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ON DIPPER-MATHAS’S MORITA EQUIVALENCES

JUN HU (Beijing) and KAI ZHOU (Hangzhou)

Abstract. Dipper and Mathas have proved that every Ariki-Koike algebra (i.e., non-
degenerate cyclotomic Hecke algebra of type G(¢,1,n)) is Morita equivalent to a direct sum
of tensor products of some smaller Ariki—-Koike algebras which have g-connected parame-
ter sets. They proved this result by explicitly constructing a progenerator which induces
this equivalence. In this paper we use the nondegenerate affine Hecke algebra H2T to de-
rive Dipper—Mathas’s Morita equivalence as a consequence of an equivalence between the
block #2f-mod[y] of the category of finite-dimensional modules over H2¥ and the block

Hfff R ® H?L‘f—mod[('ym, e ,’y(r))} of the category of finite-dimensional modules over
the parabolic subalgebra Hzflf Q- ® H;‘lﬁf under certain conditions on ~,v®, ... 4.

Similar results for the degenerate versions of these algebras are also obtained.

1. Introduction. Throughout this paper, let F' be an algebraically
closed field and F* := F'\ {0}. Let ¢ € F*, {,n € N and Q1,...,Q; € F.
We define the multi-set Q := {Q1,...,Q¢}.

DEFINITION 1.1. The Ariki-Koike algebra
%,n(Q) = jfﬁ,n,F(le ceey Qﬁ)

with Hecke parameter g and cyclotomic parameters QQ1,...,Q is defined
to be the unital associative F-algebra with generators Ty, 11, ...,1T,—1 and
relations

(To— Q1) (To—Qe) =0, (Tu+1)(Ta—q) =0,
TTs 1 Ts = Ts 1\ TsTs1, ToThToTy = ThToThTo,
T.T, = T,T, if |T‘ — 5\ > 1,

where 1 <a<n,0<r<nand1<s<n-—1.

For each 1 < i < n,let L; := ¢""T;_1---TWToT: - - - Tj—1. The elements
{L1,..., Ly} are called the Jucys—Murphy operators of 7, ,(Q).
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THEOREM 1.2 ([DM]). Suppose ¢ € F* and Q = Q1 U---UQ, is a
disjoint union of r multi-sets such that

(1.1) Q; = quk for some k€Z, and Q; € Qn,Q; € Qp only if o= .

Set £; == |Qu| + -+ |Qi| for any 1 < i < r. Then 5, r(Q) is Morita
equivalent to the following algebra:

@ jipﬁml,F(Ql) ® %2*51,712,F<Q2) - ® jf&f&n_l,an(Qr)

ni+---+nr=n
n; €N, Vi

Note that we allow ¢ = 1 as in [DM, Theorem 1.1]. Dipper and Mathas
proved the above theorem by explicitly constructing a progenerator which
induces the required Morita equivalence; see also [DR] for a special case of
this Morita equivalence. In this paper we give an alternative approach to
Dipper—Mathas’s Morita equivalence via the theory of affine Hecke algebras.
To state our result, we need some notation and definitions.

DEFINITION 1.3. Suppose ¢ € F*. The nondegenerate affine Hecke al-
gebra of type A is the unital associative F-algebra H%H with generators
Ty,...,Th—1, X1,...,X, and relations

(i —)(Ti +1) =0, 1<i<n,

Tl Ty = T LT, 1<i<n—2

Ty =TT, |i—kl>1, XiXp=XpX;, 1<ik<n,
TXT; =qXip1, 1<i<n, T;Xp=XT;, k#ii+1.

Note that there is a natural surjective homomorphism from the non-
degenerate affine Hecke algebra H2 onto the Ariki-Koike algebra 2,(Q)
which sends X; and T} to L; and T respectively forany 1 <i <n,1 <j <n.

Let {t; | 1 < k < n} be a set of n algebraically independent indetermi-
nates over F'. Clearly, there is a natural left action of &,, on Ft1,...,t,].

Following [HLL Section 2], for any f € Fl[t1,...,t,], 1 < r < n and
1 < k <n, we define

Xk'f:tkfa

T - f = (tr41 qtr)m+€1f-

Then it is easy to check that the above rules extend uniquely to a represen-
tation p of H¥ on F[ty,...,t,], and the image under p of the elements of
(1.2) {TW X' X5 |w e 6, ai,...,a, € N}

are F-linearly independent (cf. [M]). It follows that (1.2)) forms a basis of
H2 and p is a faithful representation of H2.
In |Gl Proposition 4.1], Grojnowski works with a bigger affine Hecke al-

gebra H2f which contains Xfl, con X Let F[Xq,...,X,]% (resp.,
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FIX{, ..., X;F1%) be the F-subalgebra generated by all the symmetric
polynomials (resp., Laurent polynomials) in X7, ..., X,,. By a result of Bern-
stein (see [G} Proposition 4.1]), the center of Haf is F[XF!, ... X} 1]6n.
Now the basis implies that same argument used in the proof of |Gl
Proposition 4.1] applies equally well for our affine Hecke algebra H%ﬂc, SO
that one can show that F[Xi,..., X,,]®" is the center of HA.

For any F-algebra A, we denote by A-mod the category of finite-dimen-
sional left A-modules, and by K (A-mod) the Grothendieck group of A-mod.
For any M € A-mod, let [M] be the element in K(A-mod) represented
by M.

Let P, be the commutative F-subalgebra of H2 generated by X1,. .., X,,.
For each a € F, let L(a) be the one-dimensional P;-module defined by
X1v =av forany v € L(a). As P, £ P1®---®P1, we get a one-dimensional
Pp-module by taking the outer tensor product L(aq) ®---® L(a,,) for any
a1,...,an € F.

Let a := (a1,...,a,) € F". For any M € P,-mod, we use M, to denote
the simultaneous generalized eigenspace for X1, ..., X, corresponding to the
eigenvalues ay, ..., a, respectively. That is,

My ={ve M| (X;—a;)*v=0forall<i<nand k> 0}.
In K(P,-mod) we have

[M] =) ro[L(ar) ®--- = L(an)],
acFn
where r, = dimp M, for each a = (ai,...,a,) € F™.

Let n € N. A composition = (u1,u2,...) of n is a sequence of non-
negative integers with sum n. If the sequence is nonincreasing, then p is
a partition of n. For a composition u, we use |u| to denote the sum of its
components.

DEFINITION 1.4. For any composition p = (u1,. .., p,) of n, we define
po:=0and g :=pu1+--+pug, L <k,

Let &,, be the symmetric group of {1,...,n}, where w € &,, acts on
the numbers on the left. For any composition p = (u1,...,u,) of n, let
S =61, ) X X 6n,_141,..n} be the corresponding standard Young
subgroup of &,,. Let ’Hzﬁ be the subalgebra of H2 generated by

{Tk | lic1 +1<k<p;,1<i<r}
and the subalgebra P,. In particular, H?{fn) =P, C ’Hf‘ff, where (17) :=
(1,...,1) (n copies). We have the natural restriction functor res’(‘w) from

the category Hzﬁ—mod to the category P,-mod. For any M € Hiﬁ-mod, we
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define the formal character

ch M := [res?ln) M) € K(Pp-mod).

Let p = (p1, ..., 1r) be a composition of n. Following [Gl Section 5.3],
we define the ¢-discriminant A}y : F™ — F by

(1.3) Aay,. .. an) = | [(a: — qay),

where the product runs over all pairs (7, j) such that 1 <, < n and there
is no k > 1 such that both 7 and j lie in the same interval [fig—1 + 1, fig—1 +
2,..., jig]. Since we allow ¢ to take the value 1, the element A¥(ay,...,a,)
is defined too.

For any F-algebra A, let Z(A) be the center of A. A central character
of A is a unital F-algebra homomorphism x : Z(A) — F. Suppose that
M € A-mod. For any central character x of A, let M[x] be the corresponding
generalized eigenspace over Z(A), that is,

M[x] ={ve M| (a—x(a)kv=0for all a € Z(A) and k > 0}.
Since Z(A) is central in A, it is clear that M[x] is an A-submodule of M.

DEFINITION 1.5. For any central character x of A, we define A-mod[x]
to be the full subcategory of A-mod consisting of all modules M € A-mod
satisfying M = M|x].

The subcategory A-mod[x] is called a block of A-mod. In the following
several paragraphs, we shall describe the blocks of H%ﬁ—mod and ’Hffr—mod,
where p is a composition of n.

For any a € F'™, let x, be the associated central character defined by

Xa: ZHEY = F, f(X1,...,Xn) = fla1, ... an).

Since Xi,...,X, are n algebraically independent elements in P,, the F-
algebra homomorphism x, is well-defined.

Let &,, act on F™ by place permutations, that is, fora = (aq,...,a,) € F"
and w € &,, w-a = (ay-11,-...,0,-1,). We write a ~ b if there exists
w € 6, such that b = w - a. It is easy to see that “~” is an equivalence
relation. Let F™/~ be the set of &,-orbits on F". It is well-known that for
any a,b € F", xo = xp if and only if a ~ b.

If vy € F"/~, we set x~ := Xq for any a € . For any M € H%ﬁ—mod and
v € F"/~, we set

M) = My, H2F-modly] := HT-mod .,

where the second equality used the notation in Definition [L.5] It is clear that
My] = Beey Ma-
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COROLLARY 1.6 ([Gl Section 4]). For any M € H-mod,
M= P M}y
VEFT/~
as an H-module.

Suppose i = (fi1, .. ., fr) is a composition of n. Then Z(?—[a ) is the ten-

sor product F[X1,..., X5, |02 @ @F[Xs  11,..., X, {1 +Ln}
Because &,, is a subgroup of &,, &, also acts on F". We use “~,” to
denote the equivalence relation defined by the action of &, on F", and
F™/~, to denote the set of &,-orbits. Suppose a = (a1,...,a,) € F",
a" = (ag, ,+1,.-.,az,) € FP for each 1 < i < r. The associated central
character of 7—[25 is

T T
ZHT) = F, oo = [[ao () =TT filag 11, ap)-
i=1 i=1

where f; € F[Xp, 41, .,Xﬁi]G”‘i—l+1 """ rid 1 <i<r. Foreach1<i<r,
we denote the Sy, 41, 51-0rbit Sp 11 gy -a(V € F# /~ by v, Then
the & -orbit &, -a € [/~ is just the r-tuple (v, ..., 4" It is easy
to check that for any a,b € F™, X, = X, if and only if a ~, b. For any
ac (W, ..., 4", we set X(41),...y) = Xa- For any M € 'Hiﬁ—mod, let

MY, o A = MR
Htmod[(vY, . A4")] = HpTmod[Rp 00, 4]

where the second equality uses the notation in Definition It is clear that

(14) M[(7(1)7 ce 77(r))] = @ MQ'
26(7(1)7,,,77“))
COROLLARY 1.7. Let p = (p1,- .., i) be a composition of n. Then as an

Hﬁﬁ—module, M equals @(7(1)’_._77@.)) MWD, ... .~ , where the subscript
in the sum runs over F" [~ . In particular,
H2-mod = b HAmod[(vV, ..., ")),
(7(1)7"'77(7.>)6FTL/\/H«

THEOREM 1.8. Let g € F* and p = (1, ..., lur) be a composition of n.
Suppose a = (a1,...,an) € F" is such that both Af(a) and Af(a) are
nonzero. For each 1 <i <r, let a® = (az, ,11,...,az,) be a p;-tuple. Set

7= S (i1 L1 42,01} a®, 1<i<
v =6y - a,
(YD, .My = S, -a.



108 J. HU AND K. ZHOU

Then there exists an equivalence of categories
HM mod[y] ~ ’Hzﬁ—mod[('y(l), VN

The proof of the above theorem, which relies on certain intertwining
elements in the affine Hecke algebras, will be given in Section 2. In Sec-
tion 3 we show that Theorem [I.2] can be deduced from Theorem [I.8] thus
giving an alternative approach to Dipper—Mathas’s Morita equivalence. The
Ariki-Koike algebra .#,(Q) is also called the nondegenerate cyclotomic
Hecke algebra of type G(¢,1,n) in the literature. In Section 4, we apply
the same approach to give the corresponding results for the degenerate
affine Hecke algebras and the degenerate cyclotomic Hecke algebra of type
G(¢,1,n). Furthermore, we expect similar arguments can be applied to the
affine Hecke algebras of types other than A, affine BMW algebras and their
finite-dimensional cyclotomic quotients so that we can get some new Morita
equivalences.

2. Proof of Theorem [1.8 In this section, we shall give the proof of
Theorem [L.§

DEFINITION 2.1. Let p = (p1,...,4r) be a composition of n. Suppose
that o) = (agj) aELJ)) FHti 1 <j<r.Wesaythatc=(c1,...,cp)EF"
is obtained by'shuﬁ‘lmg a®, ..., a") if for each 1 < j < r there exist 1 <
ugj) << u,(fj) < n such that (Cu(j), . ,cug)) = (agj),.. a,(fj)) and

1 i
Al (ugl),...,ugﬁ),...,ugr),...,uﬁi)) #0.

Note that in the above definition the sequence u(J ). u/(f) is not nec-

essarily uniquely determined even if we know that ¢ = (017 co0p) € FMis

obtained by shuffling ™, ..., a(").

Let = (p1,...,1r) be a composition of n. The Young diagram of p
is the set [u] = {(4,7) | 1 < 7 < pi, i > 1}. A p-tableau is a bijection
t:[u] = {1,...,n}. We call the u-tableau t a row-standard tableau if for
any i, t(i,7) < t(i,l) whenever j < [. Let t* be the unique row-standard
p-tableau that has the numbers 1,...,n entered in order, from left to right,
and then top to bottom, along the rows of u. If w € &,, and t is a p-tableau,
then the map composition wt is again a u-tableau. If we fix a p-tableau t,
it is easy to check that {wt | w € &,} is the set of all u-tableaux.

PROPOSITION 2.2. Let 1 = (p1,- .., ptr) be a composition of n. Suppose
Q(]):(agj), (]))GFNJ ]_<] <T Let
o=@V, a0V, a).
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If Af(a) # 0, then the number of different n-tuples obtained by shuffling
aW, ..., a" is equal to the number of row-standard p-tableau.

Proof. We need to give a one-to-one correspondence between the set
of n-tuples obtained by shuffling o), ..., a(") and the set of row-standard
p-tableaux. In fact, if ¢ is an n-tuple obtained by shuffling ™, ... a("),

then because Af(a) # 0, for each 1 < j < r there exists a unique sequence

1< ugj) < e < uffj) < n such that (cum,...,cu(j)) = (agj),...,al(f}).
1 Hj

Furthermore,
A’f(ugl), cooubo 7ugr), . ,u/(fr)) # 0.

b lqu )
Therefore, we get a unique row-standard p-tableau t. by entering the num-
bers ugj) ...,u,(fj) into the jth row of t.. It is easy to check that the map
c — t. is a one-to-one correspondence. m

REMARK 2.3. In the proof of the previous proposition, suppose c is an
n-tuple obtained by shuffling a¥,...,a(™, and ¢ corresponds to the row-
standard p-tableau t. under the one-to-one correspondence. Suppose t. =
wt*. One can easily check that ¢ = w - a.

For any composition p of n, let D, be the set of distinguished minimal
length left coset representatives of &, in &,. Let i, be two compositions
of n. For each w € D, = D;l N D,, let pNwr and w™u N v be the
compositions of n such that &, N wS,w ! = S nwr and w_IGMw neG, =
S,y-1unw- There exists an algebra isomorphism

. qqaff aff
ng—l . H’umwy — %wflluﬂz/

with @,-1(Ty) = Ty-1y, Puw-1(Xs) = Xyy-1; for y € Gpnuy and 1 <7 < n.
If M is a left vaﬁ,lmy—module, then by twisting the action with the isomor-
phism ¢,,-1 we get a left H;ﬁwu—module, which will be denoted by w™'M.
For more details, we refer the reader to |Gl §5.2] and [K| §3.5].

Let p,v be two compositions of n such that &, is a subgroup of &,,. We

define the restriction functor
resh : Hzﬂ—mod — HM_mod
by regarding any M € Hzﬂ—mod naturally as an Hﬁﬁ—module, and the in-
duction functor
ind” : H2-mod — ’Hzﬁ—mod, N — ’HZH ®@ggarr N.
In particular, if = (n) then we write

res? :=res™,  ind? := ind(™ .

THEOREM 2.4 (|G, Kl Mackey Theorem|). Suppose p,v are composi-
tions of n. Let M € H-mod. Then resy, indy, M admits a filtration with
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subquotients isomorphic to

C 17/ -1 v
indjyny, w (vesy 1, M),

14

nnw M) is the bottom section of

one for each w € D, ,,. Moreover, indﬁmy(res
this filtration.

We need modified forms of the intertwining elements introduced in [Lul,
[R] and [BK2].

DEFINITION 2.5. For each 1 < k < n, we define

Op i= Ti(Xps1 — Xp) + (1 — ) Xpy1 € HAT.

One can check directly that
(2.1)  OF = (Xpp1 — ¢ Xp) (X — ¢Xpp1),
(2.2)  OpXik = X410k, OrXir1 = XkOk, OxX; = X0k, | # k,k+ 1,
(2.3) OrO; =00y, O}OK1Or = Ok 110kOk1, |k—1] > 1.
According to , one can easily check that

O, - 0; X = XyiOi, --- O

where w = s, -+ 5;,,.
Proof of Theorem[1.8 There is the functor of induction
ind”? : H2 - mod[(v™, ..., )] = H2-mod[~].

In fact, let M € Hzﬁ—mod[(’y(l),...,’y(r))]. By the Mackey Theorem,
res?ln) ind; M admits a filtration with subquotients isomorphic to

w_l(res’(”“1n
alized eigenvalues of X; (1 < i < n) on res?ln) indj; M belong to -, hence
our functor of induction is well-defined.

There is also the functor of restriction

)M ), one for each w € D,. Therefore, the simultaneous gener-

res,, : HZH—mod[v] — ’Hzﬁ—mod.
According to Corollary it is reasonable to define the functor pfy of natural
projection from Hiﬁ—mod onto the block Hzﬁ—mod[(v(l), ...,")] such that
(M) = MW, ..., ~"))] for any M € Hzﬂ—mod. Let b = (by,...,b,) €
F". By abuse of notation, we still use pfy to define a Z-linear map from

K(P,) to K(P,) such that
Lb)r---xLb,)] ifbe(vM,... ~0
p;([L(bl)w-mL(bn)]);:{[ (br)e--m Libn)] ifbE (¥ y™),
0 otherwise.
Then for any N € Hzﬁ—mod we have pl (ch N') = ch(pl,N).

Let M € Hzﬁ—mod[(’y(l), . ,¥")]. We first prove M = Py res); indj; M.
By the Mackey Theorem, M is isomorphic to a submodule of resj; indz M and
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Py (M) = M. Note that Dj,) N Dy, = D, and for w € Dy, (1") Nwp = (1)
and w=(1") N = (1"). By the Mackey Theorem, res(in) indj; M admits
a filtration with subquotients isomorphic to w‘l(res?ln) M), one for each
w € D,,. By the definition of ch,
chres), indj; M = ch res?ln) ind); M
= ch(res(}ny M) + Z ch wil(res?ln) M).
w#l,weDy,
Suppose that
chM =" re[L(c1)m - 8 L(cp,) 8 8 L(cg,_,41) 8- -8 L(en)],
ceFm
where (cﬂj71+1, .. ,cﬂj) e v for each 1 < j < r. Then
chw ™ (resfyny M) = > re[L(cy-11) 8- 8 L(cy-15,) 8-

w= L
ceFmn
& L(wal([w,ﬁrl) -8 L(Cy-14)]

for every w € D,. Note that w ¢ &, whenever 1 # w € D,. Therefore,
there exists some 1 < j < r such that (cw71(ﬂj71+1), - ,cwﬂﬂj) Z v by
the assumption that Af(a) # 0. It follows that
ch(p, (res), indj; M/M)) = p., (ch(res); ind}; M/M)) = 0,
which forces pfy res, indj; M = M, as required.
Next, let M € H2-mod[y]. We want to show that M = indj; p7, resj; M.

Let M. be a simultaneous generalized eigenspace of Xj,..., X, with basis
v1,...,0s, Where ¢ = (c1,...,¢,) € . Suppose that ¢, # ¢*cp iy for some
1 <k <n. Recall s, -c= (Cs;1,--+;Cspks Cop(kt1)s - - 5 Cspyn)- We claim M, ..
is a nonzero simultaneous generalized eigenspace of Xq,...,X,, with basis

Opv1, ... ,Ovs, where Oy is defined in .

In fact, by , it is easy to check that Ojv1, ..., O,vs belong to M, ...
On the other hand, we can assume that the matrix of X; (1 <+ <n) under
v1,..., Vs is triangular with ¢; on the diagonal. Therefore, by , the ma-
trix of ©F under vy, ..., vs is triangular with (cg4+1 — qeg)(ck — gek+1) # 0 on
the diagonal because ¢ # ¢ 'cpr1. It follows that @,%Ul, ... ,@%vs are lin-
early independent. Hence so are Opv1, ..., Orvs. Conversely, if wy, ..., ws is a
basis of M, .., then Opwy, ..., Opw; is a set of linearly independent elements
in M. Therefore, Mj,.. = M. as a vector space with basis Oyv1, ..., Ovs.
In particular, Oy, - M, = M, ... This proves the claim.

According to the decomposition , we can assume

/ n n n
Py res, M = (ves, M) a0 qam) @ - @ (ves, M)gen) g0y

= Mg, q0r) @ O Mgy an),
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where a("7) € 40 for any 1 < i < t,1 < j < r and {(a®V,...,at")) |
1 < i < t} coincides with the & -orbit (y(1),...,4(M). Let ¢ € F™ with
M, # 0. Because Af'(a) # 0, there exists a unique b = (b(l),...,b(”) €
(v, ..., ~")) such that ¢ is a shuffling of (Q(l), .. ,b(r)) where b9 e ),
1 < j < r. By the discussion in the last paragraph and the assumption

that Aj(a) # 0, we can choose a sequence of simple reflections s;,, ..., s;,

such that ¢ = (si, -+~ s;,) - b, and for each 1 < j <k, ©;.0;,,, -+ Oy My =
(sijsij+1"'5ik)‘b and dimpg M(Sijsij+1“'5ik)'b = dimpg M(Sij+1“'5’ik)'b’ where by
convention we set s, -+ 8, =1 when j = k. Therefore 6;, ---0; M), =

M, and dimp M, = dimg M. Hence M} # 0 and there exists a unique 1 <
¢ < t such that b= (g(“), . ,g(”)). For each 1 <i <t, by Proposition
and the assumption Aj(a) # 0, the number of different n-tuples which are
obtained by shuffling a(®V), ..., a(®") is equal to the number of row-standard
p-tableaux, which is equal to |D,,| by [D.J, Lemma 1.1]. Also, if 1 <i # j <,
then the n-tuples obtained by shuffling a®V .. ale") are different from the
n-tuples obtained by shuffling a%V) .. aU") . Therefore, we deduce that
dimp M = |D,|dimg pfy res;; M and M is generated by pfy res;, M as a left
H2_module.

By Frobenius reciprocity, there exists an isomorphism
Homyyar (ind); phyresy; M, M) = Homgjan (phy resy, M, res, M).

Hence there exists a homomorphism f : indZ pfy res, M — M such that
pfy res; M C Imf. By the last sentence in the previous paragraph, f is
surjective. On the other hand,

dimp M = \D#|dimppfy res, M = dimp indefy resZ M.

Hence f must be an isomorphism. This completes the proof of the theorem.

3. Dipper—Mathas’s Morita equivalence. In this section we shall
derive Theorem [I.2] from Theorem [I.8] In fact, we shall give a refined version
of Theorem [1.2] (which is actually a block version of Theorem if g #1)
under the assumption that ¢ € F* and Q = Q1 U- - -UQ, is a disjoint union
of r multi-sets such that the condition holds.

A multicomposition of n with £ components is an ordered f-tuple A =
AW XD of compositions A*) such that [AM|+- - -+ [AO] equals to n; Ais
a multipartition whenever its components are partitions and we write A - n.
The Young diagram associated to A is the set [A] = {(i,5,k) | 1 < k </,
1<5< )\Ek), i > 1}. Elements in [A] are called the nodes of A. A A-tableau is
a bijection t : [A] — {1,...,n}. If A is a multipartition, a standard X-tableau
is a A-tableau t satisfying t(i, j, k) < t(i',j', k) whenever i < ¢’ and j < j’
forall 1 <k <V/.
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Let AZn be the set of multipartitions A = (A1 ..., XO) of n with f-com-

ponents. For each X € A, let Std(A) be the set of standard A-tableaux.

Let A be a node which lies in the rth row and cth column of the /th
component. The residue of the node A is then defined to be res(A4) = ¢“~"Q;.
If tis a A-tableau and 1 < k < n then the residue of k in tis resi(k) = res(A)
whenever k occupies the place which A occupies in [A]. Let

Res(/lzn) = {res(z) | x € [A] for some A € Azn}

be the set of all possible residues. Two multipartitions X, p are said to be
resitdue equivalent if

#{x € [A] | res(x f} #{x € [u] | res(z f} for any f € Reb(/ljn)

Recall the Jucys—Murphy operators {Ll,..., L.} of 6, r(Q) intro-
duced in the paragraph below Definition Applying [DJM, (2.1)], we see
that any symmetric polynomial in Ly, ..., L, is in the center of 74, r(Q).
Let A € AZn' By [GLl Proposition 2.6], any ¢, r(Q)-module endomor-
phism of the Specht module S? is a scalar. Therefore, applying [JM, Propo-
sition 3.7], we can deduce that any symmetric polynomial f(Lq,...,L,) in
Ly,...,L, acts as the scalar f(resp(1),...,resia(n)) on the Specht mod-
ule S* (and hence on any simple composition factors of S*). As a result, if
two Specht modules S*, S# belong to the same block as . n,r(Q)-modules
then A, o are residue equivalent.

REMARK 3.1. By the main result of [LM], if ¢ # 1 then the converse of
the above statement is also true. In other words, in the case when ¢ # 1,
the Specht modules S*, S# belong to the same block as . n,r(Q)-modules
if and only if A, p are residue equivalent. However, we do not need this in
our new proof of Dipper—-Mathas’s Morita equivalence.

We first prove the following useful lemma.

LEMMA 3.2. Let 1 <t <n. Then in 7, r(Q),

(ﬁ(Lt - Qk)) (t]_[l(Lt — qL;)(L¢ — qfle)> —0

k=1 j=1
Proof. Let v,Q1,...,Q; be £+ 1 indeterminates over Z. We set
A:: Z[Ui:l?Ql?"’?QAZ]? IC:: Q(U7QA17"‘7QA€)7 Q:: {Ql?""@z}’
Let jﬁ’n,A(Q) and ;%pngc(Q) be the Ariki-Koike algebra with Hecke pa-
rameter v and cyclotomic parameters Q)1,...,Q¢ and defined over A and

K respectively. We put a hat on the corresponding symbols (such as Hecke
generators, Jucys—Murphy operators and residue etc.) for 7, 4(Q) and

:%pngc(Q) The map v — g, Ql = Q; (for 1 < i < /), Tk — Ty (for
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1<k<n)and Ly — L, (for 1 < a < n) can be extended naturally to a

Z-algebra homomorphism from ¢ ,, A(Q) to 7 n,r(Q). Therefore, to prove
the lemma, it suffices to show that

Y4 _
(3.1) (TT(Ee = @) (T (ke = vEs) (Lo = v L)) =o0.

k=1 j=1
On the other hand, since e%”g’mA(Q) s %7n7K(Q), it suffices to check
inside the semisimple K-algebra %”gn;g(Q)

Following [Mal 2.4], let {fs | 5,t € Std(X), A € AZn} be the seminormal
basis of %’QWC(Q) By [Mal 2.6], we have Lifo = réss (k) fs¢ and foly =
rés(k) fs for any 1 < k < n. Now since s is a standard tableau, the integer
t sits either in the first row and the first column of the kth component for
some 1 < k < /, or there is an integer 1 < j < ¢ such that j sits adjacent
to t. It follows that

(ﬁ(résﬁ(t) — Qk)> (ﬁ(résg(t) — vrésg (7)) (réss(t) — fu*lrésg(j))> =0.
k=1 j=1

Hence

¢ t—1
(TLEe~ @0) (TT(Ee — vis) (e — ') i =0
k=1 j=1
for any s,t € Std(A) and any X € AZn. As a result, we can deduce that (3.1)
holds. This completes the proof of the lemma. u

DEFINITION 3.3. Let Q = QLI- - -LUQ, be a disjoint union of r nonempty
multi-sets with elements in F', where

Q] - {Q5j71+17Q£j71+27 o 7Q£]'}7 1 S] S r,
by =0, 0 :=|Q1|+ -+ |Q¢] for 1 <t <r with £, = £, such that

(3.2) Q;= quk for some k € Z, and Q; € Qq,Q; € Qg only if a = .
Let F[L1,...,L,]®" be the F-subalgebra generated by all the symmetric
polynomials in L1,..., L. Set

Y = {(respr(1),...,respa(n)) | A € AZn}

Recall the equivalence relation “~” on F" introduced in Section 1. This
induces an equivalence relation on the subset X of F™. We use X/~ to
denote the corresponding set of equivalence classes. The discussion in the
paragraph preceding Remark implies that for any X\ € A;n, the map

f(Ly,..., L) f(resia(1), ..., resn(n)), Vf(L1,..., L) €F[Ly,. .., L)%,
is a well-defined F-algebra homomorphism from F|[Li,...,L,]%" to F.
Furthermore, this homomorphism depends only on the equivalence class
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~ of (resia(1),...,respn(n)) in X. Thus we can denote it by x.. Since
F[Ly,...,L,]%" may not be the full center of %, (Q), it might be
possible that x, is not a center character of %, r(Q). Nevertheless,
as F[L1,...,L,)%" is a subalgebra of the center of 0, r(Q) and x4 :
F[L1,...,L,]®" — F is an F-algebra homomorphism, we can define a sub-
module category 4, r(Q)-mod[x,] in a similar way to Definition

Let v € X /~. By some abuse of notation, for any M € 7, r(Q)-mod,
let M[~] be the generalized eigenspace over F[Ly, ..., L,]®" associated to X~
that is,

M) ={ve M| (f—x~(f)fv=0for all f € F[Ly,..., L, and k > 0}.

Then M = @ c 5. M[v]. We define 7 , r(Q)-mod[] to be the full subcat-
egory with modules M € J; ,, p(Q)-mod satisfying M = M [y]. In particular,
for the regular 7, p(Q)-module J ,, r(Q), we set

e%ﬂf,n,F((‘Qa ‘Y) = %,n,F(Q)["Y]a
which is an F-subalgebra of 77, (Q). Then

Hinr(Q) = P Hinr(Q,7).
YEX/~

We can write 1 =3 v/, (), where e(v) € 7, r(Q,~) for each v. It is
clear that {e(v)|y € X/~} is aset of pairwise orthogonal central idempotents
(but not necessarily primitive). Moreover, 7, r(Q,7) = e(v)#inr(Q)
and e(vy) is the unit element of the subalgebra % ,, r(Q,~). It follows that
i n,r(Q)-mod[y] = J, p(Q,~)-mod. Note that there is a unique equiv-
alence class in F"/~ which contains v, and we will still denote it by v (by
some abuse of notation). Then 7 ,, p(Q)-mod[v] can be identified with the
full subcategory of Hgﬁ—mod['y] which consists of modules annihilated by
(X1=Q1) (X1 = Q).

Let Q be the multi-set defined in Definition Let v € X/~. Then
property (3.2)) determines a composition yu = (u1, ..., i) of n such that we
can choose an n-tuple a = (a1, ..., a,) € v with the property that, for each
1<j<r,

{fj—1+1,..., 5} = {1 <s<n | as € {Qiql’C | Qi € Qj, kGZ}}.
Henceforth we fix such an n-tuple a. For each 1 < j < r, we define al) =
(@p;_y+1,---,05;) and

7@ = {(resr (1), - resr (1) | A = A0, ., XB=5-0) )

a 6{ﬂj71+17~--7ﬂj} ’ Q(j)v
where, for each 1 < k < pj, resia (k) = qb_“ng_1+c whenever k lies in the
ath row and bth column of the c¢th component in t*. As before, there is a
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unique equivalence class in F'*i /~ which contains ~U) . and we still denote
it by v (by some abuse of notation). For each 1 < j < r, we use Hff

(by some abuse of notation) to denote the subalgebra of H2f generated by
T | pji—1+1<i<p;}and Xz, 11,...,Xz,. Let Z; be the two-sided ideal
J J Rj-1 fij J
of ’Hf generated by HleQj(Xﬁj71+1 — Q). We set
o i ff . ff i
Ly = Z M ®"'®Hzg‘71 ® I ®H21+1 ® @M,
1<j<r

Then (i, y,r(Qu,AM) @ © A, g, , . 2(Qr,4™"))-mod can be iden-
tified with the full subcategory of Hzﬁ—mod[('y(l), ...,4"))] which consists
of all modules annihilated by Z,,. The following theorem is a refined version
of Theorem [L.2

THEOREM 3.4. With the notation as in Definition 3.3, we have the fol-
lowing Morita equivalence:

I, 7(Q,7) Mgt J"le,m,F(Qh’Y(l)) ® - ® «%’?F@r,l,m,F(Qr,’Y(”)-

Proof. The assumption in Definition [3.3]implies that we are in a position
to apply Theorem to get an equivalence of categories

0 : ’Hf;ff—mod['y] ~ Hzﬂ—mod[(y(l)’ o ’7(T))].

We have the following diagram of functors:

%,H,F(Q7 7)_m0d (%1,#1,F(Q17 ’7(1))® ' '®%T7€r,1,MT,F(QT7 ’Y(T)))_mOd

L ‘Ll
~

H%ﬁ-mod[’y] HZH'mOd[(7(1)7 cee 77(T))]

0

where the two vertical functors are natural embeddings induced by the two
surjective homomorphisms

o Hnp(Q)s M Ay p (Q1) © - @ iyt 7 (Qr),

and the functor 6 = pfy res;, defined in the proof of Theorem
We first prove that the image of #~1 o ¢1 is contained in the image of ¢,
where =1 is the induction functor ind};.
Let N € (M 0. r(Qi,AY) @ - ® H4, 4, 1 #(Qr,y)))-mod. We
claim that
l

(3.3) (H(Xl - Qk)> ind? ¢ (N) = 0.

k=1
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Let M = indj; 11(N). Because p., ves;; M = 11(N), we have

£

(3.4) ( I X - Qk)> pl, resi M = 0
]C:é]'_l-i-l

for every 1 < j < r. Asin the proof of Theorem we can write pfy res;, M =

M(g(1,1)7.."g(1,r))@’ . '@M(g(tyl)’.”’g(t,r)w where Q(i’j) € 'y(j) forany 1 <i < tand

1 < j <r. For every simultaneous generalized eigenspace M., c € F", there

exists a unique i (1 < i < t) such that ¢ is a shuffling of (g(“), ... ,Q(”)),

and we can choose a sequence of simple reflections s;,, ..., s;, such that
My =M. (g6, q60m) = Oy -+ O - Mgy gty

plod

where w = s;, - -+ 5;,. By Remark wtt is a row-standard p-tableau, hence
w™(1) = fij—1 + 1 for some 1 < j < r. According to (2.2)), we have

¢ ¢
(35) (T1(0 - @0)Me = (T1(0 — Q1)) iy -+ O - Mg
k=1 k=1
¢
— @’il ce @lk (H(Xw_l(l) - Qk)) . M(g(i,l)’.“’g(i,r))
k=1
¢
=6, -6, (H(Xﬁj_lﬂ - Qk)) Mg g6y =0,
k=1

where the last equality follows from (3.4). This completes the proof of our

claim ((3.3)).
To finish the proof of the theorem, it remains to show that the image of
0 o ¢ is contained in the image of ¢;.

Let M € 3, r(Q,~v)-mod. We claim that for each 1 < j <,

£

(3.6) (TT Xaaen = @Qu)) (6 vesys () = 0.

kigj_l—‘rl

By the definition of p’7 and v, for each integer ¢ with fri—1+1 <@ < fig,
every eigenvalue of X; on pfy resy; t(M) is of the form ¢*Qy, for some a € Z
and /;_1 < k < {;. We are going to use Lemma to prove . By
Lemma |3.2] we have

Hj—1

(ﬁ(l’ﬂjlﬂ - Qk)) ( H (Lﬂjfl'f‘l - qLi)(Lﬂj,ﬁl - qflLi)) = 0.

k=1 =1
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As a result,
1 Hj—1
(H(Xﬂj71+1 - Qk)) (H (X 41 — ¢ X)) (X 41 — q_lXi))
k=1 i=1

acts as zero on pf7 res, t(M). By the sentence at the beginning of this para-
graph, for any 1 <4 < fij_1, every eigenvalue of X; on pf resj; (M) is of
the form ¢*Qy for some a € Z, 1 < k < {;_1, and every eigenvalue of
Xj;_1+1 is of the form ¢°Q, for some b € Z, i1 +1 < s < ¢ It follows
that every eigenvalue of X, ;11 — ¢t X; on p res), (M) is of the form
Qs — ¢**1 Q) # 0. In particular, X q41— ¢t X; restricts to an invertible

linear transformation on p’, resj, t(M). It follows that H£:1(X a1+l — Qr)

acts as zero on pi, res); t(M).

Let a be any integer such that 1 < a < /¢;_1 or £; < a < {. By the begin-
ning of the last paragraph, every eigenvalue of X, ;11 —Q, on pfy res), L(M)
is of the form ¢°Qs — Q4 # 0 for some ¢ € Z and s € {{;_1 +1,...,¢;}.

In particular, Xz, ;41 — @, restricts to an invertible linear transformation
on pr, resy, t(M). Tt follows that Hi];zj_1+1(Xﬁj_1+l — Q) acts as zero on
pA resy, o(M). This proves , completing the proof of the theorem. =

As a consequence of Theorem we reprove Dipper—Mathas’s Morita
equivalence Theorem Finally, we remark that Lyle and Mathas’s result
in [LM| implies that if ¢ # 1 then each subalgebra 74, p(Q,~y) is actually
a block of 74, r(Q).

4. The degenerate case. In this section, we prove the analogus of
Theorems and in the degenerate case.

DEFINITION 4.1. The degenerate affine Hecke algebra of type A is the
unital associative F-algebra H%H with generators s1,...,8,-1,21,..., %, and
relations

s% =1, 1<1i<n,

$iSi+18i = Si+18iSi+1, 1 <i<n-—2,

SiSk = SkSi, |i—k|>1, wxxp=xpr;, 1<ik<n,
SiTiSi = Tix1 — Si, 1<i<mn, szp=xs;, kF#i,i+1.

By [K| Theorem 3.3.1], the center of H! consists of all symmetric
polynomials in z1,...,z,. Let Q1,...,Q¢ € F and define the multi-set

Q:={Q1,...,Q¢}.
DEFINITION 4.2. The degenerate cyclotomic Hecke algebra Hy,(Q) :=

Hy, r(Q) of type G(£,1,n) is defined to be the quotient of H by the
two-sided ideal generated by (z1 — Q1) -« (z1 — Qp).
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For each 1 < i < n, we define L; to be the image of z; in H;,(Q). The
elements Ly, ..., L, are called the Jucys-Murphy operators of Hy,(Q).

Let = (u1,. .., pr) be a composition of n. For any j € Z, we define the
jth degenerate discriminant Af :F" — F by

é?(aly--wan) :H(as_at +]1F)’

where the product runs over all pairs (s,¢) such that 1 < s,¢ <n and there
is no k > 1 such that both s and ¢ lie in the same interval [ix—1 +1,. .., fig].

For any composition p = (u1,...,u.) of n, let Hzﬁ be the subalgebra
of H generated by all s; € S, and all x;, 1 < ¢ < n. Then Hﬁﬁ =
H;“:f R ® Hzif If v is a composition of n such that &, C &, then we
can define the restriction functor res, and the induction functor ind! in a
similar way as in the nondegenerate case.

Following [Kl, Section 3.8], we need the intertwining elements as follows:

(4.1) Oy = sp(xp — xpp1) +1p € H, 1<k <n.

By [Kl| Section 3.8], we have the following relations:
(4.2) P2 = (xk — 241 — 1p)(Tpy1 — 2k — 1F), 1<k<n,
(4.3) Ppz = xp1Pr,  Prxpy1 = 2P, Prx; =P, | F#kk+1,
(4.4) By, = BBy, DBy Dy, = Dpoy1PpPrsn, k—1 > 1.

Let u = (p1, ..., pr) be a composition of n and let a = (ay,...,a,) € F™.
For each 1 <i <7, let a) = (ag, ,41,---,az) be a p-tuple. Set

®= 6{[”2'714’1,...,/11'} 'Q(i)’ l<i<m,

Y= 6”@) (7(1)777(T)) = 6#@

All the definitions and results in the nondegenerate case can be rephrased
in the degenerate setting if we replace ’Hf{ﬂ, X, T; and O by H?LH, Tk,
s; and Py, respectively. In particular, we have the subcategory Hgﬂ—mod[’y]
which is the block of H;‘{H-mod corresponding to «; and the subcategory

Hﬁﬁ-mod[('y(l), ...,7")], which is the block of Hljff—mod corresponding to
(v, ..., 4"). The next theorem is the degenerate version of Theorem

2

THEOREM 4.3. With the notation and definitions as above, assume that
both Afj(a) and Al (a) are nonzero in F. Then there exists an equivalence
of categories

Hﬁﬁ—mod['y] ~ Hsﬁ—mod[('y(l), . ,'y(r))].
Proof. As in the nondegenerate case, we have the induction functor

ind?? : H3-mod[(v",...,~")] — H2T-mod[~]
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and the restriction functor
res), : H*_mod[~] — Hzﬁ—mod.

Let P, be the subalgebra of Hgff generated by x1,...,x,. Let pi/ be the
functor of natural projection from Hﬁff—mod onto Hzﬂ—mod[('y(l), e ,’y(T))].

Let b = (b1,...,b,) € F". By abuse of notation, we still use p, to define a
Z-linear map from K (P,) to K(P,) such that

P ((L(by) - -5 L(by)]) = { Leym---m L) Hbe byD,..., 7,
0 otherwise.

For any N € Hﬁﬁ—mod we have pl(chN) = ch(p,N). Now using ex-
actly the same argument as in the proof of Theorem [I.§ and the Mackey
Theorem [K| §3.5], we can prove that M = pfy res; indj; M for any M in
Hﬁff—mod[(’y(l), oy

It remains to show that M = indj, p’, res), M for any M € H-mod[y].
This follows from exactly the same argument as in the proof of Theorem
after replacing Xy, O and (cpi1 — qcg)(ck — qeks1) with g, @k and
(ck — ck+1 — 1p)(cky1 — ¢ — 1p) respectively. =

Let x be an indeterminate over F', and O := Fx] be the ring of poly-
nomials in x with coefficients in F. Let F(z) be the quotient field of O.
Define the multi-set Q := {z + Q1,22 + Qo, ...,z + Q}. Let Hyp p(a) be
the degenerate cyclotomic Hecke algebra of type G(¢,1,n) with cyclotomic
parameters multi-set Q and defined over F'(z). Let Hy, o be the degener-
ate cyclotomic Hecke algebra of type G(¢,1,n) with cyclotomic parameters
multi-set Q and defined over O. Let 7 : O — F be the canonical homomor-
phism defined by specializing « to 0. So F' can be regarded as an O-algebra
via 7. In particular,

F®o Hino = Honr, Hino = Heyppo)-

We need the notions of residue and content in our degenerate setting. Let
A€ Azn. Let A be a node which lies in the rth row and cth column of the Ith
component. We define the residue of the node A to be res(A) := (¢—7)-1p+
Q; € F, while the content of the node A is cont(A) := (c—r)-1p+2' +Q; €
F[z]. If tis a A-tableau and 1 < k < n then the residue of k in t is res (k) =
res(A), and similarly the content of k in t is conty(k) = cont(A) whenever
k occupies the place which A occupies in [A]. In particular, 7(cont(k)) =
res (k). We can define the set {(resia(1),...,resa(n)) | A € /1Zn}/N as in
the nondegenerate case (see the two paragraphs below )

Applying the semisimplicity criterion of [AMR] Theorem 6.11], we find
that Hy,, p(s) is split semisimple. Let {gst | 5,t € Std(A), AFn} be the semi-
normal basis of Hy, p(y) introduced in [AMR] Definition 6.7] (denoted by
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fst there). Then for any 1 < k < n, s,t € Std(A), A+ n,

gstLi, = Mt(k/‘)gﬁt, Ligst = Mg(k)gst'
LEMMA 4.4. Let 1 <t <n. Then in Hy, r(Q),

(ﬁ(Lt B Qk)) (ﬁ(Lt —Lj—1p)(Le — Lj + 1F)> =0.

k=1 j=1

Proof. Follow the proof ofLemmawith fsts A, IC, rése(k) and vF résy (k)
replaced by gst, O, F(x), cont,(k) and cont(k) + 1p respectively. m

DEFINITION 4.5. Let Q = Q1U- - -LQ, be a disjoint union of r nonempty
multi-sets with elements in F', where

Qj = {Qﬁj,1+laQ€j71+27' . -7Q€j}7 1<jy<m,
Ly :=0, 0 :=|Qq| + -+ |Qq for 1 <t < r with £, = ¢, such that
Qi =Q; + k- 1F for some k € Z,
Q; € Qq, Qj S Q/B only if a = S.

Let Q be as defined in Definition Let v € {(resn(1),...,resa(n)) |
A€ Ajn}/w. Then property 1’ determines a composition p = (g1, ..., fy)

of n such that we can choose an n-tuplea = (a1, ..., a,) € v with the property
that, for each 1 < 5 <7,

{ija+1,... g ={1<s<n|a, €{Qi+k-1p | Qi €Q;, k€ Z}}.
We fix such an a. For each 1 < j < r, we define aU) := (ap;_1+1,---,ap,) and

A = {(resia (1), - . . resa (i) | A = (ADo AEG—5-0) 1 0y

(4.5)

NSyt - a9,
where, for each 1 <k < pj, resa (k) = (b—a) - 1p + Qq,_, 1 whenever k lies
in the ath row and bth column of the cth component in t*. Let Hy,, r(Q,~)
be the (nonunital) subalgebra of Hy,, (Q) corresponding to « defined much
as in the nondegenerate case (see the two paragraphs below )

The following theorem is a degenerate and refined version of Dipper—
Mathas’s Morita equivalence. In the case when F' = C (the complex numbers
field), this was proved by Brundan—Kleshchev [BK1], §5.5] via Schur—Weyl
duality of higher levels between degenerate cyclotomic Hecke algebras and
a certain parabolic BGG category O of general linear Lie algebras.

THEOREM 4.6. With the notation as in Definition and above, we
have the following Morita equivalence:

Morita

HZ,n,F(Q77) ~ H€1,M1,F(Qla 7(1)) X H&-—Erq,umF(QT’ 7(T))'
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Proof. Follow the proof of Theorem [3.4] with Theorem Lemma [3.2]
Assumption Xj, O and ¢*Qy, replaced by Theorem Lemma
Assumption 4.5 i, @, and a - 1p + @ respectively. =

COROLLARY 4.7. Suppose Q = Q1 U ---U Q, be as given in Definition
4.5, Then Hy, p(Q) is Morita equivalent to the following algebra:

@ Hfl,nhF(Ql) ® Hf2—€1,n2,F(Q2) @ H&—érq,nr,F(Q?‘)'

nit+-+n,=n
n; €N, Vi
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