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On representing coordinates of points on
elliptic curves by quadratic forms

by

ANDREW BREMNER (Tempe, AZ) and MACIEJ ULAS (Krakow)

1. Introduction. Cornelissen and Zahidi 3] introduce the quartic sur-
face defined by the equation

(1) Vi (A% 4+ B%)(A? + 11B?) = 225(P? — 5Q%)?,

with interest in the rational points on V' in regard to undecidability questions
in mathematical logic. There is an associated elliptic curve

E:Y?=(X?2+1)(X%+11),

and the existence of rational points on V' is equivalent to the existence of ra-
tional points on F whose Y-coordinate is representable by the quadratic form
15(P% — 5Q?). The curve E has rational rank 1, with generator (1/2,15/4),
so the group E(Q) is explicitly known. But the problem of deciding whether
the Y-coordinate of a point can be represented by the form 15(P? —5Q?) de-
mands knowledge of the factorization of the Y-coordinate into primes, which
becomes computationally intractable for a point given by a large multiple of
the generator.

Here, we investigate the question of when the Y-coordinate of a rational
point on an elliptic quartic can be represented by a quadratic form, and in
particular give several examples of equations of surfaces of type

V:oco+ax+ cr’ + ez + egxt = (ap® + b¢%)?,  a,b,¢; € Q,

where we can deduce the existence of infinitely many rational points. This
is achieved by constructing a hyperelliptic quartic curve C’ with a map 1 :
C' — V. When (' is an elliptic curve of positive rank, the result will follow.
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Second, we consider elliptic curves E : Y2 = f(X), f cubic, and use
similar techniques to investigate when there can be infinitely many rational
points on E with X-coordinate representable by a quadratic form ap® +
bg®. We illustrate the ideas with many examples. Throughout the paper, an
important role is played by the use of machine computations, particularly
using the computer algebra system Magma [I].

2. First construction. Let a,b € Z, where we suppose that the quadra-
tic form az} + bx2 is irreducible, and let f(X) = Z?:o ¢ X" € Q[z] be a
non-singular quartic. We are interested in when the quartic curve

C: Y%= f(X)

can have infinitely many rational points with the Y-coordinate being repre-
sentable by the quadratic form az? + bx3. Consider the quartic surface given
by the equation
Vi (ap® +0¢%)? = f(X).

Multiplying through by a?, we may suppose without loss of generality that
a = 1. Suppose (po, g0, Xo) € V(Q). Then f(X) # 0, otherwise pZ +bg3 = 0
and the form p? + bg? is reducible. It is clear that there exist infinitely many
points (p, ¢, Xo) € V(Q), because the conic pZ + bg? = p* + bg? is rationally
parametrizable. Further, from this observation and the fact that the curve
p* = f(X) is of genus 3, it is also clear that we may assume if necessary that
pogo # 0. When we refer to V(Q) being infinite, we shall henceforth mean
that 7x(V(Q)) is infinite, where mx : V(Q) — Q is the projection onto the
X-coordinate. It is clear that a necessary condition for V to have infinitely
many rational points is that the set C(Q) is infinite.

Following a suitable change of variable we can move the point (po, go, Xo)
to infinity and eliminate the coefficient of X3 in f. We thus consider the
quartic surface

Vi (P + b3 =m? X + a0 X? + a1 X +ag, m=pi+bgp.
In order to find more points on V, write
(2) p=pl, q=qT+U/p, X=T+YV,

where U, V, T are to be determined. This substitution gives
3
(0 +bg?)? — F(X) = S G,
i=0

where C; € Q[U,V] for i = 0,1,2,3. In particular C5 = —4dm(mpgV —
bgoU) /po. Taking V = bgoU/mpy, we obtain F(T) := BoT?+ BT + By = 0
where B; = B;(U) is in general of degree 4 — i for « = 0,1,2. Now a point
of the form lies on V if and only if F(T') = 0 has rational roots, which
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is equivalent to the existence of U € Q such that the discriminant of F' with
respect to T is a square in Q. We thus consider the curve C' : W?/m? =
B% — 43032, that iS,

C': W2 = —8b3US + 4b%asU* + 8bagm?U? + (a2 — 4agaz)m? =: G(U).

Here, T'= (—B1 + W/m)/(2B2). For general coefficients ag, a1, a2 and given
b the curve C’' is hyperelliptic of genus 2. By the Faltings Theorem, the set
C'(Q) is finite. Thus a necessary condition for C’ to have infinitely many
rational points is the vanishing of the discriminant (with respect to U) of
the polynomial G. In this case the genus of C’ is at most 1 and there is a
chance for C’ to have infinitely many rational points.

REMARK 2.1. If the approach of this section is used on the surface ,
then the corresponding curve C’ is of genus 2.

We have
Discy (G) = 22101 (a? — 4agaz)m? Discx (f(X))?,
and since Discx (f(X)) # 0, it follows that Discy(G) = 0 if and only if
a? — 4apaz = 0. Hence the polynomial f takes the form
f(X)=m?X* 4 c(dX +e)?

for some ¢,d,e € Q with ce # 0. If d # 0 then we can clearly assume that
d = 1. The corresponding polynomial G is divisible by 4U? and the curve C’
may now be taken in the form

C': w? = —b(20°U? — bed?U? — 2ce*m?),

with W = 2Uw.
Tracing back the maps, we obtain the mapping
v:C'> (Uw)— (pg.X) €V

given by
_ pocdem — bgoU (26U — cd?) + poUw
N m(20U2 — cd?) ’
_ cdegom + poU (2bU? — cd?) + qoUw
N m(20U2 — cd?) ’
_cdem + Uw
~ m(20U2 — cd?)’

The following theorem now follows:

3)

THEOREM 2.2. Let V denote the surface (p*+bq?)? = m?X4+c(dX +e)?,
and let C' be the quartic curve w?> = —b(202U* — bed?U? — 2ce*m?). Then
C'(Q) infinite implies V(Q) infinite.
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Proof. Assume that the set C'(Q) is infinite. To get the result it is enough
to prove that the image of the map 1 constructed above is infinite in the
set V(Q). This is equivalent to the fact that if (p/,¢, X’) € V(Q) and Y =
p'? 4 bg'? then there are only finitely many rational points (U, w) € C’ such
that p? + bg> = Y, where p, g are given by . Eliminating w between the
equations

Y =p? +b¢%,  w® = —b(20°U* — bed*U? — 2ce®>m?)
gives an equation of degree 12 in U, which is not identically zero since the
coefficient of U'? equals 4b5p3(—1 + 2pg)?(p2 + bg3)?. Hence there are only
finitely many possibilities for U, as required. m

REMARK 2.3. It has been pointed out to us that C'(Q) infinite in the
hypothesis of the theorem may be weakened to C'(Q) # () and C(Q) infinite.
For if E’ denotes the elliptic curve associated to C’, then the composition
¢ :C" —V — C extends to a finite morphism E' — E. If C'(Q) # 0, take a
rational point in C'(Q), corresponding to O" € E'(Q), and let its image under
¢ correspond to O € E(Q). Then ¢ induces an isogeny (E',0’) — (E,O)
of degree 2. Thus if C(Q) is infinite, then either C'(Q) is empty or C'(Q) is
infinite.

It is straightforward to compute a cubic model F for C; E takes the form

E: y? = x(2? + ed®x — 4ce’*m?),
with the map C — E given by
(z,y) = (=2m(Y — mX?), —2m(2m*X?® — 2mXY + cd*X + cde)).

The curve C’ occurs as a homogeneous space in a standard 2-descent on F,
on setting x equal either to —2b or 2bc in Q*/Q*2. It follows that C'(Q)
# () provided that there exists a point (Xo,Yp) € C(Q) with Yy — X5 =
b6 mod Q*?, where § = m or —mec.

EXAMPLE 2.4. Let (pg,qo) = (1,0) and (b, ¢, d,e) = (1,£,0,1) where ¢ is
prime, so that C : Y2 = X4+ /¢ and C' : w? = 2(£— U*). Assume the rank of C
is positive, with (Xo, Yp) a point of infinite order. Without loss of generality,
on changing the sign of Yj if necessary, Yy — Xg = o? and Yy + X3 = £/a?.
Then (U, w) = (o, 2aXp) is a point on C’ of infinite order. Accordingly, the
set of rational points on the surface

Vi +d’)? =X+t

is infinite. The above mapping reduces to

w w
X)=|=—2,U,—).
W) (0. ) = (577,057
EXAMPLE 2.5. Set D = m?(m? + 2n?) with P = (n,m? + n?) a point
of infinite order on the curve C : Y2 = X* + D. Take b = 1, so that C' :
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2 = 2(D — U*) with P' = (m,2mn) a point of infinite order. Then the set
of rational points on the surface
V: PP +¢)?=X*+D

is infinite.

3. Quartics of type X%+ a2 X? + ag. In this section we are interested
in rational points (X,Y) lying on the quartic curve
C: YQ:X4+a2X2+a0,
with Y representable by the quadratic form p? + bg?. Before stating any
result, we observe that if the set C(Q) is infinite then there are infinitely many
rational points in C(Q) with Y-coordinate represented by the quadratic form
p*— (a% —4ag)q?. Indeed, this is a consequence of the addition law on C which
says that if P, = [i|Py = (X;,Y;) = (U;/W;, Vi/W2), where P| = (X1,Y)) is

a point on C of infinite order, then

Usi = Uit — agW, Usis1Uh = URUZ, — agWEWE
Vai = Vit = (a3 — 4ag)UF W7, Wi Wi = UPW2, — UA, WY,
Wa; = 2U; VW, Vairt Vi =V Vi — (a3 —4ag) URUR WEWE

for i € N (see [2]). We thus see that the Y-coordinate of the point Ps; is
representable by the form p? — (a3 —4ao)q?. The same property holds for the
point P»; 11 provided that Yj is also so representable.

REMARK 3.1. These formulas show the restrictive nature of the method
presented in the previous section. Indeed, if we consider the surface V :
(p? + 3¢%)?> = X* + 3 then the method of the previous section fails, since

the corresponding quartic C’ : w? = —3(18U* — 6) is not locally solvable
at 2, and thus has no rational points. However, for f(X) = X% 4 3 we have
ag = 3, ag = 0, a3 — 4ap = —12 and the above formulas show that the set

of rational points on the surface V is infinite. (In order to prove this, it is
enough to start with the point Py = (U1 /W1, Vi/W2) = (1,2) and compute
the even multiples.)

In light of this remark, and the above formulas, the question arises as to

whether Y-coordinates of rational points on C may be represented by other
forms of type p? + bg? with b # —(a% — 4ag). We suppose

Vi (P +b>)?=H(X) =X +as X%+ a9, apla? —4ag) # 0,

and assume the existence of a (finite) point (p,q, X) = (po,qo,70), 70 # 0,
which implies
ap=m? —ra —agrd, m=p:+bg
Set
p=po+T, q=q+ul, X =rg+0vT.
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This leads to a quartic polynomial in 7" with constant term 0. We make the
coefficient of T equal to 0 by taking

_ 2m(po + bgou)
ro(agz + 27'[2)) '

We now have Co(u)T? + C3(u)T3 + Cy(u)T* = 0. The discriminant Cj(u)? —
4C5(u)Cy(u) must be square for rational 7', so gives an equation

(4) —8mrg(ag + 2r2) Fy(u) Fy(u) = O,

where Fy(u), Fy(u) are polynomials of degree 2, 4 respectively. If this sextic
curve is to have genus at most 1, the discriminant with respect to u of
F5(u)Fy(u) must vanish. The factorization is

2506205 m34r30 (ag + 2r2)3Y (a2 — 4ag)* (200 + azr?)

x (16a3 + 32a3agre + 16a3ry + 24apadry — asry + 32apagrl + 16aory),
and so the following three distinct possibilities arise.

o If the factor 2ag + agr% vanishes, then
(a2, a0) = (2(m* — 1) /1§, —(m* —rp)),
and the sextic becomes
—2b(—qo + pou)* La(u) = O,
with Ly(u) quartic in u:
Ly(u) = (m* = p3(m + bgd)rd) — 4b%pogirau + 2b(m* — (m? — 3bpied)ra)u®
— 4b*piqorgu’ + b* (m* — b(m + pg)ggry)u’.

The discriminant of Lg(u) is —2865m!4r8a3; so is non-zero. It follows that
there exists a non-constant rational map ¢ : C; — V; where C; is the genus 1
curve given by

(5) Ci: —2bLy(u) =0
and V) corresponds to our choice of ag, as.

EXAMPLE 3.2. Take b = 3 and (pg, qo,70) = (1,0,2). Then (az,ap) =
(—15/2,15) and we have a mapping 1 : C; — V; where
Cr: VE=2(5+30u-3u"), Vi: (P +3¢2)*=X*-DX?+15
given by
(P g, X)
B ( (54 3u* —uV) u(—=10 + 2u® +uV)  2(5 + 3ut —uV) >

(—1+u?)(5+3u?)”  (—1+u?)(5+3u?)’ (=14 u?)(5+ 3u?)
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Since C; is elliptic of rational rank 2, with generators (—1,8), (—3,8), it
follows that there are infinitely many rational points on the elliptic curve
V2=X'-18x%+15
whose Y-coordinate can be represented by the quadratic form p? + 3¢. We
note that the curve C; is 2-isogenous to the curve corresponding to V.
e If the factor ag + 2r3 vanishes, then
(a27 CLO) = (_QT(%v ’I?’L2 + Té)?
and we have to eliminate w rather than v. This gives a quartic equation of
the form
(6) Co : 2b(—m? + 2bgarav? + bPgiv?) = O;

the discriminant of the quartic is —214612m2q(1)2(m2 =+ 7‘3)2, and hence non-

zero, so that Cs is of genus 1. Accordingly we have a non-constant rational
map 2 : Co — Vs, where Vs corresponds to our choice of ag, as.

EXAMPLE 3.3. Take b = 2 and (po, qo,70) = (1,1,1). Then (a2,ap) =
(—2,10) and we have a mapping ¢ : Co — Vo where

Co: U?=—-9+40" +4', Vo: (P® +2¢°)* = X' —2X2 + 10
given by

94803 — 4ot —6U 9— 40 — 4! +3U 9+ 40t —6Uv
<p’q’X):< 9— 4o ’ 9 — 4v? S p—re )
Since Cy is of rational rank 1, with generator (3/2,9/2), it follows that there

are infinitely many rational points on the elliptic curve
V?=Xx"*-2X+10
whose Y-coordinate can be represented by the quadratic form p? + 242

Moreover, one can check that the curve Cs is 2-isogenous to the curve corre-
sponding to Vs.

e The last factor in the discriminant defines a quartic curve in ag, as of
genus 0 over Q(rp). A parametrization is given by

2t(r§ + rot +t°
(a27a0):< (0 )7t4 .

To
The condition that (pg, go, 7o) be a solution becomes
(5 +b45)* = (ro +)*(r5 + £°),

so that necessarily 3 + > = 0. Set t = ro(s®> — 1)/(2s), where s # 0, £1.
Then

r2(s?2 —1)(s* + 253 + 252 — 25+ 1 s2—1)4
(ana0) — (B D" 257 TG
4s 16s
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(s24+1)(s2+25—1) 4

2 2
Py + by = 12 G-

The quartic H(X) now takes the form

1
Tos (rg(s +1)3(s — 1) + 4sX?) (rd(s + 1) (s — 1)* + 45°X?);
that is,

V165 (p® +bg?)% = (T‘(Q](S +1)3(s—1) +48X2) (7"8(8 +1)(s—1)* +4s°X?),
where we demand a solution (pg, qo, 79) of

(s2+1)(s2+25—1) 4

(7) P+ bag = " -
The sextic has become

(8) —bs(—qo + pou)®g1 (u)ga(u) = O,
where

g1(uw) = ((1 — s*)pg+2sbgd) +2(1 — 25 — s*)bpogou+b(2spj + (1—5°)bgg ) u?
g2(u) = 2(1 — %)% + (1 + 5%)%bga + 2(1 — 65 + sHbpoqou
+b((1 4 s%)2pg 4+ 2(1 — 5*)%bgd )u?.

The discriminants of g1, go cannot vanish, and g1, go have no common root.
Accordingly, there is a non-constant rational map 3 : C3 — V3, where Cs is
the genus 1 curve

(9) Cs: —bsgi(u)gz(u) =0
and V3 corresponds to our choice of ag, as.

EXAMPLE 3.4. Take b = —5 and s = 1/2. The conic is p3—5q8 = 1—561"8
with point (po, g0, 70) = (5/8,1/8,1). Then (a2, ap) = (—39/32,81/256), and

Vs : (p2 — 5(]2)2 = X4 %XQ + %.
The associated elliptic quartic at @ above is now
C3: 2(—11 — 10u + 85u?)(—13 — 14u + 107u?) = O,

with a point at w = —1/3, and cubic model
(10) y? = 23 + 58822 + 36z
of rank 1 with generator (36, —900). On replacing X by 1/8X it follows that
there are infinitely many rational points on the elliptic curve

V2= X% - 78X% 41296 = (X% — 24)(X? — 54)

whose Y-coordinate can be represented by the quadratic form p? — 5¢%. As
in the previous examples, one can check that the curve Cs is 2-isogenous to
the curve corresponding to Vs.
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EXAMPLE 3.5. Take b = —17 and s = 5. The conic (7) is p§ — 17¢¢ =
%7’3, with point (pg, qo, 70) = (—119/40,—1/40,1). But the u-quartic at @
is

y* = 102(10001 — 4046w + 71009u?)(—239735 4 28322u + 2388313u?),
which is locally unsolvable at 17. The X-quartic here is

2 _ _ 4 5496 -2 20736
Y =H(X)=X"+ 355X+ T,

which has cubic model y? = z3 + 1227022 4 31212000z of rank 1. So the
X-quartic has rank 1, but the u-quartic has no points. The Jacobian of the
u-quartic is 2-isogenous to the X-quartic.

Using exactly the same type of reasoning as in the proof of Theorem [2.2]
one can prove that for each i € {1,2,3} the image of the map v, : C; —
V; is not finite provided that C;(Q) is infinite. We omit these details and
summarize our results in the following:

THEOREM 3.6. Let m = pg + bqg. Suppose the set of rational points on
the curve

C: —2b((m4 — p2(m + bgd)ry) — 4b%pogirgu + 2b(m* — (m* — 3bpiqd)ry)u?
— 4b?pigorgu® + b*(m* — bgg(m + p§)ro)ut) =0
is infinite. Then the set of rational points on the surface
2(m — 1)
7
is infinite too (with the convention at the head of Section.

Vi: (0 +bg%)? = X"+ X — (m® —rp)

THEOREM 3.7. Let m = p% + bqg. Suppose the set of rational points on
the curve

Co : 2b(—m? + 2bgiriv? + biggvt) =0

is infinite. Then the set of rational points on the surface
Vo: (p? +b¢%)% = X1 = 2r3 X2 + (m? +13)
is infinite too (with the convention at the head of Section,

2 2 _
THEOREM 3.8. Let p%—i—bqg = %T%. Suppose the set of ratio-

nal points on the curve Cs at @D s infinite. Then the set of rational points
on the surface

s —1)(s* +25% +25% — 25+ 1)
4s3
is infinite too (with the convention at the head of Sectz’on.

2 1 4
Xz—i-ré(s )

2
r
‘/3: (p2+bq2)2 :X4—|— 0( 1684
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4. A remark on inhomogeneous representation. The ideas of Sec-
tions [2] and [3] can be used to investigate representing the Y-coordinate of
points on the curve C : Y2 = A, X* +--- + Ap := f(X) by the inhomoge-
neous quadratic form ax? 4+ by? + ¢, a,b,c € Z, ab # 0. Consider the quartic
surface

V: (ap® +bg* + ) = f(X),

where we assume Discx (f) # 0. As before, on multiplying through by a?,
we may suppose without loss of generality that ¢ = 1; and again when
we refer to V(Q) being infinite, we mean that wx(V(Q)) is infinite, where
wx : V(Q) — Q is the projection onto the X-coordinate.

Suppose that (pg, o, Xo) lies on V with f(Xy) # 0. Without loss of
generality we may assume that Xy = 0 and ppgo # 0. In particular Ag =
(p% + bqg +¢)? # 0. To shorten notation, set m = pg + bq% + ¢ so that V takes
the form

Vi (P40 + )2 = AgXt o+ A XP + ApX? 4+ Ay X + .
To find further points on V, set

U + poA1 T poU — bgd Ay T

(11) X=T, p=po+ . q=qo—

4(m —c)m
where U, T are to be determined. This substitution gives
T2

- 256b2q5(m — c)?m*
where F(T) = Bo+ BT+ ByT? and B; € Z[U] with deg;; By = degy; By = 2
and degy; By = 4. Thus the point (p, ¢, X) with coordinates given by
lies on V if and only if the equation F'(T) = 0 has rational roots, which is
equivalent to the discriminant Discp(F') being a square. This corresponds to
considering the curve in the (U, V') plane given by the equation

C: V?=DB}U) —4By(U)By(U) = —128bga (m — ¢)m*G(U).

Here G is monic of degree 6 (and does not contain any odd power of U).
In consequence, if G has no multiple roots then G has only finitely many
rational points. We thus seek Discy (G) = 0. We have

Discy(G) = —242b15q80(m - C)l2m12(DiSCX(f))2H7

(P* +bg* + ¢)* — f(X) F(T),

where
H= —8(m— c)m(A‘l1 — 256 A4(m — c)2m4)A2 + AS — 64(m — ¢)’m?A3 A3
+256(2¢ — 3m)(m — ¢)’*m3 A4 A — 512(m — ¢)>m> A2,

and Discy(G) = 0 if and only if H = 0.
We consider two cases:
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Case It A] —256A4(m — ¢)?>m* = 0. Then

Ail 3 3 2
A4 = m and mH = —2(m - C) (Al —16m (m - C)Ag) y
whence Az = ﬁ. Since we are interested only in polynomials f with

degy f € {3,4}, necessarily A; # 0. Summing up: after some simplification,
if
Aj A3
=1 x4y 1 X3 A X2+ AKX 2
256(m — ¢)?m?* * 16(m — ¢)m3 AT A m

then there exists a non-constant rational map ¢; : C; — Vi, where (on
replacing U by qoU)

(12)  Ci: V= —2b(m — c)m(mU* 4+ bmn(3A] — 8mAs(m — ¢))U?
— 26 A3((2c — 3m) AT + 8(m — c)m?A,))
and V1 : (p? 4+ bg® + ¢)? = f1(X).
CASE II: A —256A4(m —c)?m? # 0. We solve the equation H = 0 with
respect to As and get
A8+ 64(m — ¢)*m? A3 A3
+ 256(2¢ — 3m)(m — ¢)*m>3 A2 A, — 512(m — ¢)>m° A2
8m(m — ¢)(A} — 256 A4(m — c)?m?) '
Summing up: after some simplification, if

fo(X) = Ay X+ A3 X3 4+ A X? + A1 X +m?,

f1(X)

(13) Ay =

where As is given by , then there exists a non-constant rational map
2 : Co — Vs, where (on replacing U by goU),

(14) Co: V?=2bm(m — c)(256A4(m — c)’>m? — A})(C4U* + CoU? + Cy)
with

Cy = AT —256(m — ¢)?*m* Ay,

Cy = Zb(A? —32(m — ¢)*m?(A3A3 + 8cmALA? — 8(m — c)m?’A%)),

Co = b*(A} — 64(m — ¢)*m* A} A3 + 512(m — ¢)*m?(m — 2c) AT Ay

+1024(m — ¢)>mP A2 A3 — 16384(m — ¢)*mP Ay (A A3 — 4A4m?))
and Vs : (p2 + bg? + )% = fo( X).
We can summarize our result in the following:

THEOREM 4.1. Let m = p3 + bqd + c. Suppose the set of rational points
on the curve C1 at 1s infinite. Then the set of rational points on the
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surface

Vi (pz+bq?+c)2:—‘4§L b AL XA X
256(m—c)?m? 16(m—c)m?3

is infinite too (with the convention at the head of this section).

THEOREM 4.2. Let m = p3 + bqg + c. Suppose the set of rational points
on the curve Co at is infinite. Then the set of rational points on the
surface

Vs (p2 +bg® + 0)2 = Ag X4+ A3 X2+ A X%+ AL X +m?,
where Ay is given by , is infinite too (with the convention at the head of
this section).

EXAMPLE 4.3. Take (b, ¢, po,q0) = (1,1,1,1) and (A1, A2) = (2,2). Then
1 : C1 — V1 where

C1: V2 =130+ 63U% — 3U*,
Vi (PP +@+1)2=9+24X +288X2% +16X° + 4X*

is given by
(p,q, X)
(204U -(1+U)V 202+ UP—(1-U)V —(2U+V)
B U2+ U?) ’ U2+ U?) TU2+U?) )

Now C; has rational rank 2, with independent points
<9 53> (152129 321697804123)

274 152882 1528822

and it follows that the curve Y2 = 9 + 24X + 288X?2 + 16X3 + 4X* has
infinitely many points with Y-coordinate represented by the form p? 4 ¢?+1.
We note that the curve C; is 2-isogenous to the curve related to Vy.

REMARK 4.4. Essentially the same method as presented in the last three
sections can be applied to curves defined by more general equations of the
form

C: Y2+ fo(X)Y = f4(X),

where f; € Z[X] and deg f; = i for i = 2,4. However, in order to avoid
long computations we have presented our approach only for those C with

5. The Diophantine equation Y? = f(ap? + bg®) with f cubic.
Motivated by the results above, we investigate whether any variation of the
method can be used in other situations. Specifically, we consider the question
of when the X-coordinates of points on an elliptic curve of type Y2 = f(X),
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cubic, can be represented by the quadratic form CL.’IJ‘2 + bl‘2. FiI‘St, observe
q 1 2
that the curve

Ei: vy =2+ Az® + Bx
with A, B € Q, A? — 4B # 0, is 2-isogenous to the curve
Y2 =X3-24X%+ (A2 -4B)X

under (X,Y) = (y?/22,y(B — 2?)/2?). Accordingly, E; is 2-isogenous to the
curve

Ey: Y?= (X_b)3—2A<X_b)2+(A2—4B)<X_b>

a a a

with isogeny given by

2 2
B —
Q: Ela(x,y)n—><a(i> + b, y(B—a7) ﬂa:)) € Es.

Thus if £ has positive rank, then FEs has infinitely many rational points
(X,Y) with X represented by the form ap? + bg?.
Consider the surface
W: Y? = f(ap? + bg?),

where f(X) = c3X% 4+ c2X? + 1 X + ¢o € Z[X] is non-singular. Without
loss of generality, on multiplying by c%, we may take c3 = 1. As in the
case of the surface V considered in Section [2, when we say that the set
W(Q) is infinite, we mean that the set 7y (WW(Q)) is infinite, where the map
my : W(Q) 3 (p,q,Y) — Y € Q is simply the projection onto the Y-line.
We assume that (pg, qo, Yp) is a rational point on W with Yj # 0. Now

f(0) = co =Yg — (m® + cam® +- cym),  m = apj + bag.
Computing the discriminant of f with this value of ¢q yields
(15) Discx (f) = —27Y5 — 2(c2 4 3m)(2¢3 — 9¢1 — 6cam — 9Im?) Y
— (e1 4 2cam 4 3m?)2(—c3 + 4cy + 2com + 3m?).

We will present a method which sometimes allows us to prove that the
set W(Q) is infinite. In order to find more points on W, set

(16) p=T+4py, q=UT+q, Y =VT3+rT?+sT+Y,
and demand that (p,q,Y") lie on the surface W. This gives

6
Y2~ flap® +bg®) = Y CiT',
=1

where C; for i = 1,...,6 is a polynomial in Q[U,V,r,s] with coefficients
depending on pg, qo, Yo- The system C; = Co = C3 = 0 is linear in V7, s
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and has exactly one solution, of the form
QU) _RU) _SW)
2}/05 ’ 2}/03 ) }/0 ’
where @, R, S are polynomials in U with coefficients depending on pg, qo, Yo-
Moreover, deg P = 3, deg @ = 2 and deg S = 1. Substituting from into
the polynomial Z?:l C;T*, and using V,r, s from , we obtain
Ay As Ag

18 Hy(T) := ‘ T
It is clear that a necessary condition for solvability of for some fixed
U € Q is that the discriminant, say Ay (H), of the polynomial Hy should be

a square in Q. We see that Ay (H) is a polynomial in U of degree 10. More
precisely,

(17) V=

T2 = 0.

(2Yy)?Au(H) = A2 — AyAg = 4H, (U)Ha(U),

where deg H; = 4 and deg Hy = 6. We consider the curve
(19) C: W?=H,(U)Hy(U).
For general choice of ¢y, ¢c2, Yy, po and gp the curve C is a hyperelliptic curve
of genus 4. From the Faltings Theorem we know that a necessary condition
for C to have infinitely many rational points is that genus(C) < 1. This
immediately implies that the discriminant of the polynomial H;(U)H2(U)
with respect to U must be 0. In fact, we need to have an equality of the form
H1(U)H2(U) = g(U)h(U)?, where the degree of g is at most 4.

Since Discy (Hy Hs) = Discy (Hy) Discy (Hz) Resy (Hy, H2)?, we compute
independently the discriminants of Hy, Hs, and the resultant of these two
polynomials. To shorten notation, we introduce new quantities:

20 :YOQ, Z:3m2+202m—|—01.
A quick computation reveals that
Discy (Hi) = 2'%(ab)°m*ys hi1hishas,

where

hi1 = —4(ca 4+ 3m)yo + Z2

hia = 9y2 — 4(3m + c2)yo Z + Z°,

hiz = —4(6m + c2)ys + 8m(4m + c2)y2 Z

—4m?(3m + e2)yoZ? + Z%(yo — mZ)>.

Computation of the expression for Discy (Hz) took much longer; indeed,
about 64 hours of CPU time. We have

Discy (Ha) = 25(ab)®m 22! (Discx (f))2hS; hos,
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where
hor = 8y — 4(3m + ca)yo Z + Z°,
hos = —yo + 2m(2c3 + 28com + 98m? — Z)y;
— m(16¢3m + 160com? + 336m3> + coZ + 11mZ)y3 Z
+ 8m2(2¢2m + 12¢om? + 18m> + e Z + 5mZ )3 Z*
— m?(8cam + 24m?* + Z)yo Z* + m>Z5.
Finally, the expression for the resultant of the polynomials Hy, Ho with re-

spect to U is
Resy (Hy, Hy) = (ab)m"y%¢t g3,

where
g1 = 8y2 — 4(3m + c2) Zyo + Z°,
g2 = 27y 4 2(ca + 3m) (263 4 12com + 18m? — 92y,
— (3 4 6cam 4+ 9m? — 42) 2>

Observe that ho; = g1. In consequence, if hoy = 0 then H; and Hs have a
common factor and Hs has at least one double root.

We are interested only in c1, ca, po, go, Yo such that (ap3 +bg3)Yp # 0 and
Discyr(H1Hz) = 0. Observe that if Discy(H;) = 0 and Discy (Ha) # 0 then
a necessary condition for the curve C to have genus 1 is Resy(Hi, Ha) = 0.
Similarly, if Discy(H1) # 0 and Discyy(Hz2) = 0 then a necessary condition
for C to have genus 1 is that either Hs is the square of a cubic polynomial,
or Resy(Hi, H2) = 0. Finally, if Discy(H;) Disc(Hz) # 0 then the only
possibility for C to have genus 1 is Resy(Hy, Ha) = 0.

We perform a case by case analysis of the equations hi; = 0 with j =
1,2,3, hoj = 0 with j = 1,3, and go = 0.

CASE I: A1 = 0. Then since yg # 0,

Z? — 12my0, L= 7 — deym — 3m? = 6m2yo + 2yoZ — mZz.

4yo 240
The corresponding discriminant Discy (f) is 2(Z% — 54y2), which must be
non-zero. Substituting the expressions for ¢1,co into H;(U), we find that
H1(U) has the factor (apg + bgoU)?, and the cofactor, say G (of degree 2),
is irreducible. Now

Resy (Hy, Hy) = 22%(ab)2m 2y32(Z3 — 5493)% # 0,

Discy (Hz) = 228 (ab)®m'2ydt (64m> — yo — 2mZ)(Z3 — 5442)?,

so that necessarily Discy(Hz) = 0, implying yo = 2m(32m? — Z) and
Discx (f) = —3(24m?—Z)(96m?—Z)%. Accordingly, Z # 24m?, 32m?, 96m?>.
There is now the factor (go —poU)? of Ho(U) and irreducible cofactor Go(U)

Cy =
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of degree 4. Since Resy(Hy, Ha) # 0, it follows that G1, Gy cannot have a
common root. So C can have genus 1 only if either G; or G5 has a multiple
root. But

Discy (Gy) = —2M -3 - (ab)ym5(24m? — Z)(32m* — Z)5,
Discy (Ge) = 2%8(ab)2m?®(24m? — 2)%(32m? — Z2)?°(96m* — Z),

and by the above, neither can be zero. In summary, the vanishing of hq1 does
not lead to any curve of genus 1.

CASE II: his = 0. Let Cq2 be the curve
Ci2 : hia(c1,c2) =0

defined over the function field Q(m, yo) in the plane (¢1, c2). The genus of the
curve Ci2 is 0, and because it contains the Q(m, yp)-rational point at infinity
(=2m :1:0), we can find a rational parametrization, for example

Imyd — 2u(3m? + u)yo + mu? . 9y2 — 12muyg + u?
— 2 = .

Cc1 = )

2uyg 4uyg

With these values of ¢; and c¢o, Hi(U) is divisible by the square of a
quadratic irreducible over Q[u, m, 39]. Thus for C to have genus 1, we require
Discy(Hz2) Resy(Hi, H2) = 0. This implies the vanishing of at least one of
ho1 (= g1), has, or go. But with ¢, co as above, we have hg; = —yg # 0; and
g2 = — Discx(f) # 0. We are thus left with heg = 0, which has become

Yo (81myd — 4u(9m? + w)yo + mu?(4m? 4 u))
N 4u?

As a polynomial in yg, there is a non-zero rational root for gy precisely when
the discriminant of the quadratic factor, namely 4u3(4u — 9m?), is a perfect
square. Thus u(4u — 9m?) = w? for some w. This equation defines a conic
over Q(m) in the (u,w) plane, with parametrization

has

9m? Im?v
I = 2T
4 — 2’ 4 — o2’
where v is a rational parameter. The roots for yo are now
m3(5 — 2v)
Yo = 75575
(2—v)%2(24v)
and that obtained by replacing v by —v. The corresponding H1(U), Hy(U)
take the form

Hi(U) = (4—v?)(square)ly(U)?,  Hy(U) = —ab(2+v)(square)ly (U)?14(U),

u =

for polynomials [;(U) of degree i which are irreducible over Q(v)[m]. On
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setting v = 2 + ¢, we have

(c2,¢1,c0)

o m(L+ ) (=14 13t + 5t%) mP(1+t)%(7 + 4t) m3(1 + t)*

- (_ (A+t0)t(—142t)  (A+6)t(—1+2t) (A+8)2(—1+ 2t)>'
Summing up, if f(X) = X3 + c2X2 + ¢1 X + ¢o, then on setting (A, B) =
(ap3,bg?) (with m = A + B), and replacing U by g—gU, there exists a non-
constant rational map 11 : C; — Wy, where

Ci: wW? = ABt(k‘4U4 + /€3U3 + kQUz + kU + ko),
Wi : Y2 = f(ap® + bg?),

(20)

and
ko = —A?((A+ B)* + 2(A% — B)t + A(A - 3B)t* — ABt?),
k1= —2A’Bt(4+1t)(A+ B+ (A - B)t),
ke = AB(—2(A+ B)? 4+ 3(A%? — 6AB + B*)t* + (A? — 4AB + B*)t*),
ks =2AB*(4+t)(—(A+ B) + (A— B)t),
ks = —B*((A+ B)* — 2(A* — B*)t — B(3A — B)t> — ABt).

The discriminant of C; is 16(ABmt)'2(1+1)%(4 +¢)%(1 — 2t), non-zero since
t#0,—1,—4,1/2; and thus C; is of genus 1.

CASE III: his = 0. Again, this defines a genus zero curve over the field
Q(m,yo) in the plane (c1,c2). There is a triple singular point at infinity
Py = (—2m :1:0) which determines the following parametrization:

2(9m? + w)yg — Smu(dm? + u)yd + 2m>u?(3m? + 2u)yo — m3u’
C1 = 5
(21) 1 2(mu — y0)?yo

co = %(u —3m? — ¢1),

where u is a rational parameter. With ¢y, c2 given by , we have Discx (f)
= —go, and thus gy cannot be zero. Further, H; has the factor (go — poU)?
and the cofactor, say G, is of degree 2 and irreducible over Q[m,yp]. We
can assume that Discy/(G1) # 0, because Discy(G1) = 0 implies hy1hi2 = 0,
cases we have already considered. Finally, note that the numerator of hog is
a divisor of the polynomial y§ Discx (f), which implies that hog = 0 cannot
be zero. To reduce the genus of C we must therefore have Discy(Hz) = 0,
i.e. ho1 = 0. We have

9

4(2yo — mu)yg

(yo — mu)?
and thus u = 2yp/m. In consequence, the polynomial (a + bU?)? divides
Hy(U), and the square-free part of the polynomial H;Hj is of degree 4.

ha1 =
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Finally, the coefficients (ca, 1, ¢g) have become (—2m + yo/m?,m?,0). Sum-
ming up: if

F(X) = X<X2 + <—2m + yo)X + m2>,

m2
then there is a non-constant rational map 3 : Co — Ws, where
(22) Co: W2 = —abyo(a + bU?)(a(4am>pg — yo)
+ 8abm?poqoU + b(4bm2q2 — yo)U?)
and
Wyt Y2 = flap® + bg?).

The second quadratic factor has discriminant 4abyo(4m® — yo), and if yo =
4m3, then f(X) becomes X (X +m)?, disallowed. Thus Cs is of genus 1.

We can henceforth assume that Disc(H;) # 0.

CASE IV: ho; = 0. This equation defines a genus zero curve over the
field Q(m, yo) in the (c1, c2) plane with triple singular point at infinity Py =
(—2m :1:0). It has the parametrization

(23) o = _mu3 —2u(3m? + u)yo + 8my87 ey — ud — 12muyo + 8y3

2uyo duyo

where u is a rational parameter. With these values of ¢y, co, we have Hy(U) =
(a+bU?)G1(U) and Ho(U) = (a+bU?)2G2(U). By our assumptions, neces-
sarily the discriminant of Go must vanish, equivalent to the vanishing of hos.

We have
yg(lﬁmyo —u?)

hog =

2 )
u
and thus hgg = 0 if and only if 16myy — u? = 0. Set myy = v%, u = 4v; then
Go = —ab(qo — poU)?y3/m, and the square-free part of Hy(U)Hy(U) is of

degree 4. The coefficients (¢, ¢1,¢p) are now
2m* 2 _ 920)(2m? —
( m +v’3v_5m2’ (3m v)(2m v)>

2m 2m
Summing up: if

fX)=X%+ ( (3m? — 20)(2m? — v)

2m

2m? 4+ v
2m

>X2 — (5m? — 3v) X +

2m? —
= (X—mv)(X2+2mX—3m2+2v)
2m

then there is a non-constant rational map 3 : C3 — W3, where
Cs: W? = 2ab(a + bU?) (a(2amp(2) —v) + 4abmpoqoU

(24) + b(2mbgi — v)U?),
Ws: Y2 = flap® + bg?).
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The second quadratic factor in C3 has discriminant 4abv(2m? — v), and 2m?
= v implies f(X) has a repeated factor. Thus Cs is of genus 1.

CASE V: hgz = 0. Due to the assumption Discyr(H7) # 0, there are two
possibilities:

(1) Resy(Hi,Hz) = 0 and thus go = heg = 0 (the possibility g = 0 has
been covered since g1 = haq).

(2) Resy(Hi,Ha) # 0, in which case the necessary condition for C to have
genus 1 is that Hy is a square up to multiplication by an element of

Q(m,Y).

In the first instance, the resultant of go and hog with respect to yq is

(4c1 — 3)(c1 +2com +3m?)10(16¢3 — 8c1c3 + ¢ — 16¢1com + 6¢3m + 3c1m?)?,

which must be zero. If 4¢c; = ¢3, then either yo = m(ca + 2m)?/4, or yo =
(2¢c2 + 3m)(ca + 6m)?/108, and in both cases f(X) is singular.
If ¢ +2com~+3m? = 0, then yg = —4(ca+3m)3/27, and f(X) is singular.
If 16¢? — 8cic3 + ¢ — 16c1cam + 6¢3m + 3cym? = 0, then this curve of
genus 0 has parametrization

m U3*m u m—u)lm u
(= (B2 o)

Then either yo = (3m — u)?(5m + u)3/1024m?2, or yo = (2m — u)(11m — u)?
x (5m 4+ u)?/(27648m3), and in both cases f(X) is singular.

In the second instance, we form the ideal generated by the coefficients of
dex® + - - + do — dg(2® + px? + gz +r)? and obtain the elimination ideal in
dg, - - . ,dp which Magma tells us has a basis comprising 45 terms. Substitute
into the defining polynomials of this basis the coefficients of Hs; this gives
45 polynomials in the variables A (= ap?), B (= bg?), (so m = A+ B), ¢z,
Y0, Z, where we seek common zeros. When Z = 0, the only solutions that

arise correspond to Disc(f) = 0, so henceforth we suppose Z # 0.
8y3712my0Z+Z3

The value ¢c; = leads only to Z2 = 16myy, implying that

) 4yoZ

Yo = é—m and

8m?+ 72 —20m?+3Z (6m?— 2Z)(8m? — 2)
(025 C1, CO) = 3 ; b
8m 4 16m

with

2 . 2 2 2 _
f(X):X3+8m +ZX2—|— 20m +3ZX (6m* — Z)(8m* — Z)

8m 4 16m

8m2 -7 6m2 — 7
_(x=8" =2 (x2pomx - S 2,
8m 2
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There is now a non-constant rational map 4 : C4 — W, where
Cy: W2 = 2ab(a + bU?)(8m(apo + bgoU)? — (a + bU?) Z),

(25) Wy: Y2 = flap® + bq2).

The second quadratic factor in C4 has discriminant 4ab(8m? — Z)Z, whose

vanishing implies Disc(f) is zero. Thus C4 has genus 1.

2
It remains only to treat the case where co # % The problem

reduces to finding common zeros of the 45 polynomlals which are of high
degree in A, B, g, yo, Z. This is a tedious computation, requiring careful
bookkeeping of the factors of various resultants (to compute some of these
resultants took more than 66 hours of CPU time). After much effort and
polynomial manipulation, we discover that all the zeros correspond to the
vanishing of Disc(f), so that no further solutions arise.

CASE VI: go = 0. The equation defines a genus zero curve over the field
Q(m,Y)in the (c1, c2) plane, with singular point at infinity Py=(—2m : 1 : 0).
There is the following parametrization:

(26) o = (u —m)(u® — 3mu? + 2yo)’ oy — 2u — 3mu? + yo7

u2 u2

where u is a rational parameter. The corresponding f(X) is singular.

As in the case of Theorems [3.6H3.8 we omit the computational details of
checking that the image of the map 1); constructed above for i € {1,2,3,4} is
not finite provided that the set C;(Q) is not finite, and summarize the above
case by case analysis in the following:

THEOREM 5.1. Let i € {1,2,3,4} and suppose that the set of rational
points on the curve C; at , , , is infinite. Then the set of

rational points on the corresponding surface W; is infinite too.

EXAMPLE 5.2. Take (m,v) = (4,—16) in Case IV above. This leads to
the elliptic curve

By Y?=X34+2X?% - 128X +480 =: f1(X).

Then E1(Q) ~ Z x Tor(E1(Q)), where the infinite part of E1(Q) is generated
by the point G; = (10, —20) and Tor(E1(Q)) ~ Z/4Z is generated by the
point P; = (4,8). We are interested in rational points on the surface

Wip: Y2 = fi(p* +bg?).

Take the point P, lying on Fq and follow the method presented. In this case
a =1 and (po, g0, Yo) = (2,0, 8). Following the construction above gives the
genus 1 curve

Crp: W2 =2b0bU?+ 1)(bU? + 3)
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and the map
o1p: Cip 2 (UW) = (p,q,Y) € Wiy,
given by
20203 + W W — 20U —W(4b2U? + W?)
N S CTER ) A s L T/ E (W TR

Suppose that the set C; ,(Q) is infinite. In this case the image of the set Cy
by the map ¢ cannot be finite (in the sense mentioned above). Indeed, if
p(U,W)? + bq(U,W)? = p? + bg? for some fixed py, go and the point (U, W)
lies on Cqp then U necessarily satisfies the equation

b2(pR + bg2 — 6)U* + b(p2 + bg2 — 8)U2 — 6 = 0.

Because this equation has at most four rational roots and the set C; 4(Q) is
infinite, clearly the set o1 4(C1(Q)) is infinite.

This proves, for example, that the set of rational points on the surface
Wi 1 is infinite. Indeed, for b = 1 the curve Cy ; is birationally equivalent to
the elliptic curve

E11: y2:x3—x2—41‘—2

)

(which is 2-isogenous to E7). The rank of & 1 is 1, with Tor(&11) ~ Z/2Z
generated by the point (—1,0). The infinite part of £ ;(Q) is generated by
the point P ; = (—3/4,—1/8). This implies that the set of rational points
on C1,1(Q) is infinite and ¢; 1(C1,1(Q)) is an infinite subset of W 1(Q).

REMARK 5.3. One can check that the only values of b such that the curve
Ci1p has infinitely many rational points are elements of the set B = {1,2,3,6}
with corresponding points of infinite order {(1,4), (1/4,15/4), (1,12),(2,90)}.
Indeed, this is a consequence of the fact that the (finite) set of square-free
parts of the integer points lying on the curve v? = u(u + 2)(u + 6) (obtained
from Cy, by the substitution (b, W) = (T/(2u?),v/(2u)) is equal to B. As a
consequence, the set of those rational points lying on F; with X-coordinate
represented by the quadratic form p? + bg?, where b € B, is infinite.

REMARK 5.4. Note that we can use the same method for the question of
representations of X-coordinates of rational points on elliptic curves given
by the equation

C: Y24+ XY 4+ a3y = X2+ aoX? + as X + ag,

where a; are given integers such that the curve C is non-singular. However, in
this case we expect even more difficult computations to arise then the ones
encountered in Case V of this section, and thus it was decided to consider
only the case of curves C with a; = a3z = 0.
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6. Questions and problems. In this section we state some problems
and questions which are natural in the light of the results presented above.

Let f(X) = Z?:o c; X' € Q[z] be without multiple roots, and define C
to be the elliptic quartic curve

C: Y= f(X),
which we assume to have infinitely many rational points. Let

G={Q1,...,Qr,T1,...., T}

be a set of generators for the set C(Q). Here r is the rank of C, @Q; is of
infinite order for ¢ = 1,...,r, and 7} is of finite order for j = 1,...,m. In
particular, for each @ € C(Q) we have Q = 37 [n;]Q; + Y7L, [€;]T} for
some n; € Z and €; € Aj;, where A; C N is finite and |A4;| = order of the
point Tj for j =1,...,m.

Assume further that the set of rational points on the surface

Vi (ap® +bg*)? = f(X)
is infinite, and define the set

S = {(p,q,n,e)GQXQXNTXAl X .. X Ay
ap® + bg® = my <Z[ni]Qi + Z[fj]Tj) },
1 j=1

i=
where to shorten notation we write n = (ny,...,n,), € = (€1,...,€y), and
where 1y : Q? — Q is projection onto the Y-coordinate. In particular, our
assumptions imply that the set S is infinite. Moreover, we assume that the
method presented in Sections [2| and [3| works for f, in that the related curve
C’ has infinitely many rational points and there is a map ¢ : ' — C given by
© = (1, p2) with oo being of the form ap® + bg? for some rational functions

b,q.
We ask the following;:

QUESTION 6.1. What part of the set S is covered by o(C'(Q))?

QUESTION 6.2. Let f € Q[X] be as above and suppose that the curve C
has infinitely many rational points. Let P be the set of pairs (a,b) of square-
free integers such that the quadratic form ap?® +bg? is irreducible over Q and
the set of rational points on the surface

Vap : (ap® +bg%)* = f(X)
1s infinite. Can P be infinite?

Further, for any given pair (a,b) € Z\ {(£1,F1} of square-free integers,
is it possible to find infinitely many quartic polynomials f € Z[X] such that
the surface V. has infinitely many rational points? (We assume that the
polynomial f is not divisible by the fourth power of a non-zero integer # 1.)
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PROBLEM 6.3. Study analogs of Questions and [6.2] related to repre-
sentation by a quadratic form of the X -coordinate of rational points on the
elliptic curve € : Y% = f(X), where f is a cubic polynomial without multiple
r001S.

Consider the curve E : Y2 = f(X) with f € Z[X], where f is without
multiple roots and deg f = 3,4 depending on whether we ask about repre-
sentations of X-coordinates or Y-coordinates of rational points on E by a
binary quadratic form. Denote this set of represented coordinates by S(FE).
It was noted that in each example of the application of our method through-
out the paper, (part of) the set S(FE) is parametrized by a certain curve C
of genus 1 isogenous to E. This suggests the following:

QUESTION 6.4. Let E: Y? = f(X) where f € Z[X] is without multiple
roots and deg f = 3 or 4. Suppose that the set S(E) defined above is infinite.
Does there exist a genus 1 curve C with infinitely many rational points and
an isogeny ¢ : C — E such that m(¢(C(Q))) C S(E)? (Here, 7 = 7x or
m = wy depending on whether we are asking about representability of X - or
Y -coordinate.)

Finally, we ask the following:

QUESTION 6.5. Does there exist a quartic polynomial fy (without multiple
roots), and a binary cubic form h(z,y) € Zlx,y], such that the surface

St hip,q)? = fa(X)
has infinitely many non-trivial rational points? Does there exist a cubic poly-
nomial f3 (without multiple roots), and a binary cubic form h(x,y) € Z[z,y],
such that the surface

Sy Y2 = f3(h(p,q))
has infinitely many non-trivial rational points?
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