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GLOBAL SOLUTIONS OF AEROTAXIS EQUATIONS

Abstract. We study the existence of the global solutions in a model de-
scribing the evolution of density of bacteria and oxygen dissolved in water
filling a capillary. In the proof of local existence of classical solutions we use
Amann theory. The Moser–Alikakos technique is the main tool for the proof
of L∞ boundedness of local solutions.

1. Introduction. Aerotaxis is the movement of bacteria toward the
optimal concentration of oxygen for their growth [T], [B], [G], [MZM], [KN].
In [KN] we introduced a model of aerotaxis which is a modification of those
in [TCD], [W].

We denote by u(x, t) the density of the colony of bacteria living in a
capillary of unit length and by p(x, t) the density of oxygen, for x ∈ [0, 1]
and t > 0.

The evolution of u(x, t) is given by the following one-dimensional drift-
diffusion equation:

(1.1) ut = uxx − (u(E(p))x)x.

Here E(p) is the energy function, which has a maximum at a point p∗ of the
optimal concentration of oxygen.

We make the following assumptions on the function E:

1. E is a nonnegative C3 function on R with bounded first derivative,
2. E(p) ≡ 0 for p ≤ 0 and E(p) > 0 for p > 0,
3. E has only one local maximum at a point p∗,
4. limp→∞E(p) = 0.
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The diffusion term uxx is responsible for random walk of bacteria, and the
drift term (u(E(p))x)x for their tendency to achieve the optimal concentra-
tion of oxygen. The assumptions on the function E and the form of the drift
term describe the impact of oxygen concentration on bacteria movement,
namely bacteria escape from regions with too high (too low respectively)
concentrations of oxygen and move to the optimal one.

Oxygen diffuses in water filling the capillary and is consumed by the cells
of bacteria at the rate proportional to the density of bacteria and the value
of the energy function at a given density of oxygen. Thus the evolution of
the oxygen density p(x, t) is described by the equation

(1.2) pt = pxx − E(p)u.

The density u(x, t) satisfies the no-flux boundary condition

(1.3) ux(0, t)− u(0, t)(E(p))x(0, t) = ux(1, t)− u(1, t)(E(p))x(1, t) = 0,

which guarantees that the total mass of bacteria is conserved (see Lem-
ma 2.1). The left end of the capillary is closed. Hence at x = 0 we impose
the no-flux boundary condition

(1.4) px(0, t) = 0.

At x = 1 we may consider two distinct boundary conditions, either a
constant level of oxygen at the right end of the capillary:

(1.5) the Dirichlet condition p(1, t) = p,

or a constant flow of oxygen across the right end of the capillary:

(1.6) the Neumann condition px(1, t) = p.

Here p is a given positive constant.

Equations (1.1), (1.2) are supplemented with the initial density of bac-
teria

(1.7) u(x, 0) = u0(x)

and the initial density of oxygen

(1.8) p(x, 0) = p0(x).

Here u0(x), p0(x) are given continuous positive functions on [0, 1].

Equations (1.1), (1.2) together with the boundary data (1.3)–(1.5), (1.6)
and initial data (1.7), (1.8) describe the evolution of the density of bacteria
and of oxygen.

The system (1.1)–(1.8) looks like the classical Keller–Segel model of
chemotaxis, in which the existence (in the two-dimensional case) of global
solutions depends on one parameter, the total mass of the population of



Global solutions of aerotaxis equations 137

microorganisms [Bi, NSY]. In the Keller–Segel model with nonlinear diffu-
sion, even in one space dimension, there exists a solution which blows up
in finite time (see [CL]). In our case such phenomena do not occur, i.e. for
each initial data global solutions exist. From this point of view our model is
similar to the system of equations describing chemotaxis with consumption
of chemoatractant [Tao, TW], where, as in our case, global solutions exist.

Remark 1.1. In [TW] the authors considered a similar model with
E(p) = p and homogeneous Neumann boundary conditions. As their model
has a Lyapunov functional, they were able to prove global existence of clas-
sical solutions in the two-dimensional case. It seems that the method used
in [TW] does not work in our case. (The main difficulty seems to be that
the function E is not monotone.)

Local existence of solutions to our problem is obtained by Amann the-
ory [Am1] (Theorem 2.3). The main part of this paper is devoted to L∞

estimates of solutions. We use the Moser–Alikakos technique [Al1, Al2], as
in [NSY], [Tao].

In the proofs we use estimates which are valid only in the one-dimensional
case (see Lemma 3.3). In higher dimensions our system can lead to blow-up
phenomena as in the classical Keller–Segel system.

The existence, nonexistence and uniqueness of stationary solutions of
our system was investigated in [KN]. We proved that the existence and
uniqueness of stationary solutions depends on relations between the total
mass of the colony of bacteria and on the maximum of the energy function.

2. Local existence. We begin the analysis by proving some a priori
properties of classical solutions of our problem.

Lemma 2.1. Let (u(x, t), p(x, t)) be the classical solution of the Dirichlet
or Neumann problem on an interval [0, T ]. Then for t ∈ [0, T ],

u(x, t) ≥ 0, p(x, t) ≥ 0,(2.1)

1�

0

u0(x) dx =

1�

0

u(x, t) dx.(2.2)

Proof. By the assumption that u0(x) > 0 and from the continuity of
u(x, t) there exists δ ∈ (0, T ) such that u(x, t) > 0 for t ∈ [0, δ]. The solution
u(x, t) fulfills the equation

(2.3) ut − uxx + E(p)xux + E(p)xxu = 0

under the no-flux boundary condition (1.3). All the coefficients in (2.3) are
bounded on [0, 1] × [δ, T ]. The maximum principle for parabolic equations
(see [PW], [LSU]) gives u(x, t) ≥ 0 for (x, t) ∈ [0, 1]× [δ, T ].
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Integrating (1.1) over [0, 1] and using the boundary condition (1.3) we
obtain the conservation of mass (2.2).

Nonnegativity of p(x, t) for t ∈ [0, T ] follows from the assumption that
E(p) ≡ 0 for p ≤ 0 and the maximum principle.

The next lemma gives some estimates on the function p.

Lemma 2.2. Let p(x, t) be a classical solution of (1.2) on [0, T ). Then
for the Dirichlet problem (1.2), (1.4), (1.5) we have

(2.4) sup
t∈[0,T )

|p(·, t)| ≤ max
{
p, sup
x∈[0,1]

p0(x)
}
.

A solution p(x, t) of the Neumann problem (1.2), (1.4), (1.6) is a subsolution
of the linear problem 

vt = vxx,

vx(0, t) = 0, vx(1, t) = p,

v(x, 0) = v0(x) ≥ 0,

i.e.

(2.5) p(x, t) ≤ v(x, t) for x ∈ [0, 1], t ∈ [0, T ).

Proof. Inequality (2.4) is an easy consequence of the maximum principle
for parabolic equations [PW]. To prove (2.5) we introduce the auxiliary
function w(x, t) = v(x, t)−p(x, t). Note that w is a solution of the parabolic
problem

(2.6)


wt = wxx + E(p)u,

wx(0, t) = 0, wx(1, t) = 0,

w(x, 0) = 0.

Now we can apply the maximum principle for w to obtain w(x, t) ≥ 0.

For our purposes we reformulate problems (1.1)–(1.5) and (1.1)–(1.4),
(1.6) by introducing a new function Q.

For the Dirichlet problem we define Q(x, t) := p(x, t) − p. Then system
(1.1)–(1.5) reads

(2.7)



ut = (ux − uE(Q+ p)x)x,

Qt = Qxx − E(Q+ p)u,

ux(x, t)− u(x, t)E(Q(x, t) + p)x|x=0,1 = 0,

Qx(0, t) = Q(1, t) = 0,

u(x, 0) = u0(x), Q(x, 0) = Q0(x) = p0(x)− p.
For the Neumann problem (1.1)–(1.4), (1.6) we introduce the new function



Global solutions of aerotaxis equations 139

Q(x, t) = p(x, t)− px2/2 and obtain the following system for u and Q:

(2.8)



ut = (ux − uE(Q+ px2/2)x)x,

Qt = Qxx − E(Q+ px2/2)u+ p,

ux(x, t)− u(x, t)E(Q(x, t) + px2/2)x|x=0,1 = 0,

Qx(0, t) = Qx(1, t) = 0,

u(x, 0) = u0(x), Q(x, 0) = Q0(x) = p0(x)− px2/2.
The following statement is a consequence of Amann theory [Am1].

Theorem 2.3. Let (u0, Q0) ∈ (W 1,r(0, 1))2 for some r > 1. Then sys-
tems (2.7) and (2.8) each have a unique local in time classical solution

(u,Q) ∈ (C([0, Tm)× [0, 1]) ∩ C1,2((0, Tm)× [0, 1]))2,

where Tm denotes the maximal time of existence of solution. Moreover we
have the continuation principle: if additionally for each T > 0 there exists
a constant C(T ) such that

|(u(·, t), Q(·, t))|∞ ≤ C(T ) for 0 < t < min{T, Tm},

then Tm =∞.

Proof. We set z = (u,Q) and denote by M2(R) the space of 2 × 2 real
matrices. Next for η = (η1, η2) ∈ R2 and x ∈ [0, 1] we define aD, aN1 , aN2 ∈
C2(R2 × [0, 1];M2(R)) by

aD(η) =

(
1 −η1E′(η2 + p)

0 1

)
, aN1(η) =

(
1 −η1E′(η2 + px2/2)

0 1

)
,

aN2(η) =

(
−xpE′(η2 + px2/2) 0

0 0

)
,

and FD,FN ∈ C2(R2 × [0, 1],R2) by

FD(η) =

(
0

−E(η2 + p)η1

)
, FN (η) =

(
0

p− E(η2 + px2/2)η1

)
.

We introduce the operators

AD(η)z = −(aD(η)zx)x = −
(
aD(η)

(
ux

Qx

))
x

,

BD(η)z = baD(η)zx + (I2 − b)z

= b

(
aD(η)

(
ux

Qx

)
+ (I2 − b)

(
u

Q

))
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and

AN (η)z = −(aN1(η)zx + aN2(η)z)x

= −
(
aN1(η)

(
ux

Qx

)
+ aN2(η)

(
u

Q

))
x

,

BN (η)z = I2(aN1(η)zx + aN2(η)z)

= I2

(
aN1(η)

(
ux

Qx

)
+ aN2(η)

(
u

Q

))
,

where

I2 =

(
1 0

0 1

)
, b =

(
1 0

0 χ(x)

)
, χ(x) =

{
1 if x = 0,

0 if x = 1.

Then an abstract formulation of (2.7) reads

zt +AD(z)z = FD(z),

BD(z)z = 0,

z0 = (u0(x), Q0(x)).

Similarly, problem (2.8) can be formulated in the following way:

zt +AN (z)z = FN (z),

BN (z)z = 0,

z0 = (u0(x), Q0(x)).

For η ∈ R2 the matrices aD(η), aN1(η) have 1 as double eigenvalue and
the boundary-value problem operators (AD,BD), (AN ,BN ) are of separated
divergence form in the sense of [Am1, Example 4.3(e)]. Thus these operators
are normally elliptic in the sense of [Am1, Section 4]. Therefore by [Am1,
Theorem 14.4 & 14.6] systems (2.7) and (2.8) each have a unique maximal
classical solution

(u,Q) ∈ (C([0, Tm)× [0, 1]) ∩ C1,2((0, Tm)× [0, 1]))2

for some Tm > 0.

Theorem 15.5 of [Am1] implies the continuation principle.

3. L∞ boundedness. In this section we prove that solutions of (2.7)
and of (2.8) obtained in Theorem 2.3 are L∞ bounded. To do so we use
the Moser–Alikakos technique introduced in [Al1, Al2]. Let q ∈ (1,∞) and
define operators A1 and A2 in Lq(0, 1) by

A1f := −fxx with domain D(A1) := {f ∈W 2,q(0, 1) : fx(0) = f(1) = 0},
A2f := −fxx with domain D(A2) := {f ∈W 2,q(0, 1) : fx(0) = fx(1) = 0}.
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The operators A1, A2 are sectorial in Lq(0, 1) (see [Am2]). For each β ≥ 0

and i = 1, 2 the fractional power Aβi of the operator Ai is defined, and the

domain Xβ
i = D(Aβi ) with the norm |f |

Xβ
i

= |Aβi f |q is a Banach space. We

use the following general imbedding result (see [Hen]).

Lemma 3.1. Suppose Ω ⊂ Rn is a bounded domain with smooth bound-
ary, 1 < q < ∞, and Ai is a sectorial operator in X = Lq(Ω) with
D(Ai) = X1

i ⊂ W 2,q. Then for 0 ≤ β ≤ 1, the following continuous in-
clusions hold:

Xβ
i ⊂W

k,l(Ω) when k − n/l < 2β − n/q, l ≥ q,

Xβ
i ⊂ C

ν(Ω) when 0 ≤ ν < 2β − n/q.
We denote by S1(t) and S2(t) the analytic semigroups generated by the

sectorial operators −A1 and −A2 respectively.

Lemma 3.2. Let q1 ∈ [1,∞), q2 ∈ (1,∞), q1 < q2, and β ≥ 0. For
i = 1, 2 and t > 0 we have

|Aβi Si(t)f |q2 ≤ c(β)t−βe−λit|f |q2 , f ∈ Lq2(0, 1),(3.1)

|Si(t)f |q2 ≤ c(q1, q2)t
− 1

2
( 1
q1
− 1
q2

)
e−λit|f |q1 , f ∈ Lq1(0, 1),(3.2)

|Aβi Si(t)f |q2 ≤ c(q1, q2, β)t
−β− 1

2
( 1
q1
− 1
q2

)
e−λit|f |q1 , f ∈ Lq1(0, 1),(3.3)

where λi > 0 is the first nonzero eigenvalue of −Ai.
Proof. The first inequality is well known (see [Hen]). The proof of (3.2)

can be found in [Am2, Prop. 12.5]. Taking into account (3.1) and (3.2) we
obtain (3.3):

|Aβi Si(t)f |q2 = |Aβi Si(t/2)Si(t/2)f |q2 ≤ c(β)(t/2)−βe−λit/2|Si(t/2)f |q2
≤ c(β, q1, q2)t

−β− 1
2
( 1
q1
− 1
q2

)
e−λit|f |q1 .

We will need the following lemma.

Lemma 3.3. Let Q(x, t) be a solution of (2.7) (or (2.8)). Then for every
0 < τ < min{1, Tm} and q2 ∈ (1,∞) there exists c(τ) > 0 such that

sup
t∈[τ,Tm)

|Q(·, t)|1,q2 ≤ c(τ),

in particular

(3.4) sup
t∈[τ,Tm)

|Q(·, t)|1,4 ≤ c(τ).

Proof. In (2.7) (or (2.8)) Q(x, t) solves the Cauchy problem

(3.5)

{
Qt = −AiQ+ gi(x, t)

Q0(x) = Q(x, 0)
for i = 1, 2,
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where

g1(x, t) := − E(Q(x, t) + p)u(x, t),

g2(x, t) := − E(Q(x, t) + x2p/2)u(x, t) + p.

Recalling conservation of mass of u and boundedness of the energy function
E we get

sup
t∈[0,Tm)

|gi(·, t)|1 <∞ for i = 0, 1.

Using the Duhamel formula, one can rewrite (3.5) in the form

(3.6) Q(t) = Si(t)Q0 +

t�

0

Si(t− s)gi(s) ds for t ∈ (0, Tm).

Let τ < 1, q2 > 1 and 1/(2q2) + 1/2 > β > 1/2. By Lemma 3.1 we have

|Q(t)|1,q2 ≤ |A
β
i Q(t)|q2 ≤ |A

β
i Si(t)Q0|q2 +

t�

0

|Aβi Si(t− s)gi(s)|q2 ds,

and inequality (3.3) with q1 = 1 gives

|Q(t)|1,q2 ≤ ct
−β− 1

2
(1− 1

q2
)
e−λit|Q0|1 +

t�

0

c(t− s)−β−
1
2
(1− 1

q2
)
e−λit|gi(s)|1 ds.

By substitution σ = t− s we obtain

|Q(t)|1,q2 ≤ ct
−β− 1

2
(1− 1

q2
)
e−λit|Q0|1 + c

∞�

0

σ
−β− 1

2
(1− 1

q2
)
e−λiσdσ.

Finally,

|Q|1,q2 ≤ c(τ
−β− 1

2
(1− 1

q2
)

+ 1).

Taking q2 = 4 we get (3.4).

To derive a priori estimates on u, we use the following Gagliardo–Niren-
berg interpolation inequality [F, Theorem I.10.1]: Let Ω ⊂ Rn be a bounded
domain with smooth boundary, and let l, q, r ≥ 1. Then, for any f ∈
W 1,q(Ω) ∩ Lr(Ω), there exist positive constants c1, c2 such that

(3.7) |f |l ≤ c1|∇f |aq |f |1−ar + c2|f |r
with a ∈ [0, 1] satisfying

(3.8)
n

l
= a

(
n

q
− 1

)
+
n

r
(1− a).

We shall also need the Gronwall lemma [E, p. 624]:

Lemma 3.4. Let y(t) be a nonnegative, absolutely continuous function
on [0, T ] which satisfies for a.e. t the differential inequality

y′(t) ≤ h(t)y(t) + k(t),
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where h(t) and k(t) are nonnegative, integrable functions on [0, T ]. Then

y(t) ≤ exp
(t�
0

h(s) ds
)(
y(0) +

t�

0

k(s) ds
)
.

Now we are in a position to prove some Ls estimates for the solution u.

Lemma 3.5. Let s ≥ 2 and 0 < τ < min{1, Tm}. There exists c(τ, s)
such that

sup
t∈[τ,Tm)

|u(·, t)|s ≤ c(τ, s),

both for the Neumann and the Dirichlet problem.

Proof. Consider the auxiliary problem

(3.9) ut = (ux − uwx)x

with the no-flux boundary conditions

(3.10) ux(x, t)− u(x, t)w(x, t)x|x=1,2 = 0,

where w(x, t) := E(Q+p) in the Dirichlet case and w(x, t) := E(Q+ px2/2)
for the Neumann problem. Multiply both sides of (3.9) by us−1 and integrate
on [0, 1] to get

1

s

d

dt

1�

0

us dx =

1�

0

us−1(ux − uwx)x dx

= −(s− 1)

1�

0

us−2ux(ux − uwx) dx

= −(s− 1)

1�

0

(us/2−1ux)2 dx+ (s− 1)

1�

0

us/2us/2−1uxwx dx

= −4(s− 1)

s2

1�

0

((us/2)x)2 dx+
2(s− 1)

s

1�

0

us/2(us/2)xwx dx =: I.

By the Young inequality ab ≤ ε
4a

2 + 1
εb

2 we have

I ≤ −4(s− 1)

s2

1�

0

((us/2)x)2 dx+
2(s− 1)

s

1�

0

s

4
us(wx)2 +

1

s
((us/2)x)2 dx

= −2(s− 1)

s2

1�

0

((us/2)x)2 dx+
s− 1

2

1�

0

us(wx)2 dx,

so the Schwarz inequality yields

(3.11) I ≤ −2(s−1)

s2

1�

0

((us/2)x)2 dx+
s−1

2

(1�
0

u2s dx
)1/2(1�

0

(wx)4 dx
)1/2

.
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To estimate (
	1
0 u

2s dx)1/2 we use the Gagliardo–Nirenberg inequality (3.7)
with l = 4, q = r = 2, a = 1/4:(1�

0

u2s dx
)1/2

= |us/2|24 ≤ c(|(us/2)x|
9/4
2 |u

s/2|11/42 + |us/2|22).

Hence

s− 1

2

(1�
0

u2s dx
)1/2(1�

0

(wx)4 dx
)1/2

=
s− 1

2
|wx|24|us/2|24

≤ s−1

2
c
(
|wx|24|us/2|2|(us/2)x|

1/2
2 |u

s/2|1/22 + |us/2|2|us/2|2|wx|24
)
=: J.

By the Young inequality ab ≤ ε
4a

2 + 1
εb

2 we get

J ≤ s− 1

2
c

(
1

4
|wx|44|us/2|22 +

4

s2c
|(us/2)x|22(3.12)

+
cs2

16
|us/2|22 + |us/2|22 +

1

4
|us/2|22|wx|44

)
=
s−1

2
c|us/2|22

(
1

2
|wx|44 + 1 +

cs2

16

)
+

2(s−1)

s2
|(us/2)x|22.

Now, by (3.11) and (3.12),

(3.13)
1

s

d

dt

1�

0

us dx ≤ s− 1

2
c|us/2|22

(
1

2
|wx|44 + 1 +

cs2

16

)
.

Taking k(t) := s(s−1)
2 c

(
1
2 |wx|

4
4+1+ cs2

16

)
, y(t) := |us/2|22 in Gronwall’s lemma,

and recalling (3.4), we obtain the desired estimates.

Lemma 3.6. Let 0 < T <∞. For system (2.7) (or (2.8)) we have

(3.14) sup
t∈[0,Tm)∩[0,T ]

|u(·, t)|∞ <∞.

Proof. For the proof we apply the Moser–Alikakos iteration procedure
[Al1], [Al2]. The idea is to estimate supt∈[τ,Tm) |u(t)|s by supt∈[τ,Tm) |u(t)|s/2.
From Lemma 3.5 we have

sup
t∈[τ/2,Tm)

|gi(·, t)|2 < c0(τ), i = 1, 2.

By the Duhamel formula on (τ/2, t] (see Lemma 3.3), for i = 1, 2 we get

Q(t) = Si(t− τ/2)Q(τ/2) +

t�

τ/2

Si(t− s)gi(s) ds for t ∈ (τ/2, Tm).
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We pick β ∈ (3/4, 1). Lemmas 3.1 and 3.3 give

|Q(·, t)|C1[0,1]

≤ c|Aβi Q(t)|2 ≤ |Aβi Si(t− τ/2)Q(τ/2)|2 +

t�

τ/2

|Aβi Si(t− s)gi(s)|2 ds

≤ c
(
e−λi(t−τ/2)

(t− τ/2)β
|Q(τ/2)|2 +

t�

τ/2

e−λi(t−s)

(t− s)β
|gi(s)|2 ds

)

≤ c
(
e−λi(t−τ/2)

(t− τ/2)β
|Q(τ/2)|2 + c0(τ)

t�

τ/2

e−λi(t−s)

(t− s)β
ds

)
,

where c is a constant. It follows that for wx from the auxiliary problem
(3.9)–(3.10) we have

sup
t∈[τ,Tm)

|w(·, t)x|∞ ≤ c1,

where c1 depends only on τ . We multiply both sides of (3.9) by sus−1 and
integrate on [0, 1]. We arrive at

d

dt

1�

0

us dx = −4(s− 1)

s

1�

0

((us/2)x)2 dx+ 2(s− 1)

1�

0

wxu
s/2(us/2)x dx

≤ −4(s− 1)

s

1�

0

((us/2)x)2 dx+ c1(τ)2(s− 1)

1�

0

us/2|(us/2)x| dx.

By the Young inequality, the above is

≤ −4(s− 1)

s

1�

0

((us/2)x)2 dx+ 2c1(s− 1)

(
sc1
4

1�

0

us dx+
1

c1s

1�

0

((us/2)x)2 dx

)

= −2(s− 1)

s

1�

0

((us/2)x)2 dx+
c21
2

(s− 1)s

1�

0

us dx.

Adding s(s− 1)
	1
0 u

s dx to both sides we obtain

(3.15)
d

dt

1�

0

us dx+ s(s− 1)

1�

0

us dx

≤ −2(s− 1)

s

1�

0

((us/2)x)2 dx+ c2(s− 1)s

1�

0

us dx,

where c2 = 1+c21/2. To estimate the last term in (3.15) we use the Gagliardo–
Nirenberg inequality (3.7) with q = l = 2, a = 1/3, r = 1:

c2(s−1)s

1�

0

us dx= c2(s−1)s|us/2|22≤ c2c(s−1)s(|(us/2)x|7/32 |u
s/2|8/31 +|us/2|21).
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By the Young inequality ab ≤ εa3 + (3ε)−1/2

3/2 b3/2 with ε = 2
s2c2c

, the above is

≤ c2c(s− 1)s

(
2

s2c2c
|(us/2)x|22 +

2(3ε)−1/2

3
|us/2|21 + |us/2|21

)
≤ 2(s− 1)

s
|(us/2)x|22 + c2(s− 1)sc(sc3|us/2|21 + |us/2|21)

where the constant c3 is independent of s. For c4 = max{1, c3} we have

(3.16) c2(s−1)s|us/2|22 ≤
2(s−1)

s
|(us/2)x|22 + c2c4(s−1)sc(s+1)|us/2|21.

Inserting these estimates into (3.15) we get

d

dt

1�

0

us dx+ (s− 1)s

1�

0

us dx ≤ c4(s− 1)s(s+ 1)
(1�
0

us/2 dx
)2
.

Hence

(3.17)
d

dt

[
es(s−1)(t−τ)

1�

0

us dx
]
≤ es(s−1)(t−τ)c4s(s−1)(s+1)

(1�
0

us/2 dx
)2
.

Integrating (3.17) over [τ, t] for t ∈ (τ, Tm) we get

(3.18)

1�

0

us dx ≤
1�

0

us(x, τ) dx+ c4(s+ 1) sup
t∈[τ,Tm]

(1�
0

us/2 dx
)2
.

Define

K(s) := max
{
|u(·, τ)|∞, sup

t∈[τ,Tm]

(1�
0

us dx
)1/s}

.

Then from (3.18) we have

(3.19) K(s) ≤ [c5(1 + s)]1/sK(s/2) for all s ≥ 2,

where c5 = c4 + 1. Taking s = 2j , j = 1, 2, . . . , we obtain

K(2j) ≤ c2−j5 (1 + 2j)2
−j
K(2j−1)

≤ c
∑j
i=1 2

−i

5 (1 + 2j)2
−j · · · (1 + 2)2

−1
K(1)

≤ c5[2j2
−j

(2−j + 1)2
−j

] · · · [22−1
(2−1 + 1)2

−1
]K(1)

≤ c52
∑j
i=1 i2

−i · 2
∑j
i=1 2

−i
K(1) ≤ c523K(1).

Letting j →∞ yields

sup
t∈[τ,Tm)

|u(·, t)|∞ < c52
3K(1).

Since u ∈ C([0, Tm)× [0, 1]) we get (3.14).
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