ACTA ARITHMETICA
179.3 (2017)

Almost prime triples and Chen’s theorem
by

YINGCHUN CAI (Shanghai)

1. Introduction. One of the central problems in the theory of prime
distribution, namely the twin prime conjecture, states that there exist in-
finitely many primes p such that p+2 is also prime. Although the conjecture
has resisted all attacks, there have been spectacular partial achievements.
One well known result is due to Chen [2] [3], who proved that there exist in-
finitely many primes p such that p + 2 has at most 2 prime factors. Another
result belongs to Zhang [13], building on the work of Goldston, Pintz and
Yildirim [5], who showed that there exist infinitely many prime pairs whose
differences are less than 70000000. The bound 70000000 has been improved
to 600 by Maynard [I0], and the bounded gaps result for prime tuples was
also obtained by Maynard [10] and Tao (unpublished).

The twin prime conjecture is the simplest case of the Hardy—Littlewood
conjecture [7], which postulates an asymptotic for prime tuples in general.
Another special case of the Hardy—Littlewood conjecture states that the
number of primes p < x such that p+ 2 and p+ 6 are prime simultaneously

should be asymptotic to loigfx for a positive constant C' (see (4.6)). In this

direction, it has been proved by Porter [12] that there exist infinitely many
natural numbers n such that n(n+2)(n+6) has at most eight prime factors,
and Maynard [I1] was able to replace 8 by 7.

Very recently, Heath-Brown and Xiannan Li [§] showed that there exist
infinitely many primes p such that p+2 and p+6 have at most 2 and at most
76 prime factors respectively. This result improves upon those of Chen [3]
and Maynard [11].

Let P, denote an almost-prime with at most r prime factors, counted
according to multiplicity. In this paper we shall show, by a delicate sieve
process, the following result.
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THEOREM 1. Let w1 2,(x) denote the number of primes p < x such that
p+ 2 and p+ 6 are Py and P, respectively. Then

T
7'(‘1,2714(:17) > 3 -
log® x

By the same method, we can prove the following result.

THEOREM 2. For even integer N, let S(N) denote the number of solu-
tions to the equation N = p + Py with p + 6 = Py4. Then, for sufficiently
large N,

S(N —.
() > log® N

2. Notation and preliminary lemmas. In this paper, ¢ € (0,10710)
and x denotes a sufficiently large real number in terms of €. By A < B we
mean that A < B and B < A. The letter p, with or without subscript,
is reserved for prime numbers. We denote by (m,n) the greatest common
divisor of m and n, and by {m,n} a 2-dimensional vector. As usual, ¢(n)
denotes Euler’s function. By 7(n) we denote the divisor function.

LeEMMA 1 ([8, Proposition 1]). Let # be a finite subset of N2. Suppose
that z1,z9 > 2 with log z1 < log zo and write z = {z1, z2}. For d = {d1,d2}
and n = {ni,na}, we write d |n to mean that dy |ny1 and dg | ng. Set

Ha={ne :d|n}, SH,z)= Y L

{ni,n2}eW
pln1=p>z1
plna=p>z2

Suppose that
[#a| = h(d)X + R(d)

for some X > 0 independent of d and some multiplicative function h(d) €
[0,1) such that h(p,1) + h(1,p) =1 < h(p,p) < h(p,1) + h(1,p) for all
primes p, and

h(p,1),h(1,p) < cp ', h(p,p) <cp?

for some constant ¢ > 2.
Let hq(d) = h(d,1) and ha(d) = h(1,d). Suppose that

I1 <1—hj<p>>—1<1°gz<1+ L ) (=12

wipes ~ logw log w

for z > w > 2 and some positive constant L. Then:
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(1) S ,2z) < XV (20, W )\V1VaF (s1)F(s2){1 + O((log D1 D5)~/18)}
+0.( Y rdd)IR(dda}).
d1de<(D1Dy)'te
(i) S(#,z) > XV (20, K" )ViVo{f(s1)F(s2) + F(s1)f(s2) — F(s1)F(s2)}
x (1+O((log Dy Dy)~1/18))
0. Y Tdd)|R({dda))])
d1da<(D1 D)l te

for any € > 0, where f(s) and F(s) denote the standard functions in the
linear sieve theory, and

log D; .
20 = exp(V/log z122), s; = 08 (1=1,2)

N log z;
V(zo,h*) = [T 0 =1*(), »*(p) = h(p,1) + h(1,p) — h(p,p),
Vi= [ =hi) (G=12).

LEMMA 2 ([6, (3.11) and (3.12)]). For the functions f(s) and F(s) in
the linear sieve,

T, 0<S<3,
g *Mlog(t — 1
e<1+§ og( >dt>, 3<5<5,
S 5 t
F(s) = q 2¢7 Hog(t — 1
e(1+ | og(t=1)
S t
2
s—3 s—1
log(t — 1 1 -1
+ | 08( )dtS—l 1du>, 5<s<T:
\ 2 t+2
e
—log(s—1), 2<s<4,
s
s—1 t
2e7 dt log(u — 1)
—11 -1 — d 4<s<
<0g(s )+§ " S " u), s <6,
f(s) =1 2¢7 shar T og(u — 1
e<log(s—1)—|— S d S og(u )du
t U
3 2
s—4 s—2
log(t —1 1 —
+ S og( )dt S —log log 5 du), 6<s<8,
5 t o t+1 u—+ 2

where v = 0.577 ... denotes the Euler constant.
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LEMMA 3 ([8, Lemma 2], deduced from [4, Theorem 22.3]). Let
Py, oyks 21, z) ={m=pi-pe |y Spr < 21,06 S i < 2kt

(%3 q,a) = > 1,

MEP (Y1 oYk 21512k
m<z,m=a (mod q)

(25 q) = Z L.

MEP (Y1, Yk 215-,2k)
m<z, (m,q)=1

Then for any A >0 and | > 1 there exists B = B(A,l) > 0 such that

> o) (o) - D T
q<z'/2log Bz (@.0)= LA\ 08 T
where the implied constant depends only on k, | and A.
LEMMA 4 ([9, Lemmas 20 and 21]). Let
2=z Q) =]]»
p<z
Then for 1 < ug <wu < 100,
Z 1:w(u)1m +O< :I; )a
< ogz log”® z
(n,Q(2))=1
where w(u) is determined by the differential-difference equation
w(u) = 1/u, 1<u<2,
(vw(w)) =w(u—-1), u>2.

Moreover,
0.5617, u >4,
w(u) <
0.5644, wu > 3.

3. Weighted sieve. Let o/ denote a finite set of positive integers and
& an infinite set of primes, and denote

Pq)={pe P:(pq) =1}, Hy={a€«:a=0 (modd)}.
For sufficiently large x, set
Dy = 20475 p, = 005 _ D;/B.
For the rest of this paper we always assume that
Z={p:p>2}, P =]]nr
p<w
peEP
o ={p+2:T<p<uz (p+6,P(z) =1},
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S(; Pw)= > L

ac
(a,P(w))=1

LEMMA 5. For0 < a < f<1/3,
2m 0, (x) > 28(; P, 2™) — Z S(ty; P, x%)
ze<p<ah

- > S(Hpypy; P (p1):p2)

a2 <p1 <zP<pa<(z/p1)l/?

—2 Z S(‘Q{Plpz;f@(pl),pﬂ

2P <p1<pa<(z/p1)1/2

- Z S(%1p2p3; '@(pl)7p2)

z*<p; <pa<pz<az’
199 199

- > S@® ) - > S(@W; 2,a%) + 01,
k=r+1 k=r+1

where

d®) ={p+2:7<p<ap+6e.),
My={m=p1-pp:13<pr-pp<z+6,2<p < - <pit.
Proof. 1t is similar to that of [I, Lemma 5]. By the trivial inequality

199
(3.1) mor(z)> Z 1-— Z Z 1
a€d a=P> k=r+1 acd ,a=P>
(a,P(zP))=1 (a,P(2P))=1, a+4c.,
> S(et; 2,a7) — > S(Fpipa; P (1), P2)
28 <p1<pa<(z/p1)'/?
199
_ Z S(d(k);ﬁ,xﬁ)
k=r+1

and Buchstab’s identity, we have

(32)  mion(x) > S(; P, a%) — Y S(p; P,a)

za<p<azh

+ Z S(Hpips; P, 11) — Z S(Hpip2; Z(p1),p2)
z<p1<pa<af 2B <p1<pa<(x/p1)l/?
199
= > S(@®; 2,2%) + 02",
k=r+1
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where we have used the trivial bound
(3.3) Y. Sl 2.p) <l
2o <p<ah

Similar to (3.1), we have the obvious inequality

(34)  mon(2) > S(; P,a") - > S(Spipa; P (1), p2)
z*<p1<p2<(z/p1)'/?
199
— > S(a®; 2,2
k=r+1
=S 2,2 = Y S( Gy P(p1),p2)
z<p1 <pa<zh
- > S(Apyps; P (P1),D2)
ze<p1<zf<pa<(z/p1)'/?
- > S(Hp1pa; & (1), D2)
@B <p1<p2<(z/p1)'/?
199
- Z S(a®): 2 2.
k=r+1
It follows from Buchstab’s identity that
(3.5) Z S(Hpipsy; &, 11) — Z S(Hpipy; & (p1), p2)
2 <p1 <pa<zh z<p1<pz<ah
= Z S(Ap1papss P (p1),p2) + O(xl_a)v
2o <p1 <pr<p3z<azh

where a bound similar to (3.3) is applied. Now Lemma 5 follows from (3.2)
and (3.4)—(3.5).
LEMMA 6. We have
A7y 914(x) > 38(o; P, 2M13) 4 S(at; 2, x1/BH4)
+ Z S(Hpipa; P x1/13)
$1/13Sp1§ng$1/84
+ > SEAPRE N
rl/lsgplle/SASPQSDlx_Q/lBPl_l
- Z S(%;e@7£1/13) - Z S(%;(@,xl/lg)
21/13<p<p1/3.145 21/18<p<z1/3.81

- > S(Sppas P2 (p1), p2)

al/13<py <x1/3-145 <py <(z/p1)1/2
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- > S<%1p2; Z(p1), (:U) 1/2)

z1/84<p, <g1/3-81<py<(z/p1)1/? p1p2

-2 Z S(Lpypy; P (p1):D2)

x1/3:145<py <po<(x/p1)1/?

-2 > S(Hpypy; P (p1),p2)

z1/3:81<py <po<(x/p1)/?

N Z S(%IPZPBZM; @(pl)ypﬂ

x1/13<p) <py<p3<ps<z!/84

- > S (s papspss P (1), p2)

@1/13<p) <pa<p3<z!/84<ps<D1z~2/13p; "
199 199
- Z S(a ") 113y — Z S ") /84
k=15 k=15
199 199

o Z S(sz(k), @,x1/3.145) o Z S(,Q/(k)7 9,3}1/3'81) + O<x12/13)
k=15 k=15
=351+ 52+ S3+ 5S4 — S5 — S — 57— Sy
— 289 — 2519 — S11 — S12 — X1 — o — 53 — Xy + O(2"/13),
Proof. The argument is similar to that for [I, Lemma 6]. By Buchstab’s
identity, we have

(36) (2,23 = S(ot; 2,2 = T S(ap; 2,2
21/18<p<p1/8.4
+ Z S(%Uﬂz; (@’xl/lfi)
al/18<p; <pp<al/8:4
- Z S(%lpzps; P.p) + O(x12/13)’

a!/13<py <py<p3<al/8-4

(3.7) Z S(cy; P, 1184

21/8.4<p<y1/3.81

< Z S(%;@,[L‘l/lg)

11/8'4§p§$1/3‘81

- 2 S(pupas ,11)
x/13<p; §$1/8'4SP2SD11*2/13p;1
+ > S(Lpipaps; P 1) + O(a12/13)

@/13<p <py<al/34<p3<Dyz—2/13p; !
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and
(3.8) Z S(Apypy; P (p1):P2)
z1/8:4<p, <a1/3-81<py<(x/p1)"/?
= Z S("%IPQ; gz(pl)7p2)
z1/84<p, <g1/3-81<py<(z/p1)l/3
+ Z S(Hp1ps; P (p1),p2),

m1/8,4§p1§m1/3.81
(z/p1)Y/3<pa<(z/p1)t/?

where a bound similar to (3.3) is employed. If py < (z/p1)'/3, then py <
(z/p1p2)/?, and it follows from Buchstab’s identity that

(39) Z S(%1p2; @(p1)7p2)

x1/8:4<p) <g1/3-81<po<(z/p1)l/3

N
= S| Ayipy; P(p1), | —
Z s ( P1p2 (p1) <p1p2> )

al/8:4<py <al/3-81<pr<(x/p1)

t Z S(%1P2p35 @(pIPZ)aPB)-

1/3
@1/8:4<py <ol/381 <py<pa< (L)

On the other hand, If py > (x/pl)l/?’, then py > (L)I/Q, and we have

pip2
(3.10) > S(ppys P (p1),p2)

2l/BA<py <g1/3.81
(x/p1)V/3<pa<(z/p1)*/?

= > 5(%1@; PZ(p1), (x)m).

@1/84<p <g1/3:81 P1p2
(z/p1) /3 <pa<(z/p1)'/?
From (3.8)—(3.10), we get

(3.11) Z S(Lpypy; P (1), D2)

z1/84<p; <z1/3:81<py<(x/p1)'/?
c \ 12
< Z S(%lpz; @(pl), <> >
z1/8:4<p) <g/381<py<(z/p1)"/? pip2

t Z S(%1p2p3; ‘@(plp2)ap3)'
)1/3

@1/8:4<py <a/3:81 <py <py < (L

By Buchstab’s identity, we obtain
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(3.12) Z S(Hp1papss P (P1) p2)
al/13<p; <py<ps<xl/3.145
B E S(%mng; ,@,pl)
x1/13<py <py<p3<zxl/8-4
N Z S(%wng? ,9371)1)
ml/IBSPlSp2§$1/8‘4SPSSDI-T—Q/lsPQ_l
N Z S(%mzpa; P (p1p2), p3)
1/3
@1/8:4<py <al/381 <py <py< (L)
2 - Z S(%1P2P3p4; P(p1),p2)
21/13<py <py<p3<ps<zl/84
o Z S(%IPQPBZM; <@(pl)upQ) + O(I12/13),

21/13<py <py<ps<axl/8-4<p,<Dyz—2/13p;!

where a bound similar to (3.3) is used. Now by Lemma 5 with («, ) =
(1/13,1/3.145) and (o, ) = (1/8.4,1/3.81), Lemma 6 follows from (3.6)—
(3.7) and (3.11)~(3.12).

4. Proof of Theorem 1. In this section we assume the notation in
Section 3, in particular,

Dy = 204755 Dy — z00%B . _ D;/?
4.1. Lower bounds of S; (j =1,2,3,4). Let
W ={{p+2,p+6}:7<p<uz}.

We will apply Lemma 1 to #". We note that for prime p > 7, dy | (p+2) and
d2 | (p + 6) imply that
(4.1) (di,d2) = (dy1,2) = (d2,6) =1,
therefore we can take

Wal = W)X + R), X = n(x),

1
h(d) = { sy (d,d2) = (d1,2) = (d2,6) = 1,
0, otherwise.

By the Chinese remainder theorem, we have

(42) [R(d)] < |r(did2)],
where
= max _71'(.%)
(4.3) Ir(@)] = max > @) Tow

pz
p=a (mod d)
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Hence by the Bombieri—Vinogradov theorem, we obtain

(4.4) >

7 (d1da) | R(

d1do<(D1 D)t

It is easy to show that
0,

hi(p) = { 1

17

i

w\»—t@"ﬁ

h*(p) =

)

L
1
Therefore

(4.5) V(Zo,h*)VlVQ

:% 11 <1—p

-1

3<p<zo

p=2
p = 3;
p=2,
p=3,
p > 5.
2

) 10

Zo<p§1’1/13

= (1+0( 1)) CV =)V (2),

where

9
(4.6) C:2H<1—

p>3

3p—1

(p—1)3

By Lemma 1(ii) and (4.4)—(4.5),
47 Si=S5 {212}
> (14 0(e)Cr(a)V (/) (2)

x{f(6.175)F(5) +

X
O -
" <10g1° w)

= (1+0())

4C7(x)

(log D1)(log D-)

) v

F(6.175) f(5) —

x
d)’ < lo 10

F(6.175)F (5)}

x { fo(6.175) Fy(5) + Fo(6.175) fo(5) — Fo(6.175) Fy(5)}

X
O -
" <1og10 x)

4Cr(x)

> 242877

(log D1)(log Do)’

where Mertens’ prime formula
here Mertens’ f 1

V(w) = (1 + o(loéw

)

e 7

log w
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and numerical integration are used, and

fols) = 550(), Fols) = 55 F(s).
In the same manner, we get
Cr
(48) 52 (1+06) g 21)((& )

x {f0(3.99) Fy(5) + Fo(3.99) fo(5) — Fo(3.99) Fo(5)}

T
O ———
i (10g10 x)

ACT (x)
> 1.53433 .
- (log D1)(log Do)

By Lemma 1(ii),

(4.9)  S(Fpipy; 2, xl/lS) = S(V/{plpz,lb {$1/13> z})
Dy

4Cn(x) { (13 log P12 )
=1+ 0(8))]011?2 (log ,5;2 ) (log Ds) /o log x Fo(5)

131og -2 131og -2
+ Fp <m> fo(5) = Fo <W>F0(5)}
log x log x

+ OE( > dido)|[R({p1p2dh, dz})|>-

1
d1do< Dlte
— P1pP2

It follows from (4.2)—(4.3), (4.5) and (4.9) that

(410)  S3=(1+0()) (log 201%2 Ds)
x 0.475{f0(5)Go + Fo(5)go — GoFo(5)} + O (10;09)
ACT(z)
= 0.21948 (log D1)(log D2)’

where the Bombieri—Vinogradov theorem and summation by parts are used,
and

1/8.4 1/8.4

dt, dts
G- |
g g 200475 — 11— )
1/8.4 1/8.4 5.175—13(t1+t
t t2(0.475 — t; — t3) ts 5

1/13 t1 2
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1/8.4 1/8.4
/ dty /
e |
1
1/13 t1
2.675/26 2.175/13—t
/ dty / 1
+ V5
1
1/13 t1

5175—13(t1+t2) . t3—1

dts log(ty — 1)

ST T el B
2

log(5.175 — 13(t1 + t2))
t9(0.475 — t; — to)

dto

dty
t2(0.475 — t1 — L)

dty.
3 t3 21
By similar arguments,

ACT (x)
(log D1)(log Do)

x 0.475{ fo(5)Ho + Fo(5)ho — HoFp(5)} + 0(?0)
log™ z

(4.11)  Si>(1+0(e)

4Cn(z)
(log Dy)(log D3)’

> (.44275

where
. 1/§;.4 iy 0.475—§/13—t1 dt
0= _—
i B s t2(0.475 — t; — t3)

1/8.4 0.475—2/13—1;

5.175—13(t1+1t2) log(t 1)
3 —
S P

dta

1
+ )V
113 t 1/8.4 t2(0.475 e tg)

1/§3.4 ity 0-475§/13“ log(5.175 — 13(t1 + t2))

113 t1 /8.4 to (0.475 — 11— tg)

4.2. Upper bounds of S5 and Sg. By Lemma 1(i) and (4.5),
(4.12)  S(ay; 2,213 = S(Wp1y, {213, 2})

ACT () 13log %
< (1+0() (p—1)(log %)(log Dy) FO( log = >F0(5)

£0.( Y ) R({pdr,da)})]).

dt37
2

hO — dtQ .

dida<D't€/p
From (4.2)—(4.3) and (4.12), we get
ACT (x) x
. < . F —
(4.13) S5 < (14 0(¢g)) (log D1)(log D2)0 4750 Fy(5) + O<10g10.1‘>
4Cr(x)

< 3.80708

(log D1)(log D)’
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where the Bombieri—Vinogradov theorem and summation by parts are ap-
plied, and

i 1/3S145 @t N 0.4758—3/13 ity 5.175513t1 log(ts — 1) »
0= —_— —_— ———dt»
g HOATS =0 T ) 60475 — ) ts
0.475—5/13 dty 3.175—13¢ log(t — 1) 5175 fy— 1
) 11(0.475 — 1) S o iz | legi o dta
113 1(0. 1 2 toto 13 2
Similar to S5, we have
4C7(z) ( x )
4.14 S < (1+0O(e 0.475KoFy(5) + O| —+—
( ) 6= ( ()) (log D1)(log D7) 0Fo () log!® z
< 311185 2Cml@)
(log D1)(log D)
where
- 1/38.81 i@t N 0.4758—3/13 it 5.175s—13t1 log(ts — 1) »
0= —_— — ————dls
g 10475 —1) g 110475 —11) ts
+0.475§5/13 dt, 3.17581315 log( — 1) » 5.1875 1 g ty— 1 »
S — —_— 2 —_— 3.
113 t1 (0.475 — t1> to tot2 t3 to+ 1
4.3. Upper bounds of S; (7 < j <12). Let
N = {m = pipapspan : p1papspan < x + 2,
2 <py <py<ps<ps <3 pln=p>pol,
M={m=n—-2:ne N}
Then
(4.15) Su= > 1< > 1+0@'?)
meA meH
m=p (m,P(Dy/?))=1

(m+6,PEN=1 (i6,P(2)=1

Set
) = {{m,m+6} :me .#}.
If d|{m,m+ 6}, then d = {d;, d2} satisfies (4.1), and we may write
757 = h(d)l./ | + RV (@)

where
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1
(4.16) IRMD(d)| < max >ooo1- >

(a,drd2)=1 =% pldida) neN

n=a (mod didz2) (n,d1dz2)=1

1

+ > oo
(p(dldQ) newN

(n,d1d2)>1

= rY(d) + RV ().

By a trivial argument,

(4.17) S (didz)RY(Q)
d1da<(D1 D)t te 4( )
dydy<(Dy Dg)1+e pldrd) d|d1d2( EGJA; ;
n,didz)=
X
< Z 7_4(d1d2)m 7(dyd2)
d1do<(D1Dy)lte pldidz
<« T
logt®

By a splitting process to remove the dependence between the factors of the
elements of .4, and by Lemma 3, we obtain

(4.18) S didy) RV (d) <
d1da<(D1D3)lte

By Lemma 1(i), (4.5) and (4.15)—(4.18),

logt®

(4.19)  Su =8 (D)2}
< (14 0(¢)) (log ;17?)’((/11;2 D2)Fo(2)Fo(5) + O(l()ga]‘j()"n)'

It follows from Lemma 4 and summation by parts that

(4.20)  |AN] = > o1

ol 13 <p1<py<ps<pa<al/Sn< R
(n,Q(p2))=1
1/8.4 1/8.4
1 I3 ay M aty
gz @0 ) )
& 13 b 2
1/8.4 dt 1/8.4 w(l_tl_tti_tg_m)
| = dts
i3 ty
to t3
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1/8.4 1/8.4

dty TT1 /1 1 1
< 0.56187(z) | o | t2<tl_t2> 18 34z, 12
1/13 t

< 0.009347(x).
From (4.19)-(4.20), we get

ACT (x)

4.21 S11 <0.01312 .
(4.21) H= (log D1)(log Do)

In a similar way,

4CT(x) x
(422)  S12 < (1+0(e)) (log Dy)(log D2) Fo2)F(5)Q +0 <10g10 x)
ACT(x)
< 0.06803 (log D1)(log Dy)’

where
1/8.4 1/8.4 1/84 . 0.475-2/13—t o —fa—
B 84 a3y VE g /1371 yy(Iotita=tazty)
Qo= | t ) 12 ) t ) ta
1/13 1 2ty 1/8.4

1/8.4 1/8.4
dty 1/1 1 2
< 0.564 Ll (== =) 1og8.4( 0475 — = —
<0.5645 | | t2< >og8 (0 - t3>dt2

dty

1/13 b g bt
< 0.04839;
4C7 () < x >
4.23 S7<(1+0 Fo(2)Fo(B) Lo+ O ——
4Cr(x)
< 1.10174 :
= (log Dr)(log D2)
where
12 3.145
log(2.145 — =222
Lo= | al t 1) g
2.145
ACT () < x )
4.24 Ss<(14+0 Foy(2)Fo(5)My + O —+—
ACT (x)
< 1.01329 ,
B (log D1)(log D2)
where
7.4 3.81
log(2.81 —
My = S og( t+1)dt;

t

247
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4C7(x)
(log D1)(log D3)
4C7(x)
(log D1)(log D)’

(4.25) S < (1+0()) Fo(2)Fo(5)Ny + O <°””>

log!® x

< 0.00674

where
2.145

No= |
2

log(t — 1)

dt;
t

and
ACT (x)
(log D1)(log Do)
ACT (x)
(log D1)(log D2)’

(4.26)  Sio < (1+0(e))

Fo(2)Fy(5) P + O (ﬁ)

log™ x

<0.14781

where
2.81

Py — S log(t — 1)

t

dt.

4.4. Upper bounds of X; (1 < j <4). Let .#}, be defined in Lemma 5.
Then

(4.27)  S(a®; 2 13 = > 1

meMy,, m—6=p
(m—4,P(z/13))=1

< > 1+ 0(a?).

me.y,, (m—6,P(DL/?))=1
(m—4,P(z1/13))=1

By arguments similar to those for S, we get

(4.28) > 1

me.ty, (m—6,P(DY/?))=1
(m—4,P(a'/13))=1

40‘.//“ < x )
<(1+0 Fo(2)Fo(6.175) + O —+— ).
=< (€)) (log D1)(log D2) 0(2)Fo( ) log!® z
By the prime number theorem and summation by parts,
x
(4.29) | < > .

o1
w6 1/2 p1 Pk—1108 P1Prk—1
Zﬁplﬁ"'ﬁpk—lﬁ(m)

~(1+0(; ) Jourta
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— te_qa—1 trp—3—1
199 dtltlgldb.“ k §1 dtk,3 k §, log(tkfg—l) dtk,Q
3 2

Cl = S
poy 1 gl B2

tg—3 tg—2

By numerical integration,

(4.30) c15 < 0.003088, c16 < 0.000646, c17 < 0.000124, c15 < 0.000011,
¢k < 0.000001  for 19 < k < 199,

and
199

Co = Z cx < 0.00408.
k=15
From (4.27)-(4.30), we get

4CoCm(x) r
4CT(x)
< 0.00708 (log D1) (log DQ)‘

By arguments similar to those leading to (4.31), we have
4CyCn(z) ( x >
Fy(2)Fo(3.99) + O ——
(log D1)(log D) o(2)Fo(3.99) log'? z
4Cr(x)
(log D1)(log D2)’
4CoCn(z)
4.33 Xy < (1+0(e
(33 %= 0 O (05 Dy 1og D)
4Cr(x)
(log D1 ) (log Dg)

4CyCr(x)
(log D1)(log D)
4Cr(x)
(log D1)(log D) "
4.5. Proof of Theorem 1. By Lemma 6, (4.7)-(4.8), (4.10)—(4.11),
(4.13)—(4.14), (4.21)—(4.26) and (4.31)—(4.34), we get
4T 2,14 > (3 X 2.42877 4 1.53443 4 0.21948 4 0.44275 — 3.80708 — 3.11185
—1.10174 — 1.01328 — 2 x 0.00674 — 2 x 0.14781 — 0.01312
4C7(z)
(log D1)(log D2)

(432) Xy < (140(e))

< 0.00468

Fo(2)Fo(2) + O<x>

log!® z

< 0.00408

and

(4.34) 24 < (140())

Fo(2)Fo(2) + O<$)

log!'® z

< 0.00408

— 0.06803 — 0.00708 — 0.00468 — 2 x 0.00408)

ACT (z)
(log D1)(log D2)

> 0.03883
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and
4Cr(x)
4.35 > 0.0097 .
( ) 214 = (log D1)(log D2)

Now Theorem 1 follows from (4.35).
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