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ON GLOBAL REGULAR SOLUTIONS TO THE
MHD EQUATIONS IN A SMOOTH TOROIDAL DOMAIN

Abstract. We consider the magnetohydrodynamic equations in a smooth
toroid located at a positive distance from its axis of symmetry. Since the
domain is axially symmetric, we can prove existence of global regular axi-
ally symmetric solutions. Next, stability of these solutions is proved. In this
way the existence of global regular solutions close to the axially symmetric
solutions for all time is shown.

1. Introduction. We examine the magnetohydrodynamic (mhd) mo-
tions (see [C, LLP]) in an axially symmetric domain Ω ⊂ R3 of smooth
toroidal shape, located at a positive distance from its axis of symmetry. The
mhd equations are

(1.1)

vt + v · ∇v − ν∆v +∇q −H · ∇H = f in ΩT ≡ Ω × (0, T ),

div v = 0 in ΩT ,

Ht + v · ∇H −H · ∇v − µ∆H = 0 in ΩT ,

divH = 0 in ΩT ,

where v = (v1(x, t), v2(x, t), v3(x, t)) ∈ R3 is the velocity of the fluid, q =
p(x, t)+ 1

2H
2(x, t) ∈ R is the total pressure,H = (H1(x, t), H2(x, t), H3(x, t))

∈ R3 is the magnetic field, f = (f1(x, t), f2(x, t), f3(x, t)) ∈ R3 is the external
force, x = (x1, x2, x3) is the Cartesian system of coordinates, ν > 0 is the
constant viscosity coefficient and µ > 0 is the resistivity.
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Let S = ∂Ω be the boundary of Ω. We add the following boundary
conditions:

v|S = 0,(1.2)
H · n̄|S = 0, n̄× rotH|S = 0,(1.3)

where n̄ is the unit outward normal vector to S. Moreover, we need the initial
conditions

(1.4) v|t=0 = v(0), H|t=0 = H(0) in Ω.

To describe Ω, which is an axially symmetric domain, we need the cylin-
drical coordinates (r, ϕ, z) introduced by the relations

(1.5) x1 = r cosϕ, x2 = r sinϕ, x3 = z.

Then the cylindrical coordinates of the vectors v and H are defined with the
help of the vectors

(1.6) ēr = (cosϕ, sinϕ, 0), ēϕ = (−sinϕ, cosϕ, 0), ēz = (0, 0, 1)

in the following way:

(1.7) ur = u · ēr, uϕ = u · ēϕ, uz = u · ēz,
where u replaces any vector in this paper, and the dot denotes the scalar
product in R3.

To characterize Ω we introduce a plane P (ϕ) which contains the x3-axis
and makes angle ϕ to the plane x2 = 0. Let ψ(r, z) = 0 be a closed smooth
curve in the plane P (ϕ) such that r ∈ (a, b) where 0 < a < b. Then our
domain is such that

P (ϕ) ∩Ω = {(r, z) : ψ(r, z) < 0}, ϕ ∈ [0, 2π],

min{dist(P (ϕ) ∩Ω, x3-axis)} > 0.

This means that Ω is a rotation of the set {(r, z) : ψ(r, z) < 0} around the
x3-axis.

Fig. 1. Domain Ω: toroid with an ellipse cross section
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Additionally, for fixed ϕ, we set Ω0 = P (ϕ) ∩Ω, S0 = ∂Ω0. Then

n̄|S0 =
∇ψ
|∇ψ|

=
1

|∇ψ|

ψ,r
r

x1x2
0

+ ψ,z

0

0

1


 ,

where |∇ψ| =
√
ψ2
,r + ψ2

,z.
As an example of a curve as above we have

ψ(r, z) = (r − a0)2 + z2 − r20 = 0,

where a0 > r0, so r ∈ [a0− r0, a0 + r0] and |z| ≤ r0, and then the domain Ω
is a torus.

Fig. 2. Domain Ω: torus

The boundary condition (1.2) is the non-slip condition. Assuming that
the magnetic induction B is equal to µ0H, where µ0 is the magnetic vacuum
permeability, the first boundary condition of (1.3) means that the flux of
the magnetic induction through the boundary S does not appear. Since
j = rotH is a current, the second boundary condition of (1.3) means that
the tangent coordinates of j to S vanish. Hence, there is no restriction on
the normal coordinate of j. It seems that this stabilizes the motion inside Ω.
Physically, the problem is a very first step to the famous tokamak fusion,
where the tokamak is a device that uses a powerful magnetic field to confine
plasma to a torus shape region. Moreover, the protons in the CERN cyclotron
located near Geneva move in a domain similar to the one considered in this
paper, where, however, the motion is controlled by an external magnetic
field. Therefore, the current flux through S must disappear. In that case we
have a free boundary problem which is much more complicated than the
problem examined in this paper and requires a different approach.

Our aim is to prove existence of global regular solutions to problem
(1.1)–(1.4) without assumptions on smallness of the initial data and the
external force. For this purpose we first consider problem (1.1)–(1.4) in the
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domain Ω0, where v = vs = (vr(r, z, t)ēr + vϕ(r, z, t)ēϕ + vz(r, z, t)ēz), H =
Hs = (Hr(r, z, t)ēr + Hϕ(r, z, t)ēϕ + Hz(r, z, t)ēz), f = fs = (fr(r, z, t)ēr +
fϕ(r, z, t)ēϕ + fz(r, z, t)ēz), q = qs(r, z, t) = ps(r, z, t) + 1

2H
2
s (r, z, t) satisfy

(1.8)

vst + vs · ∇vs − ν∆vs +∇qs −Hs · ∇Hs = fs,

div vs = 0,

Hst + vs · ∇Hs −Hs · ∇vs − µ∆Hs = 0,

divHs = 0

and

vs|S0 = 0, n̄ ·Hs|S0 = 0, n̄× rotHs|S0 = 0,(1.9)
vs|t=0 = vs(0), Hs|t=0 = Hs(0).(1.10)

In Section 3 we prove existence of global regular solutions to problem (1.8)–
(1.10).

To show stability of these axi-symmetric solutions we introduce the quan-
tities

(1.11) u = v − vs, K = H −Hs, g = f − fs, d = q − qs
which are solutions to the problems

(1.12)
ut − ν∆u+∇d = −u · ∇u− u · ∇vs − vs · ∇u+K · ∇K

+K · ∇Hs +Hs · ∇K + g,

div u = 0

and

(1.13)
Kt − µ∆K = −u · ∇K − u · ∇Hs − vs · ∇K +K · ∇u

+K · ∇vs +Hs · ∇u,
divK = 0.

Moreover, we add the boundary conditions

(1.14) u|S0 = 0, K · n̄|S0 = 0, n̄× rotK|S0 = 0

and initial conditions

(1.15) u|t=0 = u(0), K|t=0 = K(0).

There is a vast literature concerning regularity of solutions to incom-
pressible magnetohydrodynamics (mhd). We can distinguish the following
directions:

1. Three-dimensional mhd (either with small data or close to some special
solutions) [XZ, HX1, HX2, LZ, CMZ, NZ, NSZ].

2. Two-dimensional mhd [LXZ, DL, Z, CW, ST].
3. Mhd without resistivity [XZ, LXZ, L].
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4. Axially symmetric mhd [L, NZ]. Recall that the existence of axi-symmetric
nonswirl solutions to the Navier–Stokes equations in a cylindrical domain
was first proved by Ladyzhenskaya [La1].

Our aim in this paper is to prove global existence of regular solutions to
the mhd problem (1.1)–(1.4) in a three-dimensional domain. Since the regu-
larity problem and regularity of axi-symmetric solutions with large swirl to
the Navier–Stokes equations are still open problems, we consider problem
(1.1)–(1.4) in a torus around the axis of symmetry. Our domain is located
at a positive distance from the axis of symmetry, i.e. the x3-axis. Therefore,
in such domains, we can prove existence of global regular axisymmetric so-
lutions to the mhd problem (1.8)–(1.10) with large swirl rvφ. The existence
of these solutions is proved in Section 3. In Lemmas 3.1 and 3.2, applying
the step by step in time arguments from [ZZ1, ZZ2, Z1, Z2] we find a global
estimate for ‖vs, Hs‖V 1

2 (Ω×(kT,t)), t ∈ (kT, (k + 1)T ], k ∈ N0, where T > 0 is
fixed (see Theorem 1). The above estimate is so strong that application of
the technique of Sobolev spaces with a mixed norm (see Lemma 2.4) shows
that vs, Hs belong to W 2,1

σ,2 , σ > 1 (see Theorem 2).
Next, we look for solutions close in appropriate norms to the axi-symmet-

ric solutions (see problem (1.11)–(1.15)). To show existence of global regular
solutions to this problem we need smallness of initial data (see (1.15)) and
of the external force g (see (1.11)). The existence of these solutions is proved
in Section 4. This is treated as stability of the axi-symmetric solutions. The
results are formulated in Theorems 3 and 4. Assuming that the external
forces do not vanish in time, we are looking for solutions non-decaying in
time. This is the reason why the step by step in time technique is used (see
[ZZ1, ZZ2, Z1, Z2]). This approach enables one to prove existence of station-
ary solutions via stability. In this paper the L2-technique is used because
almost all estimates are obtained by the energy method. Besides the obvi-
ous physical background, the axi-symmetric solutions in a torus are in fact
two-dimensional because the axis of symmetry is outside the torus. The ex-
istence of regular axi-symmetric solutions in that type of domains is shown
in [Z3], and global regular existence of two-dimensional solutions was proved
by Ladyzhenskaya in her famous paper [La2].

In Section 2 we introduce notation and recall some auxiliary results.
In Section 3 we prove global existence of regular axi-symmetric solutions to
(1.8)–(1.10). In Section 4 the existence of global regular solutions to problem
(1.12)–(1.15) is proved for sufficiently small ‖u(0),K(0)‖H1 and ‖g(t)‖L2 ,
t ∈ R+. Then stability follows from the following implication:

‖u(0),K(0)‖H1 ≤ γ implies ‖u(t),K(t)‖H1 ≤ γ

with γ sufficiently small and t ∈ R+.
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In this way we have the existence of global regular solutions to problem
(1.1)–(1.4) which are close to the axi-symmetric solutions determined by
problem (1.8)–(1.10).

Now we present the main results of this paper. From Lemmas 3.1 and
3.2 (see proofs) we have

Theorem 1. Assume vs(0), Hs(0) ∈ H1(Ω0) and fs ∈ L2(kT, (k + 1)T ;
L2(Ω0)) for all k ∈ N0. Assume that T is such that

ν∗cs2T/2 ≥
[(

1 +
1

cs1(1− exp(−ν∗cs1T ))

)
1

ν
sup
k∈N0

(k+1)T�

kT

‖fs(t)‖2L2(Ω0)
dt

+ ‖vs(0), Hs(0)‖2L2(Ω0)

]2
,

where ν∗ = min{ν, µ}, the constant cs1 appears in (3.4) and cs2 in (3.8). Then
there exists a solution (vs, Hs) to problem (1.8)–(1.10) such that (vs, Hs) ∈
V 1
2 (Ω0 × (kT, (k + 1)T )) for all k ∈ N0 and ‖vs, Hs‖V 1

2 (Ω0×(kT,(k+1)T )) is
bounded by a constant depending on the data but not on k.

Proof. The assumptions of this theorem follow from the assumptions
of Lemmas 3.1 and 3.2. Estimates (3.2) and (3.6) imply the assertion of
Theorem 1 and conclude the proof.

Theorem 1 and Lemma 3.3 yield

Theorem 2. Let the assumptions of Theorem 1 hold. Let (vs(0), Hs(0))∈
B

2−2/σ
2,σ (Ω0) and fs ∈ L2(kT, (k + 1)T ;Lσ(Ω0)) with σ ∈ (2,∞) for all

k ∈ N0. Then there exists a solution (vs, Hs) to problem (1.8)–(1.10) in
W 2,1
σ,2 (Ω0 × (kT, (k + 1)T )) for all k ∈ N0, and

‖vs, Hs‖W 2,1
σ,2 (Ω0×(kT,(k+1)T ))

, k ∈ N0,

is bounded by a constant independent of k.

Proof. The aim of this theorem is to increase regularity of solutions ob-
tained in Theorem 1. The technique is established in Lemma 3.3. In view
of (3.6) the increase of regularity in the interval [0, T ] is shown in (3.11),
where the theory of Sobolev spaces with mixed norm is used. To extend the
estimate to all time intervals [kT, (k+ 1)T ], k ∈ N0, we introduce the cut-off
function ζk = ζk(t) defined below (3.11). Next, we derive a localized in time
problem (3.12). Consequently, by the step by step in time argument we show
(3.13) and (3.14). Thus, the statement of the theorem holds.

To formulate results on stability we examine problem (1.12)–(1.15).
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Theorem 3. Let the assumptions of Theorem 2 be satisfied. Assume that
γ∗ is a number such that γ∗ ≤ 4

√
ν2∗/2, ν∗ = min{ν, µ}. Assume that

‖∇u(0), rotK(0)‖2L2(Ω) ≤ γ,
c3
ν∗
‖vs(t), Hs(t)‖4W 1

3 (Ω0)
B2

3 + ‖g(t)‖2L2(Ω) ≤ ν∗c2
γ

4
,

where γ ≤ γ∗, the constants c2, c3 are introduced in (4.19), (4.20), respec-
tively, B3 is defined in (4.2), and ‖vs(t), Hs(t)‖W 1

3 (Ω0) is estimated in Theo-
rem 2. Then

‖∇u(t), rotK(t)‖2L2(Ω) ≤ γ for any t ∈ R+.

Proof. In Lemma 4.1 we prove in (4.2) that

‖u(t),K(t)‖L2 ≤ c(A6)(B1 +B2),

where A6 is introduced in (3.6) and B1, B2 in (4.1); we also estimate the
H1 norm of u(t),K(t) by B3. The estimate holds for all t ∈ R+. Assuming
that γ is so small that γ ≤ γ∗ ≤ 4

√
ν2∗/2 we show the assertion of Theorem 3

by a contradiction argument in Lemma 4.2. This ends the proof.

Theorem 4. Let the assumptions of Theorems 2 and 3 be satisfied. Then
there exists a global regular solution to problem (1.1)–(1.4) in the form

(1.16) v = vs + u, H = Hs +K,

where (vs, Hs) is described by Theorem 2 and (u,K) by Theorem 3.

Proof. In view of problems (1.8)–(1.10) and (1.12)–(1.15) the functions
defined in (1.16) are solutions to problem (1.1)–(1.4). Existence of solutions
to problem (1.8)–(1.10) follows from the Faedo–Galerkin method and esti-
mates proved in Lemmas 3.1 and 3.2. By Lemma 3.3 the solutions vs and
Hs are regularized via the theory of Sobolev spaces with mixed norm up to
W 2,1
σ,2 , σ > 3. The existence of solutions to (1.12)–(1.15) follows by applying

a fixed point argument (for example, the Leray–Schauder theorem) for γ
sufficiently small. This ends the proof.

2. Notation and auxiliary results. By Lp(Ω), p ∈ [1,∞], we denote
the Lebesgue space of p-integrable functions. By Hs(Ω), s ∈ N0 = N ∪ {0},
we denote the Sobolev space of functions with the finite norm

‖u‖Hs ≡ ‖u‖Hs(Ω) =
∑
|α|≤s

( �
Ω

|Dα
xu|2 dx

)1/2
,

where Dα
x = ∂α1

x1 ∂
α2
x2 ∂

α3
x3 , |α| = α1 + α2 + α3, αi ∈ N0, i = 1, 2, 3.

It is convenient in mhd to use the notation
‖u, v‖2X = ‖u‖2X + ‖v‖2X ,

where X is any function space used.
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By V k
2 (Ω × (T1, T2)) we denote the space of functions with

‖u‖V k2 (Ω×(T1,T2)) =
(

ess sup
t∈(T1,T2)

‖u(t)‖2Hk(Ω) +

T2�

T1

‖∇u(t)‖2Hk(Ω) dt
)1/2

<∞.

We introduce anisotropic Lebesgue and Sobolev spaces with mixed norm
by setting

‖u‖Lp2 (0,T ;Lp1 (Ω)) = ‖u‖Lp1,p2 (Ω×(0,T ))

=
(T�
0

( �
Ω

|u|p1dx
)p2/p1

dt
)1/p2

,

‖u‖
W 2,1
p1,p2

(Ω×(0,T )) = ‖D2
xu‖Lp1,p2 (Ω×(0,T )) + ‖∂tu‖Lp1,p2 (Ω×(0,T ))

+ ‖u‖Lp1,p2 (Ω×(0,T )), p1, p2 ∈ (1,∞).

We use the definition of Besov spaces from [BIN, Ch. 4, Sect. 18], and
the theorem on direct and inverse traces between Besov and Sobolev spaces
with mixed norm from [B].

Let us consider the elliptic problem

(2.1)

rotu = h in Ω,

div u = 0 in Ω,

u · n̄ = 0 on S.

Lemma 2.1 (see [S1]). Let h ∈ Hm(Ω) for some m ∈ N0. Then there
exists a solution u to problem (2.1) such that u ∈ Hm+1 and

(2.2) ‖u‖Hm+1(Ω) ≤ c‖h‖Hm(Ω).

Let us consider the problem

(2.3)

divT(u, q) = h in Ω,
div u = 0 in Ω,
u = 0 on S.

By T(u, q) we denote the stress tensor of the form

T(u, q) = νD(u)− qI,
where D(u) is the dilatation tensor of the form

D(u) = {ui,xj + uj,xi}i,j=1,2

and I is the unit matrix.

Lemma 2.2 (see [S2]). Let h ∈ L2(Ω). Then there exists a solution (u, q)
to problem (2.3) such that u ∈ H2(Ω) and ∇q ∈ L2(Ω) and

(2.4) ‖u‖H2(Ω) + ‖∇q‖L2(Ω) ≤ c‖h‖L2(Ω).
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We need to examine the problem

(2.5)

rot rotH = h in Ω,

divH = 0 in Ω,

H · n̄ = 0, n̄× rotH = 0 on S,

div h = 0.

Lemma 2.3 (see [S1]). Assume that h ∈ L2(Ω). Then there exists a
solution H to problem (2.5) such that H ∈ H2(Ω) and

(2.6) ‖H‖H2(Ω) ≤ c‖h‖L2(Ω).

Let us consider the following initial-boundary value problem for the non-
stationary Stokes system

(2.7)

vt − ν∆v +∇p = f in ΩT ,

div v = 0 in ΩT ,

v = 0 on ST ,

v|t=0 = v0 in Ω.

From [S3, S4, K] we have

Lemma 2.4. Assume that f ∈ Lr,σ(ΩT ) and v0 ∈ B2−2/σ
r,σ (Ω) for some

r, σ ∈ (1,∞). Then there exists a solution (v, p) to problem (2.7) such that
v ∈W 2,1

r,σ (ΩT ), ∇p ∈ Lr,σ(ΩT ) and

(2.8) ‖v‖
W 2,1
r,σ (ΩT )

+ ‖∇p‖Lr,σ(ΩT ) ≤ c(‖f‖Lr,σ(ΩT ) + ‖v0‖B2−2/σ
r,σ (Ω)

).

Let us consider the following initial-boundary value problem for the heat
equations:

(2.9)

Ht − µ∆H = f in ΩT ,

H · n̄ = 0, n̄× rotH = 0 on ST ,

H|t=0 = H0 in Ω,

where n̄ is the unit outward normal vector to S. From [DHP] we have

Lemma 2.5. Assume that f ∈ Lr,q(ΩT ) and H0 ∈ B2−2/q
r,q (Ω) for some

r, q ∈ (1,∞). Then there exists a unique solution H to problem (2.9) such
that H ∈W 2,1

r,q (ΩT ) and

(2.10) ‖H‖
W 2,1
r,q (ΩT )

≤ c(‖f‖Lr,q(ΩT ) + ‖H0‖B2−2/q
r,q (Ω)

).

3. Axi-symmetric solutions. To obtain estimates for the axi-symmet-
ric mhd described by problem (1.8)–(1.10) we perform all calculations exactly
in the same way as for the general three-dimensional problem (1.1)–(1.4).
The calculations can be done in that way because solutions to (1.8)–(1.10)
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depend on ϕ through the vectors ēr, ēϕ only, so all the derived integral
estimates are automatically restricted to Ω0.

First we have

Lemma 3.1. Assume that

(3.1)

A2
1 =

1

ν
sup
k∈N0

(k+1)T�

kT

‖fs(t)‖2L2
dt <∞,

A2
2 =

A2
1

cs1(1− e−ν∗cs1T )
+ ‖vs(0), Hs(0)‖2L2

<∞,

where cs1 is a constant depending on the constants from the Poincaré in-
equality and from (2.2), and ν∗ = min{ν, µ}. Then

(3.2)

‖vs(kT ), Hs(kT )‖2L2
≤ A2

2,

‖vs(t), Hs(t)‖2L2
+ ν∗cs1

t�

kT

‖vs(t′), Hs(t
′)‖2H1 dt

′ ≤ A2
1 +A2

2 ≡ A2
3

for all t ∈ (kT, (k + 1)T ] and k ∈ N0.

Proof. Multiplying (1.8)1 by vs, (1.8)3 by Hs, integrating over Ω, using
(1.8)2,4 and the boundary conditions we obtain

(3.3)
1

2

d

dt

�

Ω

(v2s +H2
s ) dx+

�

Ω

(ν|∇vs|2 + µ| rotHs|2) dx =
�

Ω

fs · vs dx.

Using the Poincaré inequality for vs, Lemma 2.1 for Hs and applying the
Hölder and Young inequalities to the r.h.s. we get

(3.4)
d

dt
(‖vs‖2L2

+ ‖Hs‖2L2
) + νcs1‖vs‖2H1 + µcs1‖Hs‖2H1 ≤

1

νcs1
‖fs‖2L2

.

Using ν∗ = min{ν, µ} we obtain
d

dt
[(‖vs‖2L2

+ ‖Hs‖2L2
) exp(ν∗cs1t)] ≤

1

νcs1
‖fs‖2L2

exp(ν∗cs1t).

Integrating with respect to time from t = kT to t ∈ (kT, (k + 1)T ] yields

‖vs(t)‖2L2
+ ‖Hs(t)‖2L2

≤ 1

νcs1

t�

kT

‖fs(t′)‖2L2
dt′

+ exp
(
−ν∗cs1(t− kT )

)
(‖vs(kT )‖2L2

+ ‖Hs(kT )‖2L2
)

for t ∈ (kT, (k + 1)T ]. Setting t = (k + 1)T we get

‖vs((k + 1)T ), Hs((k + 1)T )‖2L2
≤ 1

νcs1

(k+1)T�

kT

‖fs(t)‖2L2
dt

+ exp(−ν∗cs1T )‖vs(kT ), Hs(kT )‖2L2
.
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By iteration we have

‖vs(kT ), Hs(kT )‖2L2

≤ A2
1

cs1(1− e−ν∗cs1T )
+ e−ν∗cs1kT ‖vs(0), Hs(0)‖2L2

≤ A2
2.

Integrating (3.4) with respect to time from kT to t ∈ (kT, (k + 1)T ) yields
(3.2)2. This concludes the proof.

Lemma 3.2. If the assumptions of Lemma 3.1 are satisfied and T is so
large that

−ν∗cs2T/2 +A4
3 ≤ 0,

and

(3.5)

A2
4 = exp(A4

3)A
2
1,

A2
5 =

cs2A
2
4

1− exp(−ν∗cs2T/2)
+ ‖∇vs(0), rotHs(0)‖2L2

<∞,

then

(3.6)

‖vs(kT ), Hs(kT )‖2H1 ≤ cA2
5,

‖vs(t), Hs(t)‖2H1 +

t�

kT

‖vs(t′), Hs(t
′)‖2H2 dt

′ ≤ ccs3A4
3A

2
5 + cA2

5 ≡ cA2
6

for all t ∈ (kT, (k + 1)T ] and k ∈ N0.

Proof. Multiplying (1.8)1 by 1
ν divT(vs, qs) and (1.8)3 by ∆Hs, integrat-

ing the results over Ω and using the boundary conditions we obtain

(3.7)
d

dt
‖∇vs, rotHs‖2L2

+
1

ν
‖divT(vs, qs)‖2L2

+ µ‖∆Hs‖2L2

≤ c
(
‖vs‖2L2

‖∇vs‖4L2
+‖Hs‖2L2

‖∇Hs‖4L2
+‖vs‖2L2

‖∇Hs‖4L2
+‖Hs‖2L2

‖∇vs‖4L2

)
+
c

ν
‖fs‖2L2

.

In view of Lemmas 2.1–2.3 we derive

(3.8)
d

dt
‖∇vs, rotHs‖2L2

+ cs2ν‖vs‖2H2 + µcs2‖Hs‖2H2

≤ cs3‖vs, Hs‖2L2
‖∇vs, rotHs‖4L2

+
cs3
ν
‖fs‖2L2

.

Inequality (3.8) implies

d

dt

[
‖∇vs, rotHs‖2L2

exp
(
ν∗cs2t− sup

t
‖vs, Hs‖2L2

t�

kT

‖∇vs, rotHs‖2L2
dt′
)]

≤ cs2
ν
‖fs‖2L2

exp
(
ν∗cs2t− sup

t
‖vs, Hs‖2L2

t�

kT

‖∇vs, rotHs‖2L2
dt′
)
.
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Integrating the above inequality with respect to time from kT to t ∈ (kT,
(k + 1)T ] yields

‖∇vs(t), rotHs(t)‖2L2

≤ exp
(

sup
t
‖vs, Hs‖2L2

t�

kT

‖∇vs, rotHs‖2L2
dt′
)cs2
ν

t�

kT

‖fs(t′)‖2L2
dt′

+ ‖∇vs(kT ), rotHs(kT )‖2L2

· exp
(
−ν∗cs2(t− kT ) + sup

t
‖vs, Hs‖2L2

t�

kT

‖∇vs(t′), rotHs(t
′)‖2L2

dt′
)
.

Taking into account assumptions (3.1) of Lemma 3.1 we have

‖∇vs(t), rotHs(t)‖2L2
≤ cs2 exp(A4

3)
1

ν

t�

kT

‖fs(t′)‖2L2
dt′

+ ‖∇vs(kT ), rotHs(kT )‖2L2
exp(−ν∗cs2(t− kT ) +A4

3).

Setting t = (k + 1)T , using (3.1)1 and (3.5)1 yields

‖∇vs((k + 1)T ), rotHs((k + 1)T )‖2L2

≤ cs2 exp(A4
3)A

2
1 + exp(−ν∗cs2T/2)‖∇vs(kT ), rotHs(kT )‖2L2

.

Applying the notation (3.5)2 and iteration we have

‖∇vs(kT ), rotHs(kT )‖2L2
≤ cs2A

2
4

1− exp(−ν∗cs2T/2)
(3.9)

+ exp(−ν∗cs2T/2)‖∇vs(0), rotHs(0)‖2L2

≤ A2
5.

Hence (3.6)1 is proved. Integrating (3.8) with respect to time from kT to
t ∈ (kT, (k + 1)T ] and employing (3.9) yields (3.6)2. This concludes the
proof.

To guarantee the assumptions of Lemma 4.2 below we have to show that
vs, Hs ∈ C([kT, (k + 1)T ];W 1

3+(Ω0)) for any k ∈ N0.

Lemma 3.3. Assume that there exists σ > 3 such that vs(0), Hs(0) ∈
B1
σ,2(Ω0) and fs ∈ L2(kT, (k + 1)T ;Lσ(Ω0)) for all k ∈ N0. Then vs, Hs ∈

C(R+;W 1
σ0(Ω0)) for any σ0 such that 2 < σ0 < σ, and

(3.10) ‖vs(t), Hs(t)‖W 1
σ0

(Ω0) ≤ c0,

where c0 does not depend on time.

Proof. In view of Lemma 3.2 we see that vs · ∇vs, Hs · ∇Hs, vs · ∇Hs,
Hs · ∇vs belong to L2(kT, (k + 1)T ;Lσ(Ω0)) for some σ ∈ (1,∞). Then the
assumptions of the lemma and the theory developed in [S3, S4, K] imply
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that there exists a solution to problem (1.8)–(1.10) such that (vs, Hs) ∈
W 2,1
σ,2 (Ω0 × (0, T )) and

(3.11) ‖vs, Hs‖W 2,1
σ,2 (Ω0×(0,T ))

≤ c(A2
6 + ‖fs‖L2(0,T ;Lσ(Ω0)) + ‖vs(0), Hs(0)‖B1

σ,2(Ω0)).

Estimate (3.11) is only valid in the interval (0, T ) because to prove it in any
interval (kT, (k + 1)T ) we need an estimate for ‖vs(kT ), Hs(kT )‖B1

σ,2(Ω0)

independent of k. Since we are not able to control this, we introduce smooth
cut-off functions ζk = ζk(t) such that ζk(t) = 0 for t ∈ [kT, kT + δ/2] and
ζk(t) = 1 for t ≥ kT + δ, δ < T . Introducing the new quantities ṽs = vsζk,
p̃s = psζk, H̃s = Hsζk, fs = fsζk, ζk = ζk,t we see that (ṽs, p̃s, H̃s) is a
solution to the problem

(3.12)

ṽst − ν∆ṽs +∇p̃s = vsζ̇k − vs · ∇ṽs +Hs · ∇H̃s

−Hsi∇H̃si + f̃s in Ω0 × (kT, (k + 1)T ),

H̃st− µ∆H̃s = Hsζ̇k − vs ·∇H̃s +Hs ·∇ṽs in Ω0 × (kT, (k + 1)T ),

div ṽs = 0, div H̃s = 0,

ṽs|S0 = 0, n̄ · H̃s|S0 = 0, n̄× rot H̃s|S0 = 0,

ṽs(t)|t=kT = 0, H̃s(t)|t=kT = 0.

From Lemmas 2.4, 2.5, 3.2 we deduce the following estimate for solutions to
problem (3.12):

(3.13) ‖ṽs, H̃s‖W 2,1
σ,2 (Ω×(kT,(k+1)T ))

≤ c(A6 +A2
6 + ‖f̃s‖L2(Ω0×(kT,(k+1)T ))),

where the constant c does not depend on k. Nevertheless, c might depend
on T .

To infer (3.13) in the interval [kT, kT +δ] we use (3.13) for [(k−1)T, kT ].
Then, applying [B], we derive

(3.14)
‖vs(kT )‖B1

σ,2(Ω0) ≤ c‖vs‖W 2,1
σ,2 (Ω0×((k−1)T,kT )),

‖Hs(kT )‖B1
σ,2(Ω0) ≤ c‖Hs‖W 2,1

σ,2 (Ω0×((k−1)T,kT )).

In this way we prove (3.10) for all t ∈ R+ with a constant c0 independent
of k. To prove continuity of vs, Hs with respect to time we need some σ0
such that 2 < σ0 < σ in order to apply imbeddings and to get the Hölder
continuity. This concludes the proof.

4. Stability. To prove stability of the axi-symmetric solutions we ex-
amine problem (1.12)–(1.15). First we obtain an energy type estimate.
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Lemma 4.1. Let the assumptions of Lemmas 3.1 and 3.2 hold. Assume
that

(4.1)

−T
2

+
1

c1ν∗

(k+1)T�

kT

‖∇vs(t),∇Hs(t)‖2L3
dt ≤ 0,

B2
1 = sup

k∈N0

1

ν∗

(k+1)T�

kT

‖g(t)‖2L2
dt <∞,

B2
2 =

c exp(A2
6)B

2
1

1− exp(−c1ν∗T/2)
+ ‖u(0),K(0)‖2L2

<∞,

where c1 appears in (4.6) and A6 in (3.6). Then

(4.2)

‖u(kT ),K(kT )‖L2 ≤ B2,

‖u(t),K(t)‖2L2
+ c1ν∗

t�

kT

‖u(t′),K(t′)‖2H1 dt
′

≤ c exp(A2
6)(A

2
6 + 1)(B2

1 +B2
2) ≡ B2

3

for all t ∈ (kT, (k + 1)T ] and all k ∈ N0.

Proof. Multiplying (1.12) by u and integrating over Ω yields

(4.3)
1

2

d

dt
‖u‖2L2

+ ν‖∇u‖2L2
= −

�

Ω

u · ∇vs · u dx

+
�

Ω

(K · ∇K · u+K · ∇Hs · u+Hs · ∇K · u) dx+
�

Ω

g · u dx.

Multiplying (1.13) by K, integrating over Ω and using the boundary condi-
tions implies

(4.4)
1

2

d

dt
‖K‖2L2

+ µ‖rotK‖2L2
= −

�

Ω

u · ∇Hs ·K dx

+
�

Ω

(K · ∇u ·K +K · ∇vs ·K +Hs · ∇u ·K) dx.

Adding (4.3) and (4.4) gives

(4.5)
d

dt
‖u,K‖2L2

+ ν∗‖∇u, rotK‖2L2
= −

�

Ω

u · ∇vs · u dx

+
�

Ω

K · ∇vs ·K dx+
�

Ω

[K · ∇(u ·K) +Hs · ∇(u ·K)] dx

+
�

Ω

(K · ∇Hs · u− u · ∇Hs ·K) dx+
�

Ω

g · u dx.
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If we take into account the boundary conditions, the Poincaré inequality and
Lemma 2.1, equality (4.5) yields

(4.6)
d

dt
‖u,K‖2L2

+ c1ν∗‖u,K‖2H1 ≤ c‖∇vs,∇Hs‖2L3
‖u,K‖2L2

+
c

ν∗
‖g‖2L2

.

From (4.6) for t ∈ [kT, (k + 1)T ] we have

(4.7)
d

dt

[
‖u,K‖2L2

exp
(
c1ν∗t−

t�

kT

‖∇vs(t′),∇Hs(t
′)‖2L3

dt′
)]

≤ c

ν∗
‖g‖2L2

exp
(
c1ν∗t−

t�

kT

‖∇vs(t′),∇Hs(t
′)‖2L3

dt′
)
.

Integrating (4.7) with respect to time from kT to t ∈ (kT, (k + 1)T ] implies

(4.8) ‖u(t),K(t)‖2L2

≤ exp
( t�

kT

‖∇vs(t′),∇Hs(t
′)‖2L3

dt′
) c
ν∗

t�

kT

‖g(t′)‖2L2
dt′

+ exp
[
−c1ν∗(t− kT ) +

t�

kT

‖∇vs(t′),∇Hs(t
′)‖2L3

dt′
]
‖u(kT ),K(kT )‖2L2

.

Setting t = (k + 1)T and employing (4.1)1 yields

(4.9) ‖u((k + 1)T ),K((k + 1)T )‖2L2

≤ exp
((k+1)T�

kT

‖∇vs(t),∇Hs(t)‖2L3
dt
) c
ν∗

(k+1)T�

kT

‖g(t)‖2L2
dt

+ exp(−c1ν∗T/2)‖u(kT ),K(kT )‖2L2
.

In view of (3.6) and (4.1)2, inequality (4.9) simplifies to

‖u((k + 1)T ),K((k + 1)T )‖2L2

≤ c exp(A2
6)B

2
1 + exp(−c1ν∗T/2)‖u(kT ),K(kT )‖2L2

.

Hence, iteration yields

(4.10) ‖u(kT ),K(kT )‖2L2

≤ c exp(A2
6)B

2
1

1− exp(−c1ν∗T/2)
+ exp(−c1ν∗kT/2)‖u(0),K(0)‖2L2

≤ B2
2 .

This implies (4.2)1. From (4.8) we have

(4.11) ‖u(t),K(t)‖2L2
≤ c exp(A2

6)[B
2
1 +B2

2 ]
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for all t ∈ (kT, (k + 1)T ] and k ∈ N0. Integrating (4.6) with respect to time
from kT to t ∈ (kT, (k + 1)T ] and using (4.11) gives

(4.12) ‖u(t),K(t)‖2L2
+ c1ν∗

t�

kT

‖u(t′),K(t′)‖2H1 dt
′

≤ c sup
t∈[kT,(k+1)T ]

‖u(t),K(t)‖2L2(Ω)

t�

kT

‖∇vs(t′),∇Hs(t
′)‖2L3

dt′

+
c

ν∗

t�

kT

‖g(t′)‖2L2
dt′ + ‖u(kT ),K(kT )‖2L2

≤ c(A2
6 + 1) exp(A2

6)[B
2
1 +B2

2 ].

Employing (3.6)2 in (4.12) yields (4.2)2. This concludes the proof.

To show stability we need

Lemma 4.2. Let the assumptions of Lemma 4.1 hold. Consider γ ≤ γ∗,
where γ∗ is so small that

γ4∗ ≤ ν2∗/2.
Assume that

(4.13)
‖∇u(0), rotK(0)‖2L2

≤ γ,
c3
ν∗
‖vs(t), Hs(t)‖4W 1

3
B2

3 + ‖g(t)‖2L2
≤ ν∗c2

γ

4
,

where the constants c2, c3 appear in (4.21) and (4.22), respectively, and B3

is introduced in Lemma 4.1. Then

(4.14) ‖∇u(t), rotK(t)‖2L2
≤ γ for all t ∈ R+.

Proof. We multiply (1.12) by divT(u, d), integrate the result over Ω, use
the boundary conditions and Lemma 2.2. This gives

(4.15) ν
d

dt
‖∇u‖2L2

+ c2(ν
2‖u‖2H2 + ‖∇d‖2L2

)

≤ c
�

Ω

(|u · ∇u|2 + |u · ∇vs|2 + |vs · ∇u|2) dx

+ c
�

Ω

(|K · ∇K|2 + |K · ∇Hs|2 + |Hs ·K|2) dx+ c‖g‖2L2
.

Similarly, multiplying (1.13) by ∆K, integrating over Ω, using the boundary
conditions and Lemma 2.3, we obtain

(4.16)
d

dt
‖rotK‖2L2

+ µ‖K‖2H2 ≤ c
�

Ω

(
|u · ∇K|2 + |u · ∇Hs|2

+ |vs · ∇K|2 + |K · ∇u|2 + |K · ∇vs|2 + |Hs · ∇u|2
)
dx.
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First we estimate the terms from the r.h.s. of (4.15). Using the interpolation
inequality (see [BIN, Ch. 3, Sect. 15])

(4.17) ‖∇u‖L3 ≤ c‖u‖
1/2
H2 ‖∇u‖

1/2
L2
≤ ε‖u‖H2 +

c

ε
‖∇u‖L2

we obtain�

Ω

|u · ∇u|2 dx ≤ ‖u‖2L6
‖∇u‖2L3

≤ c‖u‖2H1‖u‖H2‖u‖H1

≤ ε1‖u‖2H2 +
c

ε1
‖u‖6H1 ≤ ε1‖u‖2H2 +

c

ε1
‖u‖6L2

.

In view of the interpolation inequality

(4.18) ‖∇u‖L2 ≤ ε1/2‖∇2u‖L2 + cε−1/2‖u‖L2

and the Poincaré inequality it follows that�

Ω

|u · ∇vs|2 dx ≤ ‖u‖2L6
‖∇vs‖2L3

≤ c‖u‖2H1‖∇vs‖2L3

≤ c‖∇u‖2L2
‖∇vs‖2L3

≤
(
ε‖∇2u‖2L2

+
c

ε
‖u‖2L2

)
‖∇vs‖2L3

≤ ε2‖∇2u‖2L2
+

c

ε2
‖∇vs‖4L3

‖u‖2L2
.

Similarly, (4.18) implies
�

Ω

|vs · ∇u|2 dx ≤ ‖vs‖2L∞‖∇u‖
2
L2
≤
(
ε‖∇2u‖2L2

+
c

ε
‖u‖2L2

)
‖vs‖2L∞

≤ ε3‖∇2u‖2L2
+

c

ε3
‖vs‖4L∞‖u‖

2
L2
.

Repeating the above estimates we derive�

Ω

|K · ∇K|2 dx ≤ ε4‖K‖2H2 +
c

ε4
‖K‖6H1 ,

�

Ω

|K · ∇Hs|2 dx ≤ ε5‖∇2K‖2L2
+

c

ε5
‖∇Hs‖4L3

‖K‖2L2
,

�

Ω

|Hs · ∇K|2 dx ≤ ε6‖∇2K‖2L2
+

c

ε6
‖Hs‖4L∞‖K‖

2
L2
.

In view of the above estimates and for sufficiently small ε1–ε6 we obtain from
(4.13) the inequality

(4.19)
d

dt
‖∇u‖2L2

+ c2ν‖u‖2H2

≤ ε̄1‖u,K‖2H2 +
c

ε̄1
‖u,K‖6H1 +

c

ε̄1
(‖∇vs‖4L3

‖u‖2L2
+ ‖∇Ks‖4L3

‖K‖2L2
)

+
c

ε̄1
(‖vs‖4L∞‖u‖

2
L2

+ ‖Hs‖4L∞‖K‖
2
L2

) +
c

ν
‖g‖2L2

.
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Similarly, we estimate the integrals from the r.h.s. of (4.16) by
�

Ω

|u · ∇K|2 dx ≤ ‖u‖2L6
‖∇K‖2L3

≤ ε7‖K‖2H2 +
c

ε7
‖u‖4H1‖∇K‖2L2

,

�

Ω

|u · ∇Hs|2 dx ≤ ε8‖∇2u‖2L2
+

c

ε8
‖∇Hs‖4L3

‖u‖2L2
,

�

Ω

|vs · ∇K|2 dx ≤ ε9‖∇2K‖2L2
+

c

ε9
‖vs‖4L∞‖K‖

2
L2
,

�

Ω

|K · ∇u|2 dx ≤ ‖K‖2L6
‖∇u‖2L3

≤ ε10‖u‖2H2 +
c

ε10
‖K‖4H1‖∇u‖2L2

,

�

Ω

|K · ∇vs|2 dx ≤ ‖K‖2L6
‖∇vs‖2L3

≤ ε11‖∇2K‖2L2
+

c

ε11
‖∇vs‖4L3

‖K‖2L2
,

�

Ω

|Hs · ∇u|2 dx ≤ ε12‖∇2u‖2L2
+

c

ε12
‖Hs‖4L∞‖u‖

2
L2
.

Employing the above estimates in (4.16) yields

(4.20)
d

dt
‖rotK‖2L2

+ µ‖K‖2H2 ≤ ε̄2‖u,K‖2H2

+
c

ε2

(
‖u,K‖6H1 + ‖∇Hs‖2L3

‖u‖2L2
+ ‖∇vs‖2L3

‖K‖2L2

+ ‖vs‖4L∞‖K‖
2
L2

+ ‖Hs‖4L∞‖u‖
2
L2

)
.

Adding (4.19) and (4.20) with sufficiently small ε̄1 and ε̄2 and employing
Lemma 2.1 gives

(4.21)
d

dt
‖∇u, rotK‖2L2

+ c2ν∗‖u,K‖2H2 ≤
c

ν∗
‖u,K‖6H1

+
c

ν∗
(‖∇vs,∇Hs‖4L3

+ ‖vs, Hs‖4L∞)‖u,K‖2L2
+
c

ν
‖g‖2L2

.

In view of the Poincaré inequality and Lemma 2.1 we have

(4.22)
d

dt
‖∇u, rotK‖2L2

+ c2ν∗‖u,K‖2H2 ≤
c3
ν∗
‖∇u, rotK‖6L2

+
c3
ν∗

(‖∇vs,∇Hs‖4L3
+ ‖vs, Hs‖4L∞)‖u,K‖2L2

+
c3
ν
‖g‖2L2

.

Using (4.2)2 and introducing the notation

X(t) = ‖∇u(t), rotK(t)‖L2 ,

Y (t) = ‖u(t),K(t)‖H2 ,

G2(t) =
c3
ν∗

(
‖∇vs(t),∇Hs(t)‖4L3

B2
3 + ‖vs(t), Hs(t)‖4L∞B

2
3 + ‖g‖2L2

)
,
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we express (4.22) in the short form
d

dt
X2 ≤ −ν∗c2Y 2 +

c3
ν∗
X6 +G2(t).

Since X ≤ Y , we have

(4.23)
d

dt
X2 ≤ −X2

(
ν∗c2 −

c3
ν∗
X4

)
+G2(t).

Let γ ∈ (0, γ∗], where γ∗ is so small that

(4.24) ν∗c2 −
c2
ν∗
γ4∗ ≥ ν∗

c2
2
.

By the assumptions of the lemma,

X2(0) ≤ γ, G2(t) ≤ ν∗c2
γ

4
for all t ∈ R+.

Suppose that
t∗ = inf{t ∈ R+ : X2(t) > γ} > 0.

By (4.24), for t ∈ (0, t∗] inequality (4.23) takes the form

(4.25)
d

dt
X2 ≤ −ν∗c2

2
X2 +G2(t).

By definition of t∗ we have

(4.26) X2(t∗) = γ and X2(t) > γ for t > t∗.

Then (4.25) yields
d

dt
X2(t)

∣∣∣∣
t=t∗

≤ ν∗c2
(
−γ

2
+
γ

4

)
< 0,

contradicting (4.26). Therefore

(4.27) X2(t) < γ for t ∈ R+.

This concludes the proof.
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