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A NOTE ON A NEW CLASS OF RECURSIVE UTILITIES IN
MARKOV DECISION PROCESSES

Abstract. This paper deals with Markov decision processes on a general
state space under standard compactness-continuity assumptions. The pur-
pose is to obtain a new class of so-called recursive utilities with the aid of
the entropic risk measure. Within this framework we show that there ex-
ists a stationary policy for a discounted payoff problem in the infinite time
horizon. Our result is illustrated by examples.

1. Introduction. Recursive utility models, suggested by Kreps and Por-
teus [I3] and introduced into the asset pricing literature by Epstein and Zin
[8], represent preferences as the solution to a non-linear difference equation
with a terminal condition. This is now the standard approach in dynamic
problems. To list a few such problems let us mention applications to busi-
ness cycle models [19], to macroeconomics [14 20], or to asset pricing models
[14]. The popularity of recursive utilities stems from the fact that they al-
low partial separation between risk aversion and elasticity of intertemporal
substitution (see [14, Chapter 20]).

Let us assume that uncertainty is modelled by a probability space
(£2, F, P) and that information is modelled by an increasing filtration (7).
Within such a framework most applications are based on ranking of stochas-
tic payoff streams, say (r;), adapted to a given filtration. This ranking is
fixed by a stream of preference functionals (V;) also adapted to (F;). The
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standard time additive case has the form
V;g:’l“t—i—ﬂEt[V;+1], t:1,2,...,

where 5 € [0,1) is a time discount factor and E; stands for the expectation
operator with respect to period ¢ information. We propose to replace E;[Vi41]
by a quasi-arithmetic certainty equivalent operator

My (Vi) = ¢ (Ee(¢ o Viga)),

where ¢ is a monotone function. In particular, we deal with the exponential
function ¢(z) = e=7*, where v > 0 is a risk coefficient of the decision maker.
Moreover, « affects decision maker’s attitude towards risk in future utility.
Thus, the preference functional is of the form

(1.1) Vi=r — élnEt[e_7W+1].
Y

The preferences were first studied by Weil [2I] and then by Hansen
and Sargent [10], who used them to deal with a linear quadratic Gaussian
control model. Furthermore, it is worth emphasising that risk sensitive pref-
erences of the form have found several applications, for instance, in
problems of Pareto optimal allocations [I] or in finance [9, [15], where the
certainty equivalent My (V1) = —g In E;[e~"V*+1] is known as the entropic
risk measure.

In this paper we apply the preference form introduced in to define
a non-expected payoff in the infinite time horizon for Markov decision pro-
cesses on a general state space. Under relatively mild conditions we prove
that the corresponding Bellman equation has a solution and there exists an
optimal stationary strategy. In this sense our paper generalises the approach
of Blackwell [4], who considered expected discounted payoff in the infinite
time horizon for Markov decision processes with the time additive functional.

The paper is organised as follows. Section 2 describes the model and risk
sensitive preferences of the decision maker, and provides essential assump-
tions. In Section 3, we use the dynamic programming approach to show that
the agent has an optimal stationary policy and the lifetime utility is a so-
lution to the optimality (Bellman) equation. In Section 4, we solve some
examples and compute both the value function and the optimal policy.

2. The model. Let R := (—00,00) and N be the set of all positive
integers. We consider a discrete-time controlled Markov process described
by the following objects.

(i) The state space X is a standard Borel space (that is, a non-empty Borel
subset of some Polish space).
(ii) The action space A is also a standard Borel space.
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(iii) D is a non-empty Borel subset of XxA. We assume that for each z € X,
the non-empty z-section

A(x) ={a€ A: (z,a) € D}

of D is compact and represents the set of actions available in state x.
(iv) q is a regular conditional distribution from D to X.
(v) The one-step reward function r : D — R is a Borel measurable non-
negative function such that r(z,a) < d for (x,a) € D and some constant

d> 0.

Then, H;, = D! x X for k > 2, and H; = X, denotes the set of all feasible
histories of the process up to stage k. Clearly, Hy, := D x D X - - - (infinitely
many times) is the set of all infinite feasible histories. As usual, a policy
m = (7, ) ken 18 a sequence of Borel measurable mappings (decision rules) from
Hj, to A such that mi(hy) € A(zy), where hy = (21, a1, 22, a2, ...,2x) € Hg.
The set of all policies is denoted by II. The class of stationary policies is
identified with the class F' of measurable functions f from X to A such that
f(x) € A(x). It is well-known that F' is non-empty if A(x) is compact for
each z € X (see [5, Theorem 1]).

In this section, we shall consider the non-expected utility of the decision
maker in the infinite time horizon derived with the aid of the so-called en-
tropic risk measure. In order to define this measure, let (2, F, P) be a prob-
ability space and let X € L*°({2, F, P) be a random payoff. The entropic
risk measure of X is

1
p(X)=—=In S e X Pldw),
v 9}
where v > 0 is the risk sensitive coefficient. Let X, Y be random variables

from L*°(§2, F, P). The following properties of p are of importance (see [9,
p. 184)):

(P1) monotonicity: X <Y = p(X) < p(Y),
(P2) translation invariance: p(X + z) = p(X) + z for all x € R,
(P3) the Jensen inequality: p(X) < EX.

However, p is not positive homogeneous. Here, we only mention that making
use of the Taylor expansions for the exponential and logarithmic functions,
we can approximate p(X) as follows:

(2.1) p(X)%IEX—%VarX,

if v > 0 is sufficiently close to 0. Therefore, if X is a random payoff, then
the decision maker who evaluates his expected payoff with the aid of the
entropic risk measure, thinks not only of the expected value EX of the
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random payoff X, but also of its variance. Further comments on the entropic
risk measure can be found in [9] and the references cited therein.

For k € N, let B(Hy) be the set of all Borel measurable bounded non-
negative real-valued functions defined on Hj, equipped with the supremum
norm || - ||. Let 7 = (7 )ren € II be any policy. For vgy1 € B(Hy11) and
hi € Hj we set

1
(2.2) Pregoh (Vkt1) 7= —;111 S ekt (k) ) g(dy | oy, mi (i)
X
Observe that by (P3) we have
(2.3) 0 < pry by, (V1)
<V vregr (s (), ) a(dy | e, () < o |
X

for hy, € Hj. Next, we define an operator L., as follows:

(Lryvi41)(hi) = Ly vit1 (hie) == (g, e (i) + By (Vkt1),
where f € (0,1) is a discount factor. By (P1), L, is monotone, i.e.,
Lﬂkvk_;,_l(hk) < Lﬂk@k_,_l(hk) for hy € Hjy and Vg1 < Upy1. Moreover,

by (2.3),
(2.4) 0 < L vkt1(he) < d+ Bllvgg]|

for every hy € Hy.

We follow the approach of Hansen and Sargent [10] and model the pref-
erences of the decision maker recursively. For any state x1 = z and N € N
we define an N-stage total discounted utility by

(2.5) In(z,m) := (Lgy 00 Lz, )0(x),

where 0 is a function such that 0(hx) = 0 for every hy € Hy and k € N. For
instance, if N = 2, definition (2.5) reads

J2($77T) = (L7T1 ° Lﬂ-2)0(l‘) =L, (LMO)(SL')

= r(a,m(@) - 2 In | e ER0@ME@D) g(dy| 2,7 (2))

=r(z,m(x)) —

LRI R

X
In | emrwmEm@w) o(dy | 2, m (x)).
X

Observe that (P1) implies that the sequence (Jy(z,7))nen is non-de-
creasing and bounded from below by 0 for all x € X and 7« € II. Moreover,
d
JN(ZL',TF)Sﬂ forze X, melIl, N €N.
This follows easily from (P1) and (P3). Hence, limy_,o Jn(z,7) exists for
all x € X and 7 € II.
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PROBLEM 2.1. For an initial income x € X and a policy m € Il we define
the non-expected discounted payoff in the infinite time horizon as follows:

(2.6) J(x,m) = ]\;gnoo In(z, ).

The aim of the decision maker is to find the value function of this payoff,
i.e.,
J*(x) = sup J(z,7), we€lX,
well

and a policy m* € II such that
J(x,m*) = J*(z) forallzeX.

REMARK 2.2. When v — 07, the non-expected payoff (utility) in (2.6])
tends to the von Neumann—Morgenstern expected payoff that was first stud-
ied by Blackwell [4] and, for instance, by Stockey et al. [I§] in economic
models. The greater v > 0, the more risk averse is the agent.

3. The optimality equation. In order to solve the aforementioned
problem we shall use the dynamic programming approach.

We start by formulating our compactness and semicontinuity assump-
tions, which will be used alternatively.

Condition (S):

(i) The set A(x) is compact.
(ii) For each x € X and every Borel set C' C X, the function ¢(C |z, ") is
continuous on A(z).
(iii) The reward function r(z,-) is upper semicontinuous on A(x) for each
r e X.

Condition (W):

(i) The set A(x) is compact and the set-valued mapping = — A(z) is
upper semicontinuous, that is, {z € X : A(x) N B # 0} is closed for
every closed set B in A.

(ii) The transition law ¢ is weakly continuous on D, that is,

(z,a) = | u(y) a(dy |z, a)
X
is continuous for each continuous bounded function w.

(iii) The reward function r is upper semicontinuous on D.

We denote by U(X) [B(X)] the set of all bounded non-negative upper
semicontinuous [bounded non-negative| Borel measurable functions on X.
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THEOREM 3.1. Assume (W) [(S)]. Then:

(a) There ezist a unique function V € U(X) [V € B(X)] and a decision
rule f* € F such that

z)= sup (r(z n|e VW z,a

1) V<)a@&< 1£ O glay|.a))

(3.2) =r(x, f*(z fllnge WV g(dy |z, f*(x))
X

forallx € X.
(b) Moreover, V(x) = J*(z) = J(z, f*) for allx € X, i.e., f* is an optimal
stationary policy.
Proof. Let us first assume (W) . For any v € U(X), define an operator L
as follows:

(3.3) Lv(z) := sup (r(m,a) - éln S e W) g(dy | :B,a)>
z€A(x) Y X
for all x € X.

Part (a) follows from the Banach fixed point theorem applied to L. Note
that L : U(X) — U(X). Indeed, this follows from [11, Theorem 3.3.5] and
our assumption (W). Thus, it only remains to prove that L is contrac-
tive when we endow U(X) with the supremum norm || - ||. Assume that
U1,02 € U(X) Then

Lvy(z) — Lvg(x)

™

< sup <—6ln S e W g(dy | z,a) + = In S e 12W) g(dy |z, a))
acA(x) \ V¥ T 5

<8 s <_ In { eI -21-720) g(dy | 2, ) + In
Y acA(x) X

B

—[jvr — vz = Bllvr — v,

sfwmwwym@>

X

and consequently, by changing the roles of v; and o,
(3.4) HL’Ul — ng” S ,8“1)1 - 'UQH.

Since U(X) equipped with the supremum norm is complete, by the Banach
fixed point theorem there exists a unique V € U(X) satisfying . The
existence of f* € F in follows from the measurable selection theorem
(see [5, Corollary 1] or [11, Proposition D.5]).

Now we prove part (b). From (3.1)) we obtain

Viz) >r(z,a) — fln S e VW) q(dy |z, a)
X
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for every (z,a) € D. Let m = (mi)keny € II be any policy. Then, for every
history hy € Hg, k € N, the above display implies that
(3.5) V(zk) > L, V(h).

Fix any T' € N. Set k := T in (3.5), i.e., V(x1) > Lz, V(hr). Then, applying
(3.5) consecutively for k =T —1,...,1 we obtain

V(2) = (Lny 0+ 0 Ly )V (a).
Since V' > 0 and L, is monotone for every 7, k € N, we obtain
(36) V(z) = (Lp 00 Lxp)V(x) 2 (Lyy 0+ 0 Lay)0(x) = Jp(w, )

for any m € II and © € X. Letting T" — oo in (3.6)), we conclude that
V(z) > J(x,m) for any m € IT and = € X. Hence,

(3.7) V(z) > sup J(z,m), =ze€X.
well

Let f* € F be as in (3.2)). We define

rp(@) =r(@ f* (@), ppea(V)=—=In| e VW q(dy|z, f*(x))
X

1
i
and

LyV(x) =r(z, [ () + Bosa(V)

for x € X. Hence, (3.2) can be written as LV = V. By iterating this
equality T' — 1 times we get

(3.8) V(e)=LPV(2), zeXx,
where L(j,:) denotes the T-fold composition of the operator L« with itself.
From , making use of properties (P1) and (P3) we obtain
(39) V(@) =Ly g+ Bop (V))(@)

< L5V 4 VI (@)

= LE D (g o+ Bpy (g 4+ BIVID) (@)

= LD (rpe + Bppe(rp) + B2V (z) by (P2)

= L5 vy + Boge (g + By (ry) + BVID) )
= L (g + Bppe (e + Bppe () + B2V ) (2)
for x € X; the last equality follows again from (P2). Continuing, we deduce
(3.10) V(z) < Jp(z, fH+ 68TV, zeX.
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Letting T'— oo in (3.10) we obtain
(3.11) V(z) < J(z, f"), =xze€lX.
Now, (3.7) and (3.11]) combined yield (b).

The proof under assumption (S) proceeds along similar lines. We have
to show that L : B(X) — B(X), which follows from (S) and [I1, Theorem
3.3.5]. Further, we prove that L is contractive when B(X) is endowed with
the supremum norm (see (3.4])). Since B(X) is complete, we can apply the
Banach fixed point theorem to L. The existence of a Borel measurable se-
lection follows from [5], Corollary 1|. Part (b) is the same as in the previous
case. m

REMARK 3.2. For simplicity we have assumed that the reward function
is positive. Clearly, Theorem holds true for the model with bounded
rewards (not necessarily positive), say 7. Then the solution to equation ((3.1)
is
c

Viz):=V(z)+ -
x,a)

, x€X,

where ¢ > 0 is a constant such that 7( +c¢ >0 for all (z,a) € D.

REMARK 3.3. It is worth mentioning that Markov decision processes
with risk measures that help to evaluate the discounted payoff (utility) in
the infinite time horizon have already been studied in the literature. There
are two ways of dealing with this problem. The first is similar to the one
studied above, i.e., at every stage the decision maker uses some measure
or certainty equivalent to evaluate the payoff or utility in the next step.
Such an approach leads to a stationary optimal policy and was considered
for coherent risk measures in [16] [I7]. However, our entropic risk measure is
not positive homogeneous, and thus not coherent. In the second approach,
the decision maker applies a risk measure to the aggregated discounted
reward in the infinite time horizon, i.e., he/she is interested in the value
ET exp{—v> 12, (@, a¢)}, where ET is the expectation with respect to the
unique measure P;, defined on the space of all trajectories of a Markov
process starting at x € X and governed by policy m € II and transition
probability q. However, in this context the decision maker may not have an
optimal stationary policy [3} 6], [7].

REMARK 3.4. Note that if v > 0 is close to zero, then we may view
the Bellman equation through formula . Namely, the maximised
payoff, in the infinite time horizon is the sum of the today payoff and the
expected value and the variance, multiplied by —</2, of the infinite time
horizon payoff calculated with respect to an uncertain tomorrow state.
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4. Examples. In this section, we present two examples of Markov de-
cision processes with transition probabilities independent of a state. Such
models are known in the literature under the name of “invariant models” [2].
According to Remark we may consider bounded rewards. Below, we de-
scribe how to solve the optimality equation for invariant dynamic pro-
gramming problems with a finite action set (cf. [2] for a discounted cost
criterion in a risk-neutral setting). A similar algorithm, however, does not
work for Markov control processes with a finite action set and general state
space.

Let A(z) = A :={ap,a1,...,a,} and set ¢;(-) := q(-| a;) and

w(z)=e V@ forze X,
g(z,a) = e @Y for (z,a) € D= X x A.

Then (3.1) can be written in the form

(4.1 w<x>:mm[g@,a)(gw<y>q<dy|a>>ﬂ], reX.

a€A
X
Furthermore, we define

gi(x) = g(x,a:),  Wi=|w(y) q(dy)

fori=0,...,n and x € X, and we set
Xi={reX: gi(az)WiB < gj(a:)Wf forj=1,...,i—1,
and gi(m)Wf < gj(:v)Wjﬁ forj=i+1,...,n}
for i+ = 0,...,n. In other words, X; is the set of states for which 4 is the
least index such that the action a; minimises the right-hand side of , or

equivalently maximises the right-hand side of (3.1)). Therefore, (4.1)) reduces
to

Z g’L WﬂlX )

where 1x, is the indicator of XZ-. Integrating this inequality with respect
to gq; we obtain

n

(4.2) Wi =Y Gyw/, j=0,....n,

i=0
where

Gij = S gi(x) g;(dz).

Xi

Hence, (4.2)) represents a system of n+ 1 non-linear equations with unknowns
Wj, j =1,...,n. Observe that in this setting the assumptions (W)(i, ii) or
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(S)(i, ii) automatically hold. Therefore, if additionally (W)(iii) or (S)(iii) is
satisfied, then by Theorem there exists a solution to (4.2). Abusing the
notation a little, let us denote it by the same symbols, i.e., W;, j=1,...,n.
Then

an, T € X,.

EXAMPLE 4.1 (Maintenance problem; see also [2, Example 4.2| or [12]
Example 2|). We consider a complex system composed of a central unit and
a large number of small units. The system is checked regularly each year,
and its current situation is recorded. Assume that the central unit is half
of the system and can be either in working condition, recorded as 0, or
in non-working condition, recorded as 0.5. The collection of small units is
treated as a continuum and their situation is recorded as a number between
0 (perfect condition) and 0.5 (all broken down). The recorded state of the
system is the sum of these two numbers, and is thus a number between 0
and 1. The following actions may be chosen.

e Minor repair ag. The repair results in a probability of 0.5 that the central
unit is in working condition, and a uniform distribution on the state of
small units. The state of the system after such a repair is thus uniformly
distributed over [0, 1].

e Qwverall repair a1. The repair results in a probability of 0.5 that the cen-
tral unit is in working condition and that the small units are in perfect
condition.

o Replacement as. The system is replaced by a new one. The trade-in value
of the used system affects the price of a new one.

Although it is natural in this context to think about costs rather than payoffs,
we consider the equivalent maximum problem. The payoff functions equal
ro(x) =4 —x, r(z) =5—3x, ro(z) =5 — bz for x € X := [0, 1], and the
transition probabilities are gg ~ U(X), ¢1(0) = ¢1(0.5) = 0.5 and ¢2(0) = 1.
Let v = 1 and Ko = Wy /W1, Ky = Wy/Ws. If we assume that 8 = 0.5, then
it can be proved that 0 € X5, 0.5 € X and 1 € X, where

Xo={z>mm\/Kje}, Xo={o<n\/K}},
X1 ={ln\/K} <z <In\/Kje}.
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Furthermore, we have
Goo = e (e~ (Kge)'?),  Guo = je *((Kge)*” - K377,
Gao = 5(K256/2 -1, Gu=0, Gi1= %6_7/2,
Gy =12 Goua=G12=0,Gn=¢"
Making use of , we obtain
Wo = 0.00053384, W7 =0.0002715, W5 = 0.0000454.
Thus, the optimal policy is

1 —
ge
1 —
56

ag, € [0.669034;1],
F@) =< a, xe[0.447113;0.669034),
az, x € [0;0.447113),

and the solution to the Bellman equation is

—7.767707 +z, =z € Xo,
V(z) =< —9.105774 + 3z, = € X3,
—10 + 5z, x € Xo.
If B =0.75, then 0.5 € X5 and therefore

Goo = e e — (K§e)'/?),  Gip= te2((Kle)¥? — K37,

Gao = te(KP? —1),  Gor=Gu =0,
Go1 = %6_5 + %6_5/2, Goa =G12=0, Ga=¢c"
The system yields
Wo =4.67043« 107, W, = 1.358557 x 1075,
Wy = 2.061154 % 10,
Hence, the optimal policy is
ap, x € [0.963061;1],
fors = S ar, x€[0.7071533;0.963061),
az, x € [0;0.7071533),
and the solution to the Bellman equation is

—16.6596 + =z, x € X,

V(z) = ¢ —18.5857 + 3z, = € Xq,

—20 + bz, x € Xo.
EXAMPLE 4.2 (see |12, Example 3|). We consider a system that is
checked regularly each month, and its current situation is recorded as a

number from the interval X := [0, 1]. The number 0 means that the system
is completely broken down, whereas 1 means that it is in perfect condition.



160 H. Asienkiewicz and A. Jaskiewicz

Each month a controller decides to call one of the two available mechan-
ics to service the system. Let A := {ag,a1}, where ap means calling the
first mechanic, and a; calling the other one. Mechanic I wishes to be paid
2(1 — z) and after his service the distribution function of the next state is
qo(dz) := %dm, which results in reaching ‘worst states’ with greater prob-
ability. The cost of mechanic II’s service is independent of the current state
and equals 1. The distribution function of the next state after his service is
q1(dx) = eel%fdx, which means that greater probability is assigned to the
‘better states’. We can again view this problem as an equivalent maximum
problem with the payoffs obtained from costs by the change of sign, i.e.,
ro(z) = 2(x — 1) and 1 (z) = —1. We obtain

1+ ﬂln(Wo/Wl)

on{xEszz ::m}, X1 =X\ Xo.

2
Computing
2
(& —m —1 € m
= — = — 1
G(]O 6—1(6 e ), G10 6_1(6 ),
G e e3m—e3), @ e (1—e™)
7 3e-3 T T e

and inserting these into (4.2]) we obtain the following solution for 5 = 0.5:
m = 0.459996, Wy =4.55251, W = 5.34251.

Hence,
Xo = [0.459996; 1], X; =[0;0.459996).

Consequently, the function solving (3.1]) is
() 2.757839 — 2z, =z € X,
xTr) =
1.837848, e X,

and the optimal policy is f*(x) = ag for = € Xy and f*(z) = a1 for x € X;.
On the other hand, for 8 = 0.75 the solutions are

m = 0.4361036, Wy = 22.6295, W) = 26.8334,
which yields

3.467236, z e Xy,
with Xo = [0.4361036; 1] and X; = [0;0.4361036).

4.339441 — 2z, a € X,
(x) =
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