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A quantitative form of the Erdos—Birch theorem
by

JIN-Hur FANG and YONG-GAO CHEN (Nanjing)

1. Introduction. In 1959, Birch [3] proved the following theorem, which
confirmed a conjecture posed by P. Erdés.

THEOREM A. For any coprime integers p,q greater than 1, there exists
an integer B such that every integer n > B is expressible as a sum of the
form n = p®g® + p®2q®2 + .- + p% ¥, where the (a;,b;) are distinct pairs
of momnegative integers.

Cassels [I] proved a more general theorem which includes Birch’s theo-
rem. Davenport pointed out that for any coprime integers p and ¢ greater
than 1, there exists an integer K such that the sequence Yi = {p“qb |a >0,
0 <b < K} is complete. Let K(p,q) be the least such k. It is very difficult
to determine the exact value of K (p,q).

In 2000, Hegyvéri [6] obtained an effective upper bound for K(p, q):

2 4p+3
K(p.q) <2*"
where d = 1152 log, plog, ¢ and log, means the logarithm to base 2. This
was improved by [4] and [5] to
2p+3
K(p,q) <d”
where d = 1152log, plog, q.
In this paper, the following result is proved.

THEOREM 1.1. For any coprime integers p,q > 1, there exist positive
integers K and B with

log, logy K < ¢*7,  log, log, logy B < ¢*P
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such that every integer n > B can be expressed as the sum of distinct terms
taken from

(°¢" |a>0,0<b< K,a+b>0,abeZ}.
Recently, Bergelson and Simmons [2] proved that K(p,q) < 4p — 5. It

seems that their method could not be used to give an explicit bound for B.
Currently, we are not able to prove that Theorem [T.1]is true with K = 4p—5.

2. Proof of Theorem (1.1} Before the proof of Theorem [1.1] we intro-
duce the following notation and definitions. Denote the first quadrant 2220

by 2. For & C 2, let ¢(&) = ¢p (&) = Z(mb)egpaqb, and ¢p4(&) = 0 if
& = (). For two integers Ay and By, we write (a,b) € & — (Ag, By) whenever
(a+ Ag,b+ By) € & For T = {t; <ty <---}, define

P(T) = {Zeiti ee{0,1}, Y &< oo}.

Here 0 € P(T'). Denote by |x] the largest integer not exceeding z, and by
[x] the smallest integer greater than or equal to z.

LEMMA 2.1. For any coprime integers p,q > 1, there are disjoint non-
empty sets

61,6 C{(a,b) €Z* |1 < a < 4logyq, 1 <b < 4logyp}
such that ¢p 4(&1) = ¢pqe(E2).

Proof. Since p, q are coprime and greater than 1, it follows that p > 3
or ¢ > 3. Without loss of generality, we may assume that p > 3. Let

S ={(a,0) |1 <a<4logyg, 1 <b<4log,p}.

Since
a b _ p\_410g2qj+1 fp qL4lOg2pJ+1 —_ q
>, = 1 1
1<a<4log, g p q
1<b<4logy p
Pq 4log, q ,4log, p
< —p 2 q 2
(p—1D—-1)
= . pa 98logy plogs ¢ < 938log, plog, ¢+3
(p—1)(g—1)
and

#{(a,b) € Z* |1 < a < 4logyq, 1 <b<4logyp} = |4log, q]|41logyp]
> (4logyq — 1)(4logyp — 1) = 16logy plogy g — 4logy g — 4logyp + 1
= 8logy plogy g + 4logy q(logy p — 1) + 4logy p(logy g — 1) + 1
> 8logy plogy g +4(logyp — 1) +1 = 8logy plogy g + 4logy p — 3
> 8logy plogy g + 3,
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it follows that

Z pigb < 25,

(a,b)eS

#{ Z p*q" ‘ & C S} < 28,

(a,b)eé
Hence there are different sets &7, &5 C S such that ¢, 4(&]) = ¢p4(&4). Let
S1=6/\(61N&), &=\ (6N&).
Then & and & are disjoint nonempty subsets of S such that ¢, ,(&1) =
Ppg(62).

LEMMA 2.2. Let T = {t; < ta < ---} be a set of positive integers and
P(T)={y1 <y2<---}. Then

Thus

-1

Yn+1 = Yn = Sup (tk - th)
i=1

Proof. Let
P({tl,...,tl}):{yl,l<-~-<ysl7l}, [=1,2,....
It is clear that

l
Y11 = 07 Ys;l = Ztl
i=1

For any positive integer n, there exists an integer [ > 1 such that y,, y,+1 €
P({t1,...,t;}). Thus, it is enough to prove that, for any integer | > 1,

k—1

Ym+1,0 — Ym,l < s%p<tk — Zti)’ m=1,...,s;— 1.
i=1

For | = 1, we have P({t1}) = {0, 1}, and the conclusion is clear. Suppose
that the conclusion is true for /. Since

P({t1, .-t tiin}) = {y1g < <wsuy Uy + g <0 <yspo i}
and
l
Ysil = th’; L1 = Y10 + L1,
i=1

the inductive hypothesis implies that the conclusion is true for [ + 1. =

LEMMA 2.3. Let p and q be coprime integers greater than 1 and let

P({p"q®a>0,0<b<ph)={m<yp2< -}
2

Then, for every positive integer n, we have yni1 — Yn < 2P — ¢*P72.
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Proof. Let
T={p"¢"a>0,0<b<p}={t1 <tp<--}.
By Lemma it is enough to prove that, for all k£ > 1,

k—1
(2.1) tk_zti <q2p—q2p_2.
=1

Fix k > 1. If t;, > ¢*, then

p
ptq25 <ty :()
t20, OSSSP

1 2t
> — | ptg + 1t — > g,
-1 q —

hence
k—1
tk—Zti<O<q2p
i=1

If ¢~% < ty, < ¢, then (2.1) holds. If , < ¢*2, then
k—1
g — Zti <P < g =g,

i=1
so ([2.1)) also holds. =

COROLLARY 2.4. Let p and q be coprime integers greater than 1 and let

P{p"¢® |a>0,0<b<p})={y <ya<-}

Then, for any nonnegative integer x, there exists an integer n such that

0<x—y, <q®—g? 2.

Proof. For any = as above, there exists an integer n such that y, < z
< Yn+1- Then 0 < = — Yy, < Yn+1 — Yn, and the corollary follows from

Lemma .

LEMMA 2.5. Let p and q be coprime integers greater than 1 and let

c1 = 4[logy p], c2 = 4[logyq], c=32[log, p][log, q].

LetUp=1and Vo =2. Forn=1,2,..., define
Un=cUp-1Vi-1, Va=c1Up-1Vh-1.

Then
_ n—1 _ n—1
Un—cllc2 , Vn—62102 , n=1,2,....

Proof. Since U,V,, = c1ca(U,—1V,p_1)?, we have
UnVi = (e162) 22 (00 V0) " = (e162)? 122" = (e1¢)

-1

62

n
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Thus by the definitions of U,, and V,,
U, =cU,_1V,_1 = cl_lczn 1, Vi=c1Up-1Vp_1 = 02_162n ' a
LEMMA 2.6. There exists a nonnegative integer R < WpYqV such that
mpUq" + Re P({p?¢® |a>0,0<b<V+p—1}), m=0,1,...,

where

U:Uxoa V:ona W:2CU7 $0:q2p_q2p 2

Proof. For the convenience of the reader, first we outline the proof and
then give the details.
We argue in the following two steps:

STEP 1: By using Lemma [2.I] we prove that there are sequences
{Fx — (Ak, Bx)} and {Yy — (Ax, Bx)} such that the sets 2, F}, — (Ag, By),
Yi — (Ak, Bx) (k=1,2,...) are all disjoint,
and

¢p,q(Fk — (Ag, Br)) — ¢p,q(Yk — (Ay, Bg)) =1

STEP 2: By Corollary each nonnegative integer m can be written as
m =y + z with

ye P{p°d®|a>0,0<b<p}), 0<z<u.

Let
r= Zﬁ%q — (4, By)), A= 122220 A;, B= 122};() B;.
Then
z
mtr=y+ztr=y+ > ¢pq(F — (A, Bi)) Z%q — (4;,B)).
i=1 i=z+1
Thus
BprpfeP e (0%¢® [a>1,1<b< 2V, +p}.
Replacing m by mpV~4+1¢V =B+ we get
mpUq” + Re P({p°¢®*" [a>0,0<b<2V+p—1}), m=0,1,...,

where R = rpA~—1¢B-1.

Now we give the details of the proof. Let
pe =pUF 1, e =q"% ', k=1,2,....
By Lemma there are disjoint nonempty sets &1, with
B iy 62 € {(a,b) € 72 |1 <a<4logyqr, 1 <b<4logy,pr}
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such that ¢y, 4. (E1k) = Opp.g(E2k). Take (A}, By) in &1 U & so that
A} + By, is as large as possible. Say (A}, B},) € &2. Thus
Al Bl
pkqu "= bpa (FI::) — Doy (Yk/)7
where
Fy =84 Yy=6 \{(4 By}
Dividing both sides by pﬁg“ qf’lf, we have
(2.2) 1= @0 (Fy, — (Afy By)) — pgan (Vi — (A%, By)),
where the sets 2, F} — (A}, B},) and Y}/ — (A}, By,) are disjoint. Rewrite (2.2)
as
(2.3) 1= ¢pg(Fi — (Ag, Br)) — ¢pg(Ye — (Ak, Bi)),
where
F, = {(G,kal,bkal) | (a,b) S F,::}, Yk = {(aUk,l,ka,l) | (a,b) € Ykl},
Ap = AUk—1, By = BVj_1.
Let (ak,br) € F, UYy U{(Ax, Br)}. Then there is (a}, b)) € Z* with
1 <ay <4logyqr, 1<b, <4logypr, ar=apUp—1, bp="0Vio1.
It is clear that
(2.4) Uk,1 S ap = azkal S (4log2 qk)Uk,1
(4logy q)Up—1Vi—1 < 4[logy q|Up—1Vi—1 = Uy,

and
(2.5) Vi1 <bp = b Vi1 < (4logy pr) Vi1
= (4logy p)Up—1Vi—1 < 4[logy p|Ux-1Vi—1 = Vi
In particular,
(2.6) U1 <A <Ug, Vi1 < Bp <V

Now we show that the sets 2, Fy, — (Ag, Bg), Y — (Ak, Bx) (k=1,2,...)
are all disjoint.

By the definition of (Ag, By), for any

(a,b) € (Fy — (Ak, Bi)) U (Vi — (A, By)),
we have a < 0 or b < 0. So (a,b) ¢ 2. By the constructions of Fj, and Y,
the sets Fj, — (Ag, Bg) and Yy — (A, By) are disjoint.

We now prove that, for any k < [, the sets (F,— (A, Bx))U(Ye—(Ak, Bi))
and (F; — (A;, By)) U (Y, — (A, By)) are disjoint. Assume the contrary. Then
there exist

(ak,br) € FrUYy, (a,b) € FUY,
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such that

(2.7) ap — A =a;— A;, by — By =b —
Since (ag, bg) € Fi U Yy, it follows from f that
(2.8) lap — Ag| S Up — U1 < U < Upq,
(2.9) |bx, — Br| < Vi — Vi1 < Vi < V1.

Noting that (a;,b;) € F; UY], by the definitions of F; and Y}, we know that
Ui—1 | a; and V;_1 | b;. By the definitions of A; and Bj, we have U;_1 | A; and
Vi—1| By. So

U-1lar— A, Viei|b —

It follows from ([2.7)) that
Uilag — A, Viei by — By

By and , we have ap — A = 0 and b, — By = 0, contrary to
(ak, bk) # (Ak, Bg).

Thus, we have proved that the sets 2, Fy — (Ag, Bg), Y — (Ak, Bi)
(k=1,2,...) are all disjoint.

Let

T—Z%q — (Ai; By)).

We rewrite r as
Rl

pAqB’

a rational number with denominator p“¢®. It follows from (2.6) that A; <
- < Ay, and By < --- < By, hence

A= max A;=A,,, B= max B; =D,
1<i<xo 1<i<xo

T =

Since Vg,—1 | Bz, and zp > 1, we infer from the definition of V, that 4| B.
For any nonnegative integer m, by Corollary there exist integers

ye P({p'¢®a=0,0<b<p}), 0<z<u
such that m =y + z = ¢(&) + 2z, where
(2.10) & C{(a,2b)|a>0,0<b<p}.

By (2.3),
Z—Zquq = (A, Bi)) — dpq(Yi — (4i, Bi))].
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Thus

m+r=¢(8)+z+ Z%,q(Yi — (4;, B)))
+ Z ¢pq Au B; )) - ¢p,q(Yi - (Aia Bz))]
+ Zcbpq — (4, By))

+Z¢pq — (Ai, Bi)) + Z bpq(Yi — (Ai, Bi))

i=z+1
= ¢( - (A7B))7
where
(- (AB)UJ(E(A-AB-B)U | (Vi+(A-A,B-By)
=1 i=z+1

is a union of disjoint subsets of 2. It follows from (2.4)—(2.6) and ([2.10)
that

Hg{p“q2b|a21,1§b§2Vx0+p}.

Hence, for any nonnegative integer m, we infer from
/

R
pAq
that
(211)  mp?¢P+ R = ¢(H) € P({p®¢® | a>1,1<b <2V, +p}).

By (2.6),
A= Axo < Uxoa B = B:):O < on-

Replacing m by mpYzo=A+1gVe0o=B+1 in ([@.11]), we obtain
mpUo gVt L R € P({p¢®* |a>1,1<b< 2V +p}), m=0,1,....

Since each integer in {p%¢?® | a > 1,1 < b < 2V}, + p} is divisible by pg, it
follows that pq| R’. Let R = R'/(pq). Then

mpY=0qVs0 + R € P({p®¢*** |a>0,0<b< 2V +p—1}), m=0,1,...,
that is,
VARe PH{p*¢® ' |a>0,0<b<2V4+p—1}), m=01,....
Now we estimate R from above. Since

r= gbp,q(yl - (Alv Bl)) + ¢p7q(Y2 - (AQa BZ)) +oeet ¢p,q(Yxo - (A:vov on))a
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we can assume that
Ty Ty T,

pAqul + pAQqBZ + + pA”O qBacO

(2.12) r=

For any integer k with 1 < k < g, by the proof of Lemma [2.1] and the
definitions of p; and g we have

T, < 9810gs pi logy g +3 _ 98Uk —1Vi—1 1082 plogs ¢+3
< 9MUk-1Vi—1[logy pl[logs 4] « 9cUk/2.
It follows from r = R'/(p“¢®), R = R'/(pq) and (2.12) that
T Ty T.
I — oo T®m A B
== (pAqul TP " pA“”OqB%)p !

xo
k=1
< 9Uso pUso Voo — WpUq"

This completes the proof of Lemma .

LEMMA 2.7 ([7, Lemma 2.1]). Let m be a positive integer and A a multi-
set of m integers coprime to m. Then P(A) contains every residue modulo m.

Proof of Theorem [1.1l Let the notation be as in Lemma Let n be
an integer. Similar to the proof of [4, Lemma 2.7], let m = p and A =
{¢%,¢*,...,¢*}. Then by Lemma P(A) contains every residue modulo p.
Hence
n—R=g" 424 (modp), 1<y <lhig<- <l <p.

If n— R =0 (mod p), then s; = 0.
Write
S1
n—R= Z q2l1ﬂ' + Mip.
i=1
Continuing, we have

S1 52 SU
n — R — Zq2l1,i + ZQQZQJP_’_ .. + ZquU’ipUil + MUPU,
' = i=1
where
L<ljn<ljp<---<ljs; <p, 1<j<U.
Let m = ¢?> and A = {p,p?,... ,qu}. Then by Lemma P(A) contains
every residue modulo ¢2. Similarly, noting that 2|V, we have

t1 2 ty/2

My =Y p"i 4+ p"iq* + +ZPMV/“ )2 Nyja(a®)'7,
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where
1<wjy <wjo < <wjs, <¢°, 1<j<V/2
Let
S1 52 SU
y = Zqzzu 4 Zq%’ip NI ZqQZU’iprl
1=1 i=1 1=1
t1 to tV/2
ey (pru i pr%'qQ NI prvm (qZ)V/Qfl)_
1=1 1=1 i=1

Then n — R =y + Nya(¢*)"/?pY = y + Ny jop¥q" and
(2.13) y € P{p"¢® |a>0,0<b<V/2+p—1,a+b>0}).
It is clear that
y<(@+q" +-+)A+p+--+p")
+@+p + )1+ gt 4 g )Y

L 1)U b uten

=31 w-D(@-1)

V42 <pU+q2+1 V2

q q

Thus
y+ R< pU+q2+1qV+2 + WpUqV < WpU+q2+1qV+2 _ 2cUpU+q2+1qV+2‘
If n > 2°UpU+a*+1gV+2 then Ny > 0. By Lemma [2.6( we have
(2.14) NV/ZpUqV +Re P{p*¢®™ a>0,0<b<2V+p—1}).
It follows from (2.13]) and (2.14) that
neP({p“qb |a>0,0<b<4V +2p—1,a+b>0}).

Let
B =2UpUt@ V2 e — 4y 4 2p— 1 =4V, +2p— 1.
Then every integer n > B belongs to
P({p°¢®1a>0,0<b<K,a+b>0}).
Finally, we estimate B and K. We have

_ ocU, U+q*+1 V42 _ ocUz,, Usy+q>+1 Vi, +2
B =2V ptHa gV 2 = 9¢Ueo pUmotd 02,

q
K=4V +2p—-1=4V,, +2p — 1 < 5V,
where 29 = ¢% — ¢*?~2 and
Ugo = cflc%)il, Vo = 02710295071,
¢ = 32[logy p[loga ql, 1 = 4[logypl, ¢z = 4[logy ql.

Hence
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logy B < cUyy 4 (Upy + ¢ + 1) logy p + (Vi + 2) logs ¢
< Uy, + 33Uz, logy p + 2V logy g < cUIOVx0 =
Thus, noting that pg > 6, we have
log, logy B < 27 log, ¢ = 2% log, (32[log, p]logy q1) < 2(5 + pg) < 270277,
that is,

270

2p2

log, log, logy B < 2o + pg = ¢*F — +pg < ¢*

For K, we have
logy K < logy(5V4,) < 1+ log, A < (logy €)2%0 < 2702P4,

Thus
logy logy K < wo + pg = ¢* — g%~

This completes the proof of Theorem .
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