +AX +B under the action f(X) 7→ kpf(X/k) of the group Q∗.

In the present paper, we are interested precisely in the possibility of
finding irreducible solvable trinomials f0(X) = AXp +BX +C (ABC 6= 0)
with rational coefficients of prime degree p ≥ 7. For such a trinomial, there
exists a k ∈ Q∗ such that the trinomial A−1kpf0(X/k) is of the form

(1) f(X) = Xp + acp−2X + acp−1

for two coprime integers a and c (see Section 5 below). So we limit ourselves
to trinomials of the form (1). To ensure the irreducibility of such a trinomial,
we assume that it is Eisenstein with respect to the same prime p, which
means that a = pa1, where a1 is an integer coprime to p. (One can think
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that it is an overly restrictive assumption, but recall that the Galois group
of an irreducible trinomial Xp+aXs+a is not solvable as soon as the prime
p ≥ 5 does not divide a [3, Theorem 3.2]). Moreover, in our proofs we need
the additional assumption that c is coprime to p− 1. Our main result is the
following.

Theorem 1. Let p ≥ 7 be a prime number, and a1, c two rational inte-
gers such gcd(a1, pc) = gcd(c, p(p− 1)) = 1. Set a = pa1 and

D0 =
c

|c|
(pp−1c+ (p− 1)p−1a1).

For the Galois group G of the trinomial f(X) of the form (1) to be solvable,
the following conditions are necessary.

1. The integer D0 is a square in Z.
2. If p ≡ 1 (mod 4), then the integer p|c| is a quadratic residue modulo any

prime divisor of D0.
3. If p ≡ 3 (mod 4), then the integer (p− 1)/2 is a quadratic residue modulo

any prime divisor of D0.

A special case of trinomials of Theorem 1, already dealt with in the
literature [9, 8], is when c = 1, that is, the trinomials Xp + aX + a, where a
is an integer divisible by p exactly once. We stress that Kölle and Schmid [8]
conjectured that the Galois group of f(X) is always Sp when c = 1. However,
in full generality this has been proved only for p ≤ 5 so far [7]. Our methods
of proof are similar to those used in [8], and we rectify a slight inaccuracy in
that paper (see Remark 1). Item 1 of Theorem 1 is proved in [8, pp. 82–83]
in the particular case which the authors consider, while items 2 and 3 are
new: we deduce them from the Pellet–Stickelberger theorem.

The main idea of our proofs is the local method, that is, the study of
the properties of some fields generated by the roots of the trinomial over
local fields which are completions of Q with respect to specific absolute
values. Our Lemma 1 can thus be seen as a local study at the infinite prime,
namely over the real number field R, while the subsequent lemmas constitute
a local study at a finite prime q dividing D0. In this study, we make use of
Ore’s theorem linking Newton polygons to the factorization of polynomials
[11, 5]. While previous works, with the exception of [8], use exclusively the
local study at primes which are ramified in extensions generated by the
roots of the trinomial, it is remarkable that such a general study is feasible,
because the prime numbers dividing D0 are not necessarily ramified in such
extensions.

In the next statement, based in part on Theorem 1 and also on [8, 9], we
summarize the known results about the Galois group of the trinomial f(X)
when c = 1.
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Theorem 2. Let p ≥ 7 be a prime number and a1 ∈ Z\pZ. Set a = pa1,
f(X) = Xp + aX + a and D0 = pp−1 + (p− 1)p−1a1. The Galois group over
Q of the trinomial f(X) is either isomorphic to the symmetric group Sp
or to the affine group AGL(1, p), the latter occurring precisely when some
splitting field of f(X) over Q contains a pth primitive root of unity. The
trinomial f(X) is affect-free in each of the following cases:

(a) D0 is not a square in Z;
(b) a1 is a square in Z;
(c) a1 6≡ 1 (mod p);
(d) a1 < p;
(e) there exists a prime divisor q of D0 such that q 6≡ ±1 (mod p);
(f) there exists a prime divisor q of D0 with q ≡ 1 (mod p) such that

−p(p− 1)/2 is not a quadratic residue modulo q;
(g) there exists a prime divisor q of D0 with q ≡ −1 (mod p) such that

−p(p− 1)/2 is a quadratic residue modulo q;
(h) a is odd;
(h′) a ≡ 2 (mod 3);
(h′′) p ≡ 2 (mod 3) and a ≡ 1 (mod 3).

Furthermore, we deduce from the law of quadratic reciprocity and Theo-
rems 1 and 2 the following result, whose main interest is to specify the form
of a possible counterexample to the Kölle–Schmid conjecture.

Theorem 3. Given a prime number p ≡ 7 (mod 8) such that ` =
(p− 1)/2 is also prime, and an integer a1 ∈ Z which is coprime to p, for
the Eisenstein trinomial

(2) f(X) = Xp + pa1X + pa1

to be solvable, it is necessary that there exists an integer µ ≡ −4v±2 (mod p)
such that

(3) a1 = (v + 22`−2µ)(u+ `2`µ),

where (u, v) is the only ordered pair of natural integers such that u22`−2 −
v`2` = p` and u < `2`.

1. Local study. We start with the following well-known statement [6,
p. 91].

Lemma 0. Any transitive and solvable permutation group of prime de-
gree p is isomorphic to a subgroup of the affine group AGL(1, p).

Lemma 1. If the trinomial f(X) is solvable, then the integer D0 is pos-
itive.
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Proof. The discriminant of the trinomial f(X) is (see [16])

(4) D(f) = (−1)(p−1)/2ppap−11 |c|p(p−2)D0.

As p and (p−1)a1 are coprime, certainly D0 6= 0, so that the trinomial f(X)
is separable. This allows us to define the Galois group G of the trinomial
f(X) over Q, which is a permutation group acting on the p roots of this
trinomial. By Descartes’s rule [13, p. 41], f(X) has at most three real roots.
If it has exactly three real roots, then complex conjugation induces in G a
permutation of the roots with exactly three fixed points. On the other hand,
since f(X) is irreducible (for it is Eisenstein), solvable and of prime degree p,
we know from Lemma 0 that its Galois group G is isomorphic to a subgroup
of the affine group AGL(1, p). In AGL(1, p), there is no permutation having
exactly three fixed points [1]. So f cannot have three real roots, therefore
it has a single one, so that the number r2 of pairs of conjugate imaginary
roots of f(X) is exactly (p− 1)/2. As D(f)(−1)r2 > 0 [4], we deduce from
(4) that D0 is positive.

For every prime q, we denote by vq the q-adic valuation on Q or on its
completion Qq (the field of q-adic numbers).

Lemma 2. Let q be a prime divisor of D0. The Newton (Qq, X + 1)-
polygon of the polynomial

f∗(X) =

(
p− 1

pc

)p
f

(
pc

p− 1
X

)
is composed of two sides: a horizontal side of length p − 2 and an oblique
side (S) joining the points (p− 2, 0) and (p, vq(D0)).

Proof. As pc and (p − 1)a1 are coprime, the divisor q of D0 does not
divide p(p− 1)c. By Taylor’s formula applied to f∗ in the neighborhood of
−1, we have

f∗(X) =

p∑
k=0

f∗(k)(−1)

k!
(X + 1)k.

For k = 0, k = 1, and 2 ≤ k ≤ p, we have respectively

f∗(−1) =
−D0

|c|pp−1
, (f∗)′(−1) =

D0

|c|pp−2
,

f∗(k)(−1)

k!
=

(
p

k

)
(−1)p−k.

Hence

(5) f∗(X) =

p−2∑
j=0

(
p

j

)
(−1)j(X + 1)p−j +

D0

|c|pp−2
(X + 1)− D0

|c|pp−1
.

From this expansion in powers of X + 1, we construct Newton’s cloud con-
sisting of the following p + 1 points: (0, 0),

(
j, vq

((
p
j

)))
for every integer j

between 1 and p− 2, (p− 1, vq(D0)) and (p, vq(D0)). In particular, since the
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integers q and p(p−1) are coprime, the point (p−2, 0) belongs to this cloud.
All the points of this cloud are above the horizontal axis, and the axis passes
through at least two of these points, (0, 0) and (p− 2, 0), which proves that
the segment joining these points is a side of the Newton polygon. Likewise,

all points in the cloud are above the line of equation y =
vq(D0)

2 (x− (p− 2))
passing through the points (p− 2, 0) and (p, vq(D0)). Thus the segment (S)
joining them is a side of the Newton polygon.

Fig. 1. Newton (Qq, X + 1)-polygon.

Lemma 3. If g(X) = Xp + aX + b (ab 6= 0) is a trinomial with coeffi-
cients in a field K of characteristic not equal to p, then the greatest common
divisor of g(X) and of its derivative g′(X) has degree at most 1.

Proof. Indeed, g′(X) = pXp−1 + a and g(X) = g′(X)Xp + p−1
p aX + b.

Consequently, the gcd of g(X) and g′(X) must divide the nonzero polyno-
mial p−1

p aX + b.

Lemma 4. For every prime divisor q of D0, the trinomial f∗(X) of
Lemma 2 factorizes in the ring Zq[X] as

(6) f∗(X) = fp−2(X)f2(X),

where fp−2(X) is a monic polynomial of degree p − 2 having as reduction
modulo q a polynomial without multiple roots, and f2(X) is a monic poly-
nomial of degree 2 whose Newton (Qq, X + 1)-polygon is a translate of the
oblique side (S). Every splitting field of fp−2(X) over Qq is an unramified
extension of Qq.

Proof. The factorization (6) results immediately from Lemma 2 and
Ore’s theorem [5]. From (6), we obtain the factorization

(7) f∗(X) = fp−2(X)(X + 1)2

in the ring Fq[X] where g(X) denotes the reduction modulo q of g(X) ∈
Zq[X]. Since q and p are coprime, it follows from (7) and from Lemma 3
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that fp−2(X) is separable over Fq. Using [10, Lemma 5.24, p. 222] we deduce
that, for each root α of fp−2(X), the extension Qq(α)/Qq is unramified.
Consequently, every splitting field F of fp−2(X) over Qq is an unramified
extension of Qq.

Lemma 5. Assume that the Galois group G of f(X) over Q is solvable.
If q is a prime divisor of D0, then the integer vq(D0) is even.

Proof. Suppose on the contrary that vq(D0) is odd. By Lemma 2, the
length of the horizontal projection of the oblique side (S) is ` = 2, and
the length of its vertical projection is h = vq(D0). As the lengths ` and h
are coprime in this case, it follows from [5, Theorem 1.5] that, denoting by
β one root of f2(X), the ramification index of the extension Qq(β)/Qq is
even. Because the polynomial f2(X) has degree 2, we see that the extension
Qq(β)/Qq, which is a splitting field of f2(X) over Qq, is totally ramified of
degree 2.

Let Nq be a splitting field of f(X) (or of f∗(X)) over Qq, β a root of
f2(X) in Nq, and E/Qq the subextension of Nq/Qq generated by the roots
of fp−2(X). According to (6), Nq is the compositum of the fields E and
Qq(β). Since the extension E/Qq is unramified, it follows from Abhyankar’s
Lemma [10, Corollary 4, p. 229] that the ramification index of Nq/Qq is 2.

Let N be the subfield of Nq generated by the roots of f(X) (or of f∗(X)).
It is readily seen that N is a splitting field of f(X) over Q, so that the Galois
group G can be identified with the group of automorphisms of N . It follows
from the above that the inertia group I of the place of N induced by the
maximal ideal of Nq is of order 2, and that its generator fixes the roots
of fp−2(X). Consequently, the group I is generated by a transposition. As
the affine group AGL(1, p) has no transposition, we conclude that G is not
isomorphic to a subgroup of AGL(1, p). Thus, from Lemma 0, we conclude
that G is not solvable.

Lemma 6. If the Galois group G of the trinomial f(X) is solvable, and
f2(X) and fp−2(X) are as in Lemma 4, then, for every prime divisor q of
D0, we have:

(a) the field Qq(
√
−p(p− 1)|c|/2) is a splitting field of f2(X) over Qq;

(b) every irreducible factor of f∗(X) over Qq is of degree at most 2, and the
number r of irreducible factors of fp−2(X) over Qq is given by

(8) r =

{
p− 2 if −p(p− 1)|c|/2 is a quadratic residue modulo q,

(p− 1)/2 if not.

Proof. From Lemma 5, we know that vq(D0) is even. In this case, the
length of the horizontal projection of the side (S) is ` = 2, and the length of
its vertical projection is h = vq(D0), which is an even number. To find the
associated polynomial of (S), we can apply [5, Proposition 3.4]: the slope of
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(S) being the integer ρ = vq(D0)/2, we introduce on Qq(X) the valuation
w such that, for every polynomial Q(X) ∈ Qq[X],

w(Q) = min

{
vq

(
Q(k)(−1)

k!

)
+ k

vq(D0)

2
: k ∈ N

}
.

We set g(X) = f∗(X)/qvq(D0) and we consider its residue class G(Y ) in the
residual field of w; this residue class is a polynomial (with coefficients from
the residue field of Qq) in the residue class Y of X+1

qvq(D0)/2
[5, Proposition 2.4].

By (5), we get

(9) g(X) =

p−2∑
j=0

(
p

j

)
(−1)j(X + 1)p−jq−vq(D0) +

D∗0
|c|pp−2

(X + 1)− D∗0
|c|pp−1

.

where D∗0 = D0q
−vq(D0) is the greatest divisor of D0 which is coprime to q.

In (9), the terms
(
p
j

)
(−1)j(X+1)p−jq−vq(D0) have a positive w-valuation for

all 0 ≤ j < p−2. Similarly the w-valuation of
D∗

0
|c|pp−2 (X+1) is vq(D0)/2 > 0.

So G(Y ) is the residue class of −
(
p
p−2
)
(X + 1)2q−vq(D0) − D∗

0
|c|pp−1 . Hence,

denoting by x the residue class of the integer x modulo the prime q, we
conclude that

G(Y ) = −p(p− 1)

2
Y 2 − D∗0

|c| pp−1
.

Dividing G(Y ) by its leading coefficient, we obtain the residue class of the
associated polynomial of (S) modulo the ideal (q,X + 1). So we conclude
that the associated polynomial of the side (S) modulo (q,X + 1) is

(10) F (Y ) ≡ Y 2 +
2D∗0

|c|pp(p− 1)
(mod (q,X + 1)).

From Lemma 4, the trinomial f∗(X) factorizes as (6), where fp−2(X) ∈
Zq[X] is a polynomial of degree p − 2, whose splitting fields over Qq are
unramified extensions of Qq. As q is odd (since it does not divide p(p− 1)),
the polynomial F (Y ) is separable modulo q. Thus, by [5, Theorem 1.5], a
splitting field of f2(X) over Qq is an unramified extension of Qq. Moreover
it can be deduced from [5, Theorem 1.5] that the factorization of f2(X) in
Qq[X] is of the same form as that of the reduction F (Y ) modulo q of the
associated polynomial F (Y ) in Fq[Y ]. As D∗0 is a square in Z by Lemmas 1
and 4, equation (10) shows that the factorization of F (Y ) depends only upon
the quadratic character of −p(p− 1)|c|/2 modulo q. Hence the degree of a
splitting field over Qq of f2(X) is 1 or 2 depending on whether the integer
−p(p− 1)|c|/2 is a quadratic residue modulo q or not. As q is coprime to
p(p − 1), the field Qq(

√
−p(p− 1)|c|/2) is an unramified extension of Qq

having the same degree as a splitting field over Qq of the polynomial f2(X);
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as two unramified extensions of Qq with the same degree are isomorphic,
this proves our first assertion (a).

Let Nq be a splitting field of f∗(X) over Qq. Since every root of f∗(X)
generates an unramified extension of Qq, the field Nq is an unramified ex-
tension of Qq. Thus the decomposition group, that is, the Galois group of
f∗(X) over Qq, is cyclic. Now we distinguish two cases.

Case 1: The integer −p(p− 1)|c|/2 is a quadratic residue modulo q. Then
the reduction F (Y ) modulo q of the associated polynomial F (Y ) factorizes
into two polynomials of degree 1 in Fq[Y ]. Consequently, f2(X) factorizes
into two factors of degree 1 in Qq[X], so all permutations in the Galois group
of f(X) over Qq have to fix the two roots of f2(X). As G is supposed to be
solvable, and as the only permutation of AGL(1, p) which fixes two points
is the identity, we see by Lemma 0 that fp−2(X) splits over Qq, and so has
p− 2 irreducible factors in Qq[X].

Case 2: −p(p− 1)|c|/2 is not a quadratic residue modulo q. Then the
reduction F (Y ) of F (Y ) modulo q is irreducible in Fq[Y ], so that f2(X) is
irreducible over Qq. One generator of the Galois group Gq of f∗(X) over Qq

then acts by exchanging the two roots of f2(X), and thus is of even order.
As by Lemma 0 the group G, and hence also Gq, is isomorphic to a subgroup
of AGL(1, p), we conclude that this generator of Gq has only one fixed
point, which is necessarily a root of fp−2(X). By examining the permutations
included in AGL(1, p), we see that the only permutations in this group
which have exactly one fixed point and a cycle of length 2 are products of
(p− 1)/2 disjoint transpositions. Consequently, fp−2(X) factorizes over Qq

into (p− 1)/2 irreducible factors: one of degree 1 and (p− 3)/2 of degree 2.

Remark 1. Equation (10) expressing the associated polynomial F (Y )
of the side (S) indicates that the similar computation contained in [8, p. 82,
line −1] is erroneous. This explains why, if we have c = 1 as in [8], our
discussion depends on the quadratic character of −p(p− 1)/2, and not on
that of −p/(p− 1).

2. Proof of Theorem 1. Suppose G is solvable. Lemmas 1 and 5 show
that the integer D0 is a square in Z.

By (4) and (6), there is a nonzero element x of Qq such that

(11) D(fp−2)D(f2) = (−1)(p−1)/2p|c|x2,
where D(fp−2) and D(f2) are the respective discriminants of the polynomi-

als in the factorization (6). Since, by Lemma 6, Qq(
√
−p(p− 1)|c|/2) is a

splitting field of f2(X) over Qq, we have −p(p−1)|c|
2 D(f2) ∈ Q∗q2, and (11)

implies that D(fp−2) ∈ (−1)(p+1)/2 p−1
2 Q∗q2.
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Denote by r the number of irreducible factors of fp−2(X) in Qq[X]. By
the Pellet–Stickelberger theorem [16, Theorem 1, p. 1100], and since by
Lemma 4 the reduction fp−2(X) of fp−2(X) modulo q is separable, we have

(12) r is odd ⇔ D(fp−2) is a square in Qq.

Suppose first that p ≡ 1 (mod 4), so that D(fp−2) belongs to −p−1
2 Q∗q2.

Lemma 6 shows that the number r of irreducible factors of fp−2(X) in Qq[X]
is odd when −p(p− 1)|c|/2 is a quadratic residue modulo q, and is even
otherwise. Using the Pellet–Stickelberger theorem, we see that −(p− 1)/2
is a square in Q∗q if and only if −p(p− 1)|c|/2 is. Therefore, the product of
these two invertible elements of Zq is always a square in Q∗q . So p|c| is always
a square in Q∗q , that is, the integer p|c| is a quadratic residue modulo q.

Now we assume p ≡ 3 (mod 4). We have seen that then D(fp−2) ∈
p−1
2 Q∗q2, and Lemma 6 now shows that the number r of irreducible fac-

tors of fp−2(X) in Qq[X] is odd, regardless of the quadratic character of
−p(p− 1)|c|/2 modulo q. We then deduce by the Pellet–Stickelberger theo-
rem that (p− 1)/2 is a quadratic residue modulo q.

3. Proof of Theorem 2. Denote by G the Galois group of f(X) =
Xp + aX + a over Q. We suppose that a = pa1, with a1 ∈ Z coprime to p.
For the proof of Theorem 2, we rely upon known results. We observe first
that Movahhedi has shown that G is either Sp or AGL(1, p) [9, Theorem
3.1]. The equivalence between the solvability of f(X) and the fact that a
pth primitive root of unity belongs to a splitting field of f(X) over Q results
from classical work of Wegener and Hasse, quoted in [8]. Movahhedi has
reproved this result in a more readable form [9, Theorem 2.2].

Item (a) of Theorem 2 is simply item 1 of Theorem 1, and (c) is a result
of Movahhedi [9, Theorem 4.3].

To justify (b), one can argue as follows. Suppose that a1 = h2 is the
square of an integer h and that f(X) is not affect-free. Then, by Theorem 1,
D0 = pp−1 + (p − 1)p−1h2 has to be the square of an integer. By using
the fact that h and p are coprime, it is readily seen that we must have
pp−1 = 2(p− 1)(p−1)/2h+ 1, showing that ±2h+ 1 ≡ 0 (mod p). But by (c)
we have h ≡ ±1 (mod p). So ±2 + 1 is divisible by p, which is not the case.

For (d), one can distinguish three cases: the case a1 < 0 is dealt with by
Movahhedi [9, Theorem 4.5], the case a1 = 1 is a particular instance of (b),
and the case 1 < a1 < p is implied by (c).

It has been shown by Kölle and Schmid [8, p. 83] that if G is the affine
group and q divides D0, then q ≡ 1 (mod p) if the decomposition group in q
is trivial, and q ≡ −1 (mod p) if not. This justifies (e) of Theorem 2. When
one takes Lemma 6 into account, one also gets (f) and (g).

Items (h), (h′), (h′′) are observations of Kölle and Schmid [8, p. 83].
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4. Proof of Theorem 3. Let p ≥ 7 be a prime number and set ` =
(p− 1)/2. If the trinomial f(X) = Xp + pa1X + pa1 is solvable, where p
does not divide a1, then Lemmas 1 and 5 show the existence of y ∈ Z such
that

(13) D0 = p2` + (2`)2`a1 = y2.

Replacing y by its negative if necessary, we can suppose that y is positive.
Obviously, y must be odd, so that w = (y + p`)/2 and w′ = (y − p`)/2
are integers. As p does not divide a1, these integers are coprime. According
to (13), we also have ww′ = 22`−2`2`a1, so that 22`−2 must divide one and
only one of w and w′. We set accordingly

(14)
y + εp`

2
= 22`−2x,

where ε ∈ {−1, 1} and x ∈ Z. Then (y − εp`)/2 = 22`−2x − εp`, hence
ww′ = 22`−2x(22`−2x− εp`) = 22`−2`2`a1, which leads to

(15) x(22`−2x− εp`) = `2`a1.

Supposing now that ` is prime and p ≡ 7 (mod 8), and recalling that G
is solvable, we want to show that ` does not divide x. Assume otherwise.
Since ` is coprime to p = 2`+ 1, it is coprime to 22`−2x− εp`, so that (15)
shows the existence of µ ∈ Z such that

(16) x = `2`µ.

From (14) and (16),

(17) y = 22`−1`2`µ− εp`.
As the exponent 2`− 1 ≥ 5 and ` are odd, we have y ≡ ε (mod 4). Further-
more, since f(X) is assumed to be solvable, item 3 of Theorem 1 shows that
` is a quadratic residue modulo every prime dividing y; hence the Jacobi
symbol

(
`
y

)
is 1. Then the law of quadratic reciprocity and the congruence

` ≡ 3 (mod 4) yield

(18)

(
y

`

)
= (−1)(y−1)/2 = (−1)(ε−1)/2.

Now, according to (17), and as p ≡ 1 (mod `), we have
(y
`

)
=
(−ε
`

)
=

(−1)
`−1
2
· ε+1

2 = (−1)
ε+1
2 . Consequently, ε−1

2 ≡
ε+1
2 (mod 2), a contradiction.

Since the prime integer ` does not divide x, (15) shows that `2` must
divide the integer 22`−2x− εp`, so that we can write

(19) 22`−2x− εp` = `2`λ (λ ∈ Z).

Consider the unique integer u ∈ ]0, `2`[ such that u22`−2 ≡ p` (mod `2`). By
setting v = (u22`−2 − p`)/`2`, we obtain an integer v ∈ ]0, 22`−2[ such that
u22`−2 − v`2` = p`. Substituting this expression for p` in (19), we obtain



Solvability of an Eisenstein trinomial 395

22`−2(x − uε) = `2`(λ − vε), which proves the existence of µ ∈ Z such that
x − uε = `2`µ and λ = vε + 22`−2µ. By substituting this expression of λ
in (19), then applying (15), we find after simplification

a1 = (vε+ 22`−2µ)(uε+ `2`µ),

which is exactly (3) if ε = 1. When ε = −1, the procedure leads to the same
equation (3) after replacing the parameter µ by its negative.

In addition, item 1 of Theorem 1 and Theorem 2(e) entail that D0 ≡ 1
(mod p). As D0 ≡ a1 (mod p), we choose the integer µ such that (v +
22`−2µ)(u + `2`µ) ≡ 1 (mod p). The residue class µ of µ modulo the prime
integer p is then a root of a quadratic equation, and it is easy to check directly
that the two classes of integers −4v ± 2 are two different solutions in the
field Z/pZ, so these are the only solutions, which shows that µ ≡ −4v ± 2
(mod p).

Example. When p = 7, we have ` = 3 and (u, v) = (67, 1). We conclude
that if the Galois group of the trinomial X7 + 7a1X + 7a1 is solvable, then
there exists a rational integer µ such that a1 = 67 + 1801µ + 24 · 36 · µ2.
Furthermore, it is necessary that µ ≡ −4±2 (mod 7), that is, the parameter
µ is congruent to 1 or −2 modulo 7.

5. A remark about classification of trinomials. The goal of this
section is to justify an assertion made in the Introduction: if f0(X) =
AXn + BX + C (ABC 6= 0) is a trinomial with rational coefficients of
degree n > 1, then there exists k ∈ Q∗ such that A−1knf0(X/k) is of the
form f(X) = Xn+acn−2X+acn−1 for two coprime integers a and c. Indeed,
simply write the rational number ACn−1/Bn 6= 0 as the quotient c/a of two

coprime integers, and set k = aACn−2

Bn−1 . The assertion then results from a
direct computation.
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