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ON GLOBAL REGULAR SOLUTIONS TO THE
MHD EQUATIONS IN A SMOOTH TOROIDAL DOMAIN

Abstract. We consider the magnetohydrodynamic equations in a smooth
toroid located at a positive distance from its axis of symmetry. Since the
domain is axially symmetric, we can prove existence of global regular axi-
ally symmetric solutions. Next, stability of these solutions is proved. In this
way the existence of global regular solutions close to the axially symmetric
solutions for all time is shown.

1. Introduction. We examine the magnetohydrodynamic (mhd) mo-
tions (see [C [LLP]) in an axially symmetric domain £ C R3 of smooth
toroidal shape, located at a positive distance from its axis of symmetry. The
mhd equations are

v+v-Vo—vAv+Vq—H -VH=f inQTEQx(O,T),

dive =0 in 27,
(1.1) T
H +v-VH—-H -Vv—uAH =0 in 27,
divH =0 in 27,

where v = (v (x,t),v2(z,t),v3(x,t)) € R? is the velocity of the fluid, ¢ =
p(x,t)—l—%[—ﬂ(w,t) € R is the total pressure, H = (Hy(z,t), Ha(z,t), H3(z,t))
€ R3 is the magnetic field, f = (fi(z,t), fo(z,t), f3(x,t)) € R? is the external
force, x = (x1, 9, x3) is the Cartesian system of coordinates, v > 0 is the
constant viscosity coefficient and g > 0 is the resistivity.
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Let S = 012 be the boundary of (2. We add the following boundary

conditions:

(1.2) v|lg =0,

(1.3) H-n|s=0, nxrotH|s=0,

where 7 is the unit outward normal vector to S. Moreover, we need the initial
conditions

(1.4) v|i=o = v(0), Hl|i=o = H(0) in £2.

To describe {2, which is an axially symmetric domain, we need the cylin-
drical coordinates (r, ¢, z) introduced by the relations
(1.5) xy =rcosyp, wmp=rsing, w3==z.

Then the cylindrical coordinates of the vectors v and H are defined with the
help of the vectors

(1.6) e = (cosp,sinp,0), €, = (—sing,cosp,0), e, =(0,0,1)

in the following way:

(1.7) Up = U Ep, Up=1U-ECp, Uy=1U"Es,

where u replaces any vector in this paper, and the dot denotes the scalar
product in R3.

To characterize {2 we introduce a plane P(p) which contains the xz-axis
and makes angle ¢ to the plane zo = 0. Let 9(r, z) = 0 be a closed smooth
curve in the plane P(y) such that r € (a,b) where 0 < a < b. Then our
domain is such that

Plp)n 2 ={(r,2) : ¥(r,z) <0}, ¢ €0,27],
min{dist(P(y) N 2, z3-axis)} > 0.

This means that {2 is a rotation of the set {(r,z) : ¥(r, z) < 0} around the
T3-axis.

Fig. 1. Domain {2: toroid with an ellipse cross section
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Additionally, for fixed ¢, we set 29 = P(p) N {2, Sy = 0£2. Then

V) 1 P 1 0
Algg = —=—— | L as | +0. |0 ,
5o Vol VY| r | 7P v, X

where [V = /42 4 %.
As an example of a curve as above we have
Y(r,2) = (r—ap)* + 22 —r3 =0,
where ag > 7, so r € [ag — 19, a9 + ro] and |z| < 7, and then the domain {2
is a torus.

Fig. 2. Domain {2: torus

The boundary condition (1.2) is the non-slip condition. Assuming that
the magnetic induction B is equal to ugH, where g is the magnetic vacuum
permeability, the first boundary condition of (1.3) means that the flux of
the magnetic induction through the boundary S does not appear. Since
j = rot H is a current, the second boundary condition of (1.3) means that
the tangent coordinates of j to S vanish. Hence, there is no restriction on
the normal coordinate of j. It seems that this stabilizes the motion inside 2.
Physically, the problem is a very first step to the famous tokamak fusion,
where the tokamak is a device that uses a powerful magnetic field to confine
plasma to a torus shape region. Moreover, the protons in the CERN cyclotron
located near Geneva move in a domain similar to the one considered in this
paper, where, however, the motion is controlled by an external magnetic
field. Therefore, the current flux through S must disappear. In that case we
have a free boundary problem which is much more complicated than the
problem examined in this paper and requires a different approach.

Our aim is to prove existence of global regular solutions to problem
(1.1)—~(1.4) without assumptions on smallness of the initial data and the
external force. For this purpose we first consider problem (1.1)—(1.4) in the
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domain {2y, where v = v, = (v.(r, 2,t)&r + vy (1, 2, t)e, + v.(1, 2, t)E.), H =
Hy = (Hy(r,z,t)er + Hy(r, 2,t)e, + Ho(r, 2,0)e2), [ = fs = (fr(r,2,0)er +
fo(r,z,t)e, + fo(r, 2 t)ez) q = qs(r, 2,t) = ps(r, 2,t) + 1 H2(r, 2, ) satisfy

Vgt + Vs - Vug — vAvg + Vqs — Hy - VH = f,

(1.8) divvg =0,
Hgy+vs-VHy — Hy - Vs — pAHg = 0,
divH; =0
and
(1.9) vs|lsy, =0, n-Hglg,=0, nxrotHgg, =0,
(1.10) vslt=0 = v5(0),  Hsli=o = Hs(0).

In Section 3 we prove existence of global regular solutions to problem (1.8)—
(1.10).
To show stability of these axi-symmetric solutions we introduce the quan-

tities
(1'11) U =7 — Vs, K =H — H;, g=f—Is, d=q—gs
which are solutions to the problems

u —vAu+Vd= —u-Vu—u-Vuvg—vs-Vu+ K -VK
(1.12) + K VHs+ H; - VK + g,

divu =0
and

Ky — pAK = —u-VK —u-VHs—vs- VK + K -Vu

(1.13) + K -Vuvs+ H; - Vu,
div K = 0.
Moreover, we add the boundary conditions
(1.14) uls, =0, K-n|g,=0, nxrotK|g, =0

and initial conditions
(1.15) ult=0 = u(0), K=o = K(0).

There is a vast literature concerning regularity of solutions to incom-
pressible magnetohydrodynamics (mhd). We can distinguish the following
directions:

1. Three-dimensional mhd (either with small data or close to some special
solutions) [XZl, HX1], HX2] [LZl [CMZ, [NZ, INSZ].

2. Two-dimensional mhd [LXZl DLl Z, [CW,, [ST].

3. Mhd without resistivity [XZl, [LXZl [L].
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4. Axially symmetric mhd L [INZ]. Recall that the existence of axi-symmetric
nonswirl solutions to the Navier—Stokes equations in a cylindrical domain
was first proved by Ladyzhenskaya [Lall.

Our aim in this paper is to prove global existence of regular solutions to
the mhd problem (1.1)—(1.4) in a three-dimensional domain. Since the regu-
larity problem and regularity of axi-symmetric solutions with large swirl to
the Navier—Stokes equations are still open problems, we consider problem
(1.1)~(1.4) in a torus around the axis of symmetry. Our domain is located
at a positive distance from the axis of symmetry, i.e. the x3-axis. Therefore,
in such domains, we can prove existence of global regular axisymmetric so-
lutions to the mhd problem (1.8)—(1.10) with large swirl 7vg. The existence
of these solutions is proved in Section 3. In Lemmas 3.1 and 3.2, applying
the step by step in time arguments from [ZZ1] [ZZ2] [Z1], [Z2] we find a global
estimate for [|vs, Hyllyg (x> t € (KT, (k+1)T7], k € No, where T' > 0 is
fixed (see Theorem 1). The above estimate is so strong that application of
the technique of Sobolev spaces with a mixed norm (see Lemma 2.4) shows
that vs, Hs belong to Wi’l, o > 1 (see Theorem 2).

Next, we look for solutions close in appropriate norms to the axi-symmet-
ric solutions (see problem (1.11)—(1.15)). To show existence of global regular
solutions to this problem we need smallness of initial data (see (1.15)) and
of the external force g (see (1.11)). The existence of these solutions is proved
in Section 4. This is treated as stability of the axi-symmetric solutions. The
results are formulated in Theorems 3 and 4. Assuming that the external
forces do not vanish in time, we are looking for solutions non-decaying in
time. This is the reason why the step by step in time technique is used (see
271l 772\ 71, Z2]). This approach enables one to prove existence of station-
ary solutions via stability. In this paper the Lo-technique is used because
almost all estimates are obtained by the energy method. Besides the obvi-
ous physical background, the axi-symmetric solutions in a torus are in fact
two-dimensional because the axis of symmetry is outside the torus. The ex-
istence of regular axi-symmetric solutions in that type of domains is shown
in [Z3|, and global regular existence of two-dimensional solutions was proved
by Ladyzhenskaya in her famous paper [La2].

In Section 2 we introduce notation and recall some auxiliary results.
In Section 3 we prove global existence of regular axi-symmetric solutions to
(1.8)—(1.10). In Section 4 the existence of global regular solutions to problem
(1.12)—(1.15) is proved for sufficiently small ||u(0), K(0)||z1 and ||g(t)] L,
t € Ry. Then stability follows from the following implication:

[u(0), K(O)|[gn <~ implies  [Ju(t), K ()| < v
with ~ sufficiently small and ¢t € R,..
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In this way we have the existence of global regular solutions to problem
(1.1)—(1.4) which are close to the axi-symmetric solutions determined by
problem (1.8)—-(1.10).

Now we present the main results of this paper. From Lemmas 3.1 and
3.2 (see proofs) we have

THEOREM 1. Assume vs(0), Hs(0) € HY(£20) and fs € Lo(kT, (k + 1)T;
Lo(820)) for all k € Nog. Assume that T is such that

. ) (k+1)T
cooT/2> |1 - OIF
veeat/22 (14 ey o 22 ROl

2
+ [|vs(0), HS(O)H%Q(QO) )

where v, = min{v, u}, the constant cs1 appears in (3.4) and cso in (3.8). Then
there exists a solution (vs, Hg) to problem (1.8)—(1.10) such that (vs, Hs) €
Vi (29 x (KT, (k + 1)T)) for all k € Ny and lvss Hsllvg (o x (kT (k1)7)) 75
bounded by a constant depending on the data but not on k.

Proof. The assumptions of this theorem follow from the assumptions
of Lemmas 3.1 and 3.2. Estimates (3.2) and (3.6) imply the assertion of
Theorem 1 and conclude the proof.

Theorem 1 and Lemma 3.3 yield

THEOREM 2. Let the assumptions of Theorem 1 hold. Let (vs(0), Hs(0)) €
By 27 (29) and f, € La(kT, (k + 1)T; Lo(0)) with o € (2,00) for all
k € No. Then there exists a solution (vs,Hs) to problem (1.8)—(1.10) in
W25 (20 x (KT, (k + 1)T)) for all k € No, and

g

s, Hslly21 (o x e e1yryy> -+ € No,

1s bounded by a constant independent of k.

Proof. The aim of this theorem is to increase regularity of solutions ob-
tained in Theorem 1. The technique is established in Lemma 3.3. In view
of (3.6) the increase of regularity in the interval [0,77] is shown in (3.11),
where the theory of Sobolev spaces with mixed norm is used. To extend the
estimate to all time intervals [kT, (k4 1)T], k € Ny, we introduce the cut-off
function (; = (x(t) defined below (3.11). Next, we derive a localized in time
problem (3.12). Consequently, by the step by step in time argument we show
(3.13) and (3.14). Thus, the statement of the theorem holds.

To formulate results on stability we examine problem (1.12)—(1.15).
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THEOREM 3. Let the assumptions of Theorem 2 be satisfied. Assume that
Y« 18 a number such that v« < V/v2/2, v, = min{v, u}. Assume that

[9(0), rot K(O)]12, ) < 7

C3 i
@ uu 6), Ho0)lig o B2 + 9Oy < eea
where v < vy, the constants ca, c3 are introduced in (4.19), (4.20), respec-
tiely, Bs is defined in (4.2), and ||v5(t),Hs(t)||W§(QO) is estimated in Theo-
rem 2. Then

|Vu(t), rot K(t)H%Q(Q) <~ foranyteR,.
Proof. In Lemma 4.1 we prove in (4.2) that
[u(t), K(#)llL, < ¢(As)(B1 + Ba),

where Ag is introduced in (3.6) and Bj, B in (4.1); we also estimate the
H'! norm of u(t), K(t) by Bs. The estimate holds for all ¢ € R, . Assuming
that v is so small that v < 7, < {/v2/2 we show the assertion of Theorem 3
by a contradiction argument in Lemma 4.2. This ends the proof.

THEOREM 4. Let the assumptions of Theorems 2 and 3 be satisfied. Then
there exists a global regular solution to problem (1.1)—(1.4) in the form

(1.16) v=vs+u, H=H;+K,
where (vs, Hy) is described by Theorem 2 and (u, K) by Theorem 3.

Proof. In view of problems (1.8)—(1.10) and (1.12)—(1.15) the functions
defined in (1.16) are solutions to problem (1.1)—(1.4). Existence of solutions
to problem (1.8)-(1.10) follows from the Faedo-Galerkin method and esti-
mates proved in Lemmas 3.1 and 3.2. By Lemma 3.3 the solutions v, and
H, are regularized via the theory of Sobolev spaces with mixed norm up to
W(?QI , 0 > 3. The existence of solutions to (1.12)—(1.15) follows by applying
a fixed point argument (for example, the Leray—Schauder theorem) for ~y
sufficiently small. This ends the proof.

2. Notation and auxiliary results. By L,({2), p € [1,00], we denote
the Lebesgue space of p-integrable functions. By H*(£2), s € No = NU {0},
we denote the Sobolev space of functions with the finite norm

1/2

_ 2
lulls = lulleey = Y- (§1Dgufde) ™,
la|<s 2
where DY = 031032033, |a| = a1 + ag + a3, a; € Ng, i = 1,2,3.
It is convenient in mhd to use the notation
2 2 2
Ju, vl = llullx + vl

where X is any function space used.
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By V(2 x (T1,Ty)) we denote the space of functions with

Ty 1/2
HUHV;(QX(Tl,Tz)) = (esssup ”u(t)”%ik(g) + S HVu(t)H?{k(Q) dt) < 0.
te(TlvTQ) Ty

We introduce anisotropic Lebesgue and Sobolev spaces with mixed norm

by setting

lullz,, 0720, (2)) = llullL,, ., (@2x(0.1))

- (f(g oy

lllyze (oxomry = P2l L,y b@xom) + 10l L, ., @x01)

)

+ llullz,, ,,2x©r), P1.p2 € (1,00).

We use the definition of Besov spaces from [BINL Ch. 4, Sect. 18], and
the theorem on direct and inverse traces between Besov and Sobolev spaces
with mixed norm from [B].

Let us consider the elliptic problem

rotu =~h in {2,
(2.1) divu=0 in £,
u-n=0 onlS.

LEMMA 2.1 (see [S1]). Let h € H™(£2) for some m € Ny. Then there
exists a solution u to problem (2.1) such that u € H™*! and

(2.2) |l rm+1(2) < el gma)-
Let us consider the problem
divT(u,q) =h in §2,
(2.3) divu =0 in £2,
u=20 on S.
By T(u,q) we denote the stress tensor of the form
T(u,q) = vD(u) —qf,
where D(u) is the dilatation tensor of the form
D(u) = {tiz; + tja, tij=1.2
and I is the unit matrix.

LEMMA 2.2 (see [S2]). Let h € La(£2). Then there exists a solution (u,q)
to problem (2.3) such that u € H*(£2) and Vq € La(£2) and

(2.4) lullz2() + 1IVall Loy < cllbllyo)-
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We need to examine the problem

rotrot H = h in {2,

divH =0 in 2,
(2.5) _ _

H-n=0, nxrotH=0 onlS,

divh = 0.

LEMMA 2.3 (see [SI]). Assume that h € La(§2). Then there exists a
solution H to problem (2.5) such that H € H?($2) and

(2.6) [ H | 20y < ellhllL,0)-

Let us consider the following initial-boundary value problem for the non-
stationary Stokes system

v —vAv+Vp=f in 07T,

2.7) diveo =0 in 27,
v=20 on ST,
U‘t:() = in £2.

From [S3} [S4] [K] we have

LEMMA 2.4. Assume that f € L. ,(27) and vy € B?;Q/U(Q) for some
r,o € (1,00). Then there exists a solution (v,p) to problem (2.7) such that
v e Wi (2T), Vp € Lo (27) and
(28)  vllwzzory +IVPIL, @r) < cllfllL, o @m) +llvoll g2-2e ))-

Let us consider the following initial-boundary value problem for the heat
equations:

H; — pAH = f in 27,
(2.9) H-n=0 #xrotH=0 onS7T,
H|t:0 = H() in Q,

where 7 is the unit outward normal vector to S. From [DHP] we have

LEMMA 2.5. Assume that f € L, ,(27) and Hy € Bzgz/q(ﬂ) for some
r,q € (1,00). Then there exists a unique solution H to problem (2.9) such
that H € W2 (27) and

(2.10) 1 [z ory < Ul fllL, g @m) + 1 Holl g2-2/a )-

3. Axi-symmetric solutions. To obtain estimates for the axi-symmet-
ric mhd described by problem (1.8)—(1.10) we perform all calculations exactly
in the same way as for the general three-dimensional problem (1.1)—(1.4).
The calculations can be done in that way because solutions to (1.8)—(1.10)
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depend on ¢ through the vectors €., €, only, so all the derived integral
estimates are automatically restricted to 2.
First we have

LEMMA 3.1. Assume that
(k+1)T
A? = ~ sup VL@, dt < o,
(31) keNg kT
A2
A2 _ 1
27 (1 — emveeal)
where cg1 s a constant depending on the constants from the Poincaré in-
equality and from (2.2), and v, = min{v, u}. Then
s (KT), H(KT), < 43,
(3'2) 2 0 ! N2 / 2 2 2
HUS(t)aHS(t)HLQ + VxCs1 S |vs(t'), Hs(t )”Hl dt' < A7 + A5 = A3
kT
for allt € (KT, (k+ 1)T] and k € Ny.
Proof. Multiplying (1.8); by vs, (1.8)3 by Hj, integrating over (2, using
(1.8)2,4 and the boundary conditions we obtain

+|vs(0), H(0)]1Z, < oo,

d
2% S(v? + H?) dz + S(V]VUSIQ + p|rot Hy|?) dx = S fs - vsdx.
2 2 2
Using the Poincaré inequality for vs, Lemma 2.1 for Hy and applying the
Holder and Young inequalities to the r.h.s. we get

(3.3)

d 1
(3-4) a(llvslli2 +1H1,) + vesilloslFn + pest| Hll7p < ven FA
S

Using v, = min{v, u} we obtain

d 1
SISz, + IH(IZ,) expvacat)] < e

Integrating with respect to time from ¢ = kT to t € (kT, (k + 1)T] yields

1£5l17, exp(rcat).

t
1

los (D17, + [ Hs (0|7, < e | Il£N1, dt’
St kT

+ exp(—vics (t — kT)) (los(KT)|1Z, + |1 Hs (KT)|[7,)
for t € (KT, (k+ 1)T]. Setting t = (k + 1)T we get
(k+1)T

[os((k +1)T), Hy((k + 1)T)||7, < e (R FAGIACE
kT

+ exp(—vica1T)||vs(KT), Hs(ET) H2L2
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By iteration we have

”US<kT)7HS(kT)H%2
2

T c 1(1 — el_V*CslT) + eiV*CSIkTHUS(O)?HS(O)H%Q < A%
S

Integrating (3.4) with respect to time from kT to t € (KT, (k + 1)T) yields
(3.2)2. This concludes the proof.

LEMMA 3.2. If the assumptions of Lemma 3.1 are satisfied and T is so
large that

—veT/2 + A3 <0,
and
Aj = exp(43) AT,
(3.5) 2 cs2A]

Az = Vs (0), rot Hy(0)]|2, <
> l—exp(—y*cng/2)+H v5(0),rot Hy(0)(|z, < o0,

then
low(KT), Hy(KT) |21 < c42,
(3.6) , t / o » 2 2
los(t), Hy ()12 + | llos(), H(#) |32 dt’ < cess ASAR + AR = A2
kT

for allt € (KT, (k+1)T] and k € No.

Proof. Multiplying (1.8); by %div T(vs,qs) and (1.8)3 by AH,, integrat-
ing the results over {2 and using the boundary conditions we obtain

d 1, ..
(3.7 lIVos ot Hll7, + > lldiv T(vs, gs)|17, + 1l AH|Z,
< c([|vsll7, IV vsllT, I Hol 7, IV Holl T, + 0sl 2, IV Hsl 7, + 1 Hs M1, [ Vo ,)
c 2
+ ;HfSHLQ'
In view of Lemmas 2.1-2.3 we derive

d
(3.8) %va& rot HSH%Q =+ 082VHU8H12L12 + /~Lcs2”HSH%I2

Cs3
< cg3llvs, H|[7, [ Vvs, rot Hy||7, + %Hfsllig-
Inequality (3.8) implies
d t
= |I70,vot H, 2, exp(y*CSQt — sup|juy, H, 1, | 1IV0s, rot 3, dt')}
kT

t
Cs2
< 2|13, exp(viciat = sup o, Bl | [[Von,rot H, ).
kT
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Integrating the above inequality with respect to time from kT to t € (kT,
(k +1)T7] yields
IVus(t), ot H(t)|7,
t t
Cs2
< exp(sup |los, Hl}, | [Voszot HillF, dt') =2 § £, d
t KT kT
+ ||V (KT), rot Hy(kT)||7,
t
. eXp(—I/*CSQ(t — kT) + sup ||vs, HSH%2 S [|Vus(t), rot HS(t')H%2 dt’).
¢ KT
Taking into account assumptions (3.1) of Lemma 3.1 we have

t
[ 0s(t), 10t H(D), < eoexp(Ad) | 4(1)]3, d
kT
+ || Vs (kT), rot Hy(kT)||7, exp(—vicsa(t — kT) + A3).
Setting ¢t = (k + 1)T', using (3.1); and (3.5); yields
|Vos((k + 1)T), vot Hy((k + )T)Z,
< 52 exp(A3) AT + exp(—vicT/2)|| Vs (kT), rot Hy(KT)||Z,
Applying the notation (3.5)2 and iteration we have
cea A2
(3.9) [ Vos(kT),vot H(kT)||7, < 7— exp(_zy*“cszT 7
+ exp(—vscs2T/2) || Vg (0), rot Hy(0)||7,
< A2
Hence (3.6); is proved. Integrating (3.8) with respect to time from kT to

t € (kT,(k 4+ 1)T] and employing (3.9) yields (3.6)2. This concludes the
proof.

To guarantee the assumptions of Lemma 4.2 below we have to show that
vs, Hy € C([kT, (k + 1)T]; W3, (£2)) for any k € No.

LEMMA 3.3. Assume that there exists o > 3 such that vs(0), Hs(0) €
B;Q(_Qo) and fs € Lo(kT, (k + 1)T; Ly(£20)) for all k € No. Then vs, Hy €
C(Ry; W2 (20)) for any og such that 2 < oo < o, and

(3.10) [[0s(£), Hs(8)llw;, (20) < <o,
where ¢y does not depend on time.

Proof. In view of Lemma 3.2 we see that vs - Vug, Hs - VHg, vs - VHg,
H, - Vv belong to Lo(kT, (k+ 1)T; Ls(£2)) for some o € (1,00). Then the
assumptions of the lemma and the theory developed in [S3| [S4, K| imply
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that there exists a solution to problem (1.8)—(1.10) such that (vs, Hs) €
W25 (£20 x (0,T)) and
(3.11) ||U$7HSHW§:%(QO><(07T))

< e(A§ + I fsll 20,1580 (220)) + 10s(0), H(O)ll 51, (52))-

Estimate (3.11) is only valid in the interval (0,7") because to prove it in any
interval (KT, (k + 1)T) we need an estimate for |[vs(KT), Hs(KT)| g1 ()

independent of k. Since we are not able to control this, we introduce smooth
cut-off functions (x = (x(t) such that (x(t) = 0 for ¢t € [kT,kT + /2] and
Cr(t) = 1for t > KT+ 9, 6 < T'. Introducing the new quantities 95 = vs(,

Ds = PsChy Hy = HsCr, fs = fsCk, G = Ck,t we see that (,DS?ﬁsvHS) is a
solution to the problem

Dt — VAT, + Vs = 05(p, — v - Vg + Hy - VH,

— HyVHg + fs in Q9 x (KT, (k+ 1)T),
Hy— pAH, = Holy — vs-VHs + Hy-Vi,  in 2y x (KT, (k + 1)T),
divo, =0, divH, =0,
Osls, =0, 7 -Hls, =0, 7 xrotH,|g, =0,
s()|i=tr = 0,  Hy(t)|s=pr = 0.

From Lemmas 2.4, 2.5, 3.2 we deduce the following estimate for solutions to
problem (3.12):

(3.12)

(3~13) Hﬁs; ﬁ8‘|W3:1(QX(1€T7(k+1)T)) < C(AG + Ag + ”JgsHLQ(Qox(kT,(kH)T)))’

2

where the constant ¢ does not depend on k. Nevertheless, ¢ might depend
on 7.

To infer (3.13) in the interval [T, kT + 0] we use (3.13) for [(k—1)T, kT].
Then, applying [B], we derive

G510 los(RT) B (20) = €llvslliwz 0 ((h-1)7,07)):
HHS(]{T)HB;,Q(QO) < CHHS||W027’21(QO><((]¢71)T,]€T))'

In this way we prove (3.10) for all ¢ € R, with a constant ¢y independent
of k. To prove continuity of vy, Hs with respect to time we need some oy
such that 2 < o9 < ¢ in order to apply imbeddings and to get the Holder
continuity. This concludes the proof.

4. Stability. To prove stability of the axi-symmetric solutions we ex-
amine problem (1.12)—(1.15). First we obtain an energy type estimate.
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LEMMA 4.1. Let the assumptions of Lemmas 3.1 and 3.2 hold. Assume
that

(k+1)T

2 o | IVes(t), VH (D)2, dt <0,
* kT

(k+1)T
B =swp~ | g2, dt < oo,
keNg Uy kT
o con(A)B;
27 1 —exp(—c v, T/2)
where ¢y appears in (4.6) and Ag in (3.6). Then
“u(kT)>K(kT)||L2 < By,
4.2 ;
OB o, KOI, + e | ), K@ ae
kT

+[u(0), K(0)[IZ, < oo,

< cexp(A2)(AZ+1)(B} + B2) = B3
for allt € (KT, (k + 1)T] and all k € No.

Proof. Multiplying (1.12) by u and integrating over (2 yields
1d

(4.3) 5 a1

||u||%2 + V||VuH%2 = — S u - Vg - udx
2
+ \(K-VK-u+K-VH,-u+H, VK -u)dz + | g uda.
2 9]

Multiplying (1.13) by K, integrating over {2 and using the boundary condi-
tions implies
1d
2 dt

(4.4) 1K, + plrot K7, = = u- VH, - K da

(0]
+ \(K-Vu-K+K-Vu,- K + Hy- Vu- K) da.
02

Adding (4.3) and (4.4) gives

d
(4.5) %HU,KH%Q + 1|V, rot K|f7, = = | w- Vo, - ude
(0]
+ | K-V,  Kdz+ \[K-V(u K)+ H, - V(u- K)] da
2 2
+ (K -VH, u—u VH, K)dz+ | g-udz.
2 2
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If we take into account the boundary conditions, the Poincaré inequality and
Lemma 2.1, equality (4.5) yields

d c
(4.6) @HU’KH%Q +crvallu, K3 < el Vos, VH[7, lu, K7, + ;HQHZLQ-

From (4.6) for t € [KT, (k + 1)T] we have

t
d
(4.7) pn Ju, K |7, exp(clu*t— S IVos(t'), VHs(t')|7, dt/)]
kT

t
C
< Zllgl, exp(ervat = | [Vos(®), VA, dt').
* kT

Integrating (4.7) with respect to time from k7" to ¢t € (KT, (k + 1)T'] implies

(4.8)  Ju(t), K],

t
c
< exp( | Vo), VEL@)IF, at') = | 9113, d
kT * kT
t

+exp|—erm(t = KT) + | [Vo,(t), VH(#)]I3, d | [u(kT), K (KT)|3,.
kT

Setting t = (k 4+ 1)T" and employing (4.1); yields
(4.9)  lu((k +1)T), K((k + D)D),

(k+1)T . (k+1)T
<en( | V@) . VHWIFd) - | llgt)]3, dt
kT kT

+exp(—c1sT/2) [u(kT), K (KT)|Z,-
In view of (3.6) and (4.1)2, inequality (4.9) simplifies to
lu((k +1)T), K((k +1)T)|,
< cexp(A§) B} + exp(—c1vsT/2) |w(kT), K (KT)]||7, .
Hence, iteration yields
(4.10)  [lu(kT), K (KT)|[1,

cexp(A2)B?
~ 1 —exp(—c1v.T/2)

This implies (4.2);. From (4.8) we have

+ exp(—c1vkT/2)||u(0), K(O)H%2 < Bg.

(4.11) lu(t), K ()7, < cexp(A§)[Bf + B3]
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for all t € (KT, (k + 1)T] and k € Ny. Integrating (4.6) with respect to time
from kT to t € (T, (k + 1)T] and using (4.11) gives
t
(4.12)  Jlu(), KO, +ewn | Jul®), K ()| at
kT
¢

<c  sup u(t), Kt)l[7,0 | IVes(t), VH()|[7, dt’
te[KT, (k+1)T] o

¢
c
+— V lg@)IZ, dt' + [lu(kT), K (KT)|1,
* kT
< ¢(A§ + 1) exp(43)[B} + B3).
Employing (3.6)2 in (4.12) yields (4.2)2. This concludes the proof.
To show stability we need

LEMMA 4.2. Let the assumptions of Lemma 4.1 hold. Consider v < s,
where v, 15 so small that
ve S v2/2.
Assume that
IVu(0), rot K (0)]Z, <,

C3 0%
los(t), Ha (Ol BS + l9@)II7, < vaca,

Vs 3

(4.13)

where the constants ca, c3 appear in (4.21) and (4.22), respectively, and Bs
1s introduced in Lemma 4.1. Then

4.14 Vu(t),rot K(t)||2, <~ for all t € Ry.
2

Proof. We multiply (1.12) by div T(u, d), integrate the result over (2, use
the boundary conditions and Lemma 2.2. This gives

d
(4.15) v Vul, + (v |lullf + [ VdlZ,)

<c S(]u Vul? + |u - Vug|* + |vs - Vul?) dz
Q
+e (K- VK[ +|K-VH+|H,- K*)dz + c||g|7,.
Q
Similarly, multiplying (1.13) by AK, integrating over (2, using the boundary
conditions and Lemma 2.3, we obtain

d
(4.16)  —|Jrot K|, +pl K3 < c\(lu- VK + |u- VH,[?
2
+|vs - VK|? + |K - Vul® + |K - Vug|* + |H, - Vul?) dz.
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First we estimate the terms from the r.h.s. of (4.15). Using the interpolation
inequality (see [BIN], Ch. 3, Sect. 15])
1/2 1/2 c
(417 | Vullz, < cllul2IVal i) < ellulg + 2Vl
we obtain

Vlu-Val? de < ||ullf, | Vullz, < clullz llull gz lu] m
9]

<eiflulfe + — HUHH1 <eillulfe + — HUIIL2

In view of the interpolation 1nequahty
(4.18) IVullr, < &2Vl Ly + ce™2||ul L,
and the Poincaré inequality it follows that

Vlu- Vsl de < Jullf IV oslZ, < elullf Vo,
2

C
< ||Vul, Vo2, < <e||v2uu%2 ; gnunig) Vsl
C
< ol V2ull, + S 9l

Similarly, (4.18) implies

(&
§los Yl do < ol [Vl < (720, + Sl )lodlE.
2

c
< e3||V2ullZ, + gHvsHimIIUH%Q'
Repeating the above estimates we derive

UK VK\zdx<€4HKHH2+ HKHHla

C
S K - VH, | dv < e5| VK|, + gHVHsH‘isHKH%Q,

Q

C
VIH - VE]P do < 26| V2K|7, + gHHsH%OOHKH%Q-

In view of the above estimates and for sufficiently small £1—c¢ we obtain from
(4.13) the inequality

d
(4.19) *IIVUH%QvLCzVIIUII?p
< &1flu, K| 7 to IIU K| +o (HVUSHLgHuHLz + VL, IK]1Z,)

(||US||LOO||U||L2+”H HLOOHKHLQ) ;HQHLQ‘

“"I‘Q
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Similarly, we estimate the integrals from the r.h.s. of (4.16) by

S - VE*dz < |[ullf, I VKIIZ, < erll K[ += ||u||H1HVK||L2a
C
u- VH|* do < es[|VulZ, + gIIVHsH‘iB,IIUII%W

2

C
Vlvs - VEP do < 9| V2KIZ, + g\lvs\I%wHKH%z,
2

VIK -Vl de < ||K|[7, | Vulg, < eollulfe + HKHHleuHL27
9
‘K : v,U5|2 df]}' S HKH%(;HVUSH%S S 811HV2KH%2 + a”va”%ggHKH%y

&
|Hy - Vul? do < e V2ull, + EHHSH%MHUH%Q'

)
)

Employing the above estimates in (4.16) yields
d _
(120) ot K3, + pl K[ < eollu, K
c
+ 5(Ilu,Kll?p HIVH[IZ, lullZ, + [VoslZ, I K17,
sl L KN, + I Hllz llulZ,)-

Adding (4.19) and (4.20) with sufficiently small &, and £2 and employing
Lemma 2.1 gives

d c
(421)  —[IVu,rot K||%, + covellu, Kl < —[lu, K3
c c
+ (Vs VH 7, + |05, Hsll 2Ol K17, + 9117,
In view of the Poincaré inequality and Lemma 2.1 we have

(4.22) —HVu rot K7, + covi||u, K| 32 < HVu rot K||%,

C3
+ ;(HWS,VHSHLg + HU&HSHLOO)HUJ?KHLQ +—lollz,-

Using (4.2)2 and introducing the notation
X(t) = [IVu(t), rot K ()|,
Y(t) = llu(t), K(&)l| 2,
C3
G2(t) = = (I Vvs(t), VHs (D17, B3 + lvs(8), Hs (017, B3 + l97.)
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we express (4.22) in the short form

d o 2, 86 2

- < —u, el )

th < —verY +1/*X + G*(t)
Since X <Y, we have

d
(4.23) %XQ < -X? <U*02 — C3X4> + G2(t).
Let v € (0,74], where 7, is so small that
2 4 (&)

4.24 wCo — — Yy > Up—.
( ) ViCo V*'y 2 Vg

By the assumptions of the lemma,
X20) <, G*t)< 1/*02% for all t € Ry.
Suppose that
t, =inf{t € Ry : X2(t) > v} > 0.
By (4.24), for t € (0,t,] inequality (4.23) takes the form
d

V4 C2
X?< =
dt - 2

By definition of t, we have
(4.26) X%(t,) =~ and X2(t) >~y fort>t,.
Then (4.25) yields

d

Y,
— X2t <veea| —=+ <) <0,
dt ()tzt*_V62< 2+4>

contradicting (4.26). Therefore
(4.27) X%ty <y forteR,.
This concludes the proof.

(4.25) X2+ G ().
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