COLLOQUIUM MATHEMATICUM

VOL. 149 2017 NO. 1

ABSOLUTE CONTINUITY OF SOLUTIONS TO
THE AFFINE STOCHASTIC EQUATION

BY

WITOLD SWIATKOWSKI (Wroctaw)

Abstract. We study local regularity of perpetuities, i.e. solutions X to the stochastic
equation X L AX+B. We give some nontrivial conditions on the law of (A, B) that imply
absolute continuity of the law Px of X.

1. Introduction. In this paper we study local regularity of solutions X
to the stochastic equation

(1.1) XL Ax + B,

where (A, B) is an R2-valued random variable, X is independent of (A, B)
and equality is understood in law. Random perpetuities X were introduced
by Kesten [9] in the 1970’s and have been widely used; however, not much
is known about the absolute continuity of their distributions. By now, only
examples of random perpetuities with an absolutely continuous or singular
distributions have been known, and there is no general theory.

Our aim is to give some nontrivial conditions on the law p of (A4, B) that
imply absolute continuity of X. Clearly, if either u is absolutely continuous,
or A, B are independent and one of them is absolutely continuous, then so
is the law of X. On the other hand, there are discrete laws of (A, B) that
imply absolute continuity of X, the best known being Bernoulli convolution.

Bernoulli convolution is a particular case of . Namely, if B=1,—1
with probability 1/2 and A = X for a A € (0,1) then the unique solution of
is called Bernoulli convolution. If 0 < A < 1/2 then the law Px of X
is continuous singular, and if A = 1/2 then Px is the uniform distribution
on [—2,2]. The latter follows from uniqueness of solution; for A = 1/2 the
proof is elementary (see e.g. [7]). However, when A > 1/2, Px may be abso-
lutely continuous. Bernoulli convolutions were studied already by Erd&s in
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the 1930’s and they were the first nontrivial example of a random perpetuity
with an absolutely continuous distribution.

It was proved by Solomyak [13] that the law Px is absolutely continu-
ous for almost every A € (1/2,1). Some generalizations of this result were
given by Peres and Solomyak [10], [I1]. Other examples were produced by
Pratsiovytyi and Khvorostina [I2] and Brieussel and Tanaka [5].

In all the examples mentioned above the distributions of the random
vector (A, B) were discrete and the “infinite convolution” phenomenon played
a crucial role in possible regularity of X. Indeed,

o0
X = ZAl < Ap1By,
n=1

where (A4, By,) is an i.i.d sequence of random variables with the same law
as (A, B).

In this paper we establish some conditions under which finite convolu-
tion is enough to secure absolute continuity of Px. In particular, we study
spread-out measures, i.e. those whose k-fold convolutions have an absolutely
continuous component.

The first part of the paper considers distributions of the random vector

(A, B) supported by a curve and having a density on it. The recursion
-1 1

- X, 4 —
A (T+A)" "4,
studied in [12] fits into this setting provided A has a density. Then it follows
from Theorem [3.1]that Py is absolutely continuous. In [I2] an integer valued
A was considered, and it was proved that Px is absolutely continuous if and
only if P{A = k} = 1/(k(k+ 1)), which is a much deeper result. We are
grateful to Alexander Iksanov for pointing out this example to us.

(1.2) X, =

In the second part we assume that p is minorized by a product measure
1 X o with B-component ¢ having a sufficiently good characteristic function.
Again convolution improves properties of (n x ¢)*?, and absolute continuity
of Px follows. Finally, in each case we consider, the chain X,, is strongly
mixing with geometrical rate.

2. Elementary observations. Let (A4, B) be an R2-valued random
variable, and suppose that there exists a unique solution X to the stochastic
equation

(2.1) X2 AX +B.

Sufficient and necessary conditions for the existence and uniqueness of the
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solution are described in [4]. Throughout this paper, we will assume that
Elogt |A] < 0 and Elog™’ |B| < oc.

We will moreover assume that A and B satisfy the following condi-
tions:

(2.2) P(Az+B=xz) <1 forevery x € R,
(2.3) P(A=0)=0.

Then the following result holds:

PROPOSITION 2.1. The distribution Px of the r.v. X does not have atoms
and is of pure type, i.e. it is either absolutely continuous, or singular with
respect to the Lebesque measure.

For the proof, see [2] or [6]. For two measures ;1 and uz on R or on R? we
write py < pg if w1 is absolutely continuous with respect to pg, and pp < po
if 411(U) < ua(U) for every Borel set U.

Suppose that there is a nonzero measure v such that v < Px and v < A,
where A\ denotes the Lebesgue measure. Then by Proposition [2.1] Px < .

We now define two types of convolutions.

DEFINITION 2.2. For two measures u, v on R?, let p1x v denote the mea-
sure on R? such that for any f € Co(R?),

S fla,b)d(pxv)(a,b) = S f(araz, a1be + by) du(ay, by) dv(ag, be).
R2 R2xR2

DEFINITION 2.3. For measures x4 on R? and P on R, let ux P be the
measure on R such that that for any f € Cy(R),

[ (@) d(uxP)@)= | flaz+b)du(a,b) dP(a).
R R2xR

Actually, the former definition is simply convolution of measures on the
semigroup R? with “ax + b” multiplication:

(a1,b1)(az, b2) = (a1az,a1ba + by),

and the latter refers to the action of this semigroup on R. We use the same
notation for both convolutions but this will not lead to any confusion. We
have the following associativity: (uxv) x P = p* (v * P). We start with an
easy but useful observation.

PROPOSITION 2.4. Let A? be the Lebesque measure on R?. Assume that
pu < A\ and P is a measure on R. Then p P < \.
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Proof. Let ¢ = du/d)%. Then for any f € Co(R) we have
Vf(@)d(uxP)(@)= | flax+b)du(a,b)dP(x)

R RxR2
= S flaz +b)¢(a,b) dadbdP(x)
RxRxR
=§£©] | ola.¢ —av)aP(z)da) dg
R RxR
= | F(©)2(¢) de.
R

Here the function ®(¢) = (;, ¢ #(a,& — ax) dP(z)da is the density of the
measure (4 * P. m

From now on let p denote the law of (A, B). Then is equivalent to
Px = u* Px.
We observe that
(2.4) Px =u*xPx =---=puP*Px
for any p € N. Equivalently, by iterating we get

P
(2.5) XZLA . AX+Y Ay ApBr=AX + B

k=1
where ((Ag, Br))ken is a sequence of independent copies of (A, B). Then the
vector ([l, B) has the law p*P, and without loss of generality we may study
instead of , i.e., we can always consider u*P instead of u.

It may happen that p*P has an absolutely continuous component with
respect to the Lebesgue measure while p does not. We say that the measure
W is x-spread-out if it is spread-out in terms of x-convolution, i.e. p*P has an
absolutely continuous component p; for some p € N. Our strategy in the next
section will be to show that u is *-spread-out. Then, from Proposition [2.1]
we can immediately deduce the absolute continuity of Px because

p1 x Px < P « Px = Px.

A simple observation (made already e.g. in [6]) shows that less than existence
of an absolutely continuous component of p*P is sufficient. Namely, it is
enough if ©*P dominates a product measure having an absolutely continuous
horizontal or vertical component. We include the proof for completeness.

PROPOSITION 2.5. Let p denote the joint distribution of (A, B). Assume
that there exist p € N and measures n and o such that p*P > nx o and either
n <K A oro < X Then the distribution Px of X is absolutely continuous
with respect to \.
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Proof. Suppose that 7 < A; the proof for the other case is identical.
Let P be a nonzero measure such that P < Py and 0 o4 supp(]s); in view
of Proposition such a measure exists. Since u*P > n x g, there exists a
measure p such that p*? = n x o+ p. By , for any integrable function f,

| f(@)dPx(x) = | f(az+b)dPx(x)du*?(a,b)
R RxR2
= S f(az +b) dPx(x)dn(a)do(b) + S f(az +b) dPx(x)dp(a,b)

RxRxR RxR2
=1 + I>.

In view of the Radon-Nikodym theorem, there is a function ¢ = dn/dA\.
Then we can rewrite the first integral as

L= | faz+b)¢(a)dado(b)dPx(x)

RxRxR

> | s dsdotapla)
RxRxR

(10 § o(*7) 3 a0 aP)| s = | rroe) de
R RxR R

The condition 0 ¢ supp(P) implies that despite x appearing in the denomi-
nator, the integrand is bounded in the support of the measure, which allows
us to use Fubini’s theorem. The function @ on the right hand side is a density
of some measure. This means that Px dominates an absolutely continuous
measure, and hence, by Proposition is itself absolutely continuous with
respect to A. =

3. Densities on curves. A natural question is whether we get a result
analogous to Proposition [2.5| assuming absolute continuity on slant lines, or
on curves. The answer is affirmative.

Before we formulate our main result, let us specify what is meant by a
measure v having a density on a curve. We say that v has a density on a
curve if the support of v is not included in the line y = px — p and there are
a differentiable function g and an integrable function ¢ defined on an open
interval I such that either

| f(a,b)dv(a,b) =\ f(a,9(a))¢(a) da,
R2 I

or
| f(a,b)dv(a,b) = | fg(b), b)(b) db
R2 I

for f € Cp(R?). Our main result is as follows.
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THEOREM 3.1. Suppose that (2.2) and (2.3)) are satisfied and there is p
such that w*P admits a decomposition WP = v+ p, where v has a density on
a curve. Then Px is absolutely continuous.

Theorem [B.1] follows from Theorem [3.2] below.

THEOREM 3.2. Suppose that the measure p on R? admits two decompo-
sitions: b = p1 + p1 and p = ps + p2, where pi, po have densities on the
curves (a, g(a)) and (h(b),b) respectively. Assume moreover that g € C1(Iy)
and h € CY(I5) for some open intervals. Then p* pu has an absolutely con-
tinuous component.

REMARK 3.3. In fact, it is sufficient to have only one, nonlinear func-
tion g(z). Then it is not constant, so it has a nonzero derivative at some
point zg. From the inverse function theorem we deduce that g is invertible
in some neigbourhood of zy. Hence we can restrict g to that neighbourhood
and take h = ¢~

Proof of Theorem . For a function f : R? — R, we have

| £(a,b)d(pxp)(a,b) = | fla,b)d(p * pa)(a,b) + | f(a,b)dp(a,b)

R2 R2 R2
where p = p1 x pa + p1 * 2 + p1 * p2. Now, we will take a closer look at the
first integral on the right hand side having in mind that {3, f(a,b) p1(a,b) =

§1, f(a, g(a))r(a) da and g, f(a,b)ua(a,b) = §;, f(h(b), b)2(b) db:

| f(a,b) d(p1 * p2)(a, b)
R2
= | flaraz,a1by + az) dpiy (ar,b1) dpa(az, by)
R2xR2

= S f(a1h(b2), a1ba + g(a1)) 1 (a1)y2(be) day dby
I x1Io

= | fla.pi(ai(a, B) s (ba(e, B)) T (e, B) dev dB.

F(Il XIQ)

To write the last equality, we need the inverse function theorem and so we
possibly have to take smaller intervals I, I5. Let us explain that more care-
fully. The Jacobian determinant of the map (a1, bg) — (o, 8) is J(ay,bs) =
|h(b2)a; — a1h/(b2)(ba + ¢'(a1))|. In Proposition [2.5| we proved the result for

vertical lines, hence now we may assume that h'(bg) # 0.

Observe that J vanishes for every (a1, by) if and only if %—bg =¢'(a1).

The left hand side depends only on bs, and the right hand side only on ay.
Hence the only possibility is that they are both constant. For the right hand
side, this means exactly that g is a linear function, say g(x) = pz + q.
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which we can write in

Then, J(a1,by) = 0 if and only if }2,((522)) = ﬁ,
the form [log h(b2)]" = [log(b2 + p)]’. The solutions h to the last equality are
of course linear functions.

We have shown that the nonlinearity of any of the functions g or h yields
J (a1,b2) # 0. Now, let us take a closer look at the linear case, keeping the
notation g(z) = pxr 4+ ¢. Again, in view of Proposition we may assume
that p # 0. Note that then g is invertible and we can take h = g~!, namely
h(z) = 1z — 1. Then the condition J = 0 is equivalent to p = —¢, which we
excluded while defining densities on curves.

We have shown that there is a point in R? where J is nonzero. Then,
applying the inverse function theorem, we can find some neighbourhood on
which .J is nonzero and there exists an inverse map (o, 8) — (ay,by) with
Jacobian J(a, B) = [J (a1, b2)] L.

Now we see that all the functions appearing in the last integral are well-
defined when we restrict to some open subset 2 C R2. There exist intervals
I and I such that I; x Is C 2, and without losing generality we can assume
that the measures p; and py are supported in I; and Iy respectively. The
choice of these intervals depends only on the functions g and h.

We can write the last integral in the form {; o f(o, 3)®(a, 8) dadp,
where @ is a density of the measure p; * pa. Now, g * o > pg * po and the
proof is complete. =

REMARK. Notice that due to the assumption , 1 cannot be sup-
ported on the line y = pxr — p, because then taking x = —p we obtain
Ar+ B = —Ap+ Ap — p = —p = x for any value of A. So the assumption
in Theorem is not very restrictive.

4. Fourier transform in “B” direction. In this section we consider a
measure such that ©** has a “good” B component for some k. More precisely,
we assume that there are measures n and o such that

> xo

and the Fourier transform & of ¢ is in LP for some p > 0. Then convolution
powers of o as well as of p** have better properties and we may deduce
absolute continuity of Px.

There are nontrivial singular measures o such that ¢*P has a density.
The construction of Salem sets in [§] uses a measure defined as the image
of a positive measure under the Wiener function. The Fourier transform of
the random measure obtained that way has a.s. the asymptotics at infinity
defined by some properties of the initial measure. Therefore, it is possible
to obtain a measure whose Fourier transform is in LP for a fixed p > 1,
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and not in L'. The construction of Kahane was pointed out to us by Jacek
Zienkiewicz.
Recall that the formula for the Fourier transform of a measure v on R is
D(€) = | e du(z).
R

The Fourier transform of a bounded (in particular probability) measure is
a bounded function. One of the basic properties of this transformation is the
convolution theorem, which can be formulated in a simple way: i * v = ji- 0.
Here * denotes the standard convolution, which should not be confused with
the x-convolution defined in the previous section.

If we take a measure v < A, we get 2(£) = {5 €™ dv(z) = {; ¢(z)e™* dz,
where dv/d\ = ¢ is the density function. In fact we obtain the Fourier
transform of ¢. Assuming that 7 is integrable, we can apply the inverse
Fourier transform, and by the uniqueness theorem, we will get the function ¢.
This implies the following

COROLLARY 4.1. Let v be a bounded measure on R. If © € L', then
v < X and the density function dv/d\ is the inverse Fourier transform of v.

Now we return to the distribution p of the random vector (A4, B).

THEOREM 4.2. Assume that there are measures 1 and o such that p** >
n X o where 6 € LP for some p € N. Then Px < A.

Proof. Recall that Py = u**? % Px = (u**)*? x Px > (n x 0)*? x Px = p.
We are going to show that p < A. By the definition of x-convolution, for
f € Co(R) we have

p—1
Sf(x)dp(x) = S f<a1...apa:+ Zal ...akka)
k=0

R R2p+1
x dn(ar)do(by)...dn(ap)do(by) dPx(z).

Now take any set £ C R of zero Lebesgue measure. Denote a = a1 ... a,
and a = (a1,...,ap). Then

p(B) = | 15(x) dp(a)
R

p—1
= S 1g (aﬂs + Z ai ... akbk+1) dn(a1)do(br)...dn(ap)do(ay) dPx(x)
R2p+1 k=0
p—1
= S [ S 1g (a:v + Zal e akka) do(by) ... da(bp)]
Rt R h=0 x dn(a1) ... dn(ap) dPx ().

Let us focus on the inner integral. We fix the values of ai,...,a, and z.
Let o} denote the distribution of the random variable aq ...ar_1 B, where
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Bwa,andletcpﬁgzgp:ol*...*ap Then

p—1

| ]lE(ax +> ar. akbkﬂ) do(br)... do(by) = | Lp—as () dG (D).
RP k=0 R

We observe that 6;(£) = d(ay...ar—1€) belongs to LP as a function of &,

Le. (pl6(a1...ar—18)P d < oo. Now, by Hélder’s inequality,

VGp©ldg = | 16(&) ... 6(ar...ap18)|dE

R Rx---xR

< (S 16(€)[P d§) v e (S 6(ar...ar18) df) o < 0.
R

R

Hence fp € L' and, by Corollary the measure ¢, is absolutely continuous
with respect to the Lebesgue measure. Note that if A\(E) = 0, then also
A E—az) = 0, so in fact we integrate a bounded function over a zero-measure
set, and hence the integral is zero.

The inner integral is zero for any a1, ..., a, and x, so the whole expression
is zero. Thus for any set E C R such that A(E) = 0, we also have p(E) = 0,
which means that p < \.

Until now, we have always assumed that the measure pu, or its x-convo-
lution power p*P, dominates some product measure. Now we are going to
take a look at more general situation: instead of a product, we will consider
a desintegration. Sufficient conditions for a measure to have a desintegration
are not very restrictive. Let us recall the desintegration theorem.

THEOREM 4.3. Let (X, F) be any measurable space and (Y,G) a compact
metric space, where G is the Borel o-field. Let v be any finite measure on
the product o-field F ® G. Then there exists a desintegration {v, : © € E}
of the measure v with respect to the marginal measure vy on X given by
vx(A) =v(AXY) for A€ F, where E C X is a set with full measure vx,
that 1is,

V Sy dve,y) = | flay) du(y) dux (@).
XxY XxY

The theorem below is more general than Theorem [£.2] but due to sim-
plicity of the conditions it was worth stating as well.

THEOREM 4.4. Assume that p** > fi and the measure fi admits a desin-
tegration {o,} with respect to n, i.e. for any integrable function f we have

(e f(a,b) di(a,b) = §\zs f(a,b) dog(b) dn(a), where the measure o4 depends

(*) ¢p.a depends on a, but we suppress the index @ in further calculations for simplicity.
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on a. Suppose that there is a set D such that n(D) > 0, 64 is not identi-
cally zero and 6, € LP for any a € D. Then the measure Px is absolutely
continuous.

Proof. We rewrite the proof of Theorem with a few modifications.
Let v be the measure given by

| f(a,0)dv(a,b) = | f(a,b) doa(b) 1p(a) dn(a).
R2 R2

By assumption, v is not zero. First, observe that Py = (u**)* x Px >
P % Px > v*P % Px = p. Take a set E C R with A(E) = 0. We can write

p(B) = | 15(x) dp(a)
R

p—1
= S [ S HE<CL~T + Z ag ... akbk+l) d0a1 (bl) s da“p (bp)
Rp+1 RP k=0

X 1p(a1)...1p(ap)dn(ar)...dn(ay)dPx(z).

Again, we fix a1,...,a, and x, and we consider the inner integral. Let B,,
denote a random variable such that B,, ~ o4, . Moreover, let oy, denote
the distribution of a; ...ap_1B,,. Then 64, € LP and we can write

p—1

S 1g (am + Z a ... akbk_,_l) dog, (bl) - dO’ap (bp)
RP k=0

= [ 1p-aa(®) d(o1,q % ... % 0p0) (D).
R

By Corollary we conclude that (p, = 014 % ...%0pa < A, and hence
the integral is zero. This means that p < A, and the proof is complete. u

5. Transition probability and mixing. Consider the stochastic re-
currence equation X,, = A, X,,_1 + By, where (A, By) is an i.i.d. sequence
with law u. Clearly, the sequence (X,,)n>0 is a homogeneous Markov chain.

Let P denote its transition kernel and P* the k-step transition kernel. The
P is defined by

P(x,C’) ZP(Xl eC ‘ Xo = a;) :]P’$<X1 S C)
= S Lo(azx + b)du(a,b).
R2
Similarly, for n > 2, the n-step transition probability kernel is given by

(5.1) P'(z,C) =Po(Xyn € C) = | Lo(az +b) dp*(a,b).
RQ
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In Sections [ and [] our goal was to show the absolute continuity of the
stationary distribution Px. The same calculations allow us to conclude that
the transition kernel has an absolutely continuous component.

PROPOSITION 5.1. Under the assumptions of Theoremm P?r(z,-) has
an absolutely continuous component for every x € R. Under the assumptions
of Theorems 07“ PkP(z,-) has an absolutely continuous component
for every x € R.

Proof. In the first case the measure z*?P can be written as *?? = vy + vy,
where v; is absolutely continuous with respect to the Lebesgue measure A\2.
This follows from Theorem Let ¢ be the density of 1. Then

(5.2) P*(z,C) > | 1o(az + b) dvi(a,b)
]R2
= | 16(b)¢(a,b - ax) dbda.
R2

The measure defined by the right hand side of (5.2)) is clearly absolutely
continuous, and so the conclusion follows in the first case. In the second case
WP > 1P and so the calculations in the proof of Theorem show that

(5.3)  P*(z,C)
> | Le—ae(b) dGa(b)1p(ar) ... Ip(ap) dn(as) .. . dn(ay).
RxRP

Again, since () 4 is absolutely continuous with respect to the Lebesgue mea-
sure, so is the measure defined by the integral on the right hand side above,
and the conclusion follows. =

Proposition [5.1]implies that in both cases the chain X, is Px-irreducible.
Indeed, condition (c) of [I, Theorem 2.1] is satisfied, and so irreducibility
follows from [I, Corollary 2.3|. Eventually, we apply [3, Theorem 2.8| to
conclude that (X),,) is geometrically ergodic, and hence strongly mixing with
geometric rate. More precisely, the following statement is true:

THEOREM 5.2. Suppose that (2.2) and (2.3) are satisfied, Elog|A| < 0
and there is € > 0 such that
E(|A|* 4+ |B|f) < .
Assume further that the assumptions of either Theorem [3.2), or 4] hold.

Then (X,) is geometrically ergodic, and hence strongly mizing with geometric
rate.
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