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Capitulation in abelian extensions of number fields
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ROBERT J. BOND (Newton, MA)

Introduction. Let K be a number field and L a finite abelian extension
of K. In this paper, we investigate the “capitulation kernel,” the kernel of
the map j from the ideal class group Clx of K to the ideal class group
Cly, of L induced by the lifting of ideals from K to L. Elements of the
kernel are said to capitulate in L. This problem has a long history, most
notably when L is an unramified abelian extension of K. For example, when
L/K is unramified and cyclic, Hilbert’s Theorem 94 says that the order of
the capitulation kernel is divisible by the degree [L : K]. This result was
extended to all unramified abelian extensions by Suzuki [26]. (See also [12].)
The well-known Principal Ideal Theorem states that if L is the Hilbert class
field of K, then every ideal of K becomes principal in L.

More recently Gonzalez-Avilés [8] and Schoof and Washington [25] have
studied the capitulation kernel for both unramified and ramified extensions.
In [§], the cokernel of j is studied as well. In the present paper we will
study the kernel and cokernel of j (Kerj and Coker j) for arbitrary abelian
extensions L over K. In particular, we describe them in terms of Galois
cohomology groups. We also look at the subgroup J of Kerj consisting of
those ideal classes of K that are in the image of the norm map from Cly, to
Clk and that capitulate in L. We then study the quotient group of Ker j by
J and show that when J = (1), Ker j is isomorphic to the Galois group of M
over K where M is the intersection of L and the Hilbert class field of K. We
give some criteria under which Ker j is as large as possible, namely, when it
equals the set of elements of Clx which are killed by [L : K]. In particular,
we prove that this happens when [L : K] is relatively prime to the order of
the relative class group of L over K. We discuss “number knots” as described
by Jehne [14] and use them to prove a version of Hilbert’s Theorem 90 for
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ideal classes, generalizing results of Furtwéngler and Bembom [2]. We then
restrict our attention to quadratic extensions L over K, computing Ker j
when the 2-part of Clz, is cyclic or elementary, and we give examples when
K is an imaginary quadratic field.

0. Preliminaries. If G is a finite group and A is a G-module, then:

(1) A ={a € A|oa=aforall o € G} and IgA is the subgroup of A
generated by elements of the form 2%, where a € A, 0 € G.

(2) H"(G,A), n € Z, is the nth Tate cohomology group of G with respect
to A. When G is understood, we write H"(A) for H"(G, A).

(3) Ng : A — AC is the G-norm, defined by N¢(a) = [[,cq 0a. NGA, the
range of Ng, is contained in A%, so Ng is well defined.

(4) The most commonly used cohomology groups in this paper are H°(G, A)
= AY/NgA and H™Y(G, A) = Ker Ng/IgA.

(5) If A is a finite abelian group and n a positive integer, let A,, = {a € A |
a™ = 1}. For a prime p, A(p) is the p-primary part of A. We denote
the order of A by |A|.

(6) If f: A — B is a homomorphism of G-modules, then Im f denotes the
image of f, Ker f its kernel, and f¢ : A® — B is the restriction of f
to AC.

Let F be a field.

(7) F* is the multiplicative group of nonzero elements of F, Ef is the
group of units of the ring of integers of F', and Hp the Hilbert class
field of F, that is, Hp is the maximal unramified abelian extension
of F. For prime p, H}(f) is the p-Hilbert class field of F', the maximal
unramified abelian extension of F' of p-power order.

(8) Dp, Pp, and Clp are, respectively, the groups of fractional ideals,
principal ideals, and ideal classes of F'; hp is the class number of F'.

(9) Jr, Ur, and CF are, respectively, the groups of ideles, idele units, and
idele classes of F; I'r = Up/EF is the group of idele class units.

(10) If E is a Galois extension of F', then G(E/F') denotes the Galois group
of E over F.

Throughout this paper, K is a number field and L a finite abelian extension
of K with Galois group G = G(L/K). Unless otherwise noted, we let n =
[L : K]. The groups listed in definitions (7) through (9) above, with F' = L,
are all G-modules.

(11) Npk @ Cly, — Clg is the map induced by the norm map on ideals.
The range of Ny g will be denoted by B:

(0.1) B = NpxCly.
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The kernel of Ny /i, the relative class group of L over K, will be de-
noted by

(02) CZL/K:KerNL/K'

(12) j : Clg — CI¥ is the map induced by the lifting of ideals from K
to L, and Ker j is its kernel. Since Imj C le, Coker j is defined to
be CI§ /Im j.

(13) We let M = Hg N L, the maximal unramified abelian extension of K
in L.

(14) We let Z be the ring of integers and Z* the set of positive integers. For
n € Z*, Z/nZ is the ring of integers modulo n.

REMARK 0.1. (1) The following diagrams are commutative:

Np/x j
Clp, —5 Clg Clg —— Cif
D1 lNG J/j and D2 ln J/NL/K i
cl¢ 4 1§ Clxy —4 Clg

where id is the identity map, Ny, k| le is the restriction of Ny to le,
and n: Clg — Clg is raising to the nth power.

(2) Diagram D2 shows that Kerj C (Clg),. In fact, Kerj C (Clk)q
where d = ged(n, hg). In Section 3, we will give conditions for Kerj =
(Clk)q-

(3) If G is cyclic, then HY (G, A) = H**2(G, A) for any G-module A and
i € 2.

We assume the basic results of class field theory (see [10] or [21]). In
particular, Clg is isomorphic, via the Artin map, to G(Hg/K). Also note
that G(M/K) = G(L/K)/G(L/M) is annihilated by n.

The following result is an important consequence of class field theory
and is fundamental to the main results of this paper.

PROPOSITION 0.2.

(1) There exists a canonical isomorphism of finite abelian n-torsion groups
Clgk/B=G(M/K).
(3) B= Np/xCly, =G(Hg/M).

Proof. The above isomorphisms follow from the fact that the norm map
Nk : Cly, — Clk corresponds via class field theory to the natural projec-
tion G(HL/L) — G(LHK/L). =

COROLLARY 0.3. If M = Hxk NL = K, then Nk : Clp — Clk 1s
surjective.
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Suppose that L is a finite abelian extension of K such that n = [L : K]
is a power of a prime p. If p divides |Clg|, we can restrict the extension
of ideal classes map j to the p-primary part Clg(p) of Clix. We then have
a map j(p) : Clg(p) — CI¥(p). Since Kerj C (Clg)n, it follows that
Ker j(p) = Ker .

The following lemma will prove useful in this and subsequent sections.

LEMMA 0.4.

(1) Let (1) = A — B — C — (1) be an ezxact sequence of abelian groups
and n a positive integer. Then we have an exact sequence

(0.3) (1) - A, — B, - C, » A/A" - B/B" — C/C" — (1).

(2) Let f : A — B be a homomorphism of torsion abelian groups and
p a prime. Let f(p) : A(p) — B(p) be the map induced by f. Then
Ker f(p) = (Ker f)(p) and Im f(p) = (Im f)(p).

(3) Let A i> B % C be an ezact sequence of torsion abelian groups. Then

the induced sequence A(p) ELON B(p) EIGR C(p) is exact.

Proof. Apply the torsion functor Tor?(Z/nZ, —) to the given short exact
sequence. Now it is known that, for any abelian group @,

Tor2(zZ/nZ,Q) = (1) fori>2,
Tor}(Z/nZ, Q) = Qn,
Tor§(Z/nZ,Q) = Q/Q" = Z/nZ  Q

(see Weibel [27], Calculation 3.1.1]). Sequence (0.3) now follows.
By (1), for each positive integer n, the following sequences are exact:

(1) = (Ker f)pr = Apn = (Im f)pn — Z/p"Z & (Ker f),
(1) = (Im f)pn — Bpn — (Coker f)pn — Z/p"Z & (Im f).
Taking direct limits over n, we get the exact sequences

(1) = (Ker f)(p) = A(p) = (Im f)(p) = Qp/Zyp @ (Ker f),
(1) = (Im f)(p) = B(p) — (Coker f)(p) = Qp/Zp @ (Im f).

Now Ker f and Im f are torsion and Q,,/Z,, is a divisible abelian group. Thus
Qp/Zy @ Ker f and Q,/Z, ® Im f are both trivial. (2) and (3) follow. m

We can now state a p-version of Proposition Let N g)K : Clp(p) —

Clk(p) be the restriction of the norm map to Clr(p).

PRroPOSITION 0.5. Suppose that L is a finite abelian extension of K such
that n = [L : K| is a power of a prime p. Then:

(1) There exists a canonical isomorphism of finite abelian n-torsion groups
Clic(p)/B(p) = G(M/K).
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(2) Cly/k(p) = Ker Ng})K ] G(Hép)/LHg’)),
(3) B(p) = N[ Clo(p) = G(H /M)

DEFINITION 0.6. We let ey be the product of all the ramification indices
ep, where p runs over all finite primes of L, e, the product of the ramification
indices e, over all infinite primes of L, and e = efes.. We will also let eg be
the least common multiple of all the ramification indices, finite and infinite.
We will refer to e as the ramification product and ey as the ramification lem.

For the field L, we have the following exact sequences of G-modules:
(S1) (1) = EL, - L*— P, — (1), (S2)(1)—>UL— J,— Dp — (1),
S3)(1)—=IrL—=CL—Clp,— (1), (S4) (1) = EL —>Ur — Iy — (1),
(S5) (1) = L* — J, — Cp — (1), (S6) (1) = P, — Dy — Clp — (1).

The nontrivial maps above will be referred to as the canonical maps and
will be labeled as they are used. There is a corresponding collection of ex-
act sequences over the field K. If Ay, and By, are two of these G-modules
with a canonical map A; — Bp, then we have induced homomorphisms
HY(G,Ar) - HYG, Byr) for each ¢ in Z. These maps will also be referred
to as canonical maps.

For each of these G-modules Ay, there is a norm map A; — A which
will be denoted by N7,/ when it is clear from the context which norm map
is meant. When two or more norm maps are being used, we will introduce
appropriate subscripts to distinguish them.

We now state some results on the cohomology of some of the modules in
the above sequences (S1) to (S6) that will be used throughout this paper.
They are well known and based on both global and local class field theory
(see [10] or [21]).

If P is a prime of K and p is a prime of L lying above P, let Gp =
G(L,/Kp) be the corresponding decomposition subgroup of G, where Kp
and L, represent the usual completions. Let T{, be the inertia group of p
over P, U, the group of local units in L, and e, the ramification index of
g over P.

PRrOPOSITION 0.7. Let L be a finite abelian extension of K.

(1) HY(L*) = (1) (Hilbert’s Theorem 90) and H=Y(Dy) = H' (D) = (1).

(2) Foranyq € Z, H1(Cy) = HI2(Z) and in particular H*(Cr) = H~2(7)
=~ @. Morever, CF = Cx, H(CL) = (1), and H*(C}) is cyclic of order
[L: K].

(3) For any q € Z, HY(Jp) = [1p HY(Gp, L%) = []p H"*(Gp,Z) where
the product is over all primes P of K. In particular, we have HO(J) =
[1p H 2(Gp,Z) 2 1pGp and H'(JL) = (1). In addition, J& = Jk.
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(4) H'(Ur) 2 [1p HY(Gp,Uy) = [1pZ/eu,Z where the product is over all
finite primes P of K.

(5) UY = Uk and H(UL) = [[p T, where the product is over all primes P
of K, finite and infinite.

(6) If L is an unramified extension of K, then H1(Ur) = (1) for all g € Z.

REMARK 0.8. (1) It is well known that G(L/M) is the subgroup of G
generated by the inertia groups T,,. When G(L/M) is cyclic, [L : M| = eg.

(2) Because each ramification index e, divides n = [L : K], the ramifi-
cation lem eq divides n as well.

Since M is an unramified abelian extension of K, by Suzuki’s Theorem,
at least [M : K] ideal classes of K become trivial in M and hence in L.
Combining this fact with the remarks in the preceding paragraph, we have:

PROPOSITION 0.9 (Suzuki). |Ker j| is divisible by [M : K]. Moreover, if
L is a cyclic extension of M, then |Ker j| is divisible by n/eg where eg is the
ramification lem.

1. Cohomological characterizations of Kerj and Cokerj. In this
section, we characterize Ker j and Coker j in terms of cohomology groups. In
particular, we give necessary and sufficient conditions for Coker j to be iso-
morphic to H'(Pr). (Recall that Py, is the group of principal ideals of L.) As
always, we assume L is a finite abelian extension of K. The exact sequences
(S1) to (S6) cited here are from Section [0}

By sequence (S3), we have a commutative diagram with exact rows

(1) FK RES CK CZK E— (1)
D3 la J/id lj
G ﬂ_G
(1) — 1% Ly o Ly 1§ HYIT) —— (1)

where the left vertical map « is clearly injective, the middle vertical map
is the identity and j is the right vertical map. So 'k can be regarded as a
subgroup of I'S". The map C1§ — H'(I') is surjective since H'(Cr) = (1)
by Proposition 0.7(2). By the Snake Lemma, we have the exact sequence

(1) — Ker j — Coker o — Cokerid — Coker j — H'(I't) — (1).
We have proved the following.
ProOPOSITION 1.1. (1) Cokerj = HY(I'L). (2) Kerj = I'Y/Ik.

The following result is equivalent to [8, Theorem 2.4]. The fact that
Ker j = Ker[H'(EL) — H'(UyL)] was proved in Schoof-Washington [25].
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THEOREM 1.2. There exists an exact sequence
(1) = Kerj — HY(E) % HY(U,) — Cokerj — H'(Pp) — (1)

where 0 is induced by the canonical embedding Er, — Up. Thus Coker j =2
HY(Py) if and only if 6 is surjective, and Kerj = HY(EL) if and only if 0
s trivial.

Proof. The exact sequence (S4): (1) — Er — Ur, — I', — (1) and
the fact that UY = Uy (Proposition 0.7(5)) induce the exact sequence
(1) o I' - I'¥ - HY(E) S H\(UL) —» HY(I'L) & H*(EL). By Propo-
sition 1.1, Kerj = I'¥/T'x = Im[I'Y — H'(EL)] = Ker. So we have the
exact sequence

(1) = Kerj — HY(EL) & H\UL) — HY(I'L) & H2(EL).

If f: HY(P) — H?(EL) is the canonical map coming from sequence (S1),
it is easy to see that Im f = Im g by looking at the commutative square

H°(Cly) —— HY(Pp)

| I

HY(I't) —L— H*(Ep)

The left vertical map comes from (S3) and the top horizontal map from (S6).
These last two maps are surjective because H'(Cy) = H'(Dy) = (1) by
Proposition 0.7. Moreover, f is injective by Hilbert’s Theorem 90. Therefore,
Im g = H'(Pp). Recall also that H!(I';,) = Coker j by Proposition 1.1. The
desired sequence now follows. m

COROLLARY 1.3. If L is an unramified abelian extension of K, then
Kerj = HY(EL) and Coker j = H(Pyp). If, in addition, L/ K is cyclic, then
Coker j = Ex /N EL and [Ker j| = [L : K] |Coker j|.

Proof. When L/K is unramified, we have H*(UL) = (1) for all i € Z
(Proposition 0.7(6)), so the first statement follows from Theorem 1.2. If
L/K is cyclic as well, then, using (S4), H'(I'}) & H*(Ep) = H°(EL), so
Cokerj = H°(Ep). Finally, |[Kerj| = [L : K]|H°(EL)| by the Herbrand
quotient for Er. m

REMARK 1.4. (1) The fact that Ker j & H'(E}) for unramified abelian
extensions is a well-known result of Iwasawa.

(2) Since Ker j is isomorphic to a subgroup of H!(Ey), we have another
proof that Kerj C (Clk), with n =[L : K].

(3) Tt follows from (2) that if F' is a field such that K C F C L, and
z € Clg capitulates in L, then zFF] capitulates in F.
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Corollary 1.3 establishes that when L/ K is unramified, Coker j = H!(Py).
We now show that this can also happen for some ramified extensions,
generalizing a result in Cornell-Rosen [6].

Let Py, ..., P be the primes of K that ramify in L. Foreach i =1,...,¢
we have POy, = pfll e pf; where Oy, is the ring of integers of L and ;,, ©i,,

-+, @i, are the distinct primes of L that lie above P;. Let I; = g, -+ - ;-
Then P,Op = I = n(P;) wheren : Dg — Df is the obvious inclusion. Then
any element I in Df can be written as I = I7"* --- I;"* Iy where 0 < m; < ¢;
for each i and Iy € Dy, identifying Dy with its image n(Dg) in DY. Let
p: Dg — le be the map that sends an element of Df to its corresponding
ideal class, that is, p(I) = I Pr. We have:

LEMMA 1.5. Imp = Imj if and only if for eachi = 1,... t the ideal class
I;Pr, is in Im j. In particular, if each I; is principal in Op, then Im p = Im j.

PROPOSITION 1.6. Suppose that K has t ramified primes Py, ..., P; and
foreachi=1,... t, let I; be the product of all primes of L that lie above P;.
Then Coker j =2 HY(Pyr) if and only if for each i, the ideal class I; Py, is in
Imj.

Proof. Using sequences (S1)—(S6) from Section [0} we have the following
commutative diagram with exact rows and columns:

(1) » By y K* y PC HY(Ep) —— (1)
[ A

(1) Uk y JK D¢ y HY(UL) —— (1)
I

(1) y I'C s O s S HY(I'p) — (1)

Since the canonical map 7 : Cx — Clg is surjective and wg =joTg, we
have Im wf = Im j. Because Jx — Cf is surjective, Im 772; C Im p. By dia-
gram chasing, we see that Im p C Im 7% if and only if 0 : HY(EL) — HY(UL)
is surjective. By Theorem 1.2 and Lemma 1.5, the proposition follows. =

Combining Proposition 1.6 with Corollary 1.3, we have:

THEOREM 1.7. Cokerj = H'(Pr) if and only if one of the following is
true:

(1) L is an unramified extension of K.

(2) K has t ramified primes Py, ..., P, and for each i =1,...,t, if I; is the
product of all primes of L that lie above P;, then the ideal class I; Py, is
mn Imj.
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LEMMA 1.8. Suppose that L is a cyclic extension of K. Then H'(Pp) =
Ex N NL/KL*/NL/KEL and |HO(EL)’ = |H1(PL)HEK :Exg N NL/KL*]-
Proof. Using the sequence (S1): (1) - Er — L* — Pr, — (1), Hilbert’s
Theorem 90, and the fact that L/K is cyclic, we have an exact sequence
(1) = HY(Py) — H(Er) & H°(L*). Now a is defined by a(rNp gErL) =
xNp g L* for z € Ef. Thus
H'(Py)= H ' (Py) 2 Kera= Ex N Ny g L* /Ny i EL.

The lemma follows. =

PROPOSITION 1.9. Suppose that L is a cyclic extension of K. Let e, ey,
and e~ be the ramification products as defined in Definition 0.6. Then
[L: K]|H(EL)||Coker j]
e|H'(PL)|
and |[HY(EL)|/|HY(Py)| is an integer. In particular, if one of the two con-
ditions of Theorem 1.7 holds, then:

(1) [Kerj| = [L: K]|H®(EL)|/e.
(2) Imj = Clg if and only if every unit of K that is a global norm from L
is the norm of a unit of L.

Kerj| =

Proof. The Herbrand quotient of Ey, is well known to be e /[L : K],
and |HY(UL)| = es by Proposition 0.7(4). The formula for |Ker j| now
follows from Theorem 1.2. The proof of Lemma 1.8 shows that H'(Pp)
is isomorphic to a subgroup of H%(Ey). Statement (1) is clear, and since
Imj = CI¥ is equivalent to Cokerj = H'(Py) = (1) by Theorem 1.7,
Lemma 1.8 yields (2). =

COROLLARY 1.10. Suppose that L is a cyclic extension of K and Ex =
Ny g Er. Then |Ker j| divides [L : K]/ex. Moreover, |Coker j| divides ej.
If, in addition, LK is unramified, then |Kerj| = [L : K] and Imj = CI¢.

Proof. By Theorem 1.2, |Kerj| divides |H'(EL)|, and |HY(EL)| =
[L: K]/ex since HY(EL) = (1). That |Cokerj| divides e; follows from
Proposition 1.9. =

COROLLARY 1.11. Let K be an imaginary quadratic field whose 2-class
number is greater than 1. Let L = K(\/&) where d is a square-free integer,
d > 2. Assume that K N Q(vVd) = Q. Assume also that the norm of the
fundamental unit ¢ of Q(v/d) is —1. Then |Kerj| =1 or 2. Thus if L/K is
unramified, then |Ker j| = 2.

Proof. We have Ny, /xe = NQ(\/Q)/Qs = —1, and since Ex = {—1,1}, we
have Ex = N g EL. Now eo, = 1. So by Corollary 1.10, [Ker j| divides 2. m
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2. A quotient of Kerj. In this section, we look at the quotient group
Ker j/J where J is the subgroup of Ker j consisting of those ideal classes in
B = N,k Cly, that capitulate in L; that is,

(2.1) J =KerjnB.

We will show that there exists an unramified abelian extension R of K such
that Kerj/J = G(M/R), M = Hx N L, and |J| is divisible by [R: K].

REMARK 2.1. By Proposition 0.2, B is identified with G(Hg /M), so
J=KerjNG(Hg/M). Thus when M = Hg N L = K, we have Kerj = J.

If we restrict the norm map Ny /i : Cl, — Clk to the subgroup Ker Ng,
diagram D1 from Section [0] shows that we have a well-defined surjective
homomorphism NIL/K : Ker Ng — J with kernel Cly, /g = Ker N . So we
have:

PROPOSITION 2.2. J = Ker Ng/Cly, k-
THEOREM 2.3.

(1) There is a canonical exact sequence of finite abelian n-torsion groups
(2.2) (1) = J = Kerj — G(M/K) % H(C1,) £ Cokerj — (1).

(2) There exists an unramified abelian extension R of K such that Ker j/J =
G(M/R) and G(R/K) = Imj/NgCly.
(3) |J| is divisible by [R : K]. Consequently, if J = (1), then Kerj =

Proof. The map j : Clg — C’l%v induces j : Clg /N Clr, —
Clg/NG Cly. By diagram D1 in Section @ j is well defined and clearly
Kerj = Kerj/J. Also, Imj = Im j/NgCly, the kernel of the natural map
© Clg/NgClL — C’lg/Imj. Sequence now follows by identifying
Cli /B with G(M/K). Statement (2) follows easily from (1), and (3) from
Suzuki’s Theorem. =

Although |Kerj| is divisible by [M : K], Suzuki’s Theorem does not
say that G(M/K) can be embedded in Kerj. The next corollary gives a
sufficient condition for G(M/K) to be isomorphic to a subgroup of Ker j. We
supplement that with an example where no subgroup of Ker j is isomorphic
to G(M/K) (see Example[2.6|below). We also give an example where Ker j =
G(M/K) even though R # K (Example [2.7).

For further discussion of the embedding of G(M/K) in Ker j, see Sec-
tion 3.2 of Bembom’s thesis [2], as well as Examples 1 and 2 there. The next
corollary gives a sufficient condition for the existence of such an embedding.
We first prove a lemma.
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LEMMA 2.4. Let A and B be finite abelian groups and C' a subgroup of B.

Suppose that A is isomorphic to B/C. Then A is isomorphic to a subgroup
of B.

Proof. We use the well-known fact that a finite abelian group B is
isomorphic (noncanonically) to its character group x(B) = Hom(B,C*),
C* being the group of nonzero complex numbers. Also, if C' is a subgroup
of B, then x(B/C) =2 C" = {a € x(B) | a(z) = 1 Vz € C}. Thus
A 2 B/C = x(B/C) =2 C" and C” is isomorphic to a subgroup of B
since B = x(B). »

COROLLARY 2.5. There is a canonical exact sequence
(1) = G(R/K) — H°(Cly) — Cokerj — (1).

Consequently, Cokerj = H°(Cly) if and only if R = K. Moreover, if
R = K, then G(M/K) is isomorphic (noncanonically) to a subgroup of
Kerj.

Proof. The exact sequence follows easily from Theorem 2.3] If R = K,
then by Theorem [2.3|2) and Lemma G(M/K) is isomorphic to a sub-
group of Kerj. u

EXAMPLE 2.6. This example can be found in Scholz and Taussky [24]
as well as Bembom [2]. Let K = Q(v/—3299). Then Clx = Z/97 x Z/3Z.
Let x and y be generators of Clx of orders 9 and 3 respectively. Let T' be
the subgroup of Clg generated by x® and y, and F the fixed field of T.
Let L be an unramified abelian extension of degree 9 over K. (There are
four such extensions, exactly three of them cyclic.) By the structure of Clg,
we have E C L. Let B = G(Hg/L) and j : Clg — Cl, the extension
of ideal classes map. In [24] it is shown that 2® does not capitulate in E.
Then by Remark 1.4(3), Kerj contains no element of order 9, and hence
Kerj = T = Z/3Z x Z/3Z. Thus for those three cyclic extensions L, no
subgroup of Ker j is isomorphic to G(L/K).

Note that for each of these four extensions, J = Kerj N B = B. Hence
by Theorem [2.3] R = E.

EXAMPLE 2.7. Let K = Q(1/—5703). (See [2, Sec. 3.2] for a discussion of
this and similar examples.) As in the previous example, Clx = Z/9Zx7Z/3Z,
but the capitulation results are quite different. Keeping the notation from
Example 2.6, for the three cyclic extensions L of degree 9 over K, we have
Kerj =2 7Z/9Z, J = (1), and R = K. For the fourth, Kerj = 7Z /37 x 7Z/3Z,
J =B,and R = E. So Kerj = G(L/K) in all four cases, and in one of
them R # K.

We have seen that if J = (1), then R = K. We give a partial con-
verse in Corollary 2.9 below, which is another corollary of Theorem 2.3. We
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use the following lemma. For a proof of this lemma, see Wong [28]. (See
also [7].)

LEMMA 2.8. Let G be a finite nilpotent group and A a finite G-module.
If H™(G, A) = (1) for some integer m, then H"(G,A) = (1) for all n.

COROLLARY 2.9. Suppose that Imj = CI¥ and R = K. Then J = (1).
In particular, if HxkNL =M = K and Imj = le, then Ker j = (1).

Proof. From Corollary 2.5, we have H°(Cly) = (1), and hence H~1(Cly)
= (1) by Lemma 2.8. Thus Ker N¢ = IgCl, = Ker N/, and J = (1) by
Proposition 2.2. =

One way to characterize the field R is as the fixed field of the subgroup
(Ker j)(Nr i Cly) of Clk. In particular, we have:

PROPOSITION 2.10. (Ker j)(Nz,xCly) = G(Hk /R).

Proof. Let A = Ker j. As before, we let B = N,/ Cly. Then AB/B =
Kerj/J =2 G(Hk/R)/G(Hk /M) by Theorem 2.3(2). As |B| = |G(Hg/M)|,
it follows that |AB| = |G(Hk/R)|. Now AB = G(Hg/F) for some field
F such that K € F C Hg. Since B C AB, we have FF C M. Let w :
Clg — G(M/K) be the canonical map and g its restriction to AB. If we
identify AB with G(Hg /F), mo maps an automorphism of G(Hg /F) to its
restriction to M. Since Kermy = B and Immg = 7n(AB) & G(M/R), we
have the exact sequence (1) - G(Hg /M) — G(Hk/F) — G(M/R) — (1),
giving F=R. =

COROLLARY 2.11.

(1) IfJ = (1), then Clyg =2 Kerj x NL/KCZL.
(2) If J =B = Nk Cly, then Kerj = G(H /R).

Another consequence of J = (1) is the following:

ProOPOSITION 2.12. If J = (1), then every ideal of K that capitulates
in L in fact capitulates in M.

Proof. Let jy/x : Clx — Clyr be the map induced by lifting of ideals.
Let Jyx = Ker ja/x 0 Nagyie Clyr. Clearly, Ker jjx C Ker j. By Corol-
lary 0.3, Np/ar : Clp, — Clyy is surjective. Hence Ny Cl, = Ny Clyg
and Jy g C J. So if J = (1), then applying Theorem 2.3 to M/K, we
obtain Ker jj;/x = Kerj. »

3. The semisimple case. As noted in Remark 0.1(2), Kerj C (Clg),
where n = [L : K]. We let

(3.1) d = ged(n, hg).

Clearly, (Clk)a = (Clg)n. As defined in Section 0, we let Cly/x =
Ker Ny, the relative class group, and B = Np i Cly, the image of Np .
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We let hp i be the order of Cly ; hy i is the relative class number. So
|Cly k| =hryx = [Hp : LHk] and |B| = [LHy : L] = hr/hp k-

In this section, we give some necessary and sufficient conditions for the
equality Kerj = (Clg)q. We will see, for example, that Kerj = (Clg)q if
n is relatively prime to either hr/hr g (Proposition 3.7) or hy x (Corol-
lary 3.10).

REMARK 3.1. (1) Since Kerj C (Clg)q, we have J = Kerj N B C By.
(2) By diagram D2 in Remark 0.1, (Clg)¢ = (Clg)" C B.

We consider the following maps: « : (Cli)q — Clg/B is defined by
a(r) = 2B, v € (Clk)g; B : Clg/B — B/B? is defined by B(zB) =
Npkj(@)B? = a"B? & € Clg; § : B/B* — Clg/(Clk)? is defined by
§(bB%) = b(Clg)? b € B; and € : Clg/(Clg)? — Cli/B is defined by
e(x(Clg)?) = xB, x € Clg. With the help of Remark 3.1(2) above, it is
easy to see that these maps are well defined.

LEMMA 3.2. The following sequence is exact:
(3.2)
(1) = Ba— (Clg)a > Clx/B 2 B/B S Clic/(Cli)? S Clic/B — (1).

Proof. Apply Lemma 0.4 to the sequence (1) - B — Clg — Clk/B
— (1) and use the fact that (Clx)? C B from Remark 3.1(2). m

Let Ny : C1¥ /NG Cly, — B/B% be defined by N1(2NgCly) =Nk (2)B?
and Ny : CIf /Imj — Clg/(Cli)? by Na(yImj) = Ny (y)(Clg)?. By
Diagram D2 and Remark 3.1(2), Ny and Na are well defined.

PROPOSITION 3.3. The following diagram D4 is commutative with exact
TOWS:

(1)ﬁJ*>Ke1rjﬂ>G(M/K)iHO(ClL)LCOkef]’—> (1)

[ R

(1) = By (Cli)a S GM/K) 25 B/BY 25 Cly /(Clg ) 5 G(M/K) — (1)

Proof. The top sequence comes from Theorem 2.3(1) and the maps j
and ¢ are defined in the proof of Theorem 2.3. The bottom sequence is (3.2)
with G(M/K) identified with Clk /B, and ¢; and iy are inclusion maps. The
equalities Ny oj = 3, Nyo @ = §o Ny, and € o Ny = (1) follow easily from
the definitions of the various maps. =

The right side of diagram D4 of Proposition 3.3 induces the following
commutative diagram with exact rows:
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G(M/K) L H(Cly) —— Cokerj —— (1)

oo e
(1) — ImpB —— B/B% -2 Clg/(Clg)? = G(M/K) — (1)

where 8 : G(M/K) — Im 3 is the map [ with restricted codomain. Note
that 3 is surjective and Ker 3/ = Ker f3.

We apply a version of the Snake Lemma due to Lemmermeyer [17, Propo-
sition 1.3.7] to arrive at the following exact sequence:

(1) — Kerj — Ker 8’ — Ker Ny “s Ker Ny — Coker '
— Coker N1 — Coker Ny — Coker § — (1).
Now Kerj = Kerj/J, Ker B = (Clg)q/Ba, Coker 8’ = (1), and Coker &
=Ime = G(M/K). Note also that ¢’ is the restriction of ¢ to Ker Nj.
So we have the exact sequence
(33) (1) = Kerj/J % (Clg)a/By 2 Ker Ny 25 Ker Ny — (1).

Let I = Ima and Iy = Im oy where a and «g come from diagram D4.
Then the left side of D4 induces the following commutative diagram with
exact rows:

(1) — J — Kerj =% Iy — (1)

lil Jrig i’ig
(1) — Bg — (Clg)g =1 — (1)

Applying the Snake Lemma to this diagram and using the fact that the
vertical maps are injective, we have an exact sequence

(1) — Bd/J — (CZK)d/KeI'j — I/IO — (1)
Thus
Coker[Bd/J — (ClK)d/KeI‘j] = I/Io = Coker[Kerj/J — (CZK)d/Bd].

Therefore (3.3) is equivalent to the exact sequence

(34) (1) = By/J 5 (Clg)a/Kerj 2 Ker Ny £ Ker No — (1)

where ¢* is induced by the inclusion and ¥* is defined by ¥*(z Kerj) =
j (.CC)NG Cl L-

LEMMA 3.4. ¢* is the trivial map if and only if (Clk)q C G(Hi/R).

Proof. By (3.4) and the fact that Kerj N By = J, we see that ¢* is the
trivial map < (Clg)q = (Kerj)By < (Clk)q C (Kerj)B. But (Kerj)B =
G(Hk/R) by Proposition 2.10. =

Combining Lemma (3.4 and sequence (3.4), we obtain:
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THEOREM 3.5. Kerj = (Clg)q if and only if J = By and (Clg)g C
G(Hk/R).

As an immediate consequence of Theorem 3.5 we have:
COROLLARY 3.6.

(1) If J=Bg and R = K, then Kerj = (Clk)q.
(2) IfKerj = (Clk)q = Clk, then J =By =B and R =K.

PROPOSITION 3.7. Suppose that ged(n, hr/hy k) = 1. Then J = (1)
and Kerj = (Clk)q.

Proof. 1f ged(n,hr/hr/k) = 1, then J = B, = (1), so R = K by
Theorem 2.3(3), and Ker j = (Clg)q by Corollary 3.6(1). m

PROPOSITION 3.8. Suppose that Cli is cyclic and L/K is unramified
abelian. Then Ker j = (Clk)q and |J| = ged(d, hy/hy i) = [R : K].

Proof. |Kerj| < |(Clk)q| = d since Clg is cyclic. Since L/K is un-
ramified, d = n = [L : K], so |Kerj| > d by Suzuki’s Theorem. Thus
Kerj = (Clk)q4, J = Bqg, and |J| = ged(d, hr/h k). By Theorem 2.3(2),
this implies |Kerj| = |J|[L: R],s0 |J|=[R: K]. m

The following theorem generalizes [25, Lemma 4(i)]:

THEOREM 3.9. Let t be a positive divisor of n that is relatively prime
to hp/k. Then (Clg)e € Kerj and J contains a subgroup isomorphic to
(ClL)i- In particular, if ged(d,hy k) = 1, then Kerj = (Clk)q and J
contains a subgroup isomorphic to (Cly,)q.

Proof. Let x € (Clg);. Because Ny o j is raising to the nth power,
Jj(x) is killed by both t and hr g, and therefore is trivial. So we have
(Cli)t C Kerj and By C J. Thus the norm map Ny i gives an injec-
tion (Cly); — By, whose image is in J, so J contains a subgroup isomorphic
to (Clr)e. If ged(d, hr k) = 1, then letting ¢ = d, from the above we have
Kerj = (Ol}()d ]

COROLLARY 3.10. Suppose that n and hy, x are relatively prime. Then
Kerj = (Clg)a, J = Bqg = (Cly)n, CI¥ = B, and (Cly), C CI§.

Proof. By Theorem 3.9, Kerj = (Clg)q and J = By. The sequence of
G-modules (1) — Cly/x — Cl, — B — (1) is exact and G acts trivially
on B. Since ged(n,hy/kx) = 1, we have HO(C’ZL/K) = Clg/K = (1) and
H'(Clp k) = (1), so NLG/K : C1¥ — B is an isomorphism. Since (Clpr)n
= (1), we have an injection N]’:/K : (Clp)n — By induced by Ny, /. It follows
that |B,| = [(CI$).| < |(ClL)n| < |Bnl|. Thus Ni/K is an isomorphism.
Finally, |(CI$),| = |(ClL)nl|, so (Clp), € CIS. w
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REMARK 3.11. (1) The conclusions of Corollary 3.10 hold whenever
Npk : Clp — Clg is injective.

(2) Some results on the calculation of Cly k can be found in Lemmer-
meyer [18]. (See Proposition 1 and Corollary 2 of that paper. Proposition
16 thereof will be used in Corollary 5.4 below.)

The last result of this section is an easy consequence of the injection
ig : Kerj/J — (Clg)q/Bg from sequence (3.3) above. Replacing d by p, we
have:

PROPOSITION 3.12. Let L be an extension of K of prime degree p. As-
sume that the p-rank of Clk (p) equals the p-rank of B(p). Then R = LN Hg
and Kerj = J.

Proof. Let d = ged(p, hic). Recall that by Theorem 2.3(2), there exists a
field R such that K ¢ R C M and Kerj/J = G(M/R) where M = LN Hg.
If d =1, then M = R = K, and thus Kerj = J = (1). Suppose d = p.
From sequence (3.3), we have an injection iy : Kerj/J — (Clk),/B,. But
if Clk(p) and B(p) have the same p-rank, then (Clg), = B,, and thus
Kerj = J. By Theorem 2.3(2), R=M. n

REMARK 3.13. The converse of Proposition 3.12 is false. Let K be a field
such that Clg(2) =2 Z/27 x Z/2Z and L an unramified quadratic extension

of K. Suppose that G(H(LQ) /K) is the generalized quaternion group Qj of

order 2¢, k > 4, where Hf) is the 2-Hilbert class field of L. (See Section 5
for the definition of Qy.) Kisilevsky [I5] proves that Kerj = J = Z /27, so
that R = M and 2-rank Clg # 2-rank B.

4. Knot groups. As in the previous sections, L is an abelian extension
of K of degree n. We introduce two important subfields of Hy. The abelian
genus field Ly of L over K is the maximal unramified abelian extension of
L that is of the form FL where FE is an abelian extension of K. The central
class field L. of L over K is the maximal unramified extension of L such
that L. is Galois over K and G(L./L) is contained in the center of G(L./K).
Clearly, Ly C L. C Hy,. We let U = G(H/K) and A, = G(H/L). (Recall
that AL = CZL)

The action of G on Ay, is by conjugation and is compatible, by class field
theory, with the action of G on Cly: if a € A, 0 € G, then ca = v tau
where o is the canonical image of u € U. Since G is abelian, we see that
G(Hp/Ly) = U’, the commutator subgroup of U, and G(Hr/L.) = [U, Ar],
the subgroup of U’ generated by the commutators of the form vazv'z~1,
veU,z e Ayp. Thus G(HL/LC) ~ Jo A and G(LC/LHK) = C’lL/K/IgClL.
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Jehne [14] introduces various “knot groups”; in particular,
(41) V:VL/K:K*QNL/KJL/NL/KL*a
(4.2) Y=k = Ik "N kCL/Np k1L

REMARK 4.1. (1) By the definition of v, v = (1) if and only if the Hasse
Norm Principle (HNP) holds for the extension L over K, i.e. any element
of K* that is a norm everywhere locally is a global norm from L.

(2) We see from their definitions that v C H°(L*) and v C HO(I'). It
follows that v and « are both n-torsion groups with n = [L : K].

(3) Let 6 = 0r/)x = Px N Np/gDr/Np kPr. Then there is a natural
map v — 6 and we let §° be its image.

For the proof of the following proposition, see [14, Theorems 1 and 3 and
Proposition 1].

PROPOSITION 4.2.

(1) There is an evact sequence (1) — w® — v — 6% — (1) where W° =
FErg N NL/KUL/EK N NL/KL*'

(2) v = G(Ly/LHK) and 6° = G(L./Ly).

(3) Let e be the ramification product. Then

(4.3) |y =[Lg: LHEk] =

(&
[L : MHEK : Fr ﬂNL/KUL]‘

COROLLARY 4.3.

(1) HNP holds for L over K if and only if L. = Ly and Ex 0 Ny /gUr =
Ex 0 Ny g L*. Consequently, if HNP holds for L over K, then (1) —
IcCly, — Clp g — v — (1) is evact and

e
[L : M][EK : Bi ﬂNL/KL*]'

(4.4) V[ =[Lg: LHK] =

(2) If L is an unramified abelian extension of K, then v = (1).

REMARK 4.4. It is known that HNP holds for L over K in each of the
following cases:

(1) L is a cyclic extension of K;

(2) there is a prime Py of K such that Gp, = G;

(3) the least common multiple of the local degrees [L, : Kp] equals [L : K].
(

Condition (3), less known, is proved in [14].)
Recall that H~'(Cly) = Ker Ng/IgCly and J = Ker j N Ny i Cly =
Ker j N B. Define A : H=1(Cly) — Clg by MzlgCly) = Ny (z) for x €

Ker Ng. It is easy to see that A is a well-defined homomorphism, Im A = J,
and Ker A = Ker Ny, /i /IcCl, = G(L./LHk). So if L is an unramified
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abelian extension of K, then Ker A 2 §° = G(L./L,). From now on, we will
consider A as a map from H!(Cly) to J, so that A is in fact surjective.
From Corollary 4.3(1) and the previous remarks, we have:

PROPOSITION 4.5. There is a surjective homomorphism X : H-(Cly)
— J such that Ker A = Cly i /I Cly = G(L./LH). If HNP holds for L
over K and v = (1), then Cly = IgCly and J = H1(Cly).

THEOREM 4.6. Suppose that L is a cyclic extension of M = Hx N L. Let
eo be the ramification lem. Suppose that eg = e and HNP holds for L over K.
Then v = (1), J = _1(OZL), Ex C NL/KL*: and ClL/K = IqCly.
Moreover, if J = (1), then Imj = CI¥.

Proof. By (4.4) and the fact that e = e¢g = [L : M] (Remark 0.8(1)),
we have v = (1) and Ex C Np,xL*. By Proposition 4.5, J = H~'(Cly)
and Cly, i = IgCly. Thus if J = (1), then H~!(Cly) = (1), and Coker j =
H°(Cly) = (1) by Corollary 2.5 and Lemma 2.8. =

REMARK 4.7. The conclusion that Clp/x = IgCly is a version of
Hilbert’s Theorem 90 for ideal classes. Furtwéangler proved it for unram-
ified cyclic extensions. For a discussion of this theorem, see Bembom [2]
Section 2.3].

In what follows we give some consequences of the previous results of this
section when L is a cyclic extension of K.

PROPOSITION 4.8. Suppose that L is a cyclic extension of K and e is
the ramification product.

(1) Clp/Clf = 15Cly, and |CIF| = Ny Clr| |y| = [Lg : L].
(2) We have
hKe

CIE| = p
[L: K|[Ek : EKQNL/KL ]

where hy is the class number of K.

Proof. The map ¢ : Cly, — I Cly, defined by ¢(x) = ZF, o a generator
of G, proves that ClL/ClG = IqCly. Since G is cyclic, we have L. = L,
and (1) follows. Statement (2) follows from (1) and (4.4). m

Statement (2) of Proposition 4.8 is known as the Ambiguous Class Num-
ber Formula. Other proofs can be found in Cornell-Rosen [6] and Gras [10].

COROLLARY 4.9. Suppose that L is a cyclic extension of K. Then |Ker j|
= [M : K] |Coker j|/|y| and |y| divides |Coker j|.

Proof. The first statement follows from Proposition 4.8(1). Since |Ker j|
is divisible by [M : K|, we see that |y| divides |Coker j|. m
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COROLLARY 4.10. Suppose that L is a cyclic extension of K and ey = e.
Then |Kerj| = [L: K]|Cokerj|/e and HY(Py) = H°(EL). Moreover, if
Imj = le, then every unit of K is the norm of a unit of L and this will
happen whenever J = (1).

Proof. Since L/K is cyclic, by Theorem 4.6 we have v = (1), Ex C
NpgL*, and if J = (1), then Imj = C1¢. By Corollary 4.9 and Remark
0.8(2), |Kerj| = (n/e)|Coker j|. (Note that n/e is an integer.) By Lemma
1.8 and the fact that Ex C Np,xL*, we see that H'(Py) = HO(EL). If
Imj = CIf, then H'(P) = (1), so Ex = Ny /g Er. »

The following corollary is a slight generalization of [6, Theorem 7].

COROLLARY 4.11. Suppose that L is a cyclic extension of K. Suppose
that there is exactly one prime Py, a finite prime of K, that is totally ramified
in L. Suppose also that the ideal class of g, the prime of L lying above Py,
is in the image of j. Then M = K, |Kerj| = [Ex : Np/gEL], and: j is
injective if and only if Imj = C’lf. In particular, if K is an imaginary
quadratic field and [L : K] is odd, then Kerj = (1) and Imj = Clg.

Proof. We have [L : M] = ey = e = [L : K|. Therefore, M = K. By
Corollary 4.10 and Theorem 1.7, [Ker j| = |Coker j| = |[HY(Py)| = |H°(EL)|.
The corollary now follows. =

ExaMPLE 4.12. The following specialization of Corollary 4.11 is well
known. Let p be a prime that is congruent to 3 mod 4. Let K = Q(/—p)
and L = Q((p) where (, is a primitive pth root of unity. Then pOj =
(1 —¢p)P~1, so the prime P of K lying above p is totally ramified in L and
the ideal class of P, = (1 — (p), being trivial, is in the image of j. Thus
Jj: Clg(y=p — Clg,) is injective and Im j = Clg(cp), G = G(L/K). (Note
that by Theorem 4.6, v = (1) even though L is not unramified over K.)

We now look at some of the ideas of this section when L is a cyclic p-

extension of K for a prime p. We define Lgp ) to be the maximal unramified

abelian p-extension of L of the form LF where F is an abelian p-extension
of K. Clearly Lép ) c Y ), where Hép ) is the p-Hilbert class field of L. Then
G(H]gp)/L) = Clr(p). As in the case of the genus field Ly, when G is cyclic,
we have G(H" /LP) = I5(Cly(p)) and G(LP /L) = Cly(p)/Ia(ClL(p))
(see [23], Proposition 1.2]).

Let U®) = G(Hép)/K), (U®)Y its commutator subgroup, and A®) =
G(ngp)/L). The action of G on A®) is by conjugation, so (UP)) =I5(Cl(p)).

Let o) = G(Lép)/LHg)). As in Section 0, we let Ng;)K s Clp(p) —
Clk(p) be the restriction of the norm map to Clp(p). Recall from Propo-

sition 0.5(2) that Cl,/k(p) = Ker Ng)K = G(Hép)/LHI(?)). Hence we have
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an exact sequence
(4.5) (1) = I6(Clr(p)) — Ker NP ) — 4®) — (1),

PROPOSITION 4.13. Let L be a cyclic p-extension of K. Then ~P) = ~.
Consequently,

(&
(4.6) 1P| =[P LHY) =

[L: M]|[Ex : Ex N Ny L]’

Proof. We first prove that (I¢ClL)(p) = Ic(ClL(p)). Applying Lemma

0.4(3) to the exact sequence (1) — CI¢ — Clp & IoCl, — (1) from

(p)
Proposition 4.8(1), we have an exact sequence (1) — CI¥(p) — Clr(p) LN

(IgCl)(p) — (1). Now P is the restriction to Clz(p) of the map ¢
in the proof of Proposition 4.8(1), so Im ¢ = I5(ClL(p)). We conclude
that (IgClL)(p) = Ic(ClL(p)). By Corollary 4.3(1) and Lemma 0.4(3), the
sequence (1) — (IgClL)(p) = Clp/k(p) = v(p) — (1) is exact. As noted

above, Cly/k(p) = Ker Njg/)K Also y(p) = ~y since 7 is a p-group by Remark

4.1(2). Therefore, (1) = Ig(Clp(p)) — KerNép/)K

combining this sequence with (4.5), we have y(P) = ~. u

— v — (1) is exact, and

REMARK 4.14. (1) The proof of Proposition 4.13 shows that when L is
a cyclic p-extension of K, we have |(ClL(p))¢| = [L¥ : L] = |y®)| |B(p)|.

(2) The map A : H1(Cly) — J defined earlier has an analog for p-
extensions L/K: \P) : H=1(Cly(p)) — J defined by AP)(zI(Cly(p))) =

Ng;)K( ). Now J = Kerj N B = Kerj N B(p), so AP) is surjective with

Ker \P) = KerN(/K/Ig(C’lL( )). Note also that J = KerN /KerNL[;)K

where Né) is the restriction of Ng to Clp(p).

5. Quadratic extensions. For the remainder of this paper, for a field k,

C’l,(f) will denote the 2-primary component of Cly, and H ,52) the 2-Hilbert
class ﬁeld of k, that is, the maximal unramified abelian 2-extension of k.

We let h \C’l ]
In thls section, we consider the case where L is a quadratic extension of K
and CZ(LQ) is either cyclic or elementary. Note that M = Hx N L = H; DA

We let B?) = (/)KC'Z( ) = B(2) and Clg/)K = KerNé/)K where N]g/)K
(2)

is the restriction of Ny /i to Cly
om — |B@| = [LHY : L] = [HZ : M), 2 = |[Igcl?| = [H? : L], and
2t = |4 = [L(Q) (2)] where L(Q) is the 2-genus field of L over K as
defined in Section 4. Thus 257 = |Cl [Hg) : LHI(?)], and 2mtstt

. Adjusting previous notation, we also let

L/K| =
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= |C1%?)|. Recall that by Remark 4.14(1), |(CI?)C| = |y®]|B@)| = 2m+t,
Note that m > 1 since we are assuming that Hg) # M. Since [L : K] = 2,

either L is unramified over K or M = LN H}?) = K. Note also that by
Remark 4.1(2), every element of v(?) is killed by 2. By (4.6), when M = K
we have

5.1 @) = ¢
( ) h/ ‘ Q[EK : Ex ﬂNL/KL*]

where e is the ramification product.

THEOREM 5.1. Let L be a quadratic extension of K. Suppose that CZ(LQ)
is cyclic and that m +t > 2. Then 0 < s+t < 1. If s =t = 0, then
Kerj 2 7Z/27 when M = K, and Kerj = (Clg)2 = Z/27 or Z./27 x 7./ 27
when M = L. If s = 0, t = 1, then Kerj = (1). If s = 1, t = 0, then
Kerj=J = (1) when M = K, and Ker j = Z/2Z when M = L.

Proof. First note that if M = K, then C’l( ) is cyclic of order 2™, and if

M = L, then C’l ~ 7./27. % 7)2™Z or Z/2™ 1 Z. Note also that |y?)| < 2

since C’l(L) is cyclic and v is 2-elementary. If s = t = 0, then L : K]

is relatively prime to the relative class group Cly g, so Kerj = (Clk )2 by
Corollary 3.10. Therefore if M = K, then Ker j = Z /27, and if M = L, then
Kerj = Z/27Z x7Z/2Z or Z/2Z depending on whether C’l(2 Z/QZ X Z/Q’”Z
or Z/2™*17,. Suppose that s = 0 and t = 1. Then ]KerN ol =12 =2,
so L/K is not unramified by Corollary 4.3(2), and thus M = K Since s = 0,
2), giving Ker Ng) = (C'Z(LQ))Q = Z/2Z. Recall that

(See Remark 4.14(2).) We conclude that Kerj =

G acts trivially on ol
J = Ker N/ Ker N7\
J=(1).

Now assume s > 1 and m +t > 2. Let h = m + s + t. Note that in the
unramified case C’lg) cannot be cyclic because the 2-class tower would have
length one in that case. So when M = L, we have Clg) =727 x 7.]2™Z.
Let x be a generator of C'Z(L2) and o a generator of G. Then (C’l(Lz))G = (z%)
and I¢g C’l( ) = = (x 2m ). Therefore oz = 22" for some positive integer i
and Nc(:)( ) = wox = 2272 = 2@ Gince Ng)(m) € (CZ(LQ))G, it
follows that Ng) (x) = 22°F for some positive integer k. Hence 2™~ +1 =
2571k (mod 2"~1). Now h —1 > 2 and m +t — 1 > 1, giving a contradiction
if s > 2. Therefore s = 1 and k is odd. Thus Ng) (x) = 2%*, a generator of
(Cl(LQ))G. It follows that |KerNg)\ =2= ]IC,vClg)\, giving |KerN£2/)K| =2
and t = 0. Hence J = (1) and the last statement of the theorem follows
from Theorem 2.3(3).
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COROLLARY 5.2. Suppose that C’lg?) > 7/27 x 7.)2™Z where m > 2.
Let L be an unramified quadratic extension of K such that Cl(L2) is cyclic.
Then s = 0 or 1. If s = 0, then Kerj = Z/27 x ZJ2Z. If s = 1, then
Kerj = 7Z/2Z.

COROLLARY 5.3. Suppose that Clg?) > Z/2™Z. Let L be a quadratic

extension of K such that LﬂH}?) =K, CZ(L2) is cyclic, and m—+t > 2. Then
s+t=0orl. Ifs+t=0, then Kerj =2 Z/27. If s+t = 1, then Ker j = (1).

The only case for cyclic CZ(LQ) not covered above is m = 1, ¢t = 0, and

s > 1. The unramified case, that is, when C’lg) = 7./27 x 7./27, has been
done by Kisilevsky [I5]. We discuss his results below and then use his meth-
ods to do the ramified case. The following corollary shows that the m = 1,

t =0, s > 1 case does not always occur.

COROLLARY 5.4. Let L be a cyclic quartic extension of a field F' and
suppose K is the unique intermediate field. Suppose that C’lg) s cyclic and
s+t#0. Thens+t=1 and if s = 1, then m > 2. Therefore, if C’l([?) =
7.)27. x 7./2MZ, then J = (1) and Kerj = Z/2Z. If C1) = 7)o 7, then
Kerj = (1).

Proof. 1t follows from [I8, Proposition 16| that |Cl(LZ/)K| =1 or 2. Hence
s+t = 1. It suffices to show that if m = 1, then s = 0. Let 7 generate
G(L/F) and o generate G. We have Cl; = (x) where z has order 4. Then
7(z) = z or 23, giving o(z) = 72(x) = x. The rest of the corollary follows
from Corollaries 5.2 and 5.3. =

Before discussing the m = 1, ¢ = 0, s > 1 case in general, we obtain

)

some results when C’l(L2 is an elementary 2-group.

THEOREM 5.5. Suppose that L is a quadratic extension of K such that
le) is an elementary 2-group. Then J = (Z/27)™ %, so s < m. Thus:

(1) FLNHY =K, then CIY = (2/22)™ and Ker j = J = (Z,/22)™.
(2) If L/K is unramified and s = m, then Clg) >~ (Z/2Z)™* and Ker j =
7)2Z.
(3) If L/K is unramified, s < m, and o1 ~ ZJAZ x (Z.]2Z)™ 1, then
Kerj = J = (Z/22)™.
(4) If L/K is unramified and s = 0, then Ker j = (Clk)2.
Proof. First note that if M = K, then CI\2 = (Z/2Z)™, and if M = L,
then CI\Y = (Z/2Z)™+ or ZJAZ x (Z/2Z)™'. Let o generate G. If y €
Ker Né?), then y? =1 = Ng) (y) = yoy, giving oy =y and y € (C’l%))G. On
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the other hand, because Clg) is 2-elementary, we have (Clg))G C Ker Ng).
Hence (C’l(LQ))G = KerNg) and by Remark 4.14(2), |J| = 2™~%. State-
ment (1) now follows. If L/K is unramified and s = m, then Kerj =
G(L/K) = 7Z/27 by Theorem 2.3(3). By Corollary 2.11(1), Clg) >~ Kerj x
B(2) = (2/27)™*!. Statement (3) follows from Proposition 3.12, and (4) by
Corollary 3.10.

EXAMPLE 5.6. Let K = Q(v/—5) and L = K(v/41). Then K has class
number 2, and as 41 splits completely in K, there are two primes of K that
ramify in L. Thus the ramification product e is 4. Since Np k(32 + 5v/41)

= —1, by (5.1), 7| = 2. It will follow from Theorem 6.8 below that
C’l(Lz) >~ (Z/27)3. Thus m =t = s = 1, and Ker j = (1) by Theorem 5.5(1).

We now consider the case where m = 1, ¢ = 0, s > 1 and no prior
constraints on the structure of Clg) are given. Thus Clg) > 7)27 X 7.]27

when L/K is unramified and Clg) = 7/2Z when L N Y = k. Kisilevsky
[15] has established that in the unramified case Cl(Lz) is either cyclic or the
Klein 4-group. We prove that this is true in the ramified case as well.

We define the quaternion, dihedral, and semidihedral groups of order 2*:

Qr=(r,y|a® = =a#1,d® =1,y oy =21,
D= (z,y|a®  =¢y>=1,y lay=a"),

k—1 _ k—2_
Sp=(r,y|2* =y*=1y ay=2> ).

We let Q = @3 and D = Ds.

Kisilevsky uses the following result of Gorenstein [9]: Let U be a group
of order 2%, k > 3, U’ its commutator subgroup. Suppose that Uu/iu =
Z/2Z X Z/QZ. Then U = Qk, Dk, or Sk

Let L be a quadratic extension of K for which CZ(I?) =Z/2Z, LN H}?)
= K, and ng) = LH[(?). Using the notation and remarks following FEx-
ample 4.12, we let U?) = G(Hg)/K) and A® = G(Hg)/L) = le). Then
(UPY = 14 CZ(LZ). Recall that the action of G on A® is by conjugation.
(See the remarks preceding Proposition 4.13.) Since

U@ /U@y = GLHY/K) = G(L/K) x GHY |K) = 7.)27 x 1/2Z,

by Gorenstein’s Theorem, U is isomorphic to Qj, D, or S where k =
s+2>3.

U® has three subgroups of index 2: A; = (z), Ay = (22,y), and Az =
(x2, 2y) where x and y are the generators of U® as defined above. Let Ly,
Lo, and Ls be the respective fixed fields. So A®) = A; and L = L; for some
i =1,2,3. In addition, (U®)" = (x?) and Ag = (2*) is the unique subgroup



224 R. J. Bond

of index 2 in (U, Let Lo be the fixed field of Ag. Then it is easy to see that
G(Lo/K) is a nonabelian group of order 8. In fact, G(Lo/K) = D = D3
except when U®) = Q = Qs, in which case z* = 1 and G(LO/K) =~ Q.
Note that when k = 3, S, is abelian, so we must have U® = Q3 = Q or
U® = Dy = D in that case.

THEOREM 5.7. Let L be a quadratic extension of K. Suppose that Clg)

= 7/27 and LN H? - k. Suppose also that ng) = LHg); that is, m =1,
t=0,ands>1. Then Cl%) is either cyclic or the Klein 4-group. Moreover:

(1) Suppose that s > 2. Then G(Lo/K) = D, C’l(LQ) = A =(z) and Kerj =
J = 7,/27 when U®) = Qy, or Dy and Kerj = J = (1) when U?) = S

(2) Suppose that s = 1. Then U® = Q or D. If U? = Q, then CZ(LQ) o
Z./AZ and Kerj =2 Z/27. If U® = D and A® = Ay, then Kerj = J =
7.)2Z, and if U® = D and A®) = Ay or As, then CI =~ 7.)27.x 7,/27
and Kerj =J = (1).

Proof. First recall that Kerj = J since M = K and J = H~'(Cly)
by Proposition 4.5. Since G is cyclic and Cly is finite, we have |J| =
\H-1(Clg)| = |[H(CLL)|. Also |(C11)¢| = 2 by Remark 4.14(1). Let o
generate G. As above, we let A®?) = G(Hf)/L).

(1) Suppose that s > 2. That G(Lo/K) = D follows from the remarks
preceding Theorem 5.7. Suppose that A2 = A, = (x2,5) or A?) = A4 =
(x2,zy). If UP = Qp or Dy, then ylzy = 27!, so y 'a?y = 272 If
U® = 8, then y oy = x2k_2*1, so y laly = xzk '=2 — £=2 in this case
as well. But A® is abelian, so 22y = yz?, giving 2* = 1 and k = 3. This is
a contradiction, so Cl(LQ) >~ A; = (z). For a € A®, we have oa =y ay. If

2) = Qy, or Dy, then oz = y lzy = 2. Hence NgCl(LQ) = (1) and |J| =
|HO(CI?)| = |(C1?)C) = 2. We thus have Kerj = 7/22. 1t U<2> = S,
then oz = yloy = 22 "1, so Ng(z) = 22 . Thus \NgCl | = 2 and
Kerj = (1).

(2) Suppose that s = 1 As noted above, U® = Q or D.

(a) Suppose that U?) = Q. If A®) = A; = (z), then as in the proof of (1),
Kerj = Z/27. Tt is easy to see that A2 = (22,y) is cyclic generated by y and
As = (22, zy) is cyclic generated by zy. If A®) = Ay, then oy = 2~ yz =13
and NgCl(Q) (1). If A® = A3, o(zy) = y'zyy = vy~ 'zy® and again
N¢ C’lg) = (1). So in all cases we can conclude that Ker j = Z/2Z.

(b) Suppose that U?) = D. If A®) = A1 < ), then again Ker j & Z/27Z.
If A® = A, or Az, then A® = {e, 22y, 2%y} = Z/27 x 7/27 and by
Theorem 5.5(1), Kerj = (1). m
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COROLLARY 5.8. Under the assumptions of Theorem 5.7, suppose that
=4. en Ker j = when 18 cyclic, and Ker j = when
|CI?)| = 4. Then Ker j = Z,/2Z when C1\¥) is cyclic, and Ker j = (1) wh
C’lg) is the Klein 4-group.

REMARK 5.9. Theorem 5.7 is a generalization of [3, Proposition 5], which
in turn is based on work of Gras [11].

6. Imaginary quadratic fields. In this section, we look at examples
illustrating Theorems 5.1, 5.5, and 5.7 when K = Q(y/—p) where p is a
prime such that p = 1 (mod 4) and L = K(v/d) where d = q or d = —q,

q a prime distinct from p. The group C’lg) is cyclic since only two rational

primes ramify in K. When p = 1 (mod 8), hg) is divisible by 4, and when
p =5 (mod 8), we have h%) = 2. (When p = 3 (mod 4), Q(y/—p) has odd
class number.)

A key source for this section is the work of McCall, Parry, and Ranalli
[19, 20], who determine all imaginary bicyclic biquadratic fields with 2-class
group cyclic or the Klein 4-group.

As in Section 5, the numbers m, s, and t are defined by 2™ = |[B®)| =
(HY - M), 28 = |1g01P| = [HP : L), and 2 = |4®)] = L . LHY).
Also, h,(f) = \Cl,(f)] for any field k. Note that for K and L as defined above,
M=1Ln H}?) = K so that \Cl;?)] = 2™, We also let i, Dy, and S}, be
the quaternion, dihedral, and semidihedral groups of order 2 as defined in
Section 5.

The three quadratic subfields of L are K = Q(v/—p), F = Q(\/d), and
T = Q(v/—pd). We let 6, = [E : ExErpEp] be the unit index of the
biquadratic field L. The Kuroda class number formula (see [16] for a proof)
says that hy, = %5LhthhT. It is known [16] that 67, = 1 or 2, so

(6.1) h? = L5 n P nPnl.

To apply Theorem 5.7, we need 42 = (1). By (5.1),
e
Q[EK cEg N NL/KL*] '

Y| =

So we need to compute the ramification product e as well as determine
when —1 € Ny i L*. The following two lemmas will address these questions.

If ¢ is a rational prime, we let P(¢) be a prime of K above ¢, and p(¢)
a prime of L above P(¢). We also let e, be the ramification index of p(¢)
over P({). So e is the product over all primes P(£) of . (Note that the
infinite prime is unramified.) If @ is an integer prime to ¢, (%) is the Legendre
symbol.
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LEMMA 6.1. Let K = Q(\/—p) where p is a prime such that p = 1
(mod 4). Let L = K(v/d) where d is a square-free integer, d # 0,1, —1. Let
u be the number of odd prime divisors £ of d such that £ # p and (%}D) = -1,
and let v be the number of such primes ¢ with (_Tp) = +1. Then e = 2ut2vtw
where w =0 if d is odd, and w =1 if d is even.

Proof. Let F = Q(v/d) and T = Q(v/—pd) be the other two quadratic
subfields of L. If £ is an odd rational prime that does not divide pd, then ¢
is unramified in each intermediate subfield, and therefore in L. So e, = 1.
The prime p ramifies in K and 7 but not in F. So P(p) does not ramify
in L and we have e, = 1. Now suppose that ¢ is an odd prime divisor
of d. Then ¢ ramifies in F' and T but not in K. Thus e(p(¢)/¢) = 2 and
since e(P(¢)/¢) = 1, we have e, = e(p(¢)/P(f)) = 2. Note: ¢ splits in
K if and only if (%}’) = +1. Finally, we consider the prime 2. If d is odd,
then d or —pd is congruent to 1 mod 4. So 2 ramifies in K but does not
ramify in some intermediate subfield. Thus 2 is not totally ramified in L,
s0 e(p(2)/2) = e(P(2)/2) = 2 and ey,z) = e(p(2)/P(2)) = 1. If d is even,
then 2 ramifies in each intermediate field and so 2 is totally ramified in L.
Therefore, in this case e,) = 2. The lemma follows. =

2 2 Vdy _ Vdy _ a*—d _

If d = a® +0?, then Np/k (*5) = Ny(ya0(*54) = %° = -1 In
particular, when d = 2 or d = ¢ # p where ¢ is a prime and ¢ = 1 (mod 4),
then —1 is a global norm from L. When d is not the sum of two squares,
then —1 is not a norm from Q(+/d) but it may still be a norm from L. We

have:
LEMMA 6.2. Let K = Q(y/=p) and L = Q(y/—p, Vd) where p is a prime,

p =1 (mod 4), and d is a square-free integer. If d is positive and contains
no prime factor q such that ¢ = 3 (mod 4), then —1 is a global norm from L.
If d = +q, q a prime such that ¢ = 3 (mod 4), then —1 € Np,kL* if and
only if (g) = +1.

Proof. The first statement is clear from the preceding remarks. Suppose
d = q or d = —q where ¢ is a prime such that ¢ = 3 (mod 4). The only
primes of K that ramify in L are the ones above ¢. Let ) be one of those
primes. The local norm residue symbol (%) equals (—1)(NQ=D/2 N the
ideal norm. But NQ = ¢ if ¢ is inert in K, and NQ = q if ¢ splits in K. So
(%) =1lifand only if (Zf) = —1. =

The following lemma gives two criteria for the unit index to be 1. The
first is well known. For a proof of the second, see Ranalli [22] Chapter 6,
p. 33].

LEMMA 6.3. Let L be an imaginary biquadratic field and F its real
quadratic subfield. If the norm of the fundamental unit of F' is —1, then
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0r, = 1. If there is an odd prime £ that divides the discriminant of L but
does not divide the discriminant of F', then 6, = 1.

PROPOSITION 6.4. Let K = Q(y/—p) and let L = Q(\/—p,/q) or L =
Q(v/=p,+/—q) where p and q are primes, ¢ # p, andp =1 (mod 4). Ifg =1
(mod 4) and (%) =1, then |y?| = 2. Otherwise, v = (1).

Proof. We apply formula (5.1) and Lemmas 6.1 and 6.2. If ¢ = 2, or if
¢ =1 (mod 4) and (g) = —1, or if ¢ = 3 (mod 4) and (g) =1, then e = 2
and —1 is a global norm from L. Thus v = (1). If ¢ = 3 (mod 4) and
(g) = —1, then e = 4 and —1 is not a global norm from L, so 4(?) = (1) in
this case as well. If ¢ =1 (mod 4) and (%) =1, we have e =4 and —1 is a
global norm from L, giving [y(?| = 2. u

Statement (1) of the following proposition is a direct consequence of |19}
Theorem 5 and Tables I-II1]. Statement (2) follows from [20, Theorem 15(r)].

PROPOSITION 6.5. Let p and q be distinct primes where p =1 (mod 4).
Let L = Q(v/=p,/q)-
(1) CZ(LQ) is cyclic if and only if one of the following cases holds:

(a) ¢ =3, 5, or 7 (mod 8) and (%) =—1;

(b) p =5 (mod 8) and either ¢ =2, or ¢ =3 (mod 4) and (%) =1.

(2) CZ(LQ) = 7/27 x Z)2Z if and only if p=5 (mod 8), ¢ =1 (mod 8), and
() =1
The following lemma is helpful for computing the Kuroda class number
formula in the following two theorems. Proofs of statements (1) and (2)
can be found in Conner and Hurrelbrink [4, Corollary 19.6]. Statement (3)
is proved in Kisilevsky [15].

LEMMA 6.6. Let p,q be primes where p =1 (mod 4). Let T = Q(\/—pq).

(1) Suppose that ¢ =3 (mod 4). If (%) = —1, then |Cl(T2)] =2.If (g) =1,
then Clg?) is cyclic of order divisible by 4.

(2) Suppose that p="5 (mod 8) and ¢ = 2. Then \Clgﬁ)] =2.

(3) Suppose that ¢ = 1 (mod 4) and (23) = —1. If pg = 1 (mod 8), then
Clg,?) is noncyclic of order 2", r > 3. If pg = 5 (mod 8), then C’lg,?) =
7.)27 x 7,)21.

THEOREM 6.7. Suppose that K = Q(y/—p) where p is a prime such that
p =1 (mod 8). Let L = K(,/q) where q is an odd prime distinct from p,
q # 1 (mod 8), and (%) = —1. If ¢ = 3 (mod 4), then Kerj = (Clg))g =
ZJ2Z. If g =5 (mod 8), then Kerj = (1).
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Proof. Let F' = Q(y/q) and T' = Q(y/—pq). By Proposition 6.4, 7@ =(1),
and by Proposition 6.5(1)(a), Clg) is cyclic. The unit index dr, of L is 1 by
Lemma 6.3 because the prime p divides the discriminant of L but not that
of the real quadratic subfield Q(,/g). Now F' has odd class number and

hg) = 2" m > 2. By Lemma 6.6 and the Kuroda class number formula,
h(LQ) = 2™ when ¢ = 3 (mod 4), and h(L2) = 2™+ when ¢ = 5 (mod 8). In
the former case, s =t =0, and Kerj = (Clg))g = 7./27Z by Corollary 3.10.
In the latter case, s = 1, and Ker j = (1) by Corollary 5.3. =

THEOREM 6.8. Suppose that K = Q(y/—p) where p is a prime such that
p =5 (mod 8). Let F = Q(y/q), T = Q(v/—pq), and L = K(,/q) where q is
a prime distinct from p. Let U®?) = G(HIQJQ)/K).

(1) Suppose that ¢ =1 (mod 8) and (%) = —1. Then le) = 7/)27 x 7.] 27
and Ker j = (1).

(2) Suppose that ¢ =1 (mod 8) and (%) = 1. Then CZ(LQ) has 2-rank 3. Thus
Cl(L2) is 2-elementary if and only if hg?) = 8 and in that case Ker j = (1).

(3) Suppose that ¢ =5 (mod 8) and (%) = —1. Then C’l(Lz) >~ 7./2F17 for
some k > 4, and Kerj = Z/27 if and only if U® =~ Dy or Qp, and
Kerj = (1) if and only if U®) = S,

(4) Suppose that g =2, or q = 3 (mod 4) and (g) = —1. Then Cl(Lz) =7/27
and Ker j = 7, /27.

(5) Suppose that ¢ = 3 (mod 4) and (g) = 1. Then CZ(L2) =~ 7./2K1Z for
some k > 3, and Kerj = 7Z/27 if and only if U = Dy or Qy, and
Kerj = (1) if and only if U® = Sy If k = 3, then U® = D3 or Q3
and Ker j =2 Z/27Z. In particular, k = 3 when h(TZ) = 4.

)

Proof. hg) = 1 and since p = 5 (mod 8), we have hg = 2. By Lemma
6.3 and the Kuroda class number formula, h(L2) = hg? ),

(1) By Proposition 6.5(2), C1'? = 7,/27 x Z/2Z. By Proposition 6.4,

7 = (1). Hence m = s = 1. By Theorem 5.5, Kerj = (1).

(2) The fact that the 2-rank of Cl(Lz) is 3 follows from [19, Proposition 4].
By the Kuroda class number formula, hg) = h(T2) = 2" for some r > 3.
Suppose 7 = 3. By Proposition 6.4, |y?)] = 2. Thus m =t = s = 1 and by
Theorem 5.5(1), Kerj = (1).

(3) By Lemma 6.6(3) and Proposition 6.5(1)(a), CZ(L2) >~ 7,/2517 for
some k > 4. By Proposition 6.4, v(2) = (1). So we have m =1, t = 0 and
s > 1. By Theorem 5.7, Kerj = Z/2Z if U®) = Dy, or Qy, and Kerj = (1)
if U®) =~ Sk
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(4) By Lemma 6.6, Cl(Q) =7/27. Hence s =t = 0, s0 Ker j = (le))g =
7./27 by Corollary 3.10.

(5) By Proposition 6.5(1)(b) and Lemma 6.6(1), CI® 2 7,/2¥=17 for
some k > 3. By Proposition 6.4, 4(2) = (1). The result follows from Theo-
rem 5.7. m

PROPOSITION 6.9. Let p and q be primes where p = 1 (mod 4). Let
L:Q(V_ 7\/_Q)'
(1) C’lg) is cyclic if and only if one of the following holds:

(a) ¢ =3 (mod 4) and (%) = —1; if, in addition, p =5 (mod 8), then

2) ~
cl?) ~ 7.)27;
(b) p=5 (mod 8) and g = 2; in this case, C’l =7/2Z;
(c) pg =5 (mod 8) and (q) =—1.

(2) C’Z(LQ) > 7)27. X7/ 27 if and only if either p =5 (mod 8), ¢ = 3 (mod 4),
and (%) =1, 0orp=q=5 (mod 8) and (%) =—1.
Proof. Statements (1)(a) and (1)(b) follow from [19, Theorem 5 and Ta-
bles I and II]. Statements (1)(c) and (1)(d) follow from [I9, Theorem 7].

Statement (2) is a consequence of [20, Theorem 15, parts (w) and (o) re-
spectively]. =

The proof of the following lemma can be found in Conner and Hurrel-
brink [4, Corollaries 19.7 and 19.8 and Proposition 19.9].

LEMMA 6.10. Let F' = Q(,/pq) where p and q are primes and p = 1
(mod 4). Let € be the fundamental unit of F.

(1) If(%’) =—1, then hg) =2. If, in addition, ¢=1 (mod 4), then NF/Qsz—l.
(2) Suppose that p =5 (mod 8). If ¢ = 3 (mod 4) or g = 2, then h( ) =

If g =2, then Npjge = —1.

THEOREM 6.11. Suppose that K = Q(y/—p) where p is a prime such
that p = 5 (mod 8). Let L = K(\/—q) where q is a prime # p and U®) =
G(Hg)/K). Then:

(1) If ¢ = 2 or ¢ = 3 (mod 4) and (g) = —1, then C’Z(L2) = 7/27 and
Kerj =2 Z/2Z.
_ Py — i — Py — _
(2) Ifg =3 (mod 4) and ( ) = +1, orif ¢ =5 (mod 8) and (q) = -1,
then Cl > 7/27 x 7./27 and Ker j = ( ).
(3) If¢g=1 (mod 8) and (q) —1, then C'l 2) >~ 7./28717 for some k > 4,
and Ker j = 7./27 if and only if U = Dy, or Qk, and Kerj = (1) if and
only if U =2 5.
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Proof. Let F' = Q(\/]Tq) and T' = Q(y/—q). Since p = 5 (mod 8), hg) = 2.
By Lemma 6.10, hg) = 2, and by Proposition 6.4, v(?) = (1). Thus m = 1
and t = 0.

(1) CZ(LQ) = 7/27 by Proposition 6.9(1)(a)&(b). Thus s = ¢ = 0, and

Kerj = (CI’2), = 7/2Z by Corollary 3.10.

(2) By Proposition 6.9(2), CZ(L2) > 7/27 x Z/2Z. Hence s = 1, and

Kerj = (1) by Theorem 5.5(1).

(3) By Lemma 6.10(1) and the Kuroda class number formula, h(LZ) is
divisible by 8. We have m = 1, t = 0, and s > 2. Thus by Proposition
6.9(1)(c), CZ(LQ) is cyclic of order 2¥~1 for some k > 4. Statement (3) now
follows from Theorem 5.7(1). m

LEMMA 6.12. Suppose that L = Q(v/—p,/—q) where p = 1 (mod 8),
g =3 (mod 4), and (%) = —1. Then é;, = 1.

Proof. Let ¢ = 2 + y,/pq be the fundamental unit of F' = Q(,/pq).
Clearly Np/ge =1 and z and y have opposite parity. Let Op be the ring
of integers of F. In [I, Remarque 15] Azizi shows that 2¢ is the square
of an element of Op. It follows easily that z must be even and y odd. If
dr, =2, then by [I3, Proposition 1], the square-free part of Ng/g(c+1)
is p or ¢, from which it follows that x is odd, a contradiction. Thus
1) ;=1 m

THEOREM 6.13. Suppose that K = Q(\/—p) where p is a prime such that
p=1 (mod 8). Let L = K(\/—q) where q is a prime # p and (g) =-1.1If
q =3 (mod 4), then Kerj 2 Z/27. If ¢ =5 (mod 8), then Kerj = (1).

Proof. Let F' = Q(y/pq) and T' = Q(y/—¢q). We have hg) =2"'m > 2,
since p = 1 (mod 8), and Lemma 6.10 yields hg) = 2. By Proposition 6.9,
CZ(LQ) is cyclic.

(1) Suppose that ¢ = 3 (mod 4). Then h(TZ) = 1. By Lemma 6.12, i, =1
and the Kuroda class number formula gives h(L2) =2" ' m > 2. Thus s =
t =0, and Kerj = Z/2Z by Corollary 3.10.

(2) Suppose that ¢ = 5 (mod 8). In this case, hg,?) = 2. By Lemma
6.10, 1, = 1. Now by the Kuroda class number formula, h(LQ) = 2m*1 Since
(2) = —1, we have 72} = (1) by Proposition 6.4. So t = 0 and s = 1. By

q
Theorem 5.1, Kerj = (1). =
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