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A quantitative form of the Erdős–Birch theorem

by

Jin-Hui Fang and Yong-Gao Chen (Nanjing)

1. Introduction. In 1959, Birch [3] proved the following theorem, which
confirmed a conjecture posed by P. Erdős.

Theorem A. For any coprime integers p, q greater than 1, there exists
an integer B such that every integer n ≥ B is expressible as a sum of the
form n = pa1qb1 + pa2qb2 + · · ·+ pakqbk , where the (ai, bi) are distinct pairs
of nonnegative integers.

Cassels [1] proved a more general theorem which includes Birch’s theo-
rem. Davenport pointed out that for any coprime integers p and q greater
than 1, there exists an integer K such that the sequence YK = {paqb | a ≥ 0,
0 ≤ b ≤ K} is complete. Let K(p, q) be the least such k. It is very difficult
to determine the exact value of K(p, q).

In 2000, Hegyvári [6] obtained an effective upper bound for K(p, q):

K(p, q) ≤ 2p2d
22q

4p+3

,

where d = 1152 log2 p log2 q and log2 means the logarithm to base 2. This
was improved by [4] and [5] to

K(p, q) ≤ d2q
2p+3

,

where d = 1152 log2 p log2 q.

In this paper, the following result is proved.

Theorem 1.1. For any coprime integers p, q > 1, there exist positive
integers K and B with

log2 log2K < q2p, log2 log2 log2B < q2p
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such that every integer n ≥ B can be expressed as the sum of distinct terms
taken from

{paqb | a ≥ 0, 0 ≤ b ≤ K, a+ b > 0, a, b ∈ Z}.
Recently, Bergelson and Simmons [2] proved that K(p, q) ≤ 4p − 5. It

seems that their method could not be used to give an explicit bound for B.
Currently, we are not able to prove that Theorem 1.1 is true with K = 4p−5.

2. Proof of Theorem 1.1. Before the proof of Theorem 1.1, we intro-
duce the following notation and definitions. Denote the first quadrant Z2

≥0
by Q. For E ⊆ Q, let φ(E ) = φp,q(E ) =

∑
(a,b)∈E p

aqb, and φp,q(E ) = 0 if

E = ∅. For two integers A0 and B0, we write (a, b) ∈ E − (A0, B0) whenever
(a+A0, b+B0) ∈ E . For T = {t1 < t2 < · · · }, define

P (T ) =
{∑

εiti

∣∣∣ εi ∈ {0, 1},∑ εi <∞
}
.

Here 0 ∈ P (T ). Denote by bxc the largest integer not exceeding x, and by
dxe the smallest integer greater than or equal to x.

Lemma 2.1. For any coprime integers p, q > 1, there are disjoint non-
empty sets

E1,E2 ⊆ {(a, b) ∈ Z2 | 1 ≤ a ≤ 4 log2 q, 1 ≤ b ≤ 4 log2 p}
such that φp,q(E1) = φp,q(E2).

Proof. Since p, q are coprime and greater than 1, it follows that p ≥ 3
or q ≥ 3. Without loss of generality, we may assume that p ≥ 3. Let

S = {(a, b) | 1 ≤ a ≤ 4 log2 q, 1 ≤ b ≤ 4 log2 p}.
Since ∑

1≤a≤4 log2 q
1≤b≤4 log2 p

paqb =
pb4 log2 qc+1 − p

p− 1

qb4 log2 pc+1 − q
q − 1

<
pq

(p− 1)(q − 1)
p4 log2 qq4 log2 p

=
pq

(p− 1)(q − 1)
28 log2 p log2 q < 28 log2 p log2 q+3

and

#{(a, b) ∈ Z2 | 1 ≤ a ≤ 4 log2 q, 1 ≤ b ≤ 4 log2 p} = b4 log2 qcb4 log2 pc
> (4 log2 q − 1)(4 log2 p− 1) = 16 log2 p log2 q − 4 log2 q − 4 log2 p+ 1

= 8 log2 p log2 q + 4 log2 q(log2 p− 1) + 4 log2 p(log2 q − 1) + 1

≥ 8 log2 p log2 q + 4(log2 p− 1) + 1 = 8 log2 p log2 q + 4 log2 p− 3

> 8 log2 p log2 q + 3,
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it follows that ∑
(a,b)∈S

paqb < 2|S|.

Thus

#
{ ∑
(a,b)∈E

paqb
∣∣∣ E ⊆ S} < 2|S|.

Hence there are different sets E ′1,E
′
2 ⊆ S such that φp,q(E ′1) = φp,q(E ′2). Let

E1 = E ′1 \ (E ′1 ∩ E ′2), E2 = E ′2 \ (E ′1 ∩ E ′2).

Then E1 and E2 are disjoint nonempty subsets of S such that φp,q(E1) =
φp,q(E2).

Lemma 2.2. Let T = {t1 < t2 < · · · } be a set of positive integers and
P (T ) = {y1 < y2 < · · · }. Then

yn+1 − yn ≤ sup
k

(
tk −

k−1∑
i=1

ti

)
.

Proof. Let

P ({t1, . . . , tl}) = {y1,l < · · · < ysl,l}, l = 1, 2, . . . .

It is clear that

y1,l = 0, ysl,l =
l∑

i=1

ti.

For any positive integer n, there exists an integer l ≥ 1 such that yn, yn+1 ∈
P ({t1, . . . , tl}). Thus, it is enough to prove that, for any integer l ≥ 1,

ym+1,l − ym,l ≤ sup
k

(
tk −

k−1∑
i=1

ti

)
, m = 1, . . . , sl − 1.

For l = 1, we have P ({t1}) = {0, t1}, and the conclusion is clear. Suppose
that the conclusion is true for l. Since

P ({t1, . . . , tl, tl+1}) = {y1,l < · · · < ysl,l} ∪ {y1,l + tl+1 < · · · < ysl,l + tl+1}
and

ysl,l =
l∑

i=1

ti, tl+1 = y1,l + tl+1,

the inductive hypothesis implies that the conclusion is true for l + 1.

Lemma 2.3. Let p and q be coprime integers greater than 1 and let

P ({paq2b | a ≥ 0, 0 ≤ b ≤ p}) = {y1 < y2 < · · · }.
Then, for every positive integer n, we have yn+1 − yn < q2p − q2p−2.
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Proof. Let

T = {paq2b | a ≥ 0, 0 ≤ b ≤ p} = {t1 < t2 < · · · }.
By Lemma 2.2, it is enough to prove that, for all k ≥ 1,

(2.1) tk −
k−1∑
i=1

ti < q2p − q2p−2.

Fix k ≥ 1. If tk > q2p, then∑
ptq2s<tk

t≥0, 0≤s≤p

ptq2s ≥
p∑

s=0

q2s
∑

pt<tk/q2s

pt ≥
p∑

s=0

q2s
tk/q

2s − 1

p− 1

≥ 1

p− 1

(
ptk + tk −

q2tk
q2 − 1

)
> tk,

hence

tk −
k−1∑
i=1

ti < 0 < q2p − q2p−2.

If q2p−2 < tk ≤ q2p, then (2.1) holds. If tk ≤ q2p−2, then

tk −
k−1∑
i=1

ti ≤ q2p−2 < q2p − q2p−2,

so (2.1) also holds.

Corollary 2.4. Let p and q be coprime integers greater than 1 and let

P ({paq2b | a ≥ 0, 0 ≤ b ≤ p}) = {y1 < y2 < · · · }.
Then, for any nonnegative integer x, there exists an integer n such that
0 ≤ x− yn < q2p − q2p−2.

Proof. For any x as above, there exists an integer n such that yn ≤ x
< yn+1. Then 0 ≤ x − yn < yn+1 − yn, and the corollary follows from
Lemma 2.3.

Lemma 2.5. Let p and q be coprime integers greater than 1 and let

c1 = 4dlog2 pe, c2 = 4dlog2 qe, c = 32dlog2 pedlog2 qe.
Let U0 = 1 and V0 = 2. For n = 1, 2, . . . , define

Un = c2Un−1Vn−1, Vn = c1Un−1Vn−1.

Then
Un = c−11 c2

n−1
, Vn = c−12 c2

n−1
, n = 1, 2, . . . .

Proof. Since UnVn = c1c2(Un−1Vn−1)
2, we have

UnVn = (c1c2)
1+2+···+2n−1

(U0V0)
2n = (c1c2)

2n−122
n

= (c1c2)
−1c2

n
.
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Thus by the definitions of Un and Vn,

Un = c2Un−1Vn−1 = c−11 c2
n−1

, Vn = c1Un−1Vn−1 = c−12 c2
n−1

.

Lemma 2.6. There exists a nonnegative integer R ≤WpUqV such that

mpUqV +R ∈ P ({paq2b+1 | a ≥ 0, 0 ≤ b ≤ V + p− 1}), m = 0, 1, . . . ,

where

U = Ux0 , V = Vx0 , W = 2cU , x0 = q2p − q2p−2.
Proof. For the convenience of the reader, first we outline the proof and

then give the details.
We argue in the following two steps:

Step 1: By using Lemma 2.1, we prove that there are sequences
{Fk − (Ak, Bk)} and {Yk − (Ak, Bk)} such that the sets Q, Fk − (Ak, Bk),
Yk − (Ak, Bk) (k = 1, 2, . . . ) are all disjoint,

Fk, Yk, {(Ak, Bk)} ⊆ {(a, 2b) | 1 ≤ a ≤ Uk, 1 ≤ b ≤ Vk/2}
and

φp,q(Fk − (Ak, Bk))− φp,q(Yk − (Ak, Bk)) = 1.

Step 2: By Corollary 2.4, each nonnegative integer m can be written as
m = y + z with

y ∈ P ({paq2b | a ≥ 0, 0 ≤ b ≤ p}), 0 ≤ z < x0.

Let

r =

x0∑
i=1

φp,q(Yi − (Ai, Bi)), A = max
1≤i≤x0

Ai, B = max
1≤i≤x0

Bi.

Then

m+ r = y + z + r = y +
z∑

i=1

φp,q(Fi − (Ai, Bi)) +

x0∑
i=z+1

φp,q(Yi − (Ai, Bi)).

Thus

mpAqB + rpAqB ∈ {paq2b | a ≥ 1, 1 ≤ b ≤ 2Vx0 + p}.
Replacing m by mpU−A+1qV−B+1, we get

mpUqV +R ∈ P ({paq2b+1 | a ≥ 0, 0 ≤ b ≤ 2V + p− 1}), m = 0, 1, . . . ,

where R = rpA−1qB−1.

Now we give the details of the proof. Let

pk = pUk−1 , qk = qVk−1 , k = 1, 2, . . . .

By Lemma 2.1 there are disjoint nonempty sets E1,k,E2,k with

E1,k,E2,k ⊆ {(a, b) ∈ Z2 | 1 ≤ a ≤ 4 log2 qk, 1 ≤ b ≤ 4 log2 pk}
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such that φpk,qk(E1,k) = φpk,qk(E2,k). Take (A′k, B
′
k) in E1,k ∪ E2,k so that

A′k +B′k is as large as possible. Say (A′k, B
′
k) ∈ E2,k. Thus

p
A′k
k q

B′k
k = φpk,qk(F ′k)− φpk,qk(Y ′k),

where

F ′k = E1,k, Y ′k = E2,k \ {(A′k, B′k)}.

Dividing both sides by p
A′k
k q

B′k
k , we have

1 = φpk,qk(F ′k − (A′k, B
′
k))− φpk,qk(Y ′k − (A′k, B

′
k)),(2.2)

where the sets Q, F ′k−(A′k, B
′
k) and Y ′k−(A′k, B

′
k) are disjoint. Rewrite (2.2)

as

1 = φp,q(Fk − (Ak, Bk))− φp,q(Yk − (Ak, Bk)),(2.3)

where

Fk = {(aUk−1, bVk−1) | (a, b) ∈ F ′k}, Yk = {(aUk−1, bVk−1) | (a, b) ∈ Y ′k},
Ak = A′kUk−1, Bk = B′kVk−1.

Let (ak, bk) ∈ Fk ∪ Yk ∪ {(Ak, Bk)}. Then there is (a′k, b
′
k) ∈ Z2 with

1 ≤ a′k ≤ 4 log2 qk, 1 ≤ b′k ≤ 4 log2 pk, ak = a′kUk−1, bk = b′kVk−1.

It is clear that

Uk−1 ≤ ak = a′kUk−1 ≤ (4 log2 qk)Uk−1(2.4)

= (4 log2 q)Uk−1Vk−1 ≤ 4dlog2 qeUk−1Vk−1 = Uk

and

Vk−1 ≤ bk = b′kVk−1 ≤ (4 log2 pk)Vk−1(2.5)

= (4 log2 p)Uk−1Vk−1 ≤ 4dlog2 peUk−1Vk−1 = Vk.

In particular,

(2.6) Uk−1 ≤ Ak ≤ Uk, Vk−1 ≤ Bk ≤ Vk.

Now we show that the sets Q, Fk−(Ak, Bk), Yk−(Ak, Bk) (k = 1, 2, . . . )
are all disjoint.

By the definition of (Ak, Bk), for any

(a, b) ∈ (Fk − (Ak, Bk)) ∪ (Yk − (Ak, Bk)),

we have a < 0 or b < 0. So (a, b) /∈ Q. By the constructions of Fk and Yk,
the sets Fk − (Ak, Bk) and Yk − (Ak, Bk) are disjoint.

We now prove that, for any k < l, the sets (Fk−(Ak, Bk))∪(Yk−(Ak, Bk))
and (Fl − (Al, Bl))∪ (Yl − (Al, Bl)) are disjoint. Assume the contrary. Then
there exist

(ak, bk) ∈ Fk ∪ Yk, (al, bl) ∈ Fl ∪ Yl
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such that

ak −Ak = al −Al, bk −Bk = bl −Bl.(2.7)

Since (ak, bk) ∈ Fk ∪ Yk, it follows from (2.4)–(2.6) that

|ak −Ak| ≤ Uk − Uk−1 < Uk ≤ Ul−1,(2.8)

|bk −Bk| ≤ Vk − Vk−1 < Vk ≤ Vl−1.(2.9)

Noting that (al, bl) ∈ Fl ∪ Yl, by the definitions of Fl and Yl, we know that
Ul−1 | al and Vl−1 | bl. By the definitions of Al and Bl, we have Ul−1 |Al and
Vl−1 |Bl. So

Ul−1 | al −Al, Vl−1 | bl −Bl.

It follows from (2.7) that

Ul−1 | ak −Ak, Vl−1 | bk −Bk.

By (2.8) and (2.9), we have ak − Ak = 0 and bk − Bk = 0, contrary to
(ak, bk) 6= (Ak, Bk).

Thus, we have proved that the sets Q, Fk − (Ak, Bk), Yk − (Ak, Bk)
(k = 1, 2, . . . ) are all disjoint.

Let

r =

x0∑
i=1

φp,q(Yi − (Ai, Bi)).

We rewrite r as

r =
R′

pAqB
,

a rational number with denominator pAqB. It follows from (2.6) that A1 ≤
· · · ≤ Ax0 and B1 ≤ · · · ≤ Bx0 , hence

A = max
1≤i≤x0

Ai = Ax0 , B = max
1≤i≤x0

Bi = Bx0 .

Since Vx0−1 |Bx0 and x0 > 1, we infer from the definition of Vn that 4 |B.

For any nonnegative integer m, by Corollary 2.4, there exist integers

y ∈ P ({paq2b | a ≥ 0, 0 ≤ b ≤ p}), 0 ≤ z < x0

such that m = y + z = φ(E ) + z, where

(2.10) E ⊆ {(a, 2b) | a ≥ 0, 0 ≤ b ≤ p}.

By (2.3),

z =

z∑
i=1

[φp,q(Fi − (Ai, Bi))− φp,q(Yi − (Ai, Bi))].
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Thus

m+ r = φ(E ) + z +

x0∑
i=1

φp,q(Yi − (Ai, Bi))

= φ(E ) +
z∑

i=1

[φp,q(Fi − (Ai, Bi))− φp,q(Yi − (Ai, Bi))]

+

x0∑
i=1

φp,q(Yi − (Ai, Bi))

= φ(E ) +
z∑

i=1

φp,q(Fi − (Ai, Bi)) +

x0∑
i=z+1

φp,q(Yi − (Ai, Bi))

= φ(H − (A,B)),

where

H = (E + (A,B))∪
z⋃

i=1

(Fi + (A−Ai, B−Bi))∪
x0⋃

i=z+1

(Yi + (A−Ai, B−Bi))

is a union of disjoint subsets of Q. It follows from (2.4)–(2.6) and (2.10)
that

H ⊆ {paq2b | a ≥ 1, 1 ≤ b ≤ 2Vx0 + p}.
Hence, for any nonnegative integer m, we infer from

m+
R′

pAqB
= m+ r = φ(H − (A,B))

that

(2.11) mpAqB +R′ = φ(H) ∈ P ({paq2b | a ≥ 1, 1 ≤ b ≤ 2Vx0 + p}).
By (2.6),

A = Ax0 ≤ Ux0 , B = Bx0 ≤ Vx0 .

Replacing m by mpUx0−A+1qVx0−B+1 in (2.11), we obtain

mpUx0+1qVx0+1 +R′ ∈ P ({paq2b | a ≥ 1, 1 ≤ b ≤ 2Vx0 + p}), m = 0, 1, . . . .

Since each integer in {paq2b | a ≥ 1, 1 ≤ b ≤ 2Vx0 + p} is divisible by pq, it
follows that pq |R′. Let R = R′/(pq). Then

mpUx0 qVx0 +R ∈ P ({paq2b+1 | a ≥ 0, 0 ≤ b ≤ 2Vx0 +p−1}), m = 0, 1, . . . ,

that is,

mpUqV +R ∈ P ({paq2b+1 | a ≥ 0, 0 ≤ b ≤ 2V + p− 1}), m = 0, 1, . . . .

Now we estimate R from above. Since

r = φp,q(Y1 − (A1, B1)) + φp,q(Y2 − (A2, B2)) + · · ·+ φp,q(Yx0 − (Ax0 , Bx0)),
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we can assume that

r =
T1

pA1qB1
+

T2
pA2qB2

+ · · ·+ Tx0

pAx0 qBx0
.(2.12)

For any integer k with 1 ≤ k ≤ x0, by the proof of Lemma 2.1 and the
definitions of pk and qk we have

Tk ≤ 28 log2 pk log2 qk+3 = 28Uk−1Vk−1 log2 p log2 q+3

≤ 211Uk−1Vk−1dlog2 pedlog2 qe ≤ 2cUk/2.

It follows from r = R′/(pAqB), R = R′/(pq) and (2.12) that

R ≤ R′ =
(

T1
pA1qB1

+
T2

pA2qB2
+ · · ·+ Tx0

pAx0 qBx0

)
pAqB

≤
x0∑
k=1

2cUk/2pAqB ≤ x02cUx0/2pAqB

≤ 2cUx0pUx0 qVx0 = WpUqV .

This completes the proof of Lemma 2.6.

Lemma 2.7 ([7, Lemma 2.1]). Let m be a positive integer and A a multi-
set of m integers coprime to m. Then P (A) contains every residue modulo m.

Proof of Theorem 1.1. Let the notation be as in Lemma 2.6. Let n be
an integer. Similar to the proof of [4, Lemma 2.7], let m = p and A =
{q2, q4, . . . , q2p}. Then by Lemma 2.7, P (A) contains every residue modulo p.
Hence

n−R ≡ q2l1,1 +q2l1,2 +· · ·+q2l1,s1 (mod p), 1 ≤ l1,1 < l1,2 < · · · < l1,s1 ≤ p.
If n−R ≡ 0 (mod p), then s1 = 0.

Write

n−R =

s1∑
i=1

q2l1,i +M1p.

Continuing, we have

n−R =

s1∑
i=1

q2l1,i +

s2∑
i=1

q2l2,ip+ · · ·+
sU∑
i=1

q2lU,ipU−1 +MUp
U ,

where

1 ≤ lj,1 < lj,2 < · · · < lj,sj ≤ p, 1 ≤ j ≤ U.

Let m = q2 and A = {p, p2, . . . , pq2}. Then by Lemma 2.7, P (A) contains
every residue modulo q2. Similarly, noting that 2 |V , we have

MU =

t1∑
i=1

pw1,i +

t2∑
i=1

pw2,iq2 + · · ·+
tV/2∑
i=1

pwV/2,i(q2)V/2−1 +NV/2(q
2)V/2,
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where

1 ≤ wj,1 < wj,2 < · · · < wj,sj ≤ q2, 1 ≤ j ≤ V/2.
Let

y =

s1∑
i=1

q2l1,i +

s2∑
i=1

q2l2,ip+ · · ·+
sU∑
i=1

q2lU,ipU−1

+ pU
( t1∑
i=1

pw1,i +

t2∑
i=1

pw2,iq2 + · · ·+
tV/2∑
i=1

pwV/2,i(q2)V/2−1
)
.

Then n−R = y +NV/2(q
2)V/2pU = y +NV/2p

UqV and

(2.13) y ∈ P ({paq2b | a ≥ 0, 0 ≤ b ≤ V/2 + p− 1, a+ b > 0}).
It is clear that

y ≤ (q2 + q4 + · · ·+ q2p)(1 + p+ · · ·+ pU−1)

+ (p+ p2 + · · ·+ pq
2
)(1 + q2 + q4 + · · ·+ qV )pU

≤ 1

2
q2p+1pU +

1

(p− 1)(q2 − 1)
pU+q2+1qV+2 ≤ pU+q2+1qV+2.

Thus

y +R ≤ pU+q2+1qV+2 +WpUqV < WpU+q2+1qV+2 = 2cUpU+q2+1qV+2.

If n ≥ 2cUpU+q2+1qV+2, then NV/2 > 0. By Lemma 2.6 we have

(2.14) NV/2p
UqV +R ∈ P ({paq2b+1 | a ≥ 0, 0 ≤ b ≤ 2V + p− 1}).

It follows from (2.13) and (2.14) that

n ∈ P ({paqb | a ≥ 0, 0 ≤ b ≤ 4V + 2p− 1, a+ b > 0}).
Let

B = 2cUpU+q2+1qV+2, K = 4V + 2p− 1 = 4Vx0 + 2p− 1.

Then every integer n ≥ B belongs to

P ({paqb | a ≥ 0, 0 ≤ b ≤ K, a+ b > 0}).

Finally, we estimate B and K. We have

B = 2cUpU+q2+1qV+2 = 2cUx0pUx0+q2+1qVx0+2,

K = 4V + 2p− 1 = 4Vx0 + 2p− 1 < 5Vx0 ,

where x0 = q2p − q2p−2 and

Ux0 = c−11 c2
x0−1

, Vx0 = c−12 c2
x0−1

,

c = 32dlog2 pedlog2 qe, c1 = 4dlog2 pe, c2 = 4dlog2 qe.
Hence
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log2B ≤ cUx0 + (Ux0 + q2 + 1) log2 p+ (Vx0 + 2) log2 q

≤ cUx0 + 3Ux0 log2 p+ 2Vx0 log2 q ≤ 1
2cUx0Vx0 = c2

x0
.

Thus, noting that pq ≥ 6, we have

log2 log2B ≤ 2x0 log2 c = 2x0 log2(32dlog2 pedlog2 qe) ≤ 2x0(5 + pq) < 2x02pq,

that is,
log2 log2 log2B < x0 + pq = q2p − q2p−2 + pq < q2p.

For K, we have

log2K ≤ log2(5Vx0) < 1 + log2 c
2x0−1

< (log2 c)2
x0 < 2x02pq.

Thus
log2 log2K ≤ x0 + pq = q2p − q2p−2 + pq < q2p.

This completes the proof of Theorem 1.1.
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