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ON DIPPER–MATHAS’S MORITA EQUIVALENCES

BY

JUN HU (Beijing) and KAI ZHOU (Hangzhou)

Abstract. Dipper and Mathas have proved that every Ariki–Koike algebra (i.e., non-
degenerate cyclotomic Hecke algebra of type G(`, 1, n)) is Morita equivalent to a direct sum
of tensor products of some smaller Ariki–Koike algebras which have q-connected parame-
ter sets. They proved this result by explicitly constructing a progenerator which induces
this equivalence. In this paper we use the nondegenerate affine Hecke algebra Haff

n to de-
rive Dipper–Mathas’s Morita equivalence as a consequence of an equivalence between the
block Haff

n -mod[γ] of the category of finite-dimensional modules over Haff
n and the block

Haff
n1
⊗ · · · ⊗ Haff

nr
-mod[(γ(1), . . . ,γ(r))] of the category of finite-dimensional modules over

the parabolic subalgebra Haff
n1
⊗ · · · ⊗ Haff

nr
under certain conditions on γ,γ(1), . . . ,γ(r).

Similar results for the degenerate versions of these algebras are also obtained.

1. Introduction. Throughout this paper, let F be an algebraically
closed field and F× := F \ {0}. Let q ∈ F×, `, n ∈ N and Q1, . . . , Q` ∈ F .
We define the multi-set Q := {Q1, . . . , Q`}.

Definition 1.1. The Ariki–Koike algebra

H`,n(Q) := H`,n,F (Q1, . . . , Q`)

with Hecke parameter q and cyclotomic parameters Q1, . . . , Q` is defined
to be the unital associative F -algebra with generators T0, T1, . . . , Tn−1 and
relations

(T0 −Q1) · · · (T0 −Q`) = 0, (Ta + 1)(Ta − q) = 0,

TsTs+1Ts = Ts+1TsTs+1, T0T1T0T1 = T1T0T1T0,

TrTs = TsTr if |r − s| > 1,

where 1 ≤ a < n, 0 ≤ r < n and 1 ≤ s < n− 1.

For each 1 ≤ i ≤ n, let Li := q1−iTi−1 · · ·T1T0T1 · · ·Ti−1. The elements
{L1, . . . , Ln} are called the Jucys–Murphy operators of H`,n(Q).
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Theorem 1.2 ([DM]). Suppose q ∈ F× and Q = Q1 t · · · t Qr is a
disjoint union of r multi-sets such that

(1.1) Qi = Qjq
k for some k∈Z, and Qi ∈ Qα, Qj ∈ Qβ only if α = β.

Set `i := |Q1| + · · · + |Qi| for any 1 ≤ i ≤ r. Then H`,n,F (Q) is Morita
equivalent to the following algebra:⊕

n1+···+nr=n
ni∈N, ∀i

H`1,n1,F (Q1)⊗H`2−`1,n2,F (Q2)⊗ · · · ⊗H`r−`r−1,nr,F (Qr).

Note that we allow q = 1 as in [DM, Theorem 1.1]. Dipper and Mathas
proved the above theorem by explicitly constructing a progenerator which
induces the required Morita equivalence; see also [DR] for a special case of
this Morita equivalence. In this paper we give an alternative approach to
Dipper–Mathas’s Morita equivalence via the theory of affine Hecke algebras.
To state our result, we need some notation and definitions.

Definition 1.3. Suppose q ∈ F×. The nondegenerate affine Hecke al-
gebra of type A is the unital associative F -algebra Haff

n with generators
T1, . . . , Tn−1, X1, . . . , Xn and relations

(Ti − q)(Ti + 1) = 0, 1 ≤ i < n,

TiTi+1Ti = Ti+1TiTi+1, 1 ≤ i ≤ n− 2,

TiTk = TkTi, |i− k| > 1, XiXk = XkXi, 1 ≤ i, k ≤ n,
TiXiTi = qXi+1, 1 ≤ i < n, TiXk = XkTi, k 6= i, i+ 1.

Note that there is a natural surjective homomorphism from the non-
degenerate affine Hecke algebra Haff

n onto the Ariki–Koike algebra H`,n(Q)
which sends Xi and Tj to Li and Tj respectively for any 1 ≤ i ≤ n, 1 ≤ j < n.

Let {tk | 1 ≤ k ≤ n} be a set of n algebraically independent indetermi-
nates over F . Clearly, there is a natural left action of Sn on F [t1, . . . , tn].

Following [HL, Section 2], for any f ∈ F [t1, . . . , tn], 1 ≤ r < n and
1 ≤ k ≤ n, we defineXk · f := tkf,

Tr · f := (tr+1 − qtr)
sr(f)− f
tr+1 − tr

+ qf.

Then it is easy to check that the above rules extend uniquely to a represen-
tation ρ of Haff

n on F [t1, . . . , tn], and the image under ρ of the elements of

(1.2) {TwXa1
1 · · ·X

an
n | w ∈ Sn, a1, . . . , an ∈ N}

are F -linearly independent (cf. [M]). It follows that (1.2) forms a basis of
Haff
n and ρ is a faithful representation of Haff

n .
In [G, Proposition 4.1], Grojnowski works with a bigger affine Hecke al-

gebra H̃aff
n which contains X−1

1 , . . . , X−1
n . Let F [X1, . . . , Xn]Sn (resp.,
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F [X±1
1 , . . . , X±1

n ]Sn) be the F -subalgebra generated by all the symmetric
polynomials (resp., Laurent polynomials) in X1, . . . , Xn. By a result of Bern-

stein (see [G, Proposition 4.1]), the center of H̃aff
n is F [X±1

1 , . . . , X±1
n ]Sn .

Now the basis (1.2) implies that same argument used in the proof of [G,
Proposition 4.1] applies equally well for our affine Hecke algebra Haff

n , so
that one can show that F [X1, . . . , Xn]Sn is the center of Haff

n .

For any F -algebra A, we denote by A-mod the category of finite-dimen-
sional left A-modules, and by K(A-mod) the Grothendieck group of A-mod.
For any M ∈ A-mod, let [M ] be the element in K(A-mod) represented
by M .

LetPn be the commutativeF -subalgebra ofHaff
n generated byX1, . . . , Xn.

For each a ∈ F , let L(a) be the one-dimensional P1-module defined by
X1v = av for any v ∈ L(a). As Pn ∼= P1⊗· · ·⊗P1, we get a one-dimensional
Pn-module by taking the outer tensor product L(a1) � · · · � L(an) for any
a1, . . . , an ∈ F .

Let a := (a1, . . . , an) ∈ Fn. For any M ∈ Pn-mod, we use Ma to denote
the simultaneous generalized eigenspace for X1, . . . , Xn corresponding to the
eigenvalues a1, . . . , an respectively. That is,

Ma = {v ∈M | (Xi − ai)kv = 0 for all 1 ≤ i ≤ n and k � 0}.

In K(Pn-mod) we have

[M ] =
∑
a∈Fn

ra[L(a1) � · · · � L(an)],

where ra = dimF Ma for each a = (a1, . . . , an) ∈ Fn.

Let n ∈ N. A composition µ = (µ1, µ2, . . .) of n is a sequence of non-
negative integers with sum n. If the sequence is nonincreasing, then µ is
a partition of n. For a composition µ, we use |µ| to denote the sum of its
components.

Definition 1.4. For any composition µ = (µ1, . . . , µr) of n, we define
µ̄0 := 0 and µ̄k := µ1 + · · ·+ µk, 1 ≤ k ≤ r.

Let Sn be the symmetric group of {1, . . . , n}, where w ∈ Sn acts on
the numbers on the left. For any composition µ = (µ1, . . . , µr) of n, let
Sµ := S{1,...,µ̄1}× · · ·×S{µ̄r−1+1,...,n} be the corresponding standard Young

subgroup of Sn. Let Haff
µ be the subalgebra of Haff

n generated by

{Tk | µ̄i−1 + 1 ≤ k < µ̄i, 1 ≤ i ≤ r}

and the subalgebra Pn. In particular, Haff
(1n) = Pn ⊆ Haff

µ , where (1n) :=

(1, . . . , 1) (n copies). We have the natural restriction functor resµ(1n) from

the category Haff
µ -mod to the category Pn-mod. For any M ∈ Haff

µ -mod, we
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define the formal character

chM := [resµ(1n)M ] ∈ K(Pn-mod).

Let µ = (µ1, . . . , µr) be a composition of n. Following [G, Section 5.3],
we define the q-discriminant ∆µ

q : Fn → F by

(1.3) ∆µ
q (a1, . . . , an) :=

∏
(ai − qaj),

where the product runs over all pairs (i, j) such that 1 ≤ i, j ≤ n and there
is no k ≥ 1 such that both i and j lie in the same interval [µ̄k−1 + 1, µ̄k−1 +
2, . . . , µ̄k]. Since we allow q to take the value 1, the element ∆µ

1 (a1, . . . , an)
is defined too.

For any F -algebra A, let Z(A) be the center of A. A central character
of A is a unital F -algebra homomorphism χ : Z(A) → F . Suppose that
M ∈ A-mod. For any central character χ of A, let M [χ] be the corresponding
generalized eigenspace over Z(A), that is,

M [χ] = {v ∈M | (a− χ(a))kv = 0 for all a ∈ Z(A) and k � 0}.

Since Z(A) is central in A, it is clear that M [χ] is an A-submodule of M .

Definition 1.5. For any central character χ of A, we define A-mod[χ]
to be the full subcategory of A-mod consisting of all modules M ∈ A-mod
satisfying M = M [χ].

The subcategory A-mod[χ] is called a block of A-mod. In the following
several paragraphs, we shall describe the blocks of Haff

n -mod and Haff
µ -mod,

where µ is a composition of n.

For any a ∈ Fn, let χa be the associated central character defined by

χa : Z(Haff
n )→ F, f(X1, . . . , Xn) 7→ f(a1, . . . , an).

Since X1, . . . , Xn are n algebraically independent elements in Pn, the F -
algebra homomorphism χa is well-defined.

LetSn act onFn by place permutations, that is, for a = (a1, . . . , an) ∈ Fn
and w ∈ Sn, w · a = (aw−11, . . . , aw−1n). We write a ∼ b if there exists
w ∈ Sn such that b = w · a. It is easy to see that “∼” is an equivalence
relation. Let Fn/∼ be the set of Sn-orbits on Fn. It is well-known that for
any a, b ∈ Fn, χa = χb if and only if a ∼ b.

If γ ∈ Fn/∼, we set χγ := χa for any a ∈ γ. For any M ∈ Haff
n -mod and

γ ∈ Fn/∼, we set

M [γ] := M [χγ ], Haff
n -mod[γ] := Haff

n -mod[χγ ],

where the second equality used the notation in Definition 1.5. It is clear that
M [γ] =

⊕
a∈γ Ma.
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Corollary 1.6 ([G, Section 4]). For any M ∈ Haff
n -mod,

M =
⊕

γ∈Fn/∼

M [γ]

as an Haff
n -module.

Suppose µ = (µ1, . . . , µr) is a composition of n. Then Z(Haff
µ ) is the ten-

sor product F [X1, . . . , Xµ̄1 ]S{1,2,...,µ̄1}⊗· · ·⊗F [Xµ̄r−1+1, . . . , Xn]
S{µ̄r−1+1,...,n} .

Because Sµ is a subgroup of Sn, Sµ also acts on Fn. We use “∼µ” to
denote the equivalence relation defined by the action of Sµ on Fn, and
Fn/∼µ to denote the set of Sµ-orbits. Suppose a = (a1, . . . , an) ∈ Fn,
a(i) := (aµ̄i−1+1, . . . , aµ̄i) ∈ Fµi for each 1 ≤ i ≤ r. The associated central

character of Haff
µ is

χ̂a : Z(Haff
µ )→ F, f1⊗ · · · ⊗ fr 7→

r∏
i=1

(χa(i)(fi)) =
r∏
i=1

fi(aµ̄i−1+1, . . . , aµ̄i).

where fi ∈ F [Xµ̄i−1+1, . . . , Xµ̄i ]
S{µ̄i−1+1,...,µ̄i} , 1 ≤ i ≤ r. For each 1 ≤ i ≤ r,

we denote the S{µ̄i−1+1,...,µ̄i}-orbit S{µ̄i−1+1,...,µ̄i} ·a(i) ∈ Fµi/∼ by γ(i). Then

the Sµ-orbit Sµ · a ∈ Fn/∼µ is just the r-tuple (γ(1), . . . ,γ(r)). It is easy
to check that for any a, b ∈ Fn, χ̂a = χ̂b if and only if a ∼µ b. For any

a ∈ (γ(1), . . . ,γ(r)), we set χ̂(γ(1),...,γ(r)) := χ̂a. For any M ∈ Haff
µ -mod, let

M [(γ(1), . . . ,γ(r))] := M [χ̂(γ(1),...,γ(r))],

Haff
µ -mod[(γ(1), . . . ,γ(r))] := Haff

µ -mod[χ̂(γ(1),...,γ(r))],

where the second equality uses the notation in Definition 1.5. It is clear that

(1.4) M [(γ(1), . . . ,γ(r))] =
⊕

a∈(γ(1),...,γ(r))

Ma.

Corollary 1.7. Let µ = (µ1, . . . , µr) be a composition of n. Then as an
Haff
µ -module, M equals

⊕
(γ(1),...,γ(r))M [(γ(1), . . . ,γ(r))] , where the subscript

in the sum runs over Fn/∼µ. In particular,

Haff
µ -mod =

⊕
(γ(1),...,γ(r))∈Fn/∼µ

Haff
µ -mod[(γ(1), . . . ,γ(r))].

Theorem 1.8. Let q ∈ F× and µ = (µ1, . . . , µr) be a composition of n.
Suppose a = (a1, . . . , an) ∈ Fn is such that both ∆µ

1 (a) and ∆µ
q (a) are

nonzero. For each 1 ≤ i ≤ r, let a(i) := (aµ̄i−1+1, . . . , aµ̄i) be a µi-tuple. Set

γ(i) := S{µ̄i−1+1,µ̄i−1+2,...,µ̄i} · a
(i), 1 ≤ i ≤ r,

γ := Sn · a,
(γ(1), . . . ,γ(r)) := Sµ · a.
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Then there exists an equivalence of categories

Haff
n -mod[γ] ' Haff

µ -mod[(γ(1), . . . ,γ(r))].

The proof of the above theorem, which relies on certain intertwining
elements in the affine Hecke algebras, will be given in Section 2. In Sec-
tion 3 we show that Theorem 1.2 can be deduced from Theorem 1.8, thus
giving an alternative approach to Dipper–Mathas’s Morita equivalence. The
Ariki–Koike algebra H`,n(Q) is also called the nondegenerate cyclotomic
Hecke algebra of type G(`, 1, n) in the literature. In Section 4, we apply
the same approach to give the corresponding results for the degenerate
affine Hecke algebras and the degenerate cyclotomic Hecke algebra of type
G(`, 1, n). Furthermore, we expect similar arguments can be applied to the
affine Hecke algebras of types other than A, affine BMW algebras and their
finite-dimensional cyclotomic quotients so that we can get some new Morita
equivalences.

2. Proof of Theorem 1.8. In this section, we shall give the proof of
Theorem 1.8.

Definition 2.1. Let µ = (µ1, . . . , µr) be a composition of n. Suppose

that a(j) = (a
(j)
1 , . . . , a

(j)
µj )∈Fµj , 1 ≤ j ≤ r. We say that c = (c1, . . . , cn)∈Fn

is obtained by shuffling a(1), . . . , a(r) if for each 1 ≤ j ≤ r there exist 1 ≤
u

(j)
1 < · · · < u

(j)
µj ≤ n such that (c

u
(j)
1

, . . . , c
u

(j)
µj

) = (a
(j)
1 , . . . , a

(j)
µj ), and

∆µ
1 (u

(1)
1 , . . . , u(1)

µ1
, . . . , u

(r)
1 , . . . , u(r)

µr ) 6= 0.

Note that in the above definition the sequence u
(j)
1 , . . . , u

(j)
µj is not nec-

essarily uniquely determined even if we know that c = (c1, . . . , cn) ∈ Fn is
obtained by shuffling a(1), . . . , a(r).

Let µ = (µ1, . . . , µr) be a composition of n. The Young diagram of µ
is the set [µ] = {(i, j) | 1 ≤ j ≤ µi, i ≥ 1}. A µ-tableau is a bijection
t : [µ] → {1, . . . , n}. We call the µ-tableau t a row-standard tableau if for
any i, t(i, j) ≤ t(i, l) whenever j ≤ l. Let tµ be the unique row-standard
µ-tableau that has the numbers 1, . . . , n entered in order, from left to right,
and then top to bottom, along the rows of µ. If w ∈ Sn and t is a µ-tableau,
then the map composition wt is again a µ-tableau. If we fix a µ-tableau t,
it is easy to check that {wt | w ∈ Sn} is the set of all µ-tableaux.

Proposition 2.2. Let µ = (µ1, . . . , µr) be a composition of n. Suppose

a(j) = (a
(j)
1 , . . . , a

(j)
µj ) ∈ Fµj , 1 ≤ j ≤ r. Let

a = (a
(1)
1 , . . . , a(1)

µ1
, . . . , a

(r)
1 , . . . , a(r)

µr ).
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If ∆µ
1 (a) 6= 0, then the number of different n-tuples obtained by shuffling

a(1), . . . , a(r) is equal to the number of row-standard µ-tableaux.

Proof. We need to give a one-to-one correspondence between the set
of n-tuples obtained by shuffling a(1), . . . , a(r) and the set of row-standard
µ-tableaux. In fact, if c is an n-tuple obtained by shuffling a(1), . . . , a(r),
then because ∆µ

1 (a) 6= 0, for each 1 ≤ j ≤ r there exists a unique sequence

1 ≤ u
(j)
1 < · · · < u

(j)
µj ≤ n such that (c

u
(j)
1

, . . . , c
u

(j)
µj

) = (a
(j)
1 , . . . , a

(j)
µj ).

Furthermore,

∆µ
1 (u

(1)
1 , . . . , u(1)

µ1
, . . . , u

(r)
1 , . . . , u(r)

µr ) 6= 0.

Therefore, we get a unique row-standard µ-tableau tc by entering the num-

bers u
(j)
1 , . . . , u

(j)
µj into the jth row of tc. It is easy to check that the map

c 7→ tc is a one-to-one correspondence.

Remark 2.3. In the proof of the previous proposition, suppose c is an
n-tuple obtained by shuffling a(1), . . . , a(r), and c corresponds to the row-
standard µ-tableau tc under the one-to-one correspondence. Suppose tc =
wtµ. One can easily check that c = w · a.

For any composition µ of n, let Dµ be the set of distinguished minimal
length left coset representatives of Sµ in Sn. Let µ, ν be two compositions
of n. For each w ∈ Dµ,ν := D−1

µ ∩ Dν , let µ ∩ wν and w−1µ ∩ ν be the

compositions of n such that Sµ ∩ wSνw
−1 = Sµ∩wν and w−1Sµw ∩Sν =

Sw−1µ∩ν . There exists an algebra isomorphism

ϕw−1 : Haff
µ∩wν → Haff

w−1µ∩ν

with ϕw−1(Ty) = Tw−1yw, ϕw−1(Xi) = Xw−1i for y ∈ Sµ∩wν and 1 ≤ i ≤ n.

If M is a left Haff
w−1µ∩ν-module, then by twisting the action with the isomor-

phism ϕw−1 we get a left Haff
µ∩wν-module, which will be denoted by w−1M .

For more details, we refer the reader to [G, §5.2] and [K, §3.5].
Let µ, ν be two compositions of n such that Sν is a subgroup of Sµ. We

define the restriction functor

resµν : Haff
µ -mod→ Haff

ν -mod

by regarding any M ∈ Haff
µ -mod naturally as an Haff

ν -module, and the in-
duction functor

indµν : Haff
ν -mod→ Haff

µ -mod, N 7→ Haff
µ ⊗Haff

ν
N.

In particular, if µ = (n) then we write

resnν := res(n)
ν , indnν := ind(n)

ν .

Theorem 2.4 ([G, K, Mackey Theorem]). Suppose µ, ν are composi-
tions of n. Let M ∈ Haff

ν -mod. Then resnµ indnν M admits a filtration with



110 J. HU AND K. ZHOU

subquotients isomorphic to

indµµ∩wν w
−1(resνw−1µ∩νM),

one for each w ∈ Dµ,ν . Moreover, indµµ∩ν(resνµ∩νM) is the bottom section of
this filtration.

We need modified forms of the intertwining elements introduced in [Lu],
[R] and [BK2].

Definition 2.5. For each 1 ≤ k < n, we define

Θk := Tk(Xk+1 −Xk) + (1− q)Xk+1 ∈ Haff
n .

One can check directly that

Θ2
k = (Xk+1 − qXk)(Xk − qXk+1),(2.1)

ΘkXk = Xk+1Θk, ΘkXk+1 = XkΘk, ΘkXl = XlΘk, l 6= k, k + 1,(2.2)

ΘkΘl = ΘlΘk, ΘkΘk+1Θk = Θk+1ΘkΘk+1, |k − l| > 1.(2.3)

According to (2.2), one can easily check that

Θi1 · · ·ΘimXi = XwiΘi1 · · ·Θim ,
where w = si1 · · · sim .

Proof of Theorem 1.8. There is the functor of induction

indnµ : Haff
µ -mod[(γ(1), . . . ,γ(r))]→ Haff

n -mod[γ].

In fact, let M ∈ Haff
µ -mod[(γ(1), . . . ,γ(r))]. By the Mackey Theorem,

resn(1n) indnµM admits a filtration with subquotients isomorphic to

w−1(resn(1n)M), one for each w ∈ Dµ. Therefore, the simultaneous gener-

alized eigenvalues of Xi (1 ≤ i ≤ n) on resn(1n) indnµM belong to γ, hence

our functor of induction is well-defined.
There is also the functor of restriction

resnµ : Haff
n -mod[γ]→ Haff

µ -mod.

According to Corollary 1.7, it is reasonable to define the functor p′γ of natural

projection fromHaff
µ -mod onto the blockHaff

µ -mod[(γ(1), . . . ,γ(r))] such that

p′γ(M) = M [(γ(1), . . . ,γ(r))] for any M ∈ Haff
µ -mod. Let b = (b1, . . . , bn) ∈

Fn. By abuse of notation, we still use p′γ to define a Z-linear map from
K(Pn) to K(Pn) such that

p′γ([L(b1) � · · · � L(bn)]) :=

{
[L(b1) � · · · � L(bn)] if b ∈ (γ(1), . . . ,γ(r)),

0 otherwise.

Then for any N ∈ Haff
µ -mod we have p′γ(chN) = ch(p′γN).

Let M ∈ Haff
µ -mod[(γ(1), . . . ,γ(r))]. We first prove M ∼= p′γ resnµ indnµM .

By the Mackey Theorem,M is isomorphic to a submodule of resnµ indnµM and
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p′γ(M) = M . Note that D−1
(1n)∩Dµ = Dµ, and for w ∈ Dµ, (1n)∩wµ = (1n)

and w−1(1n) ∩ µ = (1n). By the Mackey Theorem, resn(1n) indnµM admits

a filtration with subquotients isomorphic to w−1(resn(1n)M), one for each

w ∈ Dµ. By the definition of ch,

ch resnµ indnµM = ch resn(1n) indnµM

= ch(resn(1n) M) +
∑

w 6=1, w∈Dµ

chw−1(resn(1n)M).

Suppose that

chM =
∑
c∈Fn

rc[L(c1) � · · · � L(cµ̄1) � · · · � L(cµ̄r−1+1) � · · · � L(cn)],

where (cµ̄j−1+1, . . . , cµ̄j ) ∈ γ(j) for each 1 ≤ j ≤ r. Then

chw−1(resn(1n)M) =
∑
c∈Fn

rc[L(cw−11) � · · · � L(cw−1µ̄1
) � · · ·

�L(cw−1(µ̄r−1+1) � · · · � L(cw−1n)]

for every w ∈ Dµ. Note that w 6∈ Sµ whenever 1 6= w ∈ Dµ. Therefore,
there exists some 1 ≤ j ≤ r such that (cw−1(µ̄j−1+1), . . . , cw−1µ̄j ) 6∈ γ(j) by

the assumption that ∆µ
1 (a) 6= 0. It follows that

ch(p′γ(resnµ indnµM/M)) = p′γ(ch(resnµ indnµM/M)) = 0,

which forces p′γ resnµ indnµM
∼= M , as required.

Next, let M ∈ Haff
n -mod[γ]. We want to show that M ∼= indnµ p

′
γ resnµM .

Let Mc be a simultaneous generalized eigenspace of X1, . . . , Xn with basis
v1, . . . , vs, where c = (c1, . . . , cn) ∈ γ. Suppose that ck 6= q±1ck+1 for some
1 ≤ k < n. Recall sk · c = (csk1, . . . , cskk, csk(k+1), . . . , cskn). We claim Msk·c
is a nonzero simultaneous generalized eigenspace of X1, . . . , Xn with basis
Θkv1, . . . , Θkvs, where Θk is defined in (2.5).

In fact, by (2.2), it is easy to check that Θkv1, . . . , Θkvs belong to Msk·c.
On the other hand, we can assume that the matrix of Xi (1 ≤ i ≤ n) under
v1, . . . , vs is triangular with ci on the diagonal. Therefore, by (2.1), the ma-
trix of Θ2

k under v1, . . . , vs is triangular with (ck+1− qck)(ck− qck+1) 6= 0 on
the diagonal because ck 6= q±1ck+1. It follows that Θ2

kv1, . . . , Θ
2
kvs are lin-

early independent. Hence so areΘkv1, . . . , Θkvs. Conversely, if w1, . . . , ws is a
basis of Msk·c, then Θkw1, . . . , Θkws is a set of linearly independent elements
in Mc. Therefore, Msk·c

∼= Mc as a vector space with basis Θkv1, . . . , Θkvs.
In particular, Θk ·Mc = Msk·c. This proves the claim.

According to the decomposition (1.4), we can assume

p′γ resnµM = (resnµM)(a(1,1),...,a(1,r)) ⊕ · · · ⊕ (resnµM)(a(t,1),...,a(t,r))

= M(a(1,1),...,a(1,r)) ⊕ · · · ⊕M(a(t,1),...,a(t,r)),
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where a(i,j) ∈ γ(j) for any 1 ≤ i ≤ t, 1 ≤ j ≤ r and {(a(i,1), . . . , a(i,r)) |
1 ≤ i ≤ t} coincides with the Sµ-orbit (γ(1), . . . ,γ(r)). Let c ∈ Fn with

Mc 6= 0. Because ∆µ
1 (a) 6= 0, there exists a unique b = (b(1), . . . , b(r)) ∈

(γ(1), . . . ,γ(r)) such that c is a shuffling of (b(1), . . . , b(r)) where b(j) ∈ γ(j),
1 ≤ j ≤ r. By the discussion in the last paragraph and the assumption
that ∆µ

q (a) 6= 0, we can choose a sequence of simple reflections si1 , . . . , sik
such that c = (si1 · · · sik) · b, and for each 1 ≤ j ≤ k, ΘijΘij+1 · · ·ΘikMb =
M(sij sij+1

···sik )·b and dimF M(sij sij+1
···sik )·b = dimF M(sij+1

···sik )·b, where by

convention we set sij+1 · · · sik := 1 when j = k. Therefore Θi1 · · ·ΘikMb =
Mc and dimF Mc = dimF Mb. Hence Mb 6= 0 and there exists a unique 1 ≤
i ≤ t such that b = (a(i,1), . . . , a(i,r)). For each 1 ≤ i ≤ t, by Proposition 2.2
and the assumption ∆µ

1 (a) 6= 0, the number of different n-tuples which are
obtained by shuffling a(i,1), . . . , a(i,r) is equal to the number of row-standard
µ-tableaux, which is equal to |Dµ| by [DJ, Lemma 1.1]. Also, if 1 ≤ i 6= j ≤ t,
then the n-tuples obtained by shuffling a(i,1), . . . , a(i,r) are different from the
n-tuples obtained by shuffling a(j,1), . . . , a(j,r). Therefore, we deduce that
dimF M = |Dµ|dimF p

′
γ resnµM and M is generated by p′γ resnµM as a left

Haff
n -module.

By Frobenius reciprocity, there exists an isomorphism

HomHaff
n

(indnµ p
′
γ resnµM,M) ∼= HomHaff

µ
(p′γ resnµM, resnµM).

Hence there exists a homomorphism f : indnµ p
′
γ resnµM → M such that

p′γ resnµM ⊂ Imf . By the last sentence in the previous paragraph, f is
surjective. On the other hand,

dimF M = |Dµ|dimF p
′
γ resnµM = dimF indnµ p

′
γ resnµM.

Hence f must be an isomorphism. This completes the proof of the theorem.

3. Dipper–Mathas’s Morita equivalence. In this section we shall
derive Theorem 1.2 from Theorem 1.8. In fact, we shall give a refined version
of Theorem 1.2 (which is actually a block version of Theorem 1.2 if q 6= 1)
under the assumption that q ∈ F× and Q = Q1t· · ·tQr is a disjoint union
of r multi-sets such that the condition (1.1) holds.

A multicomposition of n with ` components is an ordered `-tuple λ =
(λ(1), . . . , λ(`)) of compositionsλ(k) such that |λ(1)|+· · ·+|λ(`)| equals ton;λ is
a multipartition whenever its components are partitions and we write λ ` n.
The Young diagram associated to λ is the set [λ] = {(i, j, k) | 1 ≤ k ≤ `,

1 ≤ j ≤ λ(k)
i , i ≥ 1}. Elements in [λ] are called the nodes of λ. A λ-tableau is

a bijection t : [λ]→ {1, . . . , n}. If λ is a multipartition, a standard λ-tableau
is a λ-tableau t satisfying t(i, j, k) ≤ t(i′, j′, k) whenever i ≤ i′ and j ≤ j′

for all 1 ≤ k ≤ `.
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Let Λ+
`,n be the set of multipartitions λ = (λ(1), . . . , λ(`)) of n with `-com-

ponents. For each λ ∈ Λ+
`,n, let Std(λ) be the set of standard λ-tableaux.

Let A be a node which lies in the rth row and cth column of the lth
component. The residue of the node A is then defined to be res(A) = qc−rQl.
If t is a λ-tableau and 1 ≤ k ≤ n then the residue of k in t is rest(k) = res(A)
whenever k occupies the place which A occupies in [λ]. Let

Res(Λ+
`,n) := {res(x) | x ∈ [λ] for some λ ∈ Λ+

`,n}
be the set of all possible residues. Two multipartitions λ,µ are said to be
residue equivalent if

#
{
x ∈ [λ] | res(x) = f

}
= #

{
x ∈ [µ] | res(x) = f

}
for any f ∈ Res(Λ+

`,n).

Recall the Jucys–Murphy operators {L1, . . . , Ln} of H`,n,F (Q) intro-
duced in the paragraph below Definition 1.1. Applying [DJM, (2.1)], we see
that any symmetric polynomial in L1, . . . , Ln is in the center of H`,n,F (Q).
Let λ ∈ Λ+

`,n. By [GL, Proposition 2.6], any H`,n,F (Q)-module endomor-

phism of the Specht module Sλ is a scalar. Therefore, applying [JM, Propo-
sition 3.7], we can deduce that any symmetric polynomial f(L1, . . . , Ln) in
L1, . . . , Ln acts as the scalar f(restλ(1), . . . , restλ(n)) on the Specht mod-
ule Sλ (and hence on any simple composition factors of Sλ). As a result, if
two Specht modules Sλ, Sµ belong to the same block as H`,n,F (Q)-modules
then λ,µ are residue equivalent.

Remark 3.1. By the main result of [LM], if q 6= 1 then the converse of
the above statement is also true. In other words, in the case when q 6= 1,
the Specht modules Sλ, Sµ belong to the same block as H`,n,F (Q)-modules
if and only if λ,µ are residue equivalent. However, we do not need this in
our new proof of Dipper–Mathas’s Morita equivalence.

We first prove the following useful lemma.

Lemma 3.2. Let 1 ≤ t ≤ n. Then in H`,n,F (Q),(∏̀
k=1

(Lt −Qk)
)(t−1∏

j=1

(Lt − qLj)(Lt − q−1Lj)
)

= 0.

Proof. Let v, Q̂1, . . . , Q̂` be `+ 1 indeterminates over Z. We set

A := Z[v±1, Q̂1, . . . , Q̂`], K := Q(v, Q̂1, . . . , Q̂`), Q̂ := {Q̂1, . . . , Q̂`}.
Let H`,n,A(Q̂) and H`,n,K(Q̂) be the Ariki–Koike algebra with Hecke pa-

rameter v and cyclotomic parameters Q̂1, . . . , Q̂` and defined over A and
K respectively. We put a hat on the corresponding symbols (such as Hecke
generators, Jucys–Murphy operators and residue etc.) for H`,n,A(Q̂) and

H`,n,K(Q̂). The map v 7→ q, Q̂i 7→ Qi (for 1 ≤ i ≤ `), T̂k 7→ Tk (for
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1 ≤ k < n) and L̂a 7→ La (for 1 ≤ a ≤ n) can be extended naturally to a
Z-algebra homomorphism from H`,n,A(Q̂) to H`,n,F (Q). Therefore, to prove
the lemma, it suffices to show that

(3.1)
(∏̀
k=1

(L̂t − Q̂k)
)(t−1∏

j=1

(L̂t − vL̂j)(L̂t − v−1L̂j)
)

= 0.

On the other hand, since H`,n,A(Q̂) ↪→H`,n,K(Q̂), it suffices to check (3.1)

inside the semisimple K-algebra H`,n,K(Q̂).
Following [Ma, 2.4], let {fst | s,t ∈ Std(λ), λ ∈ Λ+

`,n} be the seminormal

basis of H`,n,K(Q̂). By [Ma, 2.6], we have L̂kfst = ˆress(k)fst and fstL̂k =
ˆrest(k)fst for any 1 ≤ k ≤ n. Now since s is a standard tableau, the integer
t sits either in the first row and the first column of the kth component for
some 1 ≤ k ≤ `, or there is an integer 1 ≤ j < t such that j sits adjacent
to t. It follows that(∏̀

k=1

( ˆress(t)− Q̂k)
)(t−1∏

j=1

( ˆress(t)− v ˆress(j))( ˆress(t)− v−1 ˆress(j))
)

= 0.

Hence (∏̀
k=1

(L̂t − Q̂k)
)(t−1∏

j=1

(L̂t − vL̂j)(L̂t − v−1L̂j)
)
fst = 0

for any s, t ∈ Std(λ) and any λ ∈ Λ+
`,n. As a result, we can deduce that (3.1)

holds. This completes the proof of the lemma.

Definition 3.3. Let Q = Q1t· · ·tQr be a disjoint union of r nonempty
multi-sets with elements in F , where

Qj = {Q`j−1+1, Q`j−1+2, . . . , Q`j}, 1 ≤ j ≤ r,
`0 := 0, `t := |Q1|+ · · ·+ |Qt| for 1 ≤ t ≤ r with `r = `, such that

(3.2) Qi = Qjq
k for some k ∈ Z, and Qi ∈ Qα, Qj ∈ Qβ only if α = β.

Let F [L1, . . . , Ln]Sn be the F -subalgebra generated by all the symmetric
polynomials in L1, . . . , Ln. Set

Σ := {(restλ(1), . . . , restλ(n)) | λ ∈ Λ+
`,n}.

Recall the equivalence relation “∼” on Fn introduced in Section 1. This
induces an equivalence relation on the subset Σ of Fn. We use Σ/∼ to
denote the corresponding set of equivalence classes. The discussion in the
paragraph preceding Remark 3.1 implies that for any λ ∈ Λ+

`,n, the map

f(L1, . . . , Ln) 7→f(restλ(1), . . . , restλ(n)), ∀f(L1, . . . , Ln)∈F [L1, . . . , Ln]Sn ,

is a well-defined F -algebra homomorphism from F [L1, . . . , Ln]Sn to F .
Furthermore, this homomorphism depends only on the equivalence class
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γ of (restλ(1), . . . , restλ(n)) in Σ. Thus we can denote it by χγ . Since
F [L1, . . . , Ln]Sn may not be the full center of H`,n,F (Q), it might be
possible that χγ is not a center character of H`,n,F (Q). Nevertheless,
as F [L1, . . . , Ln]Sn is a subalgebra of the center of H`,n,F (Q) and χγ :
F [L1, . . . , Ln]Sn → F is an F -algebra homomorphism, we can define a sub-
module category H`,n,F (Q)-mod[χγ ] in a similar way to Definition 1.5.

Let γ ∈ Σ/∼. By some abuse of notation, for any M ∈H`,n,F (Q)-mod,
letM [γ] be the generalized eigenspace over F [L1, . . . , Ln]Sn associated to χγ ,
that is,

M [γ] = {v ∈M | (f−χγ(f))kv = 0 for all f ∈ F [L1, . . . , Ln]Sn and k � 0}.
ThenM =

⊕
γ∈Σ/∼M [γ]. We define H`,n,F (Q)-mod[γ] to be the full subcat-

egory with modulesM ∈H`,n,F (Q)-mod satisfyingM = M [γ]. In particular,
for the regular H`,n,F (Q)-module H`,n,F (Q), we set

H`,n,F (Q,γ) := H`,n,F (Q)[γ],

which is an F -subalgebra of H`,n,F (Q). Then

H`,n,F (Q) =
⊕

γ∈Σ/∼

H`,n,F (Q,γ).

We can write 1 =
∑

γ∈Σ/∼ e(γ), where e(γ) ∈H`,n,F (Q,γ) for each γ. It is

clear that {e(γ)|γ ∈ Σ/∼} is a set of pairwise orthogonal central idempotents
(but not necessarily primitive). Moreover, H`,n,F (Q,γ) = e(γ)H`,n,F (Q)
and e(γ) is the unit element of the subalgebra H`,n,F (Q,γ). It follows that
H`,n,F (Q)-mod[γ] = H`,n,F (Q,γ)-mod. Note that there is a unique equiv-
alence class in Fn/∼ which contains γ, and we will still denote it by γ (by
some abuse of notation). Then H`,n,F (Q)-mod[γ] can be identified with the
full subcategory of Haff

n -mod[γ] which consists of modules annihilated by
(X1 −Q1) · · · (X1 −Q`).

Let Q be the multi-set defined in Definition 3.3. Let γ ∈ Σ/∼. Then
property (3.2) determines a composition µ = (µ1, . . . , µr) of n such that we
can choose an n-tuple a = (a1, . . . , an) ∈ γ with the property that, for each
1 ≤ j ≤ r,

{µ̄j−1 + 1, . . . , µ̄j} =
{

1 ≤ s ≤ n
∣∣ as ∈ {Qiqk | Qi ∈ Qj , k ∈ Z}

}
.

Henceforth we fix such an n-tuple a. For each 1 ≤ j ≤ r, we define a(j) :=
(aµ̄j−1+1, . . . , aµ̄j ) and

γ(j) :=
{

(restλ(1), . . . , restλ(µj)) | λ = (λ(1), . . . , λ(`j−`j−1)) ` µj
}

∩S{µ̄j−1+1,...,µ̄j} · a
(j),

where, for each 1 ≤ k ≤ µj , restλ(k) = qb−aQ`j−1+c whenever k lies in the

ath row and bth column of the cth component in tλ. As before, there is a
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unique equivalence class in Fµj/∼ which contains γ(j), and we still denote
it by γ(j) (by some abuse of notation). For each 1 ≤ j ≤ r, we use Haff

µj

(by some abuse of notation) to denote the subalgebra of Haff
n generated by

{Ti | µ̄j−1 +1 ≤ i < µ̄j} and Xµ̄j−1+1, . . . , Xµ̄j . Let Ij be the two-sided ideal

of Haff
µj generated by

∏
Qk∈Qj

(Xµ̄j−1+1 −Qk). We set

Iµ :=
∑

1≤j≤r
Haff
µ1
⊗ · · · ⊗ Haff

µj−1
⊗ Ij ⊗Haff

µj+1
⊗ · · · ⊗ Haff

µr .

Then (H`1,µ1,F (Q1,γ
(1)) ⊗ · · · ⊗H`r−`r−1,µr,F (Qr,γ

(r)))-mod can be iden-

tified with the full subcategory of Haff
µ -mod[(γ(1), . . . ,γ(r))] which consists

of all modules annihilated by Iµ. The following theorem is a refined version
of Theorem 1.2.

Theorem 3.4. With the notation as in Definition 3.3, we have the fol-
lowing Morita equivalence:

H`,n,F (Q,γ)
Morita∼ H`1,µ1,F (Q1,γ

(1))⊗ · · · ⊗H`r−`r−1,µr,F (Qr,γ
(r)).

Proof. The assumption in Definition 3.3 implies that we are in a position
to apply Theorem 1.8 to get an equivalence of categories

θ : Haff
n -mod[γ] ' Haff

µ -mod[(γ(1), . . . ,γ(r))].

We have the following diagram of functors:

H`,n,F (Q,γ)-mod
(
H`1,µ1,F (Q1,γ

(1))⊗· · ·⊗H`r−`r−1,µr,F (Qr,γ
(r))
)
-mod

Haff
n -mod[γ] Haff

µ -mod[(γ(1), . . . ,γ(r))]

ι1ι

∼
θ

where the two vertical functors are natural embeddings induced by the two
surjective homomorphisms

Haff
n � H`,n,F (Q), Haff

µ � H`1,µ1,F (Q1)⊗ · · · ⊗H`r−`r−1,µr,F (Qr),

and the functor θ = p′γ resnµ defined in the proof of Theorem 1.8.

We first prove that the image of θ−1 ◦ ι1 is contained in the image of ι,
where θ−1 is the induction functor indnµ.

Let N ∈ (H`1,µ1,F (Q1,γ
(1)) ⊗ · · · ⊗ H`r−`r−1,µr,F (Qr,γ

(r)))-mod. We
claim that

(3.3)
(∏̀
k=1

(X1 −Qk)
)

indnµ ι1(N) = 0.
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Let M = indnµ ι1(N). Because p′γ resnµM
∼= ι1(N), we have

(3.4)
( `j∏
k=`j−1+1

(Xµ̄j−1+1 −Qk)
)
p′γ resnµM = 0

for every 1 ≤ j ≤ r. As in the proof of Theorem 1.8, we can write p′γ resnµM =

M(a(1,1),...,a(1,r))⊕· · ·⊕M(a(t,1),...,a(t,r)), where a(i,j) ∈ γ(j) for any 1 ≤ i ≤ t and
1 ≤ j ≤ r. For every simultaneous generalized eigenspace Mc, c ∈ Fn, there

exists a unique i (1 ≤ i ≤ t) such that c is a shuffling of (a(i,1), . . . , a(i,r)),
and we can choose a sequence of simple reflections si1 , . . . , sik such that

Mc = Mw·(a(i,1),...,a(i,r)) = Θi1 · · ·Θik ·M(a(i,1),...,a(i,r))

where w = si1 · · · sik . By Remark 2.3, wtµ is a row-standard µ-tableau, hence
w−1(1) = µ̄j−1 + 1 for some 1 ≤ j ≤ r. According to (2.2), we have

(∏̀
k=1

(X1 −Qk)
)
Mc =

(∏̀
k=1

(X1 −Qk)
)
Θi1 · · ·Θik ·M(a(i,1),...,a(i,r))(3.5)

= Θi1 · · ·Θik
(∏̀
k=1

(Xw−1(1) −Qk)
)
·M(a(i,1),...,a(i,r))

= Θi1 · · ·Θik
(∏̀
k=1

(Xµ̄j−1+1 −Qk)
)
·M(a(i,1),...,a(i,r)) = 0,

where the last equality follows from (3.4). This completes the proof of our
claim (3.3).

To finish the proof of the theorem, it remains to show that the image of
θ ◦ ι is contained in the image of ι1.

Let M ∈H`,n,F (Q,γ)-mod. We claim that for each 1 ≤ j ≤ r,

(3.6)
( `j∏
k=`j−1+1

(Xµ̄j−1+1 −Qk)
)

(p′γ resnµ ι(M)) = 0.

By the definition of p′γ and γ(j), for each integer i with µ̄j−1+1 ≤ i ≤ µ̄j ,
every eigenvalue of Xi on p′γ resnµ ι(M) is of the form qaQk for some a ∈ Z
and `j−1 < k ≤ `j . We are going to use Lemma 3.2 to prove (3.6). By
Lemma 3.2, we have

(∏̀
k=1

(Lµ̄j−1+1 −Qk)
)(µ̄j−1∏

i=1

(Lµ̄j−1+1 − qLi)(Lµ̄j−1+1 − q−1Li)
)

= 0.
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As a result,(∏̀
k=1

(Xµ̄j−1+1 −Qk)
)(µ̄j−1∏

i=1

(Xµ̄j−1+1 − qXi)(Xµ̄j−1+1 − q−1Xi)
)

acts as zero on p′γ resnµ ι(M). By the sentence at the beginning of this para-
graph, for any 1 ≤ i ≤ µ̄j−1, every eigenvalue of Xi on p′γ resnµ ι(M) is of
the form qaQk for some a ∈ Z, 1 ≤ k ≤ `j−1, and every eigenvalue of
Xµ̄j−1+1 is of the form qbQs for some b ∈ Z, `j−1 + 1 ≤ s ≤ `j . It follows
that every eigenvalue of Xµ̄j−1+1 − q±1Xi on p′γ resnµ ι(M) is of the form

qbQs− qa±1Qk 6= 0. In particular, Xµ̄j−1+1− q±1Xi restricts to an invertible

linear transformation on p′γ resnµ ι(M). It follows that
∏`
k=1(Xµ̄j−1+1 −Qk)

acts as zero on p′γ resnµ ι(M).

Let a be any integer such that 1 ≤ a ≤ `j−1 or `j < a ≤ `. By the begin-
ning of the last paragraph, every eigenvalue of Xµ̄j−1+1−Qa on p′γ resnµ ι(M)
is of the form qcQs − Qa 6= 0 for some c ∈ Z and s ∈ {`j−1 + 1, . . . , `j}.
In particular, Xµ̄j−1+1 −Qa restricts to an invertible linear transformation

on p′γ resnµ ι(M). It follows that
∏`j
k=`j−1+1(Xµ̄j−1+1 − Qk) acts as zero on

p′γ resnµ ι(M). This proves (3.6), completing the proof of the theorem.

As a consequence of Theorem 3.4, we reprove Dipper–Mathas’s Morita
equivalence Theorem 1.2. Finally, we remark that Lyle and Mathas’s result
in [LM] implies that if q 6= 1 then each subalgebra H`,n,F (Q,γ) is actually
a block of H`,n,F (Q).

4. The degenerate case. In this section, we prove the analogus of
Theorems 1.8 and 3.4 in the degenerate case.

Definition 4.1. The degenerate affine Hecke algebra of type A is the
unital associative F -algebraHaff

n with generators s1, . . . , sn−1, x1, . . . , xn and
relations

s2
i = 1, 1 ≤ i < n,

sisi+1si = si+1sisi+1, 1 ≤ i ≤ n− 2,

sisk = sksi, |i− k| > 1, xixk = xkxi, 1 ≤ i, k ≤ n,
sixisi = xi+1 − si, 1 ≤ i < n, sixk = xksi, k 6= i, i+ 1.

By [K, Theorem 3.3.1], the center of Haff
n consists of all symmetric

polynomials in x1, . . . , xn. Let Q1, . . . , Q` ∈ F and define the multi-set
Q := {Q1, . . . , Q`}.

Definition 4.2. The degenerate cyclotomic Hecke algebra H`,n(Q) :=

H`,n,F (Q) of type G(`, 1, n) is defined to be the quotient of Haff
n by the

two-sided ideal generated by (x1 −Q1) · · · (x1 −Q`).
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For each 1 ≤ i ≤ n, we define Li to be the image of xi in H`,n(Q). The
elements L1, . . . , Ln are called the Jucys–Murphy operators of H`,n(Q).

Let µ = (µ1, . . . , µr) be a composition of n. For any j ∈ Z, we define the
jth degenerate discriminant ∆µ

j : Fn → F by

∆µ
j (a1, . . . , an) =

∏
(as − at + j · 1F ),

where the product runs over all pairs (s, t) such that 1 ≤ s, t ≤ n and there
is no k ≥ 1 such that both s and t lie in the same interval [µ̄k−1 +1, . . . , µ̄k].

For any composition µ = (µ1, . . . , µr) of n, let Haff
µ be the subalgebra

of Haff
n generated by all si ∈ Sµ and all xi, 1 ≤ i ≤ n. Then Haff

µ
∼=

Haff
µ1
⊗ · · · ⊗ Haff

µr . If ν is a composition of n such that Sν ⊆ Sµ, then we
can define the restriction functor resµν and the induction functor indµν in a
similar way as in the nondegenerate case.

Following [K, Section 3.8], we need the intertwining elements as follows:

(4.1) Φk := sk(xk − xk+1) + 1F ∈ Haff
n , 1 ≤ k < n.

By [K, Section 3.8], we have the following relations:

Φ2
k = (xk − xk+1 − 1F )(xk+1 − xk − 1F ), 1 ≤ k < n,(4.2)

Φkxk = xk+1Φk, Φkxk+1 = xkΦk, Φkxl = xlΦk, l 6= k, k + 1,(4.3)

ΦkΦl = ΦlΦk, ΦkΦk+1Φk = Φk+1ΦkΦk+1, |k − l| > 1.(4.4)

Let µ = (µ1, . . . , µr) be a composition of n and let a = (a1, . . . , an) ∈ Fn.
For each 1 ≤ i ≤ r, let a(i) = (aµ̄i−1+1, . . . , aµ̄i) be a µi-tuple. Set

γ(i) := S{µ̄i−1+1,...,µ̄i} · a
(i), 1 ≤ i ≤ r,

γ := Sn · a, (γ(1), . . . ,γ(r)) := Sµ · a.

All the definitions and results in the nondegenerate case can be rephrased
in the degenerate setting if we replace Haff

n , Xk, Ti and Θk by Haff
n , xk,

si and Φk respectively. In particular, we have the subcategory Haff
n -mod[γ]

which is the block of Haff
n -mod corresponding to γ; and the subcategory

Haff
µ -mod[(γ(1), . . . ,γ(r))], which is the block of Haff

µ -mod corresponding to

(γ(1), . . . ,γ(r)). The next theorem is the degenerate version of Theorem 1.8.

Theorem 4.3. With the notation and definitions as above, assume that
both ∆µ

0 (a) and ∆µ
1 (a) are nonzero in F . Then there exists an equivalence

of categories

Haff
n -mod[γ] ' Haff

µ -mod[(γ(1), . . . ,γ(r))].

Proof. As in the nondegenerate case, we have the induction functor

indnµ : Haff
µ -mod[(γ(1), . . . ,γ(r))]→ Haff

n -mod[γ]
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and the restriction functor

resnµ : Haff
n -mod[γ]→ Haff

µ -mod.

Let Pn be the subalgebra of Haff
n generated by x1, . . . , xn. Let p′γ be the

functor of natural projection from Haff
µ -mod onto Haff

µ -mod[(γ(1), . . . ,γ(r))].
Let b = (b1, . . . , bn) ∈ Fn. By abuse of notation, we still use p′γ to define a
Z-linear map from K(Pn) to K(Pn) such that

p′γ([L(b1) � · · · � L(bn)]) :=

{
[L(b1) � · · · � L(bn)] if b ∈ (γ(1), . . . ,γ(r)),

0 otherwise.

For any N ∈ Haff
µ -mod we have p′γ(chN) = ch(p′γN). Now using ex-

actly the same argument as in the proof of Theorem 1.8 and the Mackey
Theorem [K, §3.5], we can prove that M ∼= p′γ resnµ indnµM for any M in

Haff
µ -mod[(γ(1), . . . ,γ(r))].

It remains to show that M ∼= indnµ p
′
γ resnµM for any M ∈ Haff

n -mod[γ].
This follows from exactly the same argument as in the proof of Theorem
1.8 after replacing Xk, Θk and (ck+1 − qck)(ck − qck+1) with xk, Φk and
(ck − ck+1 − 1F )(ck+1 − ck − 1F ) respectively.

Let x be an indeterminate over F , and O := F [x] be the ring of poly-
nomials in x with coefficients in F . Let F (x) be the quotient field of O.
Define the multi-set Q̂ := {x + Q1, x

2 + Q2, . . . , x
` + Q`}. Let H`,n,F (x) be

the degenerate cyclotomic Hecke algebra of type G(`, 1, n) with cyclotomic
parameters multi-set Q̂ and defined over F (x). Let H`,n,O be the degener-
ate cyclotomic Hecke algebra of type G(`, 1, n) with cyclotomic parameters
multi-set Q̂ and defined over O. Let π : O → F be the canonical homomor-
phism defined by specializing x to 0. So F can be regarded as an O-algebra
via π. In particular,

F ⊗O H`,n,O ∼= H`,n,F , H`,n,O ↪→ H`,n,F (x).

We need the notions of residue and content in our degenerate setting. Let
λ ∈ Λ+

`,n. Let A be a node which lies in the rth row and cth column of the lth

component. We define the residue of the node A to be res(A) := (c−r) ·1F +
Ql ∈ F , while the content of the node A is cont(A) := (c−r) ·1F +xl+Ql ∈
F [x]. If t is a λ-tableau and 1 ≤ k ≤ n then the residue of k in t is rest(k) =
res(A), and similarly the content of k in t is contt(k) = cont(A) whenever
k occupies the place which A occupies in [λ]. In particular, π(contt(k)) =
rest(k). We can define the set {(restλ(1), . . . , restλ(n)) | λ ∈ Λ+

`,n}/∼ as in

the nondegenerate case (see the two paragraphs below (3.2)).

Applying the semisimplicity criterion of [AMR, Theorem 6.11], we find
that H`,n,F (x) is split semisimple. Let {gst | s,t∈ Std(λ),λ ` n} be the semi-
normal basis of H`,n,F (x) introduced in [AMR, Definition 6.7] (denoted by
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fst there). Then for any 1 ≤ k ≤ n, s, t ∈ Std(λ), λ ` n,

gstLk = contt(k)gst, Lkgst = conts(k)gst.

Lemma 4.4. Let 1 ≤ t ≤ n. Then in H`,n,F (Q),(∏̀
k=1

(Lt −Qk)
)(t−1∏

j=1

(Lt − Lj − 1F )(Lt − Lj + 1F )
)

= 0.

Proof. Follow the proof of Lemma 3.2 with fst,A,K, ˆrest(k) and v±1 ˆrest(k)
replaced by gst, O, F (x), contt(k) and contt(k)± 1F respectively.

Definition 4.5. Let Q = Q1t· · ·tQr be a disjoint union of r nonempty
multi-sets with elements in F , where

Qj = {Q`j−1+1, Q`j−1+2, . . . , Q`j}, 1 ≤ j ≤ r,
`0 := 0, `t := |Q1|+ · · ·+ |Qt| for 1 ≤ t ≤ r with `r = `, such that

(4.5)
Qi = Qj + k · 1F for some k ∈ Z,
Qi ∈ Qα, Qj ∈ Qβ only if α = β.

Let Q be as defined in Definition 4.5. Let γ ∈
{

(restλ(1), . . . , restλ(n)) |
λ ∈ Λ+

`,n

}
/∼. Then property (4.5) determines a composition µ = (µ1, . . . , µr)

ofn such that we can choose ann-tuple a = (a1, . . . , an) ∈ γ with the property
that, for each 1 ≤ j ≤ r,
{µ̄j−1 + 1, . . . , µ̄j} =

{
1 ≤ s ≤ n

∣∣ as ∈ {Qi + k · 1F | Qi ∈ Qj , k ∈ Z}
}
.

We fix such an a. For each 1 ≤ j ≤ r, we define a(j) := (aµ̄j−1+1, . . . , aµ̄j ) and

γ(j) := {(restλ(1), . . . , restλ(µj)) | λ = (λ(1), . . . , λ(`j−`j−1)) ` µj}
∩S{µ̄j−1+1,...,µ̄j} · a

(j),

where, for each 1 ≤ k ≤ µj , restλ(k) = (b− a) · 1F +Q`j−1+c whenever k lies

in the ath row and bth column of the cth component in tλ. Let H`,n,F (Q,γ)
be the (nonunital) subalgebra of H`,n,F (Q) corresponding to γ defined much
as in the nondegenerate case (see the two paragraphs below (3.2)).

The following theorem is a degenerate and refined version of Dipper–
Mathas’s Morita equivalence. In the case when F = C (the complex numbers
field), this was proved by Brundan–Kleshchev [BK1, §5.5] via Schur–Weyl
duality of higher levels between degenerate cyclotomic Hecke algebras and
a certain parabolic BGG category O of general linear Lie algebras.

Theorem 4.6. With the notation as in Definition 4.5 and above, we
have the following Morita equivalence:

H`,n,F (Q,γ)
Morita∼ H`1,µ1,F (Q1,γ

(1))⊗ · · · ⊗H`r−`r−1,µr,F (Qr,γ
(r)).
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Proof. Follow the proof of Theorem 3.4 with Theorem 1.8, Lemma 3.2,
Assumption 3.2, Xk, Θk and qaQk replaced by Theorem 4.3, Lemma 4.4,
Assumption 4.5, xk, Φk and a · 1F +Qk respectively.

Corollary 4.7. Suppose Q = Q1 t · · · tQr be as given in Definition
4.5. Then H`,n,F (Q) is Morita equivalent to the following algebra:⊕

n1+···+nr=n
ni∈N, ∀i

H`1,n1,F (Q1)⊗H`2−`1,n2,F (Q2)⊗ · · · ⊗H`r−`r−1,nr,F (Qr).
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